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Npegucnosune

Cpeau pas3jiMuHbIX MaTeMaTHHYeCKMX 3aJay BCTPe4aloTCs 3aj]auu,
B KOTOPBIX TpeOyeTcsi HAUTH HaWY4LUUK BapUaHT, KpaT4alluni MmyTb,
HauOoJIbLLIee YUCIIO C 33aHHBIMU cBokcTBamMU U T. 1. [lonoOHbIe 3a-
aauu 00J1aar0T CBOCOOPa3HOM npuB/ieKaTebHOCTbIO. [10-BuaMOMY,
9TO OOBSICHSETCSl TEM, YTO OHW YEM-TO MOXOKH Ha HALIW MOBCEJHEB-
Hble 1pobJieMbl. Mbl cTapaeMcsi NpUOOPECTH BELM HAaWIydllero Ka-
YeCTBa M0 BO3MOXKHOCTH 32 HAWMEHbLIYIO LEHY; MbITAeMCSl MaKCH-
MaJjlbHO YBEJIMYMTb CBOU J10XO/Ibl, MpUiaras K 3TOMy MUHUMAJIbHbIC
YCUJIMSI; XOTUM [OMEHbILIEC PUCKOBATH U T. J. ¥ BCEX ATUX XKU3ZHEHHBIX
npobJsieM €CTh O/IHO O0LIee CBOHCTBO: HEOOXOAMMO 100UTLCS Hau-
JIy4LLEero pesyJibraTa, BbIIIOJIHUB OnpeaesieHHble ycioBus. B marema-
THKE TaKuUM MpobJjieMaM COOTBETCTBYET LeJblil Kjlacc 3a/1ay, B KOTO-
PbIX OpPU 3aJ@HHBbIX OrPAHUYCHUSX HYIKHO OTbICKATh HAMOOJIblLIEE
(MakcUMalibHOE) WJIM HauMEHblIee (MUHUMAJIbHOE) 3HAYCHUE HEKO-
Topoit hyHkuuu. O0a NOHIATUS — MAKCUMYM U MUHUMYM — O0'be/11-
HSIOTCS OJIHUM TEPMHUHOM "dKCTpemym".

K coxanenutro, 3a1auyam "Ha sKCTpeMyM" B LIKOJILHOM Kypce MaTeMa-
TUKH YyJeNseTcsl SBHO HEAOCTaTOYHOe BHUMaHWe. B mydiem ciydae
LIKOJIBHUKH CTapIIMX KJIACCOB YMEIOT HAHTHU SKCTPEMYM MPOCTEHIINX
(hyHKIMI ¢ MOMOIIBIO MPOM3BOAHON. Y HUX co3JaeTcs JIOKHOE BIie-
yaTiieHue, OyATO 3TO €AVMHCTBEHHBIM METOJ pelIeHUs MOJOOHBIX 3a-
nav. BerperuBlivich Ha BCTYNMTENBHOM 3K3aMeHE C HECTaHAapTHO
cthopmynupoBaHHOH 3a7adeil "Ha SKCTpeMyM", MHOTHE aOHUTYpPHEHTHI
COBEpLICHHO TEePSIOTCS U He 3HAIOT, KaK K Hel moactynutbes. Bmecte
C TeM, B DJIEMEHTapHOIH MaTeMaTuKe uMmeeTcs 1ielblii Habop mpruemMoB
pelieHus MoAOOHBIX 3amad. Tak, HampuMmep, MHOTHE 3aJaud JOCTa-
TOYHO TIPOCTO PEINAlOTCS MPUMEHEHHEM TEOPEM O CPEIHUX, METOIOM
nepebopa MpU 3aJaHHBIX OTPAHWUYEHHUSX, YCTAHOBJICHUEM OO0IacTH
3HavYCHUI (PYHKIMH, TPUMEHEHHUEM 3ePKAJTbHONH CUMMETPHH U T. 1.



2 lpegncnosue

B 3TOM yueOHOM nocoOuu pacCMOTPEH psijl 3a/1a4 dJIEeMEHTapHOM Ma-
TEMAaTUKH, Pa3HOOOPa3HbIX MO COACPIKAHUIO, TAK UM MHAYE CBSI3aH-
HbIX C BbIOOPOM HAWJIYYILIErO BapUaHTa WJIM [OMCKOM DKCTPEMalib-
HbIX 3HauYeHW QyHkuuu. B Hem noapoOHO 00cykaaroTcs METOAbI
peuieHus "IKcTpeManbHBIX" 3a4a4, a TaKKe UIIEH, JIeKAUIMe B UX OC-
HOBE. 3a/1a4i NPUBEACHbI ¢ MOAPOOHBIM PELUEHUEM; HEKOTOPbIE CO-
MPOBOKAAIOTCS IBYMsI /1M TPEMsi Pa3jiudHbIMU pelueHusiMu. B koHLe
Kaxaoro naparpada aaHa noadopka 3aaad ajisi CaMOCTOSITEIbHOIO
peleHusl.

OcHoBHas 4YacTh 33/1a4 pacCUMTaHa Ha YyYalUXCs CTapILINX KJIACCOB, HO
JINarna3oH YPOBHS TPYIHOCTH 3a/1a4 JOBOJBHO MIMPOK: OT MPOCTEUIINX,
KOTOpbI€ BIOJIHE TIO CHJIaM ydaiquMcs 8—9 KiaccoB, A0 3aAa4 OJMMITH-
annbix. [louTn Bce mpuBeneHHbIE B KHUTE PEIICHUs 3afa4 ""Ha SKCTpe-
MyM" Jake He HCIOJB3YIOT MOHATHE NpousBoaHON. HckimoueHue co-
CTaBJIsIeT TOJIBKO MOCIIeIHUN naparpad 2riagwt 4, peAHa3HaYeHHbBIN TS
yuammxcs (pU3MKo-MaTeMaTHYECKHUX IIKOJI M KJIACCOB C YIiTyOJIeHHBIM
HU3yueHHeM MareMaTuku. Pazymeercs, mpuBeIeHHbIE PELICHUS HE SB-
JISIHOTCS €IMHCTBEHHO BO3MOXKHBIMH. UWTaTeN HaBepHsIKa CMOTYT IS
MHOTHX 33]1a4 HalTH OpUTMHAJIbHbBIE PELIeHHs, BO3MOKHO Jaxke Oosee
TIPOCThIE U U3SLIHBIE.

bonbluas yacth 3a1a4 B3ATa U3 Pa3IMUHbIX MCTOYHMKOB, YKa3aHHBIX
B CIIMCKE JIMTEPATypbl; MHOTME W3 3aJay Mpensjarajiuch Ha BCTYIH-
TeJbHBIX JK3aMEHax B pasiuuHble By3bl. OCHOBOHW martepuana s
9TOM KHUI'M MOCIYXKMIIM 33134, OIyOJMKOBaHHbIe B )KypHaie "KsaHT"
B 70-90 rr. npouwnoro cronetus (paznensl "3anaunuk Kesanra", "M3-
OpaHHbie wwKosbHble 3a7aun”, "Yuratenu nuuyt", "B nomous abu-
Typuenty" u ap.). B te roast B "KBanTte" ObuIO Hane4araHo MHOIO
3aMeyarelibHbIX cTareii ¢ noadopkaMu 3ajay, KOTopble ceifuac malo-
JIOCTYIIHbI COBPEMEHHBIM IIKOJAbHMKaM. CtpemieHue "u3Bieub Ha
MOBEPXHOCTh" 3TU "30710Thle POCCHINU" U SBISETCS [NIABHOM MpUYH-
HOW co3laHus Hacrtosiwero nocodusi. KHura npenHasHadeHa B nep-
BYIO Oo4epe/ib LUKOJbHUKAM, HO OyJeT roJie3Ha NnpernoaaBaresisim, cTy-
JIEHTaM, a TaKoKe BCEM MHTEPECYIOLIMMCS MaTEMATUKOHN U JKeNaroluM
pacLUUpUTh CBOU KPYyrozop.

Aesmop



naBa 1

Bbi6bop Haunyuywero BapnaHrta

1.1. O MmaTemaTnyecknx mogensax,
noctaHoBKe 3apauu
M Apyrux "cKyuHbIX" Bornpocax

OU3MK U MaTeMaTUK LETbIH O] BME-
CT¢ paboTalOT Haa OJHOM 3ajayci.
Maremaruk: "Ypa! A gokazan, 4TO
peuieHue 3agauu  cymectByer”. DOu-
3uk; "Jla ecnu OBl 1 B 9TOM XOTh Ha Ce-
KYHIIy COMHEBAJICS, s Obl HE CTall 3TOM
3ajaucii 3auumarncs! "

U3 anexooma

He nonymaiire, uro aneknot B 3nurpadge 3Toro pasiesna npo riynoro
MaTeMaTHKa. DTO aHeKAOT Npo Heaasekoro ¢usuka. [leno B Tom, 4TO
Ha caMOM [iejle OHM 3aHUMAalOTCsl pa3HbIMU 3anadaMu. Ousuk uccre-
OyeT HeKoTopoe (U3HUecKoe fABJICeHHE, KOTOPOe, OYEBUIHO, CYLLECT-
ByeT. MaTeMaTuK ke U3y4aeT MaTeMaTH4eCcKylo MOJeNb 3TOro siBje-
Hus. Bompoc 006 apgexkBaTHOCTH MaTeMaTHMYECKOHM MOAETN MOXKET
oKas3aTbCsl OYeHb HenpocThiM. TOT ¢akT, YTO MaTeMaTuKy yAanaoch
J0Ka3aThb CYLIECTBOBAHUE PELUCHHUS MaTeMaTUYeCKU OCTaBJIEHHOMN
3ajJauu (3aMeTbTe, He HalTHU pelleHue, a TOJIbKO BBIACHUTb, YTO OHO
cyuliecTByeT!), CBUAETENbCTBYET B M0Jb3y NPaBUIBHOCTH BbIOpPAaHHOM
mozenu. OKOHYATeNbHbIH BbIBOJ O MPUTOJHOCTH MOAEIU MOKAXKET
TOJIbKO CpPaBHEHHE CIIEACTBUI, BbIBEACHHbIX U3 PELUEHUS MaTeMaTu-
YecKOH 3a/1auu ¢ pe3yabTaTaMu (PU3UUECKOro 3KCIIEPUMEHTA.

OpaHako npexzae 4em peliuTh 3aaady, Heo0Xoaumo ee uetko chop-
MYJIMpOBaTb Ha SA3bIKC MAaTEMaTUKU, T. €. MPABUJIbBHO INOCTaBUTb.
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Hanpumep, naiimu eéce snauenus napamempa, npu KOmopuix OaHHOE
ypasHenue umeem eOUHCMEEHHOe OelCmEUMeNbHOe peulenue, — 3TO
MPaBUJIbHO MOCTaBJICHHAs 3a/1a4a. 31eCh SICHO CPOPMYJIMpOBaHa LieJlb
(HaliTK 3HauUeHMs MapaMeTpa) U yKazaHbl YCIIOBHS, KOTOpble TpeOyer-
Csl BBIIIOJIHUTH (YPABHEHUE [10JXKHO UMETh PELICHHUE; PELICHUE J0JDK-
HO ObITb €JMHCTBEHHbIM U JCUCTBUTE/IbHBIM). A BOT 3a/JaHue U3 O/-
HOUMMEHHOH CKa3ku "MOWAM Tyna — HE 3HAI0 KyJa, IPUHECH TO — HE
3HAKO 4YTO" — 3TO HEMpaBWJILHO MOCTaBJEHHAs 3aaaya. [ aBHbIN re-
POl 3TOM CKa3KH, MOJIyYMB TAKOM 3aaHUE, MOXKET, HE CXO/s C MeCTa,
3asiBUTb, YTO OH 3a/laHUE YXKE BbINOJHWI. Bornpoc o npaBomepHoCTH
€ro HarJloro 3asiB/ICHUsS] HE MOXKET ObITh pelieH 00bekTUBHO. OTCIO1a
MePBOE MPABUIIO: 3a0aud OOJNCHA ObINb HOCMAGIEHA NPAGUILHO!

PaCCMOTpI/IM TCICPb, YTO TAKOC MaTEMAaTUYCCKasA MOJCJIb. DTO TOJNBKO
B IIKOJIbHBIX 3aJa4KaX 3apaHe€ U3BECTHO, YTO AAHO U YTO Tpe6yeTCﬂ
IOJIYYHTD. B xu3HM Bce ropasgo CJI0X>KHEE.

K npumepy, TpebyeTcs MpOoiI0KUTh KeJle3HYHO TOpOTy Yepe3 FopHbIH
xpebeT Hawilydium oOpa3oM. Bo3Hukaer BONpoc: Kakyl aA0pory
CUMTATh HaWJIy4lIeld — caMylo KOPOTKYH0, CaMylO ACIIeBYIO WU ca-
Myro 6e3onacHyro? Bo3moxHo, Tpedyercs, 4roObl Oyayluas xesne3Has
Jmopora objlajayia BCeMU 3THMH KadecTBaMH (T. €. ObljIa IOCTaTOYHO
KOpOTKasi, jeileBass M Oe3onacHas) v BAoOaBok Obuia Obl Xopoiua
B okcrulyatanuu. Torma Hamo cdopmynupoBats orpanudenus. Ha-
[puUMep, Takue: JJiMHa J0POru He joikHa npesbiiars 500 kM, crou-
MOCTh CTPOUTENILCTBA HE JOJKHA mpeBbimarh 100 mMummuapaos pyo.,
Cepbe3Hble MOBPEXK/SHUS JIOPOry JIABUHAMU [I0JIXKHbI ObITh HE 4allle,
4yeM pa3 B J1Ba Tofia U T. . 3aTeM HEOOXOAUMO OMPEAeIUTh LIEIEBYIO
(hyHKUMIO, /151 KOTOPOU HAA0 OyJeT HAWTH IKCTPEMalIbHOE 3HAUYCHHE.
Taxol ¢yHKUMEH MOXKET CIy)KWTh, K TIPUMEpy, TO0Bas CTOMMOCTH
SKCTUTyaTalUH JKeIe3HOM JOPOTH WITH ee MPOIyCcKHAast CIOCOOHOCTh WITH
YTO-HUOY T UHOE.

IIpn mocTaHOBKe 3ama4yM MPUXOAWTCS OTBEUATh HA ClEMYyIOIINE BO-
MPOCHI: KakWe BapHaHThl MapLIpyTa YIOBJIETBOPSIOT cPOpPMYTHpO-
BaHHBIM TPEeOOBaHUSIM? CKOJILKO MX? Kakue BEIMYMHBI MOXHO CUM-
TaTb HE3aBUCUMBIMU TEpPEMEHHBIMM, a Kakhe — 3aJaHHBIMH
napamerpamu? TakuMu TNepeMEeHHBIMH MOTYT ObITh KOJHYECTBO
CTaHLMHA, TyHHeled M MOCTOB, a TapaMeTpaMH — MaKCUMallbHas
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MPOTSHKEHHOCTh TYHHEJIsl, MaKCUMaJIbHO JOMyCTHMasi KpyTH3HA yda-
CTKa JI0pOru u T. n. HakoHew, kak 3aBUcHT LeJieBas PyHKLMS OT Bcex
9THUX MEPEeMEHHbIX U mapameTpoB? JlaTb ueTkue OTBETHI Ha BCe ITU
BOIPOCHI M O3HAYAET CO3/aTh MAaTEMATUYECKYl0 MOJE/b MOCTaBJIEH-
HOH 3amaun. Pa3paboTaB MaTeMaTHYecKyl0 MOAEb, MOJKHO 3aHATbCS
peLleHHeM NOCTaBJICHHOM 3a/1a4u, T. €. BbISICHUTb, HA KAKUX Y4acTKax
JOpPOrd HEOOXOAMMO MOCTPOMTH MOCTBI, TYHHENTH W CTaHLHUM TakK,
uToObI LeJieBast PyHKLUMSI IPUHUMAJIA SKCTPEMallbHOE 3HAUEHHE.

IIpu paspaboTke MaTeMaTHYECKON MOJETH HEHU30€KHO MPHUXOIHUTCS
JleraTh HEKOTOPBIC YIIPOICHUS U MPEAIONoKeHHS, HHave 3a7a4da Oy-
et "HemogbemHoM". Tak, HanmpuMep, MOXKHO CUHMTATh HEOOJBIION
YUYacTOK JIOPOTH OTPE3KOM MPSIMON, KPYTHU3HY U CKOPOCTb JIBUKEHHS
Moe370B Ha KaXKJOM Y4acTKe TMoJjaraTb MOCTOSHHOM, BEpPOSITHOCTh
CX0/1a JIJaBUHbI HEKOTOPOM MOCTOSIHHOM BEJIMUMHOMW U T. 1. MaTtemaTtu-
yeckasi MoJieJib BCerjia OCHOBaHa Ha HEKOTOpPOM ynpoliueHuu. OgHako,
3aMeHsIsT pealTbHbI OOBEKT MOJIEIbI0, MBI TOJIy4aeM BO3MOXHOCTH
HUCMOJIb30BATh JIJIs1 peUIeHHs 3a7a4u MOIIHbIE CPe/ICTBAa MAaTEMAaTUKH.

[lomuure, kak B u3BectHoii ckaske 1. I1. Epuiosa "Konek-I"opOyHok"
uapb npukaszan MBany nocraButs Bo asopew Llapb-/JleBuiy B TpexHe-
nenbHbid cpok? (Tem, KTO He yMTanm 3TO 3aMeyaTesibHOe MPOU3BEe-
HUE, HACTOSATEJIbHO peKOMeHJyeM ero npouectb.) Hano ormars
JIOJDKHOE L1apro — 3a/1a4dy OH MOCTaBWJ npaBuwibHO. [locTaBneHHyro
3amady MBaH ycrnewHo peuins ¢ MoMOLUbI0 CBOEro 4YeTBEPOHOIOro
npyra. Pazpaborka ke mareMaru4eckod Mojelsid 3ajaud — 3aciiyra
Konbka-['opOyHka. ToT Bbluenun apa camblX Ba)KHbIX (akTopa, Io-
3BOJIMBLIMX PELIMTH 3aJa4y:

niepuoanueckoe noseiieane Llaps-JleBuipl Ha Gepery Mopsa-OkusHa
(nBa paza B ron);

ee naryOHOe npucTpacTue K KOHAUTEPCKUM W3JeusIM (He MOXKET He
KJTIOHYTb Ha TaKyO PUMaHKY).

Bce ocranbhbie kauectBa llapb-JleBuLibl Okazanuch Ui peuieHus 3a-
Jlaud HecyllecTBeHHbIMU. OTCIo/la BTOPOE TPABHUIIO: CO30A6AsL MO-
Oesb, HeobXO00UMO OMOPOCUMb 6Ce BMOPOCHENneHHble 0COOEHHOCHU
PeanbH020 00beKmMAa U COXPAHUMb MOJLKO camble 2lagHble, 6e3 KO-
MOPBIX HUKAK Heb351 00OUMUCY.
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Jlanexo He Bcerja 3apaHee sICHO, Kakue CBOMCTBA 00BEKTa OKaXKyTCs
CYWCCTBEHHbIMU /11 pCLICHHWA 3a/lav4r, a KaAKUC — HECT. PaCCMOTpl/lM
CJIEAYIOLLYIO 3a/1auy.

3agaua 1. [lyremiecTBeHHUK BbILIEN YTPOM U3 CBOCH MasleHbKOW ma-
JaTky Ha nporyaky. CHauana oH mpoiien 1 KM B FOKHOM HarpasJie-
HUM, 3aTeM TOBEPHYJ Ha BOCTOK M Mpoules poBHO 1 KM, 3aTeM MoBep-
HyJ1 Ha ceBep U, NMpoiias poBHO | KM, oKaszajics mepea BXOAOM B CBOKO
nanatky. MoxkeT jim 3To ObITh?

Pewenue. BosbmeM nuct Oymaru u kapanpau. [IpencraBum, urto Oy-
MaXXHbIH JIMCT — 3TO IUIaH MecTHOcTH. M300pazum Ha ruiaHe map-
LIPYT OPOTyJKU. Y Hac MOJYUYUTCS JIOMaHasi, Uaylas 1o TpeM CTOpo-
HaM KBajapara co cTOpoHoi 1 kM. BbiBon, kaxkeTcd, SiCeH: B KOHLE
MPOTyJIKY MyTEeIIECTBEHHUK HAXOJUTCSl Ha pacCTOSIHUM | KM OT cBOei
MajaTKy.

Ecin Bbl eule He 3ameTsIM NOABOXA, JaBaiiTe 3ajymMaeMmcsi Haj BO-
[IPOCOM: KAKYI0 MOOeIb Mbl Ucnoavsyem? [lnan wim kapra — 310 MO-
Jesib NoBepxHocTH 3emiu. JloctaTouHo nm xopowa 3ta moaens? Ko-
HE4YHO, Mbl TMOHMMaeM, 4to 3emjsi He Iuiockas. OnHako Ha
paccTosiHUAX NOPsKa KAIOMETPa €€ MOXKHO CUMTaTh IJIOCKOH C XO-
poutei TouHoctbto. [lpyroe nesno, eciu Obl MyTELIECTBEHHUK MPOry-
Jsuicst Ha paccrosuue 1000 km! Toraa 6bu10 Ob1 HEOOXOIMMO YUUTbI-
BaTh KPUBU3HY MOBEPXHOCTH 3emsid. CTPOro roBopsi, Kaxablil U3 Tpex
YUYacTKOB IyTH NpeAcTaBisieT COO0H AYry OKPYKHOCTH (B BOCTOUHOM
HamnpasJCHUH MYTCLICCTBCHHUK LIC]I 110 AYre napauicji, a B IO’)KHOM
M CEeBEpHOM HalpaBJeHUsX — MO JyraMm MmepuauaHoB). M3oOpaxas
MapuipyT nporyJjikiu Ha I[ulaHE€ MECTHOCTH, Mbl 3aMCHWJIM OTU AYyI'U
otpeskamu. OTKakeMCsi OT MOAEIU MIockoi 3emnu. Bo3bMmeM B Ka-
yecTBe MoJeu cdepy. MOXKHO M Ha MOBEPXHOCTH cepbl U3 JBYX
MCPUAUOHAIbHBIX Ayl U OﬂHOﬁ Ayryu napauiciii COCTaBUTb 3aMKHY-
TYIO JIMHUIO? MOTyT JIM Ha MOBEPXHOCTU c(epbl JBE MEPUAMOHAIIb-
HbIX JyI'M UMETb XOTsl Obl 0J1HY 0011y10 Touky? Tenepb Bbl HaBepHsKa
OThILUCTC TAKYHO BO3MOXKHOCTD. Kak BUAUM, PCUICHUEC CYLIECCTBCHHO
3aBUCHUT OT BblOpaHHOU mojaenu. B moaenu myockoit 3emiu curya-
LHHH, yKaSaHHOﬁ B YCJIOBUM 3ala4u, 6blTb HC MOXCT, €CJIM XK€ CHHUTATDb
3emJito WapooOpa3zHOH, TO CUTYaLMsl BO3MOXKHA.
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Bonpoc

CkonbKO BapnaHTOB pelleHns uMmeeT aTta 3agada? 1odckaska: 3agaya
nveeT He eAUHCTBEHHOE peLlleHne.

Bor apyroii npumep 3ajaumn, B PELIEHUU KOTOPOU BAXKHYIO POJIb UI-
paer BblOpaHHasi MaTremaruieckas MOAeJlb.

3agaua 2. JlByms yaapamy Tomopa pa3pyOUTh MOJKOBY Ha MAakCH-
MaJIbHOE YUCIIO YacTel, He MepeKsiaablBas 4acTH Mocje ynapa.

Pewenue. He 6ynem xBataTbcs 3a TONOP WM O€xaTh Ha YJIMLLYy HC-
KaTb noaxoBy. Jlyulie cienaeM MaTeMaTHUECKYIO MOJEb 3alayu,
HanpuMmep, CIeAyOLLYy0: HOOK08A — Oyed OKPYICHOCHU; YOap mMono-
pa— npamonunelinvlil paspe3. Mpl 4eTKO MOCTaBUIM 3adady, U He-
TPYAHO YyOenuTbcsd, 4YTO Oonblue MSATH 4YacTedl He MOJIyuuTCs
(puc. 1.1). MoxHO 71 moMy4uTh HiecTh yactel? Tak U xodercs 3as-
BUTb, UTO 3TO HeBo3MOxHO! He Oynem TOpomuThbCs ¢ 3asBICHUSIMHU.
[lonpobyem BbIOpaTh Apyryto Moaenb. Y peajbHOU MOIKOBbI KpoMe
JUIMHBL €CTh €lle U LIMPUHA. YCIOXKHUM Hally MOZENb: HOOK08d —
oMo Kovyo ¢ paspesom. Ternepb MOXKHO MOSYUYUTh LIECTb U AayKe
ceMb vacTeii (puc. 1.2, a, 0).

Puc. 1.1

CUCHCS

Puc. 1.2
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YnpaxHeHne 1
CumnTaga nogKoBy KOMbLOM C paspesom, NonyynTe BOCEMb YaCTeN.

[Iponomxkasi B TOM K€ AyX€, MOXKHO JIOTaJlaThCs, YTO y TOJKOBbBI €CTh
TONIIWHA, a TOTAa yoap monopa — niockuil paspe3. Kakoe Hanboib-
1Ie€ YUCJIO YaCTeH MOXKHO MOJIYYUTh ¢ YHETOM TOJILIMHBI MOAKOBBI? A
MOKeT ObITh YacTeld emie Gompine? Uro Obl emme yuects? KoHedHo ke,
Oblpku ajis reo3aeit! Ha puc. 1.2, ¢ mokazaHo, Kak HajJu4ue JbIPOK B
MOJKOBE MOJKET YBEIMUYUTh 4MCIO yacTtel. Kakoe MakcumanbHOe
YUCJIO YacTe MOXKHO MOJIYYMTb, €CJIM YHECTb IOBIPKHU ISl TBO3JCH?
Kak BuguTe, OT UCXOAHBIX MPEANONIOKEHUH CYIECTBEHHO 3aBHCUT
orBeT 33auu. Yem cjiokHee BbIOpaHHAs MOC/b, TEM CJI0KHEE pe-
menne. OHAKO He Bceraa, YCJIOXKHSS MOJeNb, Mbl TIOJTy4aeM HOBBIN
pe3yabrar. MckyccTBO COCTaBICHUS MOJCIIM B TOM M COCTOUT, YTOObI
y4ecTh camoe BaKHOE, He TIepeyCIIOKHUB MOJIENb.

Cnenaem ermie OAMH Ba)KHBIA BBIBOJ: HalIEHHbBIH OTBET OTHOCHTC,
Npex/e BCero, K BbIOpaHHOM MOJEIH U TOJbKO KOCBEHHO — K peaJib-
HOMY OOBEKTY.

Bor ClIC IMpUMEp 3a4a4nu-roJIOBOJIOMKH, PELICHUC KOTOPOP'I nomMoracT
HalTH XOopouiad mareMaruiucCkKkas Moa€Cilb.

3agaua 3. Bo3bmuTE KXECTKYIO, HalpuMep, IEpEeBsHHYIO NaJIOUKy
anuHor 20-30 cM u npouHyto HUTKY. Cnenaiite Ha KOHLIE HUTH LUU-
POKYIO METIIO U HaZileHbTE €€ Ha KOHel najouku. Bozbmure numxak
(MoXxHO xuier, pybamky, KOQToUuKy — nuinb Obl ObUTH HAa MYTOBH-
1ax) W, MpojeB CBOOOAHBIM KOHELL HUTH B MYrOBUYHYIO METJIIO, MPH-
BSKUTE €ro K APYroMy KOHLY MaJIOUKH TaK, YTOObl HUTb HE COCKallb-
3biBajla ([JI1 OTOrO HAa KOHLE Majovku cjaenaite HeOoJbLLyIo
3apyOKy). B pesysbraTe nasouka okakeTcsl NPULEIJICHHONW K MUKa-
Ky, Kak rokaszaHo Ha puc. 1.3. B 3Tom cocTosiHUM AjIMHA HUTH AOJDKHA
ObITb UyThb MEHbLUE [UIMHbI MaJOYKU TakK, YTOObI METII0O HEBO3MOXKHO
ObUIO CHATH ¢ majioyku. Tenepb nonpoOyiiTe OTUENUTh Najlo4Ky OT
MULKaKa (pasymeeTcs, He pa3pblBasi HUTH, HE JIOMasl MAJIOUKY U He pas-
pe3ast nuKaKa).
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Puc. 1.3

YkasaHne

Ecnu Bawwn nonbiTkA okaxyTcs 6e3pesynbTaTHbIMA 1 Bbl pELLUTE, YTO
BaM MOACYHYNU 3afauvy, HE NMEIOLYIO pelleHns, caenanTe xopoLwyo
MaTemaTuyeckylo moAenb nuaxaka. ObaymariTe, Kakue CBOWCTBaA
NuXaka COBEPLUEHHO HeOOXOAVMbl AN peLleHus 3ajauu, a Kakue
TONMbKO MeLwatoT peleHnio? MoXHO N BbIAENUTL O4HO, camoe rnaB-
HO€ ANS peleHns CBOMNCTBO M OTOPOCKMTb BCE ocTasnbHblie? O6aymas
3TW BOMPOCHI, M3roTOBbTE (PU3NYECKYIO MOAENb NuAXaka n3 HeGonb-
LIOro HEHYXXHOro INoCcKyTa unuM nuctka Gymarn. Pewute 3agadvy Ha
3TOV Mopaenu.

PaccmoTtpum ele oiMH BOMpPOC: kK020a 3a0ayy MOJCHO CHUMAMb pe-
wennon? Hanpumep, Takylo: Halimu npocmule YUCid, y KOMOPbIX
cymma yudp (6 Oecsimuunoil cucmeme) pasna osym. lleproe "noj-
BEPHYBLLIeecs MoJ PyKy" MPOCTOE YMCIIO 2 KaK pa3 MoaAXOAUT. MOXKHO
JIA CUMTATh 3a/ady pelieHHOH? YBbl, HeT! Pewiuts 3agauy — 3Ha4UT
HaWTU 6ce €€ peuleHUs U AoKa3aTb, YTO ApYrux pelieHuil Her. Ha-
npumep, npoctsie uyncna 11 u 101 Toxe ynoBieTBOPSIOT YCIOBHIO.
JlokazaTb, 4TO nocraBiaeHHas 3a7a4ya He MMEET PELIEeHUS] — 3TO TOXKE
03HAYACT peutums 3a0ayy!

YnpaxHeHue 2

HangnTte elwe HeCKONMbKO MPOCTbIX YWCESN], Y KOTOpbIX cymMma uudp
paBHa aBym. CywectByeT nn HaubonbLiee Takoe Yncno?

Heckonbko coBeToB
O TOM, KaK peluaTtb 3agauyu

Hukorpa e nuinalite ce0si BO3MOXKHOCTU (M yIOBOJILCTBHUS) CaMoO-
CTOSATE/IbHO HAlTH peuieHue 3axaqu. [lpexae yem npouurars petie-
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HUWe, 3aTpaTbTe€ HEKOTOPOe BpeMsi Ha MONbITKY "noaodparbh Kirou"
K 3ajaue. Jlaske ecau Bawia nomneiTka OyIeT HEYAaUHOU, OHA HE SIBJIS-
ercs Oecriofie3HOM. Bo-nepBbiX, Bbl NOHMeETe, B YeM COCTOMT TpPY.-
HOCTb 3aJ]adyd M Kakue MpensTcTBUs HEOOXOIMMO MNpeojoJieTh Ha
MYTH K OTBETY. DTO NOHMMaHUE NIOMOXKET BaM pa3o0parbCsi B MpUBe-
JEHHOM HMWXe pellueHuH. Bo-BTOpbIX, Bbl MpUOOpETeTe HEUTO BechbMa
LIEHHOE: OMNbIT CAMOCTOSITEIBHOIO HMCCIEA0BaHUSI NpoOjeMbl (ITOT
OMbIT HUIJE HEBO3MOXKHO KYMWTb HM 3a Kakue neHbru). Pano wiu
MO37HO 3TOT HAKOIUIEHHBIH OMNbIT MPUBEAET BaC K yCrexy.

[IpuHsaTO CuMTaTh, YTO B MaTeMaTHUKe HAaaO HE YraiblBaTb OTBET,
a JI0Ka3blBaTb HEKOTOpbIE YTBEPMKIEHUs, CChLIAACh Ha APYIrUe paHee
JOKa3aHHble yTBepxaeHUs (Teopembl). BooOiie rosops, 310 BepHoO.
Cam no cebe OTBET, HE MOATBEPAKAEHHbIH KakKUMHU-TUOO paccyxnae-
HUSIMM, HE MpPEeACTaBiseT LEHHOCTH: KaK 3HaTb, a BAPYI OH HEBep-
HbIH? OgHAaKO mpexkae 4eM YTO-TO AOKa3blBaTh, HEOOXOIUMO Oo2a-
Odambcsi, YTO UMEHHO Hajo Jokas3arb. Pemias 3amady, Mbl, mpexuie
BCero, AenaeM Oojiee WM MEHee NpaBAoNoA0OHOE MPeArooKEeHuUE,
T. €. goragky. Jloragaka JeXKUT B OCHOBE BCSKOIO PELICHUs, IO3TOMY
MPEeX/Ie BCEro HaJlo YUWUTbCS JeslaTh NpaBAONOAOOHOE MpeanosoxKe-
Hue. 3aTeM HyXKHO BBIICHUTb, BEPHO JIM OHO. JIJ1sl 3TOro paccMoTpuTe
YaCTHbIE U NIPeAeIbHbIEC CITyYau.

Paccmotpum, Harnpumep, CieayrOLIEe MPEANOIOKEHUE: 100dst npsi-
Mast, npOGeOeHHAs Yepe3 MOoUKy nepeceyeHusi OUazOHanell blnyKI020
Yemulpexy20IbHUKd, OeIUm e20 Ha 08¢ PAGHOGENUKUE YACTIU.

PaCCMOTpI/IM CJIeAyromue YacTHbIC CJIydau BbBIITYKIIOIO YCThIPEX-
YroJIbHUKaA:

NPAMOYIOJIbHUK;
napajijenorpamm;
paBHOOOUHasE TpanewLus.

B nepBeix AByX ciydasx NpeAnosiokeHUe MoAaTBepxaaercs. B ciy-
yae TpaneLyy rurnoresa NoATBEepKAaeTCsl, TOJIbKO €CIU MpsMas sBIs-
eTcst OCbto cUMMeTpuu. OIHAKO eciy MpsMasi SBISIETCs AUaroHasblo,
TO JIETKO BUIETb, YTO TUIOTe3a HeBepHa (mokaxure 3710). Ilpeano-
JIOXKEHHE 0Ka3al0Ch HEBEPHBIM.
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Ecnu xe Bawa pgorajaka MoATBEP)KAAETCS HA Pa3IMUHBIX HaCTHBIX
cilyuasix, Bbl oOperaere Bce OOJIbLUYIO YBEPEHHOCTb B €€ NpaBUJIbHO-
CTH U HauuHaeTe ee 00OCHOBbIBaTb. M3yuuTe ciencTBus, KOTOpbIe
MO>KHO BBIBECTH M3 BALLEro MPEAnoyoyKeHUs. Y CTAHOBUTE CBSI3b 3TUX
CJIACTBUI C IpyrMMHM U3BECTHbIMU BaMm ¢akTamu. BeisicHure, kakue
cBOWCTBa OOBEKTOB, C KOTOpPbIMU Bbl paboraere (reomMeTpHyecKux
¢duryp, ¢yHkuuit u T.1.), oOecrneuuBalOT NPABUJILHOCTb BalLEro
npeanoiokenust. [lonpoOytite HailTu 00bEKTHI, [IJ1s1 KOTOPbIX FUIOTE-
3a Oyner HeBepHa. Mcciaenyiire npeaenbhbie ciaydau. Eciiv Bbl pabo-
TaeTe ¢ PyHKUMEH, paCCMOTpUTE Cllyyaii, Koraa nepeMeHHasi puHu-
MaeT O4YeHb OOJIbLIME WJIM MPEJeSIbHO BO3MOXKHbIE 3HAYEHUS W T. II.
PaccyxeHus Takoro Trna Ha3blBalOTCS HABOJSILIMMHU COOOpasKeHUsI-
Mu. [losicHum ckazaHHOe Ha IByX npUMepax.

IIpumep 1. Yepe3 TouKy mepecedeHus auaroHajied MPOWU3BOIBHON
Tpanenuy MpOBECTH MPSMYIO TaK, YTOOBI Pa3IeIUTh TPAMELHUIO Ha JIBe
PaBHOBEJIMKHE YaCTH.

Pewienue. Bo3bMeM uacTHbI ciyuaid paBHOOEIPEHHOW Tpaneuuu.
Ora ¢urypa umeer ocb CUMMETPUM, KOTOpasi U OyJeT UCKOMOM npsi-
MO, T. K. TOUKA MepeceyeHusl 1MaroHanei JexuT Ha OCU CHMMETPUH.
A ecnu Tpaneuus HepaBHoOeApeHHas?

IlpurnaaumMcd BHUMaTeabHEeW K 4acTHOMY ciydaro. Ock CUMMETpPUU
MPOXOAUT Yepe3 cepearHbl OCHOBaHWH Tpaneuuu. Bo3Hukaer npen-
TOJIOXKEHWE, YTO 3TO CBOWMCTBO MCKOMOM TPSIMOM BEpHO AJIS JIHOOOM
Tpaneuuu. [Tpoeepum ero.

Bo3bmem npenesibHbI Ciyyaid: OJHO OCHOBAaHWE Tpareuuu PaBHO
HyJTIO (Tparneuusi B 3TOM CJly4yae BbIPOXAAeTCsl B TpeyroibHuk). Torna
TOYKa NepeceveHrs: AuaroHajell BbIPOXKASEHHON Tpareuuu coBMella-
eTCsl ¢ BepUIMHOUN TpeyrosibHUKa. Tenepp Hy>KHO MPOBECTH NPSMYIO
yepe3 BEpLUMHY TPeyrojibHUKa TakK, YTOObl Pa3/esiuTh ero Ha PaBHO-
Besivkue 4vacth. OueBMIHO, YTO MCKOMOW mpsiMoil Oyaer meauaHa
TpeyrojbHUKa. MckoMas mpsiMas mpoXoauT yepe3 CeperHy OCHOBa-
HUS BBIPOXKIEHHOM Tpaneuuu, T. €. B 3TOM MpeneabHOM Ciydae npej-
MOJIOXKEHHE TOATBEPHKAAETCS.

Ecnu name OpeanoJIOKEHHUE BEPHO, TOraa CCpeInHbI 000uX OCHOBa-
HUM Tparneuun 1 To4YKa nepeceHCHUus JuaroHajeu JOJKHBI JIeXaTh Ha
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onHo# mpsmoii! Bosbmem apyroil wactHblil ciyuaid: ocHoBanue AD
tpaneuuun ABCD BaBoe Oosbiue apyroro ocHosanusi BC. I[lpogoi-
kUM OokoBbie cTtopoHbl AB u CD po ux nepeceuenust B Touke E.
Jumaronanu Tpaneuuu SBISIOTCS MeAMaHamu TpeyrosbHuka AED
(nokaxkute 3710). Torma Tperbs MenauaHa, MPOBEACHHAST U3 BEPLIMHbI
E, npoxonut vepe3 TOUKy nepeceueHusl AuaroHanaeil u cepenuHy oc-
HoBaHus BC (nouemy?). IlpeanonoxeHue onstb NoATBEPIKAACTCS.

YnpaxHeHune 3

[okaxuTe, yTo B NOGOK Tpaneuum TouKa nepeceyeHnsa guaroHanew,
TOYKa NepeceyeHns NPOAOIPKEHNIA BOKOBLIX CTOPOH 1 cepeaunHbl 060-
MX OCHOBaHWW nexaT Ha OAHOW NpAMOW. [lokaxuTe, 4TO 3Ta npsmas
OEenuT Tpaneunto Ha ABE PaBHOBENMKME YaCTU.

Mpumep 2. JIga nocenka A u B pacnosioxeHbl Ha oHOM Oepery pe-
ku. [louranbon noskeH qocraButh U3 A B B Tenerpammy v BepHYThCS
o0OpatHo. OH MOXKET NOWTH MEUIKOM JIMOO MUIbITh [0 PEKE TyAa U 00-
parHo Ha joake. CKOpOCTb JIOAKHU B CTOSYEH BOJE U CKOPOCTb, C KO-
TOPOW NOYTAIbOH WAET 1o Oepery, onuHakoBbl. Kakoii ciocod nepe-
JBWKEHUs clieflyeT BblOpaTh MOYTajbOHY, 4TOOBI [poOAesaTh BeCh
MyTb 32 HAUMEHbLLIEE BpeMs?

Pewienue. 1lpeanonoxum, 4To peka J0BOJbHO ObICTpas U CKOPOCTb
JIOAKH TOJBKO 4YyTb-UyTb OOJIbLUE CKOPOCTH Te4eHHWs (npeaesibHbli
ciyuaii). Toraa CKOpOCTb JIOAKM BHU3 MO TEUCHHIO OyAET MOYTH
BJIBOE IPEBbILLATb CKOPOCTb MEPEBHIKEHUs NOYTaIbOHA 110 Oepery.
OjHaKo KOrja no4TajibOH CTaHET IPecTH MPOTUB TeUeHHs, OH Oyaer
[PO/IBUraThCsi OYEHb MEIUIEHHO (€C/li CKOPOCTb TEUEHMs paBHa CKO-
POCTH JIOAKH, TO NMOYTALOH MPOCTO OyaeT TopuaTh Ha mecte). Oue-
BUJHO, YTO BbIUI'PbILL BO BPEMCHU HA NYTH MO TCUCHHUIO HE CMOXKET
CKOMIIEHCHPOBATh KaTacTPOPUUSCKHUI TPOUrPbILL HA OOPaTHOM IYyTH.
HanpaLuleaeTcsl rUIorTe3a. 1no4drajbOH AOJ/I2KEH UATH INCLIKOM. HpO-
BEpUM €e.

[Tycts U — cKOpOCTH JIOAKHU B cTOsiUEH Bonie, V' — CKOpPOCTh TEHUEeHHUS
(U> V), | — paccrosane Mexmay mocenkamu. llemkom Bech myTh
Oyner mnpomenan 3a Bpems 2//U, a Ha J0oIKe — 3a BpeMms
[/(U+V)+1/(U-=V). Mbl npeanosiaraem, 4T0 BEpHO HEPABEHCTBO
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[/(U+V)+1/(U=V)>2-1/U. Ynpoiwas ero, BUIum, 4TO HEpa-
BEHCTBO BEPHO, [I03TOMY MPE/NOJIOKEHHUE ObLI0 NPABUIIbHBIM,

B 3ameuarensHoii kaure JI. Iloiia "Kak pemats 3amady” cdopmyiu-
poBaHbl "mpaBuia uccnenoparens'”. Ilpouurupyem HEKOTOpbIe U3 HUX.

Haunume ¢ vacmmuuix ciyuaee (OHu Mo2ym OKa3amvCs iezue).
Paccmompume nonyuennvie pesyiomanbl.
Habniooaiime, 06oowatime, nposepsitime.

Ipoananusupyiime memoo peuteHus, pacuieHume e2o u nocCMompu-
me, KaKue e2o yacmu Mocym Ovlmb nepenecenvl Ha 00Ul ciyuai.

Iloootioume « 3a0aue ¢ pasHviX CMOPOH, UCCAEOYIMe Pa3iudHble Oe-
manu; uccaeoyiime OOHU U me JHce Oemaau, HO ¢ PA3HLIX MOYEK 3pe-
HUsl, NONBIMAUMEC, YCMOMPems 6 KadcOol 0emanu HeKOmopylO Ho-
8YI0 UHMEPNPEeMayuIo 3a0ayu.

Hmume MOYKU CONPUKOCHOBEHUA C 6AUlUMU paHee npu06pemeHHbmu
SHAHUAMU.

llonvimaiimecyo yGu()emb 3HAKOMO€E 6 MmOM, 4mo 6bl uccvle()yeme, u
NOJNIEe3HOE 6 MOM, YMO OKA3A/NI0Cb 3HAKOMbBIM.

Benaoumecv 6 memoo, nonvimaiimecv ysuoems 6 Hem 2iagHoe. llo-
cmapaiimecs Yiyyuumy ezo.

Haxoneu, nocnennuii coser. Ilpucrynas k peLIEHUIO, BBISICHUTE,
CYLLECTBYET JIM B paMKax NPUHATOW mojenu peiieHue? Bonpoc He
Mpa3HbId — pelleHnss MOXKET U He ObiTb. Bbl cokoHOMUTE Bpems U
ycuiusi, eciu He Oy1eTe UCKaTh TO, Yero HeT.

YnpaxHeHue 4

BbisicHuTe, cylwecTByeT nnW MPAMOYrofibHUK €AUHWYHOW Mowaan
¢ HambBonbwum nepumeTpom? CylecTByeT Nu NpasubHas TPeyronb-
Has nupamuga efunHnyHoro obbema ¢ Haubonblued nnowiagblo no-
BEPXHOCTN?

3agaum gna caMoCTOATE NIbHOrO peLleHus

3agaua 1. M3 Tpex 0AMHAKOBBIX OTPE3KOB MOXKHO COCTAaBUTb PaBHO-
CTOPOHHUI TpeyrojibHUK. Y3 nsaTu OAUHAKOBBLIX OTPE3KOB HETPYAHO
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COCTaBUTh [1BA PABHOCTOPOHHUX TPEyrosibHUKA (Kak?). MOXHO M U3
LIECTH OJWHAKOBBIX OTPE3KOB COCTABUTb UETHIPE PABHOCTOPOHHMUX
TpeyrojbHuKa?

3agaua 2. MoXHO JM TpeMs pa3pe3aMu pa3iejuTh TOPT Ha BOCEMb
yacreii?

3agaua 3. ApOy3 pa3pes3ajiv Ha YEThIPEe YaCTH U MSAKOTb CheJIM; OCTa-
JIOCh TATh KOpoK. MoxeT Jiu Takoe ObITh?

3anaya 4. Beunbiii 1 Heytomumblii IlyTeliecTBEHHUK pellnus Bce
BpeMsl ABUTaTbCS CTPOrO0 Ha CEBEPO-BOCTOK. OKOHUMTCS JIA KOTrJa-
HHUOynb ero myremectsue? Ecnu ma, To B Kakol Touke? I'me criemyer
Pa3bICKUBaTh TOrO YMpPsIMLA, €CJM C MOMEHTa Haydajla MyTelIeCTBUS
TMPOIILJI0O MHOT'O BpeMEHHU?

3agaua 5. VM3 nncra jkecTH BbIpe3aH KYCOK HETNpaBWIIBHON (OPMBI.
Kakum 00pazom 1o BOZMOXKHOCTH TOUYHEE ONPEAEIUTh ero Iiowa/b,
ecnn y Bac nMeercs B 3amace kBaapaTHbIA nucT Takoi xectn? (IMo-
BEPXHOCTb BbIPE3aHHOI'O0 KYCKa MOXKET ObITb HE IUIOCKOH, W BbINPsi-
MHWTH €€ BBl HE MOXKETE.)

3apaya 6. B koMHaTe Ha cTOJe HAXOASATCS TPU BJIEKTPUUYECKUE Jlam-
bl HAKAJIMBAHUS, a B KOPUIOpe TP BbikitoUaTess. KaxabiM BbIKIO-
yaTesieM MOXHO 3a)keub WIJIM TIOTacuTh OJHY W3 jJamm. Bam mo3Boss-
eTcs 3alTH B KOMHATY TOJIbKO OJIMH pa3. MOXHO JiM OnpenesuTh,
KaKo# BBIKJIIOUATENIb COOTBETCTBYET Kaxa0H U3 maMmn? CBeT OT JaMmI
HE MPOHUKAET B KOPUIIOP; BHAYAJIE BCE JIaMIIbl [IOIALLIEHbI.

3agaua 7. MOXKHO JIM Ha TUIOCKOCTH PACIIOIOKUTh YEThIPE TPEYTrOb-
HUKA TaK, YTOObI KaXbIM W3 HUX MMeJT OOLIYI0 IPaHUILy C TPEMS OC-
TajbHbIMU? JIt00as 001as rpaHuLa 10/17KHa ObITh OTPE3KOM.

3agaua 8. /[ge Touku A W B nmBmwxyTcs Tak, 4yTO B JI0OOOM MOMEHT
CKOPOCTh TOUKM A OoJibllle CKOpPOCTH ToukHn B (1Mo momyso), a Ha-
TpaBJIeHHE BEKTOPOB CKOPOCTH OAMHAKOBO. MOXET I pacCTOsTHHE
Mexay A u B ocraBarbcsi HEU3MEHHbBIM?

3anauya 9. CyulecTByeT JM TaKOM MHOTOYTOJIbHUK TJIOLIAAbIO OJMH
KBaJIpaTHBI CAHTUMETP, KOTOPBI HEBO3MOXKHO HAKPBITh HUKAKUM
TPSMOYTOJIEHUKOM TITOIIA/IbI0 OJTWH KBaIPaTHBIN KHUIIOMETP?
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3ampaua 10. YueHUKH OJHOUI U3 MOCKOBCKHMX ILIKOJ COBEPLIMJIM aBTO-
OycHyro 3kckypcuto B r. Bojokonamck. Ilocie skckypcuu oauH u3
LIKOJIBHUKOB HapucoBail kapTuHKy (puc. 1.4). Kyaa nHa 3Toli kapTun-
ke eaeT aBro0yc — B MockBy uiu Bosiokosnamcek?

M B
Puc. 1.4

3agaua 11. MoxkHO J1M BbIpe3aTh U3 LIEJIOr0 MPsSiMOYroJIbHOrO Jiucta Oyma-
v urypy, uzo0paxeHHyro Ha puc. 1.5? [lpukiensars yacTy HeJb3sl.

=

s

[T]

Puc. 1.5

3agaua 12. B ropozae, OKpy»K€HHOM MPSIMOYTOJbHOW CTEHOH, KUBYT
TPU BPaXKAYIOLMX Mex1y co00M KHs3s. Kaxkablii U3 HUX UMeeT CBOM
TEpEeM U BJIaJI€T OJHUMHU U3 TPEX ropojckux Bopot. Ha puc. 1.6 Bo-
poTa M TepeM Ka)KJOro KHs3sl OMEUEHbl OJIHUM U TeM K€ HOMEPOM;
Tepem Ne 1 nmpumbikaeT k ropojckoii crene. Kaxxaplif u3 kHszel pe-
LIWJT TPOJIOYKUTh JAOPOXKKY OT CBOEro Tepema K CBOMM BOpPOTaM Tak,
4TOObI OHA HE MepeceKanach ¢ A0POKKAMHU OCTaJIbHbIX KHs3ei. Cmo-
T'YT JIA KHSA3bs OCYLLIECTBUTD 3aJyMaHHOE?
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3agaua 13. /IBa coctaBa no 4 BaroHa Kaxablid UAYT [0 OJHOMY MYyTH
HaBCTpevy Apyr Apyry. Mex/y HUMU pacrosioiKeH TyNUK, B KOTOPOM
MoMeLIaeTcsi JIOKOMOTUB M JBa BaroHa. CMOryT Jin noesja pasoii-
THUCB?

3agaua 14. MaremaTuueckuii ynaB mpeacTapiseT coOOi UWIUHAD,
3aKPBITBIH C OJTHOTO TOPIlAa U OTKPBITBINA C Apyroro. ToJluHa CTEeHKH
HAJTHHApPA paBHA HYJIO; MMOBEPXHOCTh MIJIMHIAPA MOXKET KaK YTOITHO
nedhopMHpOBAaTECI W CMUHATHCSA, HE Pa3pbiBasgCh. JTOT yJaB Hadasl
3arjlaThlBaTh CBOM COOCTBEHHBIM XBOCT. KakoB OyneT pe3ysbTar 3TOro
3aXBaThIBAIOMIETO Tporiecca? MoskeTe JIU BbI ONMKUCATh, Kak OyIeT BbI-
IJISIIETh yAaB, IPOTJIOTHBIIHK caM cels, B pa3pese?

1.2. Metop nepebopa

HaBo3sHy kyuy pasrpeasi,
TleTyxX Haren KEeMUyKHOE 3epHO.

U A. Kpoinos

B maremaruyeckom (osibkjiope MOXKHO BCTpPEeTUTh 3a0aBHYIO 3a1a4y,
KOTOPYIO Mbl NI€pPecKa)ceM B clieayroleii popmyarupoBke.

3apauya 1. Marematuk MBaHOB cily4yaiiHO BCTPETUJ1 Ha yJHLE CBOErO
3HakoMoro IleTpoBa, ¢ KOTOpBIM He BUAEICS MHOrO JeT. "A 'y MeHs
y2Ke TpH chiHa noapacTatoT", — ropao oowsasun llerpos. "Kakoro xe
BO3pacTa TBOW napHu? " — nouHrepecopaiics MBaHos. "Ecnu Bo3pac-
Thl BCEX TPOUX CJIOKUTb, TO MOMY4UTCs 13, eciiu 3Tu TpU yucia me-
PEMHOXKUTb, TO monsyuurcs 36, — orserun llerpoB u exunaHo nobGa-
BUlI: — Tbl XKe y HaC MaTeMaTuK, BOT U PeLlU caM, CKOJIbKO UM JieT".
"Ortol nHpopmMaLMKU MHE HEJOCTAaTOUYHO, YTOOBI OMpPEAeNUTb BO3pacT
TBOMX JAeTei", — cMylleHHO npusHaics MBaHOB mociie MUHYTHOIO
pasmbliienus. "[la, 3a0bi1 Tebe ckazarh, UTO y CTapLIEro ChblHA BO-
Jochl pbbkue’", — coobuun neHHsie cBefeHus llerpos. "Hy, Teneps
s Bce moHsu1!" — oOpanoBasncs MIBaHOB U TYT ke MPaBWILHO Ha3Ball
BO3pacT Bcex Tpex aereid. Kakoro Boszpacra cbiHoBbs [leTposa?

Pewenue. IlpeacraBum unciao 36 OpousBeeHUEM MPOCTbIX COMHO-
kATened u eauHMNBI: 36 =1 -2 - 2 - 3 - 3 (eNMHMIIA BCeraa rotopa
CIIY>)KHTh COMHOXHTEJIeM Mepea 4YeM YrogHO). OTH "KUpIUuuKu"
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HY>KHO CKOMOMHHMPOBATb B TPM COMHOXKUTEJISl TaK, YTOObI B pe3yJibTa-
Te cymma Bcex Tpex Obiia 13. [lepeOpaB Bce BO3MOXKHbIE KOMOMHa-
UMK, BUAUM, YTO MOAXOJSALIMX BAPUAHTOB TOJLKO nBa: 36 =1-6-6
u 36=9-2-2. B nepBoM BapuaHTe €CTb MJAJIIUNA CbIH, HO HET
crapliero; BO BTOPOM BapyuaHTe €CTb CTaplui cbiH. JlonojiHuTe/bHas
vHpOpMaLMsl O LIBETe BOJIOC CTapLUEro CbiHA [03BOJISIET BbIOPAThH
€/IMHCTBEHHbIH BapUaHT.

B stoii 3amaye ucnosnb3oBaH MeTon nepebopa — BUAMMO, CaMbli
JPEBHUM U caMblii IPOCTOM METOA pelieHus 3ajay, B KOTOPbIX UCKO-
Masi BeJIMUMHA MPUHUMAET TOJIbKO LIEJIOYUCIICHHbIE 3HA4YeHUsl. DTOT
METOA OueHb yN00eH, KOraa KOJIM4eCTBO BO3MOXKHBIX BAPUAHTOB He-
Benuko. Takoil mepebop jerko ocymecTsuth "BpyuHyto". Korma ke
BAapUAHTOB ThHICAYM WM MWUIMOHBI, TO Mepedop MOXKHO MOPYUHUTh
KOMIIbIOTepY. M3BeCcTHBI cepbe3Hble 3aauu, KOTOpble MaTeMaTUKU He
MOTYT pelluTb UHaye, yueM MeToAoM nepebopa. Koneuno, no6oil ne-
pebop, KOTOPbII MOYKHO OCYLIECTBUTh IMPAKTUUECKH, — 3TO Hepedop
KOHeYHO20 4uC/la BApPUAHTOB, U HUKaKas BbIYHUCIUTENbHAs TEXHUKA
3TOro He U3MeHUT. Tak, Hanpumep, nepeOOpPOM HEBO3MOMKHO TOYHO
PELIUTh TaKylO MPOCTEHLIYI0 IeOMETPUUECKYIO 3ajady: Haumu Ha
npamoiui | mouky, Haumenee yoaieHuylo om 3aoannou mouku O, He
aedxcawyeit Ha npamoi l. KonmndectBo Tovek Ha mpsaMoii /| — Oecko-
HEYHOE MHOXKECTBO, U HUKAKOH CyNEepKOMIbIOTEP TYT HE MOMOXKET.
EnuHcTBeHHBIH HepocTaTOK MeTona nepebopa — €ro TpyJdoeMKOCTh
rnpu OOJIBIIOM KOJMUYeCTBe BapuaHTOB. OJHAKO M 3TOr0 HEAOCTATKa
MOJKHO U30€XKaTh, €C/Ii MPaBUIbHO OpraHu3oBaTh nepedop. Pacemor-
PUM MPUMEHEHHE STOr0 METO/A B CIEAYIOLLMX 3aJa4ax.

3amaua 2. Kynuiu HECKONIbKO OJAMHAKOBBIX KHUT M HECKOJBKO OJu-
HaKOBbIX ajbOOMOB. 3a kHuru 3amiatwiu 10 p. 56 kon. U3sectHo,
YTO KHUT KYMWIA HA IECTh OOJIbIle, YeM aab0OMOB, a LieHa KHUTH
0oJjiee uem Ha 1 pyOJb NPeBOCXOAUT LICHY ajibOoMa. CKOJIbKO KyIWIIK
KHUT?

Pewenue. VI3 ycrnioBusi BUIHO, YTO KHUT KyIWIH HE MEHee ceMd U
neHa kHUrd Gonbine ogHoro pybns. OTcioga ciemyer, YTO KHHUT He
Oonee gecsatu (MHave 3a HUX 3aruiaTwid Obl 6omnbiie 11 py0.). Takum
00pa3oM, KOJTMYECTBO KYIUIEHHBIX KHUT — OJHO u3 uncen 7, 8, 9, 10.
Kpome Toro, 1ieHa oHOM KHUTH B KOMEHKaX — HaTypaJlbHOE YHCIIO,
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caenosarebHo, 1056 aenutcs Haueao Ha oaHo u3 uucen 7, 8, 9, 10.
M3 Hux TosIbKO uucao 8 sBisieTcs aenaurteneM uucia 1056, 3Hauur,
KyMWIH 8 KHMUT.

( 3amedaHune )

3aecb, npexae Bcero Hago OblNo 3aMeTUTb, YTO KOMMYECTBO KHUT —
HaTypanbHOe 4Mcno. LleHa OAHOW KHUMM B KOMeWkax — TOXe HaTy-
panbHoe 4ncno. ATOT hakT He OYeHb 3ameTeH B YC/OBAW 3ajauyu.
Mpepnonaraercs, YTO unTaTemnb U3 JINYHOTO OMbITa 3HAET O TOM, YTO
Konevika — camas MeJikad AeHexHas eauHuua. BaxHo Ha HayanbHOM
3Tane peleHus BbISBUTb BCE OrPaHWYEHUsI Ha 3HAYEHUSA LEenounc-
TNIEHHO NepeMeHHON, KOTopble 3arioXeHbl B yCroBUM 3agadyun. Ha atu
OrpaHNYEHNs YKa3biBalOT CBEAEHNS O KONUYECTBE KHUT (Gonblue wec-
TW) 1 LeHe oaHol kHurn (6onble 1 pybna). OrpaHnyeHns yctaHaBnm-
BalOT HEOOMbLLIOE KONMMYECTBO BO3MOXHbLIX BApUAHTOB, U Aanee BCTy-
naet B AelicTBne nepebop 3TX BapraHTOoB.

3agaua 3. Poibaku noiimasiv Heckosibko pbiO (Oosibuie 30, HO MeHbLLe
100 wtyk). Okazanocs, uto 48 % u3 Hux OkyHU. [14Th caMbIX MEJIKMX
pbIO OblM oTHYLIEHbI B 03epo. [lociie aToro peld cHOBa nepecuuTay,
M 0Ka3ajloCh, YTO Cpelu ocTaBLIMXCs pblO 50 % coCTaBisIOT OKYHH.
Ckosibko pbib Obu10 noiiMano? CKoJIbKO OKyHel ObLIO cpeiu OTIly-
LLEHHBIX PbIO?

Pewienue. Ilyctp Obu10 noiimano n pbid. Torna KOJIMUECTBO OKyHeM
cpeau Hux 0,48 - n =12 -n/25. IlockoibKy KOJIMYECTBO OKYHEH —
HaTypajlbHO€ 4YMCJIO, TO YMCJIO # JIOJDKHO Haleso JesiuThes Ha 25.
C yderoM OrpaHUYeHHM, YKa3aHHbIX B YCJIOBHUH, YHUCIO 1 MOXKET
NPUHUMAaTh TOJIKO ABa BO3MOXKHbIX 3HaueHus: 50 u 75. Ilocne Toro
KaK MsiTh pbl0 ObLIM OTIYLIEHbI B 03€PO, JOJDKHO OCTaTbCS 4ETHOE
4ucia0 pbi0 (M0JOBMHA OCTABUIMXCSl PbI0 — HATYPajbHOE YMCIIO).
DTOMY YCJIOBUIO YJOBJIECTBOPSIET €AMHCTBEHHbIM BapUaHT: ObLIO MOWM-
maHo 75 pbi0, cpeau Hux Obu10 0,48 - 75 = 36 okyneit. Cpeau ocras-
wuxcs poid 0,5 - 70 =35 OKyHe#, n03TOMy Cpen OTIYLIECHHbIX PbIO
Oblj1 OIUH OKYHb.,

3agaua 4. Okoso 10Ma MOCa)KeHbI JIUMbBI U Oepe3bl, mpuieM olliee
ux KonuuecTBo Oonbiie 14. Eciu KOIMYeCTBO JIUI YBEIUYUTH BABOE,
a konuyectBo Oepes Ha 18, To OGepes craner Gombiue. Eciu yBennuuTh
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BJBOC KOJIMYECTBO Oepe3, HEe M3MEHsisi KOJMUYEeCTBA JIMI, TO JIMI BCE
paBHo Oynet OoJibiue. CKOJBKO JIMIT U CKOJIbKO Oepe3 ObLI0 nocakeHo?

Pewenue. [lyctb Obu10 nocaxeHo x jaun u y oepes. [lo ycnosuio 3a-
Jlauu, HATYpaJbHbIC YUCIIA X W Y YAOBJIECTBOPSIOT CIIEAYIOIIEH CHUCTe-
M€ HEPaBEHCTR:

l4<x+y,

2x <y +18,
2y <Xx.

Hcnonb3yst BTOpoe U TpeTbe HEpaBEHCTBa, nosydaem 4y <2x <y + 18.
Orcrona 3y < 18. YMHOXKas nepBoe HEPABEHCTBO HA ABa W CKJIabIBast
€ro co BTOpbIM HepaBeHCTBOM, mnoiydaem 28 <3y+18. Orcrona
10 <3y <18. Yucno 3y kpaTHO Tpem, NMOITOMY €ro BO3MOXKHbIE 3Ha-
yeHus — 310 12 unm 15. Paccmotpum nepsbiii Bapuant. [lycts y =4,
TOrJa U3 NePBOro HEPaBeHCTBA UCXOIHOH cuctemMbl noayyaem 10 <x,
a U3 BTOPOTO HEepaBeHCTBA nosydaem x < 11. DTOT BapuaHT HE MOAXO-
aut. Ilycts Tenepsb y = 5. M3 TpeTbero HepaBeHCTBA CUCTEMBI 10J1yYa-
em 10 <Xx, a U3 BTOpPOro HepaBeHCTBA nojydaem x <23 /2. Dtum yc-
JIOBUSIM YAOBJIETBOpsieT TosibkO uuciio 11. Wrak, O6buto nocaxeno 11
Jun u 5 Oepes.

3agaua 5. Jlns Toro 4ToObl KynUTh B Xap4eBHE MOJMOPLMH KAPEHBIX
neckapeil, koty basunuo He xBaraer 3 conpao, a Juce Anvce —
10 conbno. OHU cnoXKUIU CBOM AeHbIH, 3akonanu ux Ha [lone Uynec,
U Ha CIIeAYIOUINI IeHb WX COBMECTHBIM KamuTtan yrpowics. CMoryT
71 Tenepb KOT basunmo u nuca Anuca KynmuTh MOJIHYIO TOPLHUIO Ka-
PEeHbIX Meckapeii Ha ABOUX?

Pewenue. Ilyctb noanopumMy >kapeHbIX NECKapeid CTOUT X COJIbJO.
Toraa y basunuo nepBoHadaibHO Obuto (¥ — 3) coibao, a y AJHUCH
(x—10) cosnbao. 3amerum, uto x > 10, T. K. UMETh Npu ceOe OoTpULIa-
TENbHYIO CyMMy JleHer HeBO3MOxHO. llocie Toro kak coBMeCTHbIiH
kanuTail Anvcbl U bazunuo yyaecHeiM 00pa3oM yTpPOWJICS, HA pyKax
Y HUX OKazasioch 6x — 39 conpmo. OHM CMOTYT KYIUTb JKapeHON pbIO-
KM, €CIM BepHO HepaBeHCcTBO 6x — 39 >2x, 1. e. x > 39 /4. D10 Hepa-
BEHCTBO BEpPHO, T. K. X > 10, 1 ocTaercst TonbKO MnoxenaTtb Koty baszu-
JIMO Y J1uce AJlMce NPUSATHOrO anmneTUTa.
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3agaua 6. ['pynna cryJeHTOB pelinia KynuTb MarHuTooH LeHOH oT
1700 no 1950 py6. Bee BHec/M 0JMHAKOBYIO CyMMY JCHEr, OJHAKO
B IOCJICIHUI MOMEHT [1BO€ OTKa3aJMChb y4yacTBOBATb B MOKYIIKE, I10-
3TOMY KaXKI0OMY M3 OCTaBLUMXCSl NPUULIOCh BHeCTH HA 10 py0. 60Jib-
we. CKOJIbKO CTOM1 MArHUTO(OH M CKOJILKO CTYIEHTOB y4acTBOBaJIM
B MOKYMNKe?

Pewenue. [1yctb B NOKyIKe y4acTBOBAIU 1 CTYJEHTOB U KaXKIbli U3
Hux BHec x pyO. Torma croumocth MarHutooHa coctaBisier n x pyo.
[lepBoHauanbHO coOupanuch yudacTBoBaTb (n + 2) 4eslOBeKa,
U kaxapii BHocwn (x— 10) py6. Ortcloma creayeT paBeHCTBO:
nx=(m+2)(x—-10). VYnopomas 53TO0 YypaBHEHHE, TMOJy4aeM
x=5(n+2). Takum o6pazom, marHutooH crout Sn(n + 2) pyo.
[To ycnomto 1700 < Sn(n +2) <1950. Ilomenum 310 ABOMHOE Hepa-
BEHCTBO Ha IITh U NMpUOAaBUM KO BCEM 4acTsaM eIuHully. B pesynbrare
nonyunm 341 < (n + 1) <391. W3 BceX KBagpaToB HATYPATbHBIX YHMCEN
B AuanaszoHe oT 341 no 391 nHaxonurcs Tonbko KkBaapat uuciaa 19. Ta-
kM obpazom, 7 = 18, x = 100. Maruutodon crout 1800 pyO.

3agaua 7. Masbli MOXKeT cbecTb TOPT 3a 10 MUH., NOPLMIO MOPOXKe-
HOro — 3a 6 MMH., @ MakeT MoJioka BbINUTh 3a 4 MuH. Kapacon mo-
JKET CJeJaTh BCEe 3TO BABOE ObicTpee. 3a KaKOe HAUMEHbILEe BpeMs
OHM BMECTE€ CMOTYT MOKOHYMTH C 3aBTPAKOM, COCTOSLIUM M3 ABYX
TOPTOB, OAHOW MOPLMU MOPOXKEHOI0 M /BYX nakeTtoB mosoka? Kax-
Joe OJIH0/10 1oeAaeTcesi TOJAbKO OJIHUM YJIGHOM 3TOM JAPY>KHOM KOMaH/Ibl.

Pewenue. Ycnosue 3agaun He no3posiser Manbiuty u Kapricony on-
HOBPEMEHHO ecTb 0AHO 0Jit00. [103TOMY TOT, KTO OKOHYMT CO CBO-
eil 10/1eil 3aBTpaKa paHblle, BbIHYX/EH JI0KUATbCS CBOErO Hamnap-
Huka., Bot eciiu Obl UM 1M0O3BOJISZIOCH OMOIaTh APYr APYry, 3T0 Oblil
Obl camblii OblcTpblit 3aBTpak B mupe! [locuuraem, 3a kakoe Bpemsi
Obul Obl Che/ieH 3aBTpak B TakoMm ciydae. B onmHouky Maiibin no-
KOHYMJ1 Obl ¢ 3aBTpakoMm 3a 34 muH. [lomoras apyr apyry, oHu cje-
JIaloT 3Ty padoty B Tpu pasza Obictpee (Kapiicon ecrt 3a aoux Maiibi-
wei), T.e. 3a 34/3 muH. DTO TOT caMmblii Hjgall, K KOTOPOMY HaJ0
CTPEMUTHCA. I1o YCJ10BUIO 3a4a4u BpEMs B MUHYTaAX, 3aTPpa4CHHOC Ha
3aBTPaK, JOJDKHO ObITh HATypalibHbIM 4McIOM. HaumeHbliee Takoe
4YKCJ10, KOTOpoe OoJibiie, yem 34/3, — a1o uuciao 12. llporepum,
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MOXHO JIM YJIOXKHUTBCSL B 3TOT cpoK. Brnonne! [l aToro oauH naker
MOJIoKa ¥ 00a TopTra HaJ0 OTAATh Jiy4lleMy B MHPE MOXKHPATEIIO
ToproB — Kapncony. Maneiiy gocraHercs Apyroi naker MoJsioka
Y NOpLMSI MOPOXKEHOTO.

Bonpoc

HeT nv ppyrux sapuaHToB pacnpeaeneHns onoa, AalolWyxX Takoe xe
3HayeHne BpemeHn?

3apaua 8. 3aBog nomkeH nepecnath 3akazuuky 1100 neranei. eranu
JUTsl IEPECHUIKK YMAKOBBIBAIOTCS B SIIMKHU. MIMEIOTCS SIUKA TPEX TH-
noB. Sk nepsoro tumna Mmeniaet 70 neTanei, SIKUK BTOPOTro TAMa —
40 peranei, siuuk TpeTbero Tuna — 25 aeraned. CTOMMOCTb nepechli-
KH SIQUKOB TEPBOTO, BTOPOrO M TPETHEr0 THUIIOB COOTBETCTBEHHO
200 py6., 100 py6., 70 py0. Kakoro tvna siiyku M B KaKUX KOJIMYECT-
BaxX HY)KHO HCIIOJIb30BaTh, YTOOBI CTOMMOCThH TIEpEChUIKM Oblia Hau-
MeHbluei? Heorpyska simuKoB He A0MyCcKaeTcs.

Pewenue. [loctaBbre cebs1 HA MECTO HauaJlbHUKA OTAe/a NePeChUIKU
(MbIC/IeHHO). Bam Ha0 COKOHOMUTH Kak MOXKHO Oouiblie (3a 3TO Bam
Oynet neHexkHas npemus). Kakold Bonpoc, npexae Bcero, NpuaeT Bam
B rojioBy? Het, He Bonpoc "kak eenuxa npemus?'”, a Bonpoc "kaxue
Awuxu camvie @vieoonvie?"”. CTOUMOCTh MEPeChbUIKM OJHOM AeTaliu
B silMKaX rnepBoro tuna (KpynHele swuku) 20/7 pyb.; B ajukax BTO-
poro Tuna (cpegHue SMMKN) — 5/2 pyO.; B AIUKaX TPEThEro THIIA
(menkue siuuku) — 14/5 py6. CaMbiMH BbIFOJIHBIMH OKa3bIBAKOTCS
CpedHue SALUUKH, a CaMble HEBBIMOAHBIMU — KpyIHble. CrenoBaresb-
HO, CPeHMX SILIMKOB HAJl0 MCIOJIb30BaTh KaKk MOxHO Oosibiie. Hau-
Oonbliee BO3MOXKHOE KOJIMYECTBO CPEAHMX SIMKOB — 25. B Hux
MoxkHO pazmectuth 1000 neraneit. Ecnu xxe cpeaHuX SIIMKOB B3SIThH 26,
TO octajipHble 60 neraneld Henb3sd pa3sMecCTUTb HU B MENKHUX, HU
B KpynHbix suukax. Ocraercs 100 peraneld, KOTOpble, OYEBUAHO,
MOJKHO pa3sMECTUTb B UYEThIpeX MeJKuX sAiukax. CTOUMOCTb mepe-
chuiku nipu 3tom Oyaer 25 - 100+ 4 - 70 =2780 py0. IlpuseaeHHbie
paccykaeHusl npaBrononoOHbl, HO Bce XK€ Mbl He mepeOpaiu Bce
BO3MOJKHbIE BapuaHThl. [IpuBenem Oosiee ctporoe peuieHue.
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IlycTb Bce aeTaiv pa3MECTUIUCH B 71 CPEJIHUX, X MEJKUX U ) KPYIHbIX
swmukax. Toraga

40 -n+25-x+70-y=1100. (1.1)
Jecsitas yacTb CTOMMOCTH NMEPECHUIKU MPU ITOM pPaBHA
S, =10n+7x+20y. (1.2)

Boipazum u3 (1.1) konuyecTBO caMbIX BBITOJHBIX SIIUKOB U, MOJICTA-
BuB B (1.2), momyuum S;=275+3 - -x+10:y)/4. Benuuuna S,
JIOJKHA OBITh HATYPaJIbHBIM YUCIIOM (TIoueMy?), TIO3TOMY BhIpaXKeHHE
(3 -x+ 10 - y) nomkHO AeTUTbhCA HA 4 U TTPU STOM UMETh HauMeHbIIee
BO3MOKHO€ 3HaueHue. Ecnu B3ars y =0, To BeipaxkeHue (3x+10y)

MpU pa3IMUHBIX HATypasibHbIX X MPUHUMAET 3HadyeHus 3, 6, 9, 12, ...
Haumenbluee 3HaueHue, kotopoe nenautcst Ha 4, — 310 12. Ecau xke
B3sTh y=1, T0o (3 -x+ 10 -y) npu HeabIX HEOTPULATETbHBIX X TIPH-
HuMaeT 3Hauenus 10, 13, 16, ... HaumeHnbuiee cpeayd HUX 3HaAUY€HUE,
KoTopoe aenutcs Ha 4, — 310 16. Ecnmu ke y>2, 10 3x+10y >20.

Takum oOpazom, Hamnydinuii Bapuant 6yaetr y =0, x = 4. Ocraercs
yOeauThes, YTO B 3TOM Cllyyae 7 MPUHUMAET HaTypaJlbHOE 3HaueHUe
(n=25). CroumocTts niepecbutku mpu 31oM S = 2780 pyo.

Bonpoc

Moyemy 6bl He B3aTb ¥ = 0, x = 0? Begp Torga Beipaxerune (3 - x + 10 - y)
KpaTHO 4 1 NPMHMMAaET HauMeHbLIee 3HaYeHune!

3agaua 9. Kakoe HanbGosbuiee U HauMeHbllee HaTypajlbHble YUCIA,
B JAECATUYHOMN 3alKUCU KOTOPbIX HET HyJIed U elMHMULL, a cymMMa Ludp
paBHa 677

Pewenue. Halinem cHauana Haubonbliee Takoe uucio. B 3anucu sto-
ro 4Mcila HaJlo UCMOJIb30BaTh MaKCUMalibHOE KosudecTBo uudp. s
3TOro Hazo pa3doUTh CyMMy LU(p Ha caMble MEJIKHe BO3MOXKHbIE Clla-
raemble. Hynu ¥ enuHuubl MCMONb30BaTh HEJb3s, MO3TOMY CamMoe
MeJIKOe BO3MOXKHOE ciiaraeMoe — 3To JaBoiika. Haubonpiiee konuye-
CTBO /IBOEK, KOTOPO€ MOXKHO HCIOJb30BaTh, — 3T0 32 (ecau B3ATb
33 nBOHKM, TO OCTaHeTCs OJHAa €AMHULA, KOTOPYIO HCIOJb30BaTh
Henb3d). Takum oOpa3om, HCKOMOE YMCIIO COCTOUT U3 32 IBOEK U OA-
HOW Tpokku. J{nsg Toro 4troObl UCKOMOE 4UCIIO ObLIO HanbOoJIbLINM,
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TpoOMKa /I0JKHA CTOSATh HA nepBom mecte. Mrak, Haubosiblee UCKO-
MO€ YUCJI0 — 3TO 322---22.

Tenepp Halinem HauMeHbLlIEe 4UCIO. 1 3TOr0 HAAO UCMO/bL30BATh
MUHUMAJIbHOE KOJIMYECTBO LUMQP, T.€. HAaJ0 HMCIOJIb30BaTh Camble
KpYIHbIE BO3MOXHbIE ciiaraemble, — AeBsTku. Haunbosbliee konuye-
CTBO JI€BATOK, KOTOPOE MOXKHO MCIOJIb30BaTh, — 3TO ceMb. Ocraercs
€lle OJIHAa YETBEPKa, KOTOPasl, OYEBUHO, OJIKHA CTOSITh HA NEPBOM
mecTe. MiTak, HAMMEHbILIIee UICKOMOE YUCI0 — 3T0 49999999,

( 3amedaHune )

Ecnn B ycnoeun 3agaum naet pedb 0 uudpax B AeCATNYHOW 3anncu
HEKOTOPOro 4ncna, TO OrpaHWyeHus1 AOBOMbHO OYEBUAHbI: Hambonb-
was uyngpa — 9, HaumeHbwaa — 0; nepsasa yudgpa He MOXeT OblTb
Hynem.

PaCCMOTpI/IM €€ HECKOJILKO 3aJa4 TaKOro TuIia.

3agaua 10. CkonbKO HY>KHO B3SITh CJIaraéMbIX B cymme, 1+2+...+n,
YTOOBI MOMYYMIIOCH TPEX3HAYHOE YKCIIO0, COCTOSINee W3 OJUHAKOBBIX
uupp?

Pewenue. TpexaHauHOe YHMCIIO, COCTOSINEE W3 OJWHAKOBBIX LU,
MOXKHO MpeAcTaBUTb B BUae a - 111, rne a <9 — HaTypanbHOe uuc-
Jj0. Cymma Bcex ciiaraembix paBHa n-(n+1)/2. Ham HyxHO HaliTh a
u n uz pasedHcrea n-(n+1)=2-111-a. 3amerum, uto 111 =37 - 3.

Yuciio 37 npocroe, nosromy jiubo n i (n + 1) penurcs Ha 37, 1. €.
umeet Bua 37 - k, rae k— HaTypajlbHOE YMCJIO.

YceraHoBUM HauOoOJIbllIee BO3MOXHOE 3HAUYEHHE 4uciaa k. 3aMeTUM,
gto  2-111.a <1998, 3nauntr n-(n+1)<1998. Ilockonbky

n’ <n-(n+1), nojayyaem n? <1998, 1.e. n<45. Orcriopa k= 1.

Ocratorcst aBa BapuanTa: aubo n =37, nubo n+ 1 =37. B nepsom
BapuaHTte cymma pasHa 703, a BO BTOPOM BapHuaHTe Cymma paBHa 666.
Hrak, Hy»HO B3Tb 36 ciiaraembIX.

3apaua 11. Halinute Bce HaTypasibHble TPEX3HAUHbIE YMCIIA, KaXKA0€
13 KOTOPBIX 00JIafjaeT cieIyroMU ABYMSI CBOMCTBAMHU:

1. Ilepsas uudpa B TpU pa3a MeHbLLE MOC/SAHEH;
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2. CyMma caMoro 4ucia ¢ 4ucCJIOM, MOJIy4alolMMCs U3 HEro mnepe-
CTaHOBKOW BTOPOU M TpeTbeil ero mudp, AenuTcs Ha 8.

Pewenue. [lepeOuparb BCE TPEX3HAUHBIC YMC/IA, HPOBEPsis )i KaxkK-
JIOr0 Halu4ue CBOMCTB 1 M 2, — Neso XJIONOTHOE M HEUHTePECHOE.
Mbl HauHeM peluarb 3Ty 3a1auy ajareopauyecku v npuderHeM K rnepe-
Oopy TOJBKO TOTNa, KOT/IA €€ YJacTCs CBECTH K HEMHOTHM CITy4asiM.

[Mycth X — uudpa coren, y — 1udpa aecaTKoB HCKOMOro urcia. To-
raa uudpa ero eaunui oyaer 3x <9, 1.e. x <3. [lockoabky Hyljiem
nepBasi uudpa ObITb HE MOXKET, TO BO3MOMKHbIE 3HAUSHMS X — ITO
yrciaa ojauH, aBa wid  Tpu. CoOrnacHo CBOWCTBY 2, 4YHCIO
(100x +10y +3x)+ (100x + 30x + y) nenurcs Ha 8 Oe3 ocrarka. Boi-

JIeJTAM B 9TOM CyMMe ciiaraeMble, KpaTHbie 8, W 3aluIlIeM 3TO YHUCIIO
B Buge (232x+8y)+(x+3y). Orcrona BuaHo, uto (x + 3 - y) TOxKe
nenurcsa Ha 8. Temepb MOKHO mepeOparh MO O4Yepeau BCe TPU Bapu-
aHTa.

Bapuanm 1: x=1. Tornpa 3 - y=8 - k— 1, rne kK — HarypasbHO€ UucC-
no. [Tockonbky 3y <27, 10 k <28/8, T. €. kK MOoxkeT ObITh paBHO 1, 2
unu 3. llpu k=1 u k=3 He nosyuaercs wesbIX 3HAUYEHUH Y, a npu
k=2 Haxogum y = 5. [lomyuaem nckomoe uucio 153.

Bapuanm 2: x=2. Torga 3 -y=8-k—2. llpu k=1 naxonum y =2,
anpu k=2 u k=3 ueibix 3Ha4eHuit y Her. [losryuaem nckomoe uuciio 226.

Bapuanm 3: x=3. Torna 3 -y=8-k—3. llpu k=3 naxonum y =7,
JIpyrux Heibix 3HaueHud HeT. I[lonyuunu wuckomoe uuciao 379.
Bce BapuanTtbl paccMOTpeHbl, 3ajaua peweHa. HaiijneHsl Tpu pelue-
Hus: 153, 226, 379.

He Bcerna orpanuueHus, 3an0KeHHbIE B YCJIOBUM 3aaiyl, A0CTATOY-
HO o4eBHAHbl. HO MX MOXHO OOHApy»KUTb, €CJIM TOJILKO NPEArNosio-
JKUTb, YTO CPEAM HECKOJbKMX YMCeNl CYLIECTBYET Hauboivuiee WU
Haumenvuiee. 110CHUM 3Ty MbIC/Ib HA IPUMEPE ClIEAYIOLLEH 3a1auH.
3agaua 12. Pemunre B HaTypasibHbIX YMC/IaX YpPaBHEHUE

1 1 1

—+—+—=1
X y z
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Pewenue. OnHo u3 peuieHuil yraapiBaeTcs A0BOJBHO mpocTo. B ne-
BOHM 4acTH ypaBHEHMS HEU3BECTHbIE X, ), z paBHomnpasHbl. [Ipeanoso-
JKUM, 4TO X =) =z U noiaydaem peuenue (3, 3, 3). Ectb qu apyrue
peuienusn? 3a uto Obl 31ech "3auenurbes”? [la 3a yxe yrajgaHHoe pe-
wenue! B yragaHHoMm pelueHuu Bce Tpu uncia pasHbl. Eciu cyiect-
BYET JIpyroe peuieHue, To B TPOHKE YMuCell X, ¥, Z HalyTCs HAUMEHb-
wee ¥ Haubosbuiee uucia. Jonycrum, uro x <y <z. Kak Benuko

MOXKET ObITh HaUMEHbLIeE unciio x? [Ipeanonoxkum, uto x > 3. Toraa

1 1_1_1 1 1.1 1 1 1
—>—2—2—>l=—4+—+—>—F—+—.
3 x y z 3 3 3 x y z
[lonyuaem npotuBOpeumne ¢ ycioBueM 3ajaud. Mrak, x Moxxer npu-
HUMATb 3HauUeHus 1, 2 unu 3. PacCMOTpUM 3TH BapUAHTBI.

Ilycth x = 1, Torna

l+l:0,

y oz
4Yero He MOXKET ObITh MPH HATYPATbHBIX Y, Z.
Ilycts x = 3, Torna

1 2

1

y z 3
Ecin npu aToM 3 < y <z, TO B 3TOM cllyyae OnsTh M0Jly4aeM MpoTH-
BOpeuHe:

1 1 1 1 2
—t—<—t=—==,
y z 3 3 3

Cnyuaii y =3 yxe HaligeH yraabiBanueM. OCTaeTcsi €JUHCTBEHHAas
BO3MOKHOCTb: X = 2. Torna

11 1

y z 2

[Iponomxum B ToMm xe nyxe. [lpeanonoxum, uro y > 4. Torpa



26 nasa 1

OnsAte nojgyyaeM MPOTUBOPEUME C YCIOBUEM. BhIBOA SICEH: Yy MOXKET
npuHuMaTh 3HaueHus 3 wiu 4. [lpoBepsis 5TU BapuaHTbl, HAXOAUM
nsa peuienusi: (2,3,6) u (2,4,4). Bee ciyyau pazoOpaHbi; Kpome
yraganHoi Tpoviku (3, 3, 3) HalineHsl eie aBe Tpoiiku uucen. Tenepnb
OCTaeTCsl 3aMETUTh, YTO U3-3a PABHOMPABHOCTH X, ¥, Z OTBETOM B 3TOM
3aja4e Oy yT TPOMKM YMCEJ, MOJIyYCHHbIC W3 HAWIEHHbIX TPOSK BCE-
MU BO3MOKHBIMH MEPECTAHOBKAMH.

Bonpoc
CKONbKO Taknx Pa3nnYHbIX TPOEK Ynucen x, y, z?

3agaua 13. Y ®posna ObL10 MbLIO, HE MeHEe 6 KyckoB, a y [lpokia —
ks, He Ooniee 30 mTyK. CTOJIKOBAJIUCH OHU CUUTATH KaXKA0E IIHIIO0
3a 8700 py0., a kycok mbuia— 3a 4500 py0., 1a U NOMEHSIKCH.
[Ipoks otman @poity Bce cBOM KIS U 3a0pail Bce MbuTo. M3BecTHO,
yro ®pou goriarui [pokiy 3350 py0. u ocrajics eie emy JA0/KEH
He 6onee 500 py6. Cxonbko KyckoB Mbuta O6but0 Y Dposna U CKOJIBKO
wuniibeB Ob10 y [poka?

Pewenue. Ilycte y ®pona Obuto n KyckoB Mbila, y Ilpoxma—
m wnibeB, a A0r cocrasiser d pyo. Toraa, corjacHo JOroBOPEHHO-
ctH, kanmutan @pona cocrasuser 4500 - n py6., a kanuran [Ipokna —
8700 - m py0. Toprosyto caeiiky ®poa u [lpokia MOKHO BbIpa3UTh
PaBEHCTBOM:

45001+ 3350+ d = 8700 - m. (1.3)

Ham Hy>kHO HalWTW W3 00HO20 3TOrO ypaBHEHWs mpu HEU3BECTHBIX
BEJIUYUHBIL: 1, m, d. Heyxxenn 310 Bo3aMoxkHO? Ho Beap Mbl UMeeM He-
KOTOPYIO JOMNOJIHUTE/IbHYIO WH(POPMALMIO: HATypaJlbHOE YMCIIO0
n = 6 , HaTypaibHoe unciio m< 30, gonr d <500 . Kak sty undopma-
uyo ucnonb3oBatk? Bo-nepBeix, u3 (1.3) cinemyer, uto d — Toxe
HaTypaibHoe uucio (noyemy?). Heyxenn npunercs nepebuparb Bce
BO3MOJKHbIE HATypajibHble 3HaU€HUS 7, m, d, KaXKIbli pa3 mpoBepsis
BbinojiHeHue pasercrra (1.3)? He Oyaem toponutbest ¢ nepebopom,
Jydlie TPUCMOTPUMCS BHHUMAaTelbHeH K KO3(pQUIMEeHTaM TMepes
HeusBecTHbIMU B ypaBHeHuM (1.3). Hucna 4500 u 8700 umeror Hau-



Bei6op HaunydLiero BapuaHra 27

OoubLuuii 00wwmii aenuresb 300. Yucno 3350 He uMeeT Takoro Aeiu-
Teist. PazodpeM ero Ha nBa ciraraeMseix: 3350 = 3300 + 50 u 3anumem

4500-7n+3300+(50+d) =8700 - m. (1.4)

U3 (1.4) BuaHo, uro Bbipaxkenue (50 + d) toxxe nenures Ha 300 (mo-
yemy?), T. €. d =300-5—50, rae s — HarypanbHOe 4yncio. CoriacHo
ycnoButo 3amaum, s <2, T.e. d=250. UTak, OgJHUM HEW3BECTHBIM
crajio menbuie! Teneps 00e uactu paBeHcTa (1.4) MOXKHO MOJACIIUTD
Ha 300 u 3anucaTh €ro B BUAE

15-n+12=29-m. (1.5)

Jlerast uacts (1.5) nenurcs 6e3 ocrarka Ha 3. CieaoBaresibHO, NpaBas
4acTh TOXKE JIeNIUTCS Ha 3, T. €. m = 3 - p, TJe p — HaTypaJlbHOE YHC-
Jl0. B pe3yJibrare nojiydyaeM HOBOE ypaBHEHHE:

5-n+4=29p. (1.6)

Ha nepsblii B31J1, OT 3TUX MaHUMYJISILMHA TOJIKY MaJlO: Mbl 3aMEHsIEM
OJIHM HEeW3BECTHbIE NPYTrUMH Hen3BeCTHhIMU. OHAKO o0paTuTe BHH-
MaHue Ha TOT (PAKT, YTO C KAX/bIM LIATOM Mbl [TPUXOJUM K HOBOMY
YpaBHEHHIO ¢ MeHbIIUMH Ko3(Puunentamu. Murepecno, Oyner nu
3TO NpouUeaypa NPOAQCKATLCS OCCKOHEYHO WM KOriga-HuOy/b 3a-
koHunTCcA? Terepb koadduieHTs 5 B 29 He UMEIOT OOIIUX IETUTe-
neil. Hy u uto xe, mbl 3anuwem 29 p =30 p— p u npexncrasum (1.6)
B Buae S5S-n=30-p—(p+4). Tenepp BumHO, uTO (p +4) menurcs
Ha 5, T.e. p=5-q—4, rae ¢ — HarypasibHOe uucio. [loacrasnss
310 B (1.6), mosTlydaeM HOBOE ypaBHEHHE
n=29-q-24.

Ha 3tom Haium myueHust 3akoHUMIUCH (ko3 duumeHT nepea n — 310
enuauia). Orcioga momydaem m =3 -p = 15 - g — 12. Ham ynanock
00a HEeM3BECTHBIX 7 U M BbIPA3WUTb 4epe3 OJHO Heu3BecTHoe ¢. Bor
TYT BCTyMmaeT B aeiictBhe mepedop. Ilo ycmoBuio n=29-g—-24>6
u m=15-g-12<30. W3 »oTux orpaHdyeHuil cijeayer, uTO
30/29<g<14/5, 1.e. ¢=2. Otcloga ToJlydaeM OTBeT: n = 34,
m =18.
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3agaum gna caMocToATEsNIbHOro peLueHus

3agaua 1. /{15 npuroToBiaeHUs 3aBTPaKka HY>KHO MOIKAPUTh TPU KO-
pouku xyieba ¢ AByX CTOpOH kaxayto. Ha ckoBopoake momeruaercs
TOJIbKO /1Be Kopouku. Kaxkaas ctopoHa nomkapusaercs 3a 1 MUHYTY.
3a Kakoe HauMeHbLIee BPEeMsi MOXKHO MTPUIOTOBUTb 3aBTPaK?

3agaua 2. [laTp OAMHAKOBBIX A0JIOK HAAO TOPOBHY pa3leNuTh Ha
mecTh YenoBek. Kakoe HauMeHblIee KOJTUISCTBO Pa3pe30B HAMO CHe-
natp?

3agaua 3. HyxHO 3aroTOBUTb HECKOJIbKO KyOOMETpOB OpEBHbILLEK,
KOTOpbI€ MOTOM MPUIETCS PacHuIUTh Ha NojieHbs JIMHON | M. Kakue
6peBHblLL[Kl/l BbII’ O)],Heﬁ 3aroToBUTb — TPEXMETPOBLIC WJIK YCTbIPEX-
metpoBble? Bee OpeBHa 0AMHAKOBOTO MaMeTpa.

3agaua 4. MoJofoil 4enoBeK TOPOMUTCS Ha CBUAAHUE (BO3MOXKHO,
nenoBoe). JInYHOro aBTOTpaHCcHopTa y Hero Her (moka). OH MOXKeT
OTIIPaBUTHCS K MECTY CBHAAHUS TMEHIKOM WJIM BBI3BAThH MO TeledoHy
Takcy. [lenrkoM OH MOYKET MepeABUraThCsl CO CKOPOCThIO 6 KM/ TaK-
CH elleT cO CKopocThio 60 KM/4, HO TpUOYJAET OHO He paHbllle, YeM
yepes 24 muH. Kak emy Jaydiile MOCTYNUTh, €CJIM PACCTOSIHUE 710 MeC-
Ta ceuganus 2,5 km? 3 km?

3apgaua S. Haiitu Haumenbuiee u HaubosibLiee HaTypajibHbIE YMCIIa,
COCTaBJIEHHbIE U3 BCEX Pa3iMyHbIX LUPP.

3agaua 6. HaiiTy HaumeHbllee HaTypajJbHOE YMCIIO, COCTARIIEHHOE W3
BCEX pa3IUYHbBIX (P, KOTOPOE ACIUTCS Ha 5.

3agaua 7. MOXHO JId BHYTPU paBHOOEAPEHHOIO TPEyrojibHUKa Io-
MECTUTb JPYrol paBHOOEAPEHHbII TPEYroJbHUK ¢ TAKUMH K€ CTOPO-
Hamu? A ¢ 60J1bILIMMU CTOPOHAMU?

3anaua 8. Bel npuroTOBUIM AJ1S TOCTEH TOPT KPYTiiok Gopmbl, HO HE
3HaeTe TOYHO, CKOJIBKO YeJIOBeK OYeT 3a CTOJIOM — TpOe WIIM YeTBe-
po. Kakoe HammeHblllee YWCIIO pa3pe3oB HY)XKHO 3apaHee ciesaTh,
4TOOBI B JHOOOM cilyyae Bce MOTJIM TOJMyYUTh TOpTa MOPOBHY 0e3 J1o-
MOJIHUTEIbHBIX Pa3pe3oB?

3apaua 9. CylecTByIOT JId HaTypajibHble YMCla M U 1 TaKue, UTo
m? —n? =10107?
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3amaua 10. CylecTByeT Jid TPeX3HA4HOE YMUCJI0, KOTOPOE YMEHbIIA-
eTcsl BTPOe OT NepecTaHOBKM HauaJIbHOW M KOHEUHOH uugp?

3apava 11. Manbpunin-Inoxui Xo4yeT KynuTb BapeHbE, MEYEHbE U
koHdetbl. Eciiv oH Kynut Tojibko 604Ky BapeHbsl, TO Y HEro OCTaHeT-
cs 3 posulapa, a ecild XKe TOJbKO KOpP3HMHY MedeHbs, TO 4 nosuapa,
a eCJIi TOJIbKO KOPOOKY koH(eT, To ocraHercst 8§ nosuiapos. XBarur Jjin
y [Inoxuina aexer, utoObl KynuTh OOUKY BAPEHbS U KOP3UHY MeUeHbs?

3agaua 12. YTpoM B Mara3uH NpUBE3NH IMIECTh OWIAOHOB MOJIOKA,
B KOTOPbIX ObL10 1571, 1641, 18 51, 19 a1, 20 s1, 31 1. [lo obeaeHHOrO
nepepbeiBa ObUTO TOJIHOCTBIO TPOJIAHO MOJIOKO W3 TpexX OHIOHOB,
a K 3aKPbITUIO Mara3uHa npo/iajiv LIeJMKOM MOJIOKO eLie U3 AByX Ou1o-
HoB. OKazasnocsk, 4To 10 o0ena Mojioka ObUIO MPOJaHO BABOE OOJIbIIIe,
yem nocsie obena. M3 kakux OuI0HOB ObLIO MPOJAHO MOJIOKO A0 00€-
JIEHHOTO TiepepbiBa?

3apaua 13. Kakoe MakcuManbHOE YUCIIO OCTPBIX YIJIOB MOKET UMETh
BBIMYKJIbIif MHOTOYTOJIbHHK?

3agaua 14, Haiitu Hau0oJ1b111€€ YETHOE MSITU3HAUHOE YUCIIO, MEPBbIC
Tpy UMPPBl KOTOPOro oOpasyloT YMCJIO, MPEACTABIISIIOLLEe TOUYHbIH
KBaJpar, a NocjeAHue Tp1 LUPPbl — TOUHBIN KYO.

3apauya 15. Yautka npononszna oOTpe3oK JIMHOW 1 M, noBepHysa
Ha 90°, mpononaszna eule OTPe30K AJMHON 1 M U octaHoBuiach. Tak
OHa Tpofesiana TPU pas3a MOAPSA: KaXKIbIH pa3 Mocie Toro, Kak mpo-
nomzana 1 M, moBopavMBaia HalpaBo WITK HAJIEBO U ellle mporoszana 1 M.
KaxoBo MoxkeT ObITh paccTOsTHHE MeXKy HavajoM U KOHIIOM €€ TyTh?

3agaua 16. Ha crose nexxat KHUIM, KOTOpPbIE HA/10 ynakoBarb. Ecim ux
CBsI3bIBATH MO 4, MO 5 WK 1o 6 B MavKy, TO KXK/bIA pa3 ocTaeTcs OgHa
JIMLLHASL KHUTra, a €CJIM CBS3bIBATH 10 7 B MAYKY, TO JIMIIHUX KHUI' HE
ocraercs. Kakoe HauMeHblLee YUC/I0 KHUI MOXKET JIeyKaTh Ha cTosie?

3apaua 17. PaBHbl 1M 1Ba TPEYrojbHUKA, €CJM OHU UMEKOT MO TpU
PaBHBIX yTIjia U O IB€ PaBHBIX CTOPOHBI?

3agaua 18. [lpu kakux uenblX 3HaueHusX #  QyHKUMs
f(n)= (n2 —n—17)/(n—2) npuHUMaeT HAUMEHbLIEE LEJI0C 3Ha-

yeHue?
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3agaua 19. Ha 1000 py6. Hy»HO KynuTb esiouHble urpyuikd. Onu
npojarorcs Habopamu. HaGop, cocrosiuii u3 20-tv Urpyuiek, CTout
40 py0.; Habop, cocrosiuuii u3 35-tu urpyiuek, crout 60 py0.; Hadbop,
cocrosiiuid U3 50-tu urpyiuek, crout 90 py6. CkojibkO M Kakux Ha-
OOpOB HYXKHO KyNUTb, 4TOObI ObLIO KYIJICHO HAKOOJIbLICEe KOJIUYCCT-
BO Urpyuiex?

3anpaua 20. Haligute Bce HaTypasibHbIe YnCia, KyO KOTOPBIX — MSATH-
3HaYHOE YHCIIO ¢ mocieaHel nudpoii 3.

3agaua 21. OaHax /bl Beuepom Ha Xxyrope Onu3 Jlukaubku [laurox
MPUriIacui CBOMX MpUATENeH BOCEeMHaALATh DHUKOB U IByX baHuKoB
MOKyLIaTb BAPEHUKOB CO cMeTaHOU. Bece enu BapeHuku, pa3mecTus-
LIKCh 32 JBYMS CTOJaMM, Ha KOTOPbIX ObUIO MOJAAHO OJIMHAKOBOE KO-
JIMUECTBO BapeHUKOB. B pe3ysnbrate Bce BapeHMKW OblUIM CbEACHBI.
HzeectHo, uto [lautok chesn BapeHUKOB 00JIbLUE, YEM KTO-1U00 apy-
roi; DHUKM CbheJIM BAPEHUKOB MOPOBHY, a KaKAbIA U3 BoHUKOB chben
BAPEHUKOB HE MeHbule, Yyem Apyrod bonuk. M3BecTHO Takke, uTo
[latok ¥ onMH M3 BIHUKOB ChEIM BMECTE CTOJIBKO K€ BAPEHHUKOB,
CKOJIbKO 1BOo€ DHUKOB. CKONbKO BIHMKOB M DHUKOB cuienu 3a O-
HuM crosiom c [larokom?

1.3. Korga akcTpeMym HailTu HETPyAHO

KoneuHo, Ham 1IpULLUIOCH HOTPYAUTDb-
Csi; Mbl C DHJM JIKe [10BOpYAIU He-
MHOI0: JIETKO JIM LC/bIH J1€Hb BCKPbI-
Barb KOHBEPTbl W BbIHUMATh U3 HUX
JloJuiap 3a jlojuiapom!

O. l'enpu, "Cynpyorcecmeo
Kaxk moyHas nayka"

Bo MHorux 3amauax HaiTu HawIydlUWi BapUaHT WM SKCTpeMajibHOE
3Ha4YeHue PYHKLIUHU MOXKHO UCXOAS U3 JOBOJIBHO OUEBUHBIX Paccyk-
nenuil. Ilycts, Hanpumep, TpeOyeTcs onpeaeauTb HaUMEHbLIee Bpe-
M, 32 KOTOpPOE€ MOXKHO COBEpPLINTb HEKOTOpOe IyTeLIeCTBUE IpHU
3aJaHHbIX YCJIOBUAX. MOJKHO B3ATb Hayraja Kakou-nubo BapuaHT
JBW)KEHUS U TOCMOTPETh, HEJIb3S JIM YMEHbLUIUTb BpeMs, 3aTPaueHHOe
Ha gopory. Ecnu BbiOpaHHBIH BapUaHT AOMYCKaeT TaKyl0 BO3MOXK-
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HOCTb, TO OH HE Haujyuliui. Toraa HEOOXOAUMO MOHSTh, YTO B 3TOM
BapUAHTE HY>KHO U3MEHUTb, YTOObI BO3MOXKHOCTb YMEHbBIICHUs BpEME-
HU MCK/IIOUM/IaCh. PaccMoTpum 3TOT CnOcO0 HA mpumepe peuieHus
CJIeAYIOLMX OPOCTHIX 3aa4.

3agaua 1. Ha nopore, coenunsmowieil apa uexa 3aBoAa, Hy»KHO IO-
CTPOUTDH CTOJIOBYIO, B KOTOpoi OyayT obenaTh paboune o00OMX LEXOB.
B nepBom nexe pabotator 1000 uenosek, a Bo BTopom 500 uenosek.
B xakoMm mecTe Hy>KHO MOCTPOUTb CTOJIOBYIO, YTOOBI 0bliee paccTos-
HUE 70 Hee, KoTopoe OyAyT mpoXoauTs padoure u3 000uX 1exoB, Obl-
JIO HAUMEHBIINM?

Pewenue 1. 1lpennonoxkum, 4To yCIIOBHE 3aa4M YK€ BBIIOJIHEHO.
MpbICI€HHO NepeABUHEM CTOJIOBYIO Uy Thb-UyTh OJIMXKE K MEPBOMY LIEXy
Ha paccrosinue Ax. Toraa paccrosHue, koTopoe OyayT MPOXOAMUTH
BCce pabouue nepBoro uLexa, ymeHburcs Ha 1000Ax. PaccrosiHue,
KOTOpoe OyAyT HpoxoAauTb Bce pabouue BTOPOro Liexa, HaIlpoTHUB,
yBenunuutes Ha 5S00Ax. OOumiee paccrosiHue, KOTopoe OynyT Mpoxo-
JuTh pabouve M3 OOOMX LEXOB, MPU 3TOM YMEHbLUUTCS Ha
1000Ax — 500Ax = 500Ax. Hrak, eciid CTOJIOBYIO MOXHO MEPE]BU-
HYTb OJIDKe K IepBOMY LIEXY, TO 3TO HE Hauay4luuid BapuaHt. Cieno-
BaTEJIbHO, CTOJIOBYIO HY>KHO MOCTPOMUTD PSIOM C MEPBBIM LIEXOM.

Pewenue 2. O603HaYMM pacCTOSHUE MEXIY lleXxaMu depe3 /, a pac-
CTOSIHME OT MEPBOro Lexa 10 cTosioBoi uepe3 x. Torpa obuuee pac-
CTOSIHHE, KOTOpoe OyAyT mnpoxomuTts pabouue U3 O0OMX IIEXOB
s =100-x+500-(/—x)=500-(/+ x). Ilockonabky x>0, HauMeHb-
mee 3HaueHue s Oynet npu x = 0.

Bonpoc. Kak u3MeHUTCs OTBET, €CJ/IM KOJIMYeCTBO pabouuX B MEPBOM
U BTOPOM 1exax OyneT wHbIM (Harpumep, B nepsom 1000, a Bo BTO-
pom 3000 uenosek)? Kak 3aBMCUT OTBET OT OTHOLIEHMS 3TUX uucen?
KakoB Oynmer otBer, eciu B 006oux Lexax pabouux MOpPOBHY? eciu
B OJIHOM LIEX€ Ha OJJHOrO 4esioBeKa 0oJiblle, 4eM B APYrom?

3apgaua 2. J[ga Opara Kynwid B ropoje BeJOCUNE] U OTINPABUIIUCH
JIOMO# B IEPEBHIO, KOTOpasi HaxoauTcs Ha pacctosinuu 30 kM. Braso-
eM Ha Besiocuneae Oparbs He nomelnarTcs. Kaxaplii 13 HUX MOKeT
HUATHU MEUIKOM CO CKOPOCTHIO 6 KM/4 M €XaTh HA BEJIOCUIIEAE CO CKO-
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poctbio 15 kM/4. 3a kakoe HaumeHblLiee Bpems Oparbsi CMOTYT 100-
parbes A0 noma? Benocunen MOXKHO OcTaBisiTh Ha aopore 0e3 npu-
CMOTpa.

Pewienue. TloHsTHO, YTO KaXXJOMY W3 OpaTbeB 4acTb MYTH MOXKHO
MpoexaTh Ha BEJIOCUME/e, a OCTAIbHOM IyTh MPHUIETCS MPOUTH Mewl-
koM. [lpeanonoxum, nepeblii M3 OparbeB cpa3y cell Ha BeJlOCUIE,
npoexain OonblLIe TOJIOBUHBI yTH W, OCTABUB BEJIOCHIIENl Ha JA0OpOre,
OCTaJIbHOE paccTosiHMe npoules newkom. Torpa oH agobepercs 10
noma ObicTpee BTOporo Opara u OyJeT ero HeKOTOpoe BpeMs TOXKH-
narbesi. Ecau Obl Opar-1 ocraBuil Beslocure] HEMHOIO paHblie, TO
Opat-2 nobGpascs Obl 10 moma ObIcTpee, U TEM caMmbiM BpeMs, 3aTpa-
YEHHOE Ha J0pory, Obu10 Obl MeHblue. HaBephsika, noOpaBiiuchk 10
noma, Opar-2 cymeeT pacTOJNIKOBATh 3Ty MPOCTYIO HJICI0 CBOEMY Heco-
oOpasutesbHomy Opartiy. Eciu ke Opar-1 npoexasl Ha Besiocune/e
MEHbIIE TIOJIOBUHBI IyTH, TO OH J00epercs A0 aoMa MOCIEAHUM.
Bo3moxHO, B TOT MOMeHT, koraa Opar-2 Oyaer ero oOroHsiTb Ha Be-
nocunese, Opat-1 moiiMeT, YTO ero peleHue He Hawmyuliee. BoiBoa
siceH: Opar-1 NOCTynUT MyApO, €C/ld OCTaBUT BEJIOCHIE POBHO Ha
cepeaune myTu. Torna o6a Opara nobepyTes 10 10Ma OHOBPEMEHHO,
M BpeMsl MyTEeLIeCTBUs COCTABUT 4YeTbipe uaca. B nmporuBHOM cilyuae
oIvH U3 OpaTbheB OymeT MOKMAAThCS APYroro, 3HaAUUT BpeMsl, 3aTpa-
YEHHOE Ha A0POrY, MOXHO ObLJIO YMEHbLUUTb.

Bonpoc. Kak n3MeHHUTCs OTBET, €CJTM XOJ0BbIe KauecTBa OpaTbeB pas-
Jquunbl? Ilyctb, Hampumep, Opar-1 XOIMT €O CKOPOCTBIO 6 KM/Y,
a Opar-2 xomut co ckopocThio 5 kM/4. Ha Benocunene oba 6parta mo-
TYT €XaTbh CO CKOPOCTbIO 15 KM/4.

3apaua 3. /[Boe TypUCTOB XOTAT MOMNACTh HA CTAHLMIO, PACTIONIOKEH-
Hyl0 Ha pacctosHuM 60 kM. OHU TopomATCsS Ha MOe3], KOTOPBIA OT-
NPaBJIIETCS POBHO depe3 Tpu uaca. Kaxaplii U3 HUX MOXKET WUIATH
MEHIKOM CO CKOPOCTBIO 5 KM/4. MeCTHBIi JKUTeNb Mpe/iaraeT A0CTa-
BUTb UX HAa CBOEM MOTOLMKJIE, CKOPOCTh KOTOporo 50 km/4. Moto-
UMK 6e3 KOJISCKH; ero Biafeliel] MOXET MOCaJuTh TOJIbKO OJHOTO
naccakupa, a 3aTe€M BEpPHYTbCs 3a BTOPbIM. CMOTYT JIU TYPUCTHI yC-
neTh Ha moe3n?
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Pewenue. Halinem HaumeHbllee BpeMs, 32 KOTOPOE TypUCTbl CMOTYT
nobpatbes A0 craHuuu. OUeBUIHO, YTO KaXKIOMY W3 TYPUCTOB TOJIBKO
4acTh MyTU A0 CTAHLMHU YAACTCs MpoeXaTb HA MOTOLMKIIE, a APYTYIO
yacTh — "Ha CBOMX JBoux'" (MHade Ha moe3] He ycreTh). Brnagenen
MOTOLIMKJIA, HE JJO€XaB [0 CTaHLMH, BbICAAUT MEPBOT0 Maccaxkupa u
BEpHETCs 3a BTOPbIM. BTOpol TypuCT HOMKEH ¢ caMoro Havasna ynop-
HO TONaTh MELIKOM [0 TeX MOp, MOoKa ero He noadeper MOTOLMKIL.
[Ipennonoxkum, 4To KTO-TO W3 TYPUCTOB OKAa3ascsli HA CTaHLUU IEep-
BbIM U JA0XKMIAETCS] CBOEro TOBapHila. Toraa 3TOT BapUaHT MOE3IKU
He camblil Jgydwmii. Bpems myTteriecTBus MOXXHO Obl1o Obl yMEHb-
wuth. Jlng 3TOro Hy)KHO Obl0 Obl BbICAAWTb MEPBOrO MAccaKUpa
paHbiiie (eciu oH J00pajics mepBbIM) JIMOO Mo3xKe (ecau OH Jodpascs
nocaenHum). CrieaoBaTenbHO, HAMMEHbLIee BpeMsi OyleT B TOM CIIy-
yae, Koraa oba Typucra 100epyTcs 10 CTaHLIMK OAHOBPEMEHHO.

A B
Ec—)
_x v ©
Puc. 1.7

[IycTh TypuCTBI MEepBOHAYAIBLHO HAXOJWJIUCh B IMyHKTE A, MEPBOTrO
naccaxkupa Beicaauiid B Touke B Ha paccrosnun BC =Xx oT cTtaHummn
C, a BTOpO# TypuCT, BBIAAS U3 TOUKH A, BCTPETUI MOTOLMKII B TOUKE
E (puc. 1.7). Ilockonbky 0o0a TypucTa MPOLLIM NELKOM OJMHAKOBbIN
nytb, AE =BC =x. Bpems, 3a koTopoe MHepBbld Mpollen MNEeLIKOM
yuactok BC, paBHo x/5 (u). 3a 3TO BpeMsi MOTOLMKII NpOexXaj MyTb
BE + EC, paBnbiii (60 —2-x)+ (60 —x)=120-3 - x (km). Orciona
0JIy4yaeM ypaBHEHUE

(120-3x)/50=x/5
u HaxomuMm x = 120 /13 (xm). Bpems, 3aTpaueHHOe Ka)XIAbIM TypH-
cTtoM, cocrtaBiaster f=Xx/5+(60—x)/50=186/65 (4). Dro mnouru
Ha 8,3 MUH. MeHbl1lIe TpeX 4acoB. TypuCTbI ycneroT Ha noes .
3agaua 4. PerynspHbiii npuem ButamunHoB "Cynep" CHUXKaeT BEpOSIT-

HocTb 3abosieBaHus rpunnom Ha 20 % . Eciav npuHMMaTh BUTAMUHbI
"Cynep [liaroc", To BeposSITHOCTb 3a00/I€BaHUS IPUIIIOM CHHKACTCS
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Ha 30 % , a ynorpebuienue ButamunoB "Cynep ILtoc [lnroc" cHuxkaer
BEPOSITHOCTD 3a00sieBaHust rpunnom Ha 50 % .

Boob6pasute, uTo Baml OpraHu3M OY€Hb NOABEPXKEH 3a00EeBaHUIO
rpunmnom, u 6e3 ynorpeGiieHusi BATAMUHOB Bbl 00s13aTelIbHO 3a00J1ee-
Te (¢ BepostHOCThIO 100 %). AnTekaph yBepseT Bac, 4TO IJi MaKCH-
MajbHOro a¢ddekra BaMm HEOOXOAMMO MPUHMMATb BUTAMHHbI BCEX
TpeX THUIOB, TOr4a BEPOSTHOCTh 3a0o/ieBaHUS YMEHbLUUTCS Ha
20% +30% +50% =100 % . CoraacHbl jiu Bbl ¢ HUM? CuuTaem,
YTO pekyiama adCoOIOTHO NpaBAuBa, U 3GPEKTUBHOCTb KayKAOT0O TUMA
BUTAMMHOB HE YMEHbLIAETCs M3-3a COCEACTBA B BalleM OpraHu3Me
C BUTAMUHAMU JPYTUX TUIIOB.

Pewenue. [lo-BunuMoMy, anrekapb He OUEHb SICHO MpeICTaBiIseT cebe,
KaK BbIUMCJISATh BEPOSITHOCTb COOBITHIA, JIMOO MPOCTO JiykaBuT. Paccuura-
€M BepOSITHOCTb 3a00JIeBaHus B TOM CJlyyae, €C/ii IPUHUMATh BUTAMUHbI
Bcex Tpex TunoB. Ecnu npuaumats Butamunbl "Cyniep", TO BEpOSITHOCTb
3abosietb cHikaercs Ha 20 % u cocraBur BenuuuHy p; =1-0,2=0,8.
Ecnu BoobaBok npunumats Butamubsl "Cymep Ilmoc", To BeposTHOCTD
3a00s1eBaHusl TPUIIIOM COCTaBUT p, = p; -(1-0,3) =0,56. Ecnu xe

ynorpeduts ewe u "Cynep [Liroc [Liroc", To BepositHOCTh 3a00/1€BaHMs
TPUMIOM COCTaBUT p3=py- (1 —0,5) =0,28. 310 nyuie, yem rapanTu-
POBAHHO 3a00JIETh, HO ellle He O3HAYaeT rapaHTHIO He 3a00JIeTh.

3apaua S. B naGoparopuu umMeroTcs TpU paziiMuHbixX ciuiasa. [lepsbiii
conepxuT 40 % wmenu u 60 % Hukenss, Bropoid — 60 % wmeau u
40 % kobanbra, Tpetuii — 60 % kobanbra u 40 % Hukens. s
JKcrieprMeHTa TpeOyercs | Kr HOBOTO crulaBa, KOTOPBIA coaepkall
Ob1 40 % kobOajbra U KaKk MOXKHO MeHblue Meaud. Kak ero usroroBurb
U3 UMEIOLIUXCA CIIIaBOB?

Pewenue. ITyctb 11 N3rOTOBICHUS HOBOTO CIUIaBa B3sUTH X (KT) mep-
BOrO CIu1aBa, y (Kr) BTOporo criaBa U z (Kr) Tperbero cniasa. I1o yc-
noButo x +y+z=1. Tornga konuuecTBo koOanbTa B HOBOM CILIaBe
paBuo 04y + 0,6z, a KOIMUECTBO MEAW 1 B HOBOM CIUIABE PaBHO

0,4x + 0,6y. ITonyyaem cuctemy ypaBHEHUM
x+y+z=1,
2y+3z=2,
2x+3y =5m.
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Ilo ycnoBuro x>0, y>0, z>0. B nepBbIX AByX ypaBHEHUSX CHUC-
TEMbI BbIPA3UM X U Z Yepe3 :

x=0-y)/3,z=2-(1-y)/3.

[MoncraBnsst x v z B TpeTbe ypaBHeHHUE, NONyunM S-m=(2+7y)/3.

Kak Bunum, conepkaHve Meau B HOBOM CILIaBE 3aBUCUT TOJIBKO OT Y,
[pU 3TOM MUHHUMalbHbIM OHO Oynet, eciau y = 0. Wrak, Hano B34Th
1/3 kr mepBoro cruiaBa u 2/3 Kr TpeTbero cruiaBa.

Bonpoc

Kak n3ameHuTcst pelueHne, ecnu u3 nepBbIxX ABYX YPaBHEHWI BbIpasnTb
¥ 1 zyepes x?

HHoraa ¢pyHKIMS, SKCTpEeMyM KOTOPOH HEOOXOAMMO HAiTH, OKa3bIBa-
€TCsl TOBOJILHO TMPOCTOW (Hampumep, KBaApaTHbIM TpexuieHoMm). Kak
TONBKO OOHapy>KMBaeTcsi 3TOT (pakT, pelieHHe 3aJadyd He BbI3bIBAET
3arpynHeHuid. /[ qocTrkeHus 1eiau HaM noTtpedyeTcs 3HaHHue clie-
IOYIOIIEr0 JKCTPEMAaNbHOTO CBOWCTBA KBaApaTUYHOH  (PYHKUIUHU
yx)=ax* +bx+c: npu x=-b/2a ¢yHKUMA y(Xx) TPUHUMAET Hau-
MEHbIIIee 3HadeHHe, ecnu «a >0, W Hauboibllee 3HAYCHHE, €CITH
a<0. [ns poka3zarenbCTBa HYXKHO NPEACTaBUTH )(X) B BUOC

y(x)=a(x+ b/2a)2 +c—b?/4a v 3ameTuTb, 4TO (x +b/2a)2 >0.

3agaua 6. Cymma nByx umcen paBHa 18. Kakoe nauGonbiiee 3Have-
HUE MOXKET UMETb IPOU3BEACHHUE 3TUX YUces?

Pewenue. O603HAUUM OTHO W3 YHMCEIl Yepe3 X, Toraa apyroe Oyaet
18 — x. IlpousBeneHue 3TUX Yuces MPEACTaBIIsAeT cOOON KBaapaTHBIM
TpexuieH Xx-(18—x). MakcuMyM 3TOM (QYHKIMH, OYEBHHO, TOCTH-

raercs npu x =9, mo3ToMy HauOoJbllee 3HAU€HUE MPOU3BEACHUS
paBHo 81.

Bonpoc

B aTori 3agave makcumym pocTtaraeTtcs, Korga oba yvcna oauHaKkoBbl.
370 crnyyYarHOCTb unm HeT? [yCTb CyMMa ABYX YACEN paBHa HEKOTO-
pou 3ajaHHOW BennyuHe a. MOXHO nn oxmnaaTb, YTO HaNGOSbLKMM
npousBeaeHne 3Tux yncen GyaeT B TOM cryyae, eciii Kaxaoe U3 HuX
paBHO /2 ?
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3apaua 7. [IpousBeneHue AByX MOJIOXKMTENbHBIX unces paBHo 2. Ka-
KO€ HAMMCHbLLICC 3HAYCHHUC MOXKET MNPUHUMATL CyMMa 3TUX yucesn?

Pewenue 1. O603HauUUM OJIHO U3 YMCEIT YEPE3 X, TOraa apyroe Oyaer 2/x.
CyMMa 3THX uucesl paBHa X+ 2/x. 3azady MOXKHO Tenepb chopmy-
JIUPOBAThH CJICIYIOIUM 00pa3oM: MPU KAKOM HAUMEHbLIEM TOJIOKH-
TEJIbHOM 3HA4YCHUH MapamMeTpa d ypaBHeHHUE

x+2/x=a (1.7)

MMEET JCHCTBUTEIIbHBIC MOJIOKUTE/IbHbIC pelieHus? Hckomoe 3Haue-
HUE napamerpa Kak pa3 v OyJeT HAUMEHbIIUM 3HAUYECHUEM CYMMbI
X+ 2/ x. YpaBaenue (1.7) cBoauTCS K KBaIpaTHOMY:

xt—ax+2=0. (1.8)

Jns Toro uto6st (1.8) umeno peuieHus, TMCKPUMUHAHT JOKEH OBITh
HEOTpULATENIbHBIM, T. €. a* —8>0. HaumeHbluee MONOKHTEILHOE
3HAYeHUEe TMapameTpa, KOTOpOoe YIOBIETBOPSET 3TOMY YCJIOBHIO,
a=22. IIpu sToM x=2/x=+2.

Pewenue 2. [lonb3ysace TeM, YTO YUCIIO X HOJOXKUTENbHOE, NPEACTa-
BUM CYMMy X +2/X B TaKOM BHUJE:

x+2/x=Rx —v2/x)* +242. (1.9)

OueBu/IHO, YTO HAUMEHbILIEE 3HaUYeHUE BbipaxkeHus (1.9) Oyaer poc-
TAraTbes Npux =2/x = V2.

Bonpoc 1

B ABYX nocnegHunx 3agavax 3KCTpemMym AO0CTUraetcAa B TOM Criyvae,
korga oba cnaraemblx oAnHaKoBbl. YTo o6Lero B ABYX NOCNeAHUX 3a-
,u,aqax? MoxHO nun oXungatb, YTO MUHUMYM CyMMbIl ABYX NONOXUTENb-
HbIX uYncen ¢ (UKCUPOBAHHLIM MPOU3BELEHNEM [OCTUraeTcs, Korga
0o0a uncna ognHaKkoBbI?

Bonpoc 2
Mbl Hay4yuJimcb Haxogutb MUHAMYM beHKLWIVI BUuaa f(x)=X+C/X npu

x>0, ¢>0. Kak nsmeHntcs pelweHne, ecnu 3agaHo npovsBefeHue

ABYX OTpuuaTenbHbIx yucen n Tpebyetca HauTu Hanbonbluee 3Have-
HWE UX CyMMbI?



Bei6op HaunydLiero BapuaHra 37

YnpaxHeHne

Pewwute 3Ty 3agavy, ecnu npom3BegeHne ABYX NONOXUTENbHbIX Yucen
paBHO 3agaHHoMmy uucny c¢ > 0. [NpvMeHWTe Npuem, NpUBELEHHbIA
B peLueHum 2, NocTpoiiTe kauyecTBEHHO rpachuk yHKUMKN f(x)= X + C/X .

3agaua 8. [lpu kakoMm 3HadeHMHW napameTpa a cymMma KBaapaToB

Ny 2
KOpHeli ypaBHeHMs X~ +ax—1—a=0 mnpuHUMaeT HauUMEHbIIee
3HaueHue?

Pewenue. Jlnsn orBeTa Ha NOCTABJICHHBIM BOMPOC BOBCE HE 00s13a-
TEJbHO OTBICKMBATh KOPHU Xj, X, KBaJpaTHOro ypaBHeHHs. ['opazno

y,I[OGHGﬁ BOCIIOJIb30BAaThCA TOKIACCTBOM

x12 +x% =(x +x2)2 —2x1X,.

[lo Teopeme Buera x| + x, =—a, x;x, =—1-a. Orcrona

xlz +x§ =a’ +2a+2=(a+1)* +1,
Haumenbluee 3HaueHue CyMMbl KBaJpaTOB KOPHEH AOCTUraeTCsl, OYe-
BUJIHO, py a =—1.

B psine cinyyaeB (yHKUMIO, HA NEepBbIKA B3IJISA HEMOX0XKYIO HA KBaj-
paruuHylo, ynaercs TpaHChOPMHPOBATL B KBaApPATHLIH TpeXusieH
C NOMOLLBIO YJAYHOU 3aMeHbl nepemeHHou. [IpoaemoncTpupyem sTot
[PUEM HA NPUMEPE ClICAYIOLLEH 3a/1auu.

Banaua 9. Haiitu HauMeHblIIee 3HaYeHUe dbyHKIIN
y=u*+1)/(x% +1).

Pewenue 1. llpencrasum dyHkuuo y(x) B BUae

2
3 3 x> -1+ 3 .
x“+1 x“+1 x“+1

R

Cnenaem 3ameHy = x2+1>1 u 3anuwem y=t+2/t-2. Tenepb
Ha/J0 HalWTHM HaumeHbllee 3HaueHue QyHkuud y(f) npu ¢ >1. Hc-
[0JIb3ysl PE3yJIbTaT 3aJ4auu 7, N0JIy4yaeM, YTO HAUMEHbILEEe 3HAYECHUE
Ymin = 22 =2 pocruraercs npu { = V2.
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Pewenue 2. Beenem MEPEMEHHYIO t=x%>0 R TOrJa
y= (t2 +1) / (t+1). Chopmynupyem 3agady cieayloluM oOpazoMm:
MpU KakOM HaWMEHbBIIeM IMOJIOKUTEIbHOM 3HAaueHWH MapaMmerpa d
ypaBHEHHE ?+1=a- (t+1) wuMeer NeHCTBUTENBHBIC IMOJOKUTEb-
Hble pemieHus? JIJis CylecTBOBaHHS €ro pelleHus JTUCKPUMHHAHT
JOJKeH OBbITh HEOTPULIATENIbHBIM, T. €. a’ +4a—4>0. Ortcrona no-
JlyyaeM 3HauyeHue g = 22 - 2. Ocraercs y0eauTbesi, 4To Mpu 3TOM
KOpPEHb ypaBHEHUs [ = \/5 -1>0.

Bonpoc

Kakue csoncTtBa PyHKUMM y(X) NO3BOMWIM CAenatb Takylo yAauHylo
3aMeHy nepemeHHon? [lpoBepbTe, MOMYYMTCA N 3TOT NpUeM aAng

dyHkummn y = (x® +6)/(x> +2).

3agaua 10. /[Ba aBTOMOOMINS emyT MO ABYM MEpeceKaroluMCs MO
MPSMBIM YIJIOM JOpPOraM MO HampaBiIeHUIo K mepekpecTky. [lepsbiii
ABTOMOOWITb HaXOAUTCS HA PACCTOSHUM 3 KM OT MEPeKpecTKa W ero
ckopocTh 40 km/4. [J[pyroii aBTOMOOWUIIL HAXOAWUTCS Ha PACCTOSHUHU
5 KM OT mepeKkpecTKa U ero ckopocTh 60 kM/4. B kakoii MomeHT pac-
CTOSIHME MEXIy aBTOMOOmisAMU Oyaer HammeHblnnM? Halinute 31O
paccrosiHue.

Pewenue. B MOMEHT BpeMEHH ¢ pacCTOsIHUSL OT aBTOMOOMIIEH 110 rie-
PEKpecTKa paBHbI COOTBETCTBEHHO | 3-40-¢ | u | 5-60-7| Ksagpar
PaccTosiHus § MEX1y aBTOMOOWJIIMH MOXKHO HalWTH 1o teopeme llu-
(haropa: 52 = (5-60- t)2 +(3-40- t)2.

HauMeHbLIMe 3HAYCHHUS S U §° PUHUMAIOT OJHOBPEMEHHO, T03TOMY
MOXKHO HAWTU MUHUMYM KBaJIpaTHOrO TpexujeHa

y(t)=(5-60-1)> +(3-40-1)* =
=12(40% +60%)—2-7-(5-60+3-40)+ (5% +32).
MuHUMYM AOCTUrAETCS NpU
5.60+3-40 21
[ = = .
402 +60% 260
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Orcroga HaxoouMm | 3 — =
8 A 260 13

>

40-211_3 |, 60-21|_2 413
13

Bonpoc

Kak M3MeHUTCs pelueHve 3TOA 3ajadn, ecnu A0pOorn, no KOTOPbIM
enyT asTomobunu, nepecekalTcs nop yrrom 60°?7 Tenepb Teopemy
Mudparopa npumeHnTb Henb3s. ECTb nu gpyras teopema, ¢ NOMOLLbIO
KOTOPOW MOXHO HalTW CTOPOHY TPeyrosibHWKa no AByM APYTMM CTOPO-
HaM 1 yriy mexay HUMn?

3apaua 10 umeer ciaeayroulyto 6osiee oOulyro nocraHoBky. JlBa ko-
pabist ABWXKYTCS B MOpE MepeceKaronMMucs Kypcamu. HauambHoe

nosjoxxeHue kopabnedt u ux ckopoctu Vj, V, 3anpanbl (puc. 1.8, a).

Onpenennre, B KakOW MOMEHT PaccTOsIHUE Mexay KopaOisimu Obu1o
(wnm Oyaer) HaumeHblumum, Haiinure 310 paccrosiHue.

B 81
B/V] VQ v

Puc. 1.8

Pewienue. B Mope HEeT HUKAKUX BUAUMBIX HEMOIBUKHBIX OOBEKTOB,
K KOTOPbIM MOXHO "OpuBA3aTh" cucteMy koopauHar. Iloatomy kamnu-
TaH BTOPOro KopaOis MOKET NEepelTH B CUCTEMY OTCHETa, CBA3aHHYIO
co cBouM KopabneM. B atoii cucteme BTopoii kopabib (Touka A) He-
MOJIBMXKEH, a NepBbll (TouKa B) ABMIKETCA OTHOCUTENBHO BTOPOro cO

CKOpoCTbIO Y/

om = V> —V] BAonp npaMoH, MO KOTOPOH HamnpabiieH

BEKTOP Vom (puc. 1.8, 6). Hanmenbliee paccTosiHue MexXIy Kopaod-

MU — nepneHauKkyssp AH, onyiieHHbIH U3 TOUKM A Ha OpAMYIO,
BIOJIb KOTOPOH IBHXKeTCsl kopabib B. MoMeHT, B KoTOpbIi paccTos-
VOTH

HME MMHMMabHO, t, =*BH/ . 3HaK mmoc — ecad Touka B

aBuxkercs K H, 3Hak muHyc — eciiv Touka B yaansiercs ot H.
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3agaua 11. B 3agannsiii TpeyronbHuk ABC Bnucath npsMoyrojbHUK
MNKL nauboJbliel miowaau tak, 4rodsl sepuiribl M u L nexainu
Ha ctopoHe AB, a N u K — Ha 1ByX Apyrux cropoHax.

C

y4
~

M L
Puc. 1.9

Pewenue 1. Ilycts npsamoyronsank MNKL — wuckombiii (puc. 1.9).
3ametruM, yto TpeyronbHuk NCK mogoben tpeyroiasHuky ABC (mo-
kaxure 310). O603Haunm k = CK/CB. Torma mnowans S; Tpe-

yroabuuka NCK pasna S k%, rae S, — nuowans TpeyrojabHHUKa
ABC. U3 nByx tpeyroapHukoB AMN u LKB M0XHO cOCTaBUTH HO-
BblM TPEYroJIbHUK, €cjii COBMECTUTb TOUKy N ¢ Toukoil K, a taroxke
Touky M ¢ Touko# L. OOpa3oBaHHblii TakuM 00pa3oM HOBbIH cocTaB-
HOM TPeyroJibHUK TaKke 1noaodeH Tpeyrosibhuky ABC ¢ koadduuu-
entom nogobuss KB/CB=1-k (mokaxure 310). [liowanp S,
COCTAaBHOIO TpeyroJjbHuka pasHa S,(1— k)z. [Inowanp NpsMoyrosb-
Huka MNKL MOXHO MOJy4yuTb, BbIUUTASL U3 IJIOLLAAU TPEYTrOJbHUKA
ABC cymmy S§7+85, =9 -(k2 +(1 —k)z). YtoObl miowaap npsimo-
yrosibhuka MNKL Obuia Haubosbiieit, cymma Sy — S, A0/KHA ObiTh
HaumeHbliel. Takum 00pa3oM, HYIKHO HAWTH MUHUMYM KBaJPaTHOIO
TpexuneHa W(k) = K2+ (1- k)2 =2k? —2k+1. MuHuMyM aoctura-
etcs nipu k=1/2, npu 3ToM miomane npsamoyroasHauka MNKL co-
CTaBJIsIeT NOJOBUHY ILlolanu TpeyroibHuka ABC.

Pewenue 2. O6o3nauum AB =a, NK =x, MN = y. IlycTs BbIcOTa,
omymieHHass w3 BepunHbl C, paBHa A. W3 mogoOust TpeyroibHUKOB
NCK u ABC umeem x/a=(h-y)/h. Orcioga miowmanp MpsIMoO-
YroinbHUKA Sy =Xy =a(h-y)y/h. Ota BenuunHa OyneT MakcH-
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MaJIbHOUM Npu y = /A /2 W COCTaBUT MOJIOBUHY IUIOLLAAN TPEYrojbHUKA
ABC.

3agaua 12. Halitu HaumeHbiniee u HauOosnbllee 3HaueHUE (YyHK-
uuu y =3cosx + 4sin x.

Pewenue 1. IlpeoGpazyem:

3 4
xX)=5—-cosx+—-sinx |
¥(x) (5 5 j

3mece umcnao S5 "MOSBWIOCHE Ha cleHe" cleaylomuM oOpazom:
5=+32+4%. Beemem BcroMoOraTesbHbIM yroi ¢ Tak, 4ToObl
cosp=4/5, sinp=3/5 (npoBepbre, UTO cos? o+ sin? ¢ =1). Ha-
npumep, nojoxum ¢ = arctg(3/4), torpa y(x)=5Ssin(x+¢). Te-
nepb BUHO, 4TO (pyHKLMS Y(X) — TO CUHYCOM/A, TOJILKO C aMILIUTY-
noi 5 u casurom no ¢aze. MakcuMyM y... =5 JAOCTUraercs npu

Xmax = T/ 2—=@Q+27-n, MUHUMYM Y .. =—5 JOCTUIaeTcs, COOTBET-

max
CTBEHHO, IPH X, = —7/2—@+2n-n, (neZ).

Bonpoc

MoxHO nu npumeHuTb  3TOT npuvem AN yHKUMM  Buga
y =a-cosx+b-sinx+c-cos(x+a)? 3aecb a, b, ¢, a — NPOU3BOSIb-
Hbl€ Yncna.

YkasaHne

O6paTtnTe BHUMaHWE Ha TOT (hakT, YTO B pe3ynbTaTe CHOXEHUS ABYX
CUMHYCOMZ C PasnNyHbIMW amMIUTYAAMK NOMy4YaeTcs OnsATb e CUHY-
conpa. 3HauuT, cknagbiBas noboe KOnM4YecTBO CUHYcOUs, Mbl ONSiTb
nosnyyaem cuHycougy.

Pewenue 2. Jljist Toro 4roObl HAWTKU SKCTPEMaJIbHbIE 3HAUYCHUsI PYHK-
unn  f(a) =3cosa+4sino, paccMOTPUM TOYKHM Ha TIOCKOCTH Oxy

C KOOpJAUHATaMu y = sina , X=COSU . OTH TOYKH JieKaT Ha OKpYXK-
HOCTU €AUHUYHOI0 paaudyca ¢ UCHTPOM B Hadajl€¢ KOOpAWHAT, 3adaH-

HOH ypaBHEHUEM y? +x? =1. Touku, B KOTOPbIX (PYHKLUS NPUHU-
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MaeT MOCTOSIHHOE 3Ha4YeHue f(a) = ¢, Jiexkar Ha npsmoit 3x +4y =c.

Ham Hapo nHalith Takue HauOoJiblliee MU HaUMEHbLUEE 3HAYEHUs C,
ytoObl mpsamas 3x+4y =c U OKPYXKHOCTb UMeNU OOLIUe TOUKH.

Ha nnockoctu Oxy ciesnaem 3CKU3 OKPY?>KHOCTU U IIPOBEAEM He-
CKOJIPKO MPSIMbIX Ul Pa3/UuHbIX ([IOJOXKUTENbHBIX U OTPULIATEIIb-

HbIX) 3HaueHul c. [lpu yBennuenuu | c | YBEJIMUMBACTCS PacCTOSHUE
OT Hayvaja KOOpAuHaT 10 NpsaMoi 3x+4y =c. OKCTpeMaJbHbIM 3Ha-

YeHUSM NapameTpa ¢ COOTBETCTBYET Cilydai, korja npsimas Kacaercs
okpyxHocTH (puc. 1.10). B aTom ciydae cuctema ypaBHeHuU

2,2

yo+xT =1,

3x+4y=c
HMeeT eIMHCTBEHHOe pelleHue. Brpipakas U3 BTOpPOro ypaBHEHUS
CUCTEMbl y W TMOJCTaB/IAs B NEPBOE, MOJy4HaeM Ui X YypaBHEHHE

25x% —6¢-x+c¢? —16=0. Jlus Toro uroGbi 310 YpaBHEHUE HMMeEJIO
€/IMHCTBEHHOE PELIeHHUEe, AUCKPUMUHAHT JO/DKEH ObIThb PaBHbIM HY-
mo. Otcroaa nojayvyaem 36¢2 -100- (c2 —16) =0 u HaxomAuM c = £5.

3HaK ILI0C AacT HauOoJIbllIee 3HA4YC€HUEC, 3HAK MUHYC — HaUMCHbIIECC
3HAQUYCHUC.

Puc. 1.10

Bonpoc

MOXXHO N NPUMEHNTb 3TOT NPUMEM ANA MOMCKA IKCTPEMYMOB (PyHKLUN
f(a) =3 -cosa+4-sin(o+n/4)?
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3agaum gna caMoCTOATENIbHOrO peLleHus

3agaua 1. /lnaroHanu BbITYKJIOrO Y€THIPEXYTOJbHUKA MEPECEKAIOTCS
MO NpsIMBIM YIJIOM, CyMMa UX AJAUH paBHa 6. Kakyto nanGonpuiyto
JIO1LA/lb MOXKET UMETb 3TOT YEThIPEXYTOJIbHUK?

3apaua 2. Bnoabs opsMoi yauipl Mo OAHY CTOPOHY OT HEE CTOAT He-
CKOJIBKO JTOMOB. B KakoM MecTe yNuIlbl Hy>KHO TOCTaBUTH ra3eTHBIN
KHMOCK, 4T0ObI CyMMa PacCTOSIHUIM OT HEro [0 BCEX J0MOB Obljla Hau-
MEHbIIEH?

YkasaHne
PaCCMOTpVITe OTAENIbHO Ccny4au, Korga Ynucrno 4OMOB HETHOE N HEYETHOE.

3agaua 3. /laH BbIMyKJIbIM 4eTbIpexyrojabHUK. HalTu Takyto Touky,
4yTOOBbI CyMMa PacCTOSHUM OT Hee 10 BEPLUUH YeTbIPEeXyrojJbHUKA Obl-
Jla HAUMEHbLIEH.

3agaua 4. lluHbl Ha nepegHUX KoJiecax aBTOMOOWIIS U3HALIMBAIOTCS
nocyie mpobera 5000 kM, a Ha 3aAHUX KojecaXx — mocie Mpobera
3000 kM. H3HoleHHble IIMHBI HEOOXOAMMO 3aMeHsATh. Kakoe Hau-
Oosnblee paccTOSHUE MOXKET MpoeXaTb aBTOMOOWIIb C YEThIPbMsI HO-
BbIMM LIMHAMU /10 UX 3aME€HbI?

3agaua S. 3a60pom aiuHbI / HY)KHO OrOPOAMTBH C TPEX CTOPOH yda-
CTOK IUIsDKa MpAMOYronbHON ¢opmbl. KakoBa HanbosnpIas miomaib
9TOr0 y4yacTka?

3agaua 6. Halitn HanOosibLiyto miowa s paBHOOSIPEHHON Tpaneuuu
C NIepUMETPOM 4 U YrjoM MPU OCHOBaHUU 45°.

3apaua 7. B nonykpyr paauycom R BOMCaH NpsIMOYTIOJbHUK TakK, YTO
JIB€ €ro BEpPLUMHbI JIEKAT HAa JUaMeTpe, a B JAPYruX — Ha MOJyOK-
pyxHoctu. Halitu HauOosnpliee 3HaueHHe IUIOLIAAU TaKOTO MPSMO-
YroJIbHUKA.

3agaua 8. B BepuiuHe A kyba ¢ peOpoOM €IMHUUYHOM AJIMHBI CUIUT
ManeHbkuil nayk. Kak emy mo noBepxHocTu Kyba nepeOpartbest
B BepluuHy B, HauOonee yaanenHyto ot A, kparvaiimum nyrem? Ka-
KOBa JUIMHA 3TOro myTu?
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YkasaHne

BO3MOXHO, Npu pelieHun 3TOW 3ah4a4um Bam 3axX04eTCs UCNONb3OBaTb
anrebpy BEKTOPOB, NMPOU3BOAHYIO (PYHKLMU N YTO-TO B 9TOM pojae —
Hy uTO xe, bor B nomowps! OfHako 3ameTuMm, YTO HAWTN KpaTyarLIvn
nyTb MOXeET Aaxe pebGeHOK MnagLiero LUKONbHOro Bo3pacTa (C BblYMC-
TNEHNEeM AMNVHbI MYTU Y HErQ, BNPOYEM, MOryT ObiTb 3aTPYAHEHMUS).

o 2, .2 o
3apaua 9. Ha okpyHOCTH, 3aAaHHON ypaBHeHUeM )~ + x° = 1, HaliTu
TOUKY TaK, 4TOObl KacaTresibHasl, IPOBEICHHAs B 3TOH TOUKe, OTCeKaa
OT Ocell KOOpAUHAT TPEYroJbHUK HaUMEHbILEH MI0AaN.

3agaua 10. Haiitu MHOXKECTBO 3HAYCHUI ClICAYIOIMX (PYHKLIME:
y=sinx+cosx, y=4sinx—cos2x+3, y=x'+(1-x),

. 2 . 4 4
y=sin"x—20-cosx+1, y=sin x+cos x,

y:sin4x+cos4x, y=3x+4\/1—x2.

3apaua 11. B tpeyronbhnuke ABC AB =BC =a, yron npu ocHoBa-
Huu AC pageH 3. Ha Beicote BM BoiOpanu Touky D Tak, 4TOOBI CyM-
ma AD? + BD? + CD? 6b11a HaumenbLieii. Haiitu Juny MD.

3agaua 12. BoicoTta npsiMOyrosibHOro TpeyrojibHMKa, OMylLleHHas Ha
TUNOTEHY3Y, paBHa /. Kakylo HaMMEHbLUYIO JJIMHY MOXET UMETb Me-
JMaHa, poBe/ieHHas K OosblueMy KareTy?

3apaua 13. B npasunbHoM TeTpasape ABCD mpoeneHo cedeHue
MJIOCKOCTHI0, mapaiiensHoil pedbpam AB u CD. KakoBo HauGombiiee
3HA4YeHUE IJIOUIaJu 3TOr0 CEeueHus, eciiu [UlhHa peOpa TeTpa’ipa
paBHa equHuULE?

3apaua 14. [IpoBeneHo ceueHue MUpamMuabl TIOCKOCTHIO Mapafieib-
HOM OCHOBAHHIO TaK, YTOObI MPOU3BEIEHHE 00BEMOB MOJIYyHUBLUMXCS
yactell ObL10 MAakCUMAajlbHO. B KAkOM OTHOLICHUU MJIOCKOCTh Ceue-
HUS 1€JIUT BbICOTY MUPAMU/bI?
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IKCTpEeMYyM Haxoaum
6e3 nomoLn NPoON3BOAHOI

3amaaumcsl cleqyoLUM BOMPOCOM: KAK HAUMU 3HAYEHUE NepemeH-
HOT, npu Komopom Qynxyus Y(X) NpUHUMAEn IKCHPEMAIbHOE 3HA-

yenue? MHOrue LIKOJIbHUKU (M HE TOJIbKO) YBEPEHHO JAIOT Cleayo-
LUHA OTBET: HAAO BBIYMCIUTH MPOU3BOJHYIO J'(X), MPUPABHATH €€

K HYJIFO U peUIUTb IMOJTYHYUBLICECS YpaBHCHUE. OtBer BBITJIAAUT IIpaB-
,I[OHO,Z[O6HO, HO MPOTHUB HEIO €CThb psA BO3pa)K€HI/Il713

O MoxeT oKazaTbCs, YTO TOUYKA, B KOTOPOH MPOM3BOAHAS (PYHKLMU
paBHa HYJIIO, HE HUMEET HUKAKOIO OTHOLUEHUS K JKCTPEMYMY.

Ipumep: B Touke x =0 mpousBogHas GyHKumu y(x)= x° paBHa
HYJIIO, HO DKCTPEMYMA B 3TOU TOUKE HET;

O MOXKeT OKa3aTbCsl, UTO B TOUKE HKCTpeMyMa MPOU3BOIHOU HeE Cy-
wectByeT. [lpumep: ¢yHkums y=|x| HMeeT MPOU3BOIHYIO BO

BCEX TOYKaAX, KpOME X = 0. Ho kak pa3 B 3TOH €AUHCTBEHHOM TOY-
K€ U 10CTUTIaCTCd MUHUMYM (byHKLll/ll/l.

HpaBHJ’[LHBIPI OTBET Ha IIOCTaBJICHHBIH BOIIPOC OOJDKEH ObITH Clle-
AYHOLIHUM. Haﬁz[eM BCC€ TOYKH, B KOTOPBIX MOocent NOCTUTAaTbCA 3KC-
TpEMYM. Takumu KPUTHYCCKHUMHU TOYKAMHU SABJIAKOTCA:

O Kkpasi MHTEPBAJIOB, HA KOTOPbIX TpeOyeTcs HaWTH SKCTPEMyM WU
ornpenelieHa QyHKUHUs;

O ToukH, B KOTOPbIX IPOU3BOAHAS (PYHKLMH PaBHA HYJIIO;
O TouKM, B KOTOPbIX NPOU3BOHOI HE CYLIECTBYET.

Bbruncinm BO BCeX ATHX TOYKAaX 3HAYEHHE (byHKLII/II/I n BbI6epeM nu3
HHMX HauOoJblIee (HaI/IMeHL]_HGG). BOHpOC O TOM, ABJIAKOTCA JIM KOPHU
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ypaBHeHusi y'(x) =0 Toukamu dKcTpemyma, TpeOyeT J0MOJHUTENbHO-

o UccieIoBaHus (BBIYUCIIEHHS BTOPOM Mpou3BoAHON V).

B HekoTopbiX reomerpudeckux 3amadax Tpedyercs Haiitu durypy
C ONTUMAJIbHBIMU CBOMCTBAMM WJIM AJIMHY ITyTH MPHU 3aaHHOM YCJIO-
BuM U T. 0. [lpu 3rom dyHKums Y(X), 3KCTpeMyM KOTOPOH HE00Xo-
JUMO HalTH, MOXET OKa3aTbCsi JOBOJIbHO CJIOKHOW, U YpaBHEHUE
V'(x)=0 "HemogmarommMmcs" PELIEHHIO METOJAMH 3JIEMEHTapHON

MaTeMaTHKH. B To jxe Bpems Takue 3a1a4u 3a4acTyt0 UMEIOT POCTOe
W U3fIIHOE reoMeTpuueckoe peuieHue. HakoHeu, kak OblTb, eciu
(yHKLUS HEe OIHOMW, a HECKOJbKUX MEPEMEHHBIX, K TOMY K€ CBS3aH-
HBbIX HEKOTOPbIMU COOTHOLIEHUAMHU?* OnHaKo He oTyauBalTech —
€cTb JOCTyIHble cpeacTBa! B 3Tol rnaBe Mbl paccMOTpUM Liesbli psj
"sKcTpeManbHbIX" 3a7a4, peliaeMblX METOJaMU 3JIEMEHTapHOU Mare-
MaTUKU, HE UCTIONb3Ysl MOHATHE TPOU3BOAHON (PyHKLMH.

2.1. HannyJwee — 3710 TO, YTO
HEeBO3MOXHO yNyuYLUUTb

BHyK, BO3BpaIl[asiCh W3 IIKOJBI, CHpa-
muBaeT ¢ mopora:; "balymika, a 49TO
Iyuie — Koa win eannuna?” baGym-
kxa B otBeT: " TO M mpyroe, Bce Xo-
PpoIIO, Caauch CKopeit odenarn!"

Cuyyail uz npakmuxu

Jlyuwas pbiba— 310 MSCO, Jiydluee
MsSICO — 3TO KoJibaca, Jiyulias koJoa-
Ca — 3TO 4yJIOK, HAOUTbIH JICHbIAMMU.

Hapoonas myopocmo

Ecnu BHUMaTenbHO MNpoOYUTaATh Ha3BAHHUEC 3TOT'O naparpa(ba, TO MO2KHO
AoragatrbCsia, 4YTO I3TO TOTOBBIH penenTt peleHus 3aJadyu IMOUCKa
Haujry4uiero. To ectb ecnu Y BaC HE MOJYyYHae€TCd KaKyr-TO LITYKY

* MeroJ HaXO0XIeHUs 3KCTpeMyMa Takux (yHKUui pa3paboraH B MareMaTUyeCKOM
aHajMze (Mero) MHoxkuresei Jlarpanika), HO OH BBIXOJIUT 3 LPEIEIbl LKOILHOI'O
Kypca MaTeMaTuKHU.
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yJIydUIuTh (Hanpumep, rofoByl0 OLEHKY MO MaTeMaTuke), TO OHa ca-
Masl J1ydLlasi M €cTh, M Heuero 3psi craparbesi! A eciiv Bcepbe3 — Haj0
JA0Ka3arTb, UTO €€ ﬂeﬁCTBMTeﬂbHO HCJ1b34 YJIy4YLIHWTb. 3aHumascCh JOKa-
3aTesIbCTBOM, Bbl pasldeperech, MO4YeMYy €€ HEBO3MOXKHO YJIyYLIMTb
WJIKM HAnpoTuB, A0rajacreCb, Kak €€ MOXXHO YJIy4YllIHWTb. Tem CaMbIM,
Bbl COBEPLUUTE OTKPbITHE (I1yCTb, HEOOJIbIIOE) U 3TO NPUHECET BaM
HECOMHEHHYIO M0JIb3Y.

3agauya 1. Kanurany rtemnoxoga HeoOXOAUMO HaWTH KpaTdyalmnid
nyTh 13 nopra A B nopt B. Ha orpe3ke AB HaxoauTcst LeHTp KpyIJio-
ro octpoBa (puc.2.1). KakoB gomkeH ObITb MaplipyT Teruioxonaa?
Jokaxxute, UTO HalIeHHbIN NYTh AEHCTBUTENBHO KpaTYaniIUii.

M K

Puc. 2.1

Pewenue. OTBeT yraaplBaeTcs AOCTATOYHO MPOCTO: HANO M3 TOUEK A
u B nposecru kacarenbHbie kK okpy:kHoctd AM u BK Tak, utoObl
Toukn M u K nexanu no onHy cropony npsimoil AB. Kparuahmmii
mapwpyTt u3 A B B Oyaer cocrosth w3 orpeska AM, nyru MK u o1-
pe3ka KB. Jlpyroit mapLupyT TakoH e JJIMHbI NOJLy4YUTCs, €CU OTpa-
3uTh JuHUI0 AMKB cummerpuuHo oTHocuTenbHO npamoiit AB. SlcHo,
YTO JOCTaTOYHO PACCMOTPETb TOJILKO MOJIYIJIOCKOCTb [0 OJHY CTO-
poHy oT npsimoi AB.

Tenepb HaZ0 AOKAa3aTh, YTO JJIMHA JHOOOrO MHOTO MapiupyTa B pac-
cMaTpUBaeMoOi MONYIJIOCKOCTH Oynet Oonblie. [lepeOupath Bee BO3-
MOJKHBIE BAPUAHTHI U IOKA3bIBAThH 3TO JJISI K&XKIOTO KOHKPETHOTO IMy-
™ — geno Oe3HanmexHoe (MapuipyToB OeckoHeuyHo MHOTo). Hamo
HCXOJIUTh M3 KAKOTO-TO OOIIEro MpUHIMIA U cpa3dy OTOpachiBaTh He-
npuroHble BapuanTbl. CHOPMYITUpYEeM 3TOT MPUHIIMIT TaK: €CIH MyTh
MOJKHO CJI€NaTh KOPOYe, 3TO He CaMblii KOPOTKUH MyTh.
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PaccmoTrpum BapuaHTbl MapLIPyTOB € 3TOH TOUKHU 3peHust. Yepes M u
K (puc. 2.2) u3 uenrpa kpyra O nmposenem jqyun OM; u OK;. Jlyun
MM,, KK, npamas AB 1 nonyokpy>XKHOCTb A€JST Hallly MOJIyIUIOC-
KOCTb Ha Tpu 00JIacTH, JOCTYNHbIE Ajisi MOpeIrlaBaHus, 0003HaueH-
HbIe Ha puc. 2.2 OykBamu a, b, ¢. Jljst Toro uroObl nonacts u3 A B B,
Heo0xoaumo nepeceus jyun MM u KK, xors Obl B 0JiHOM TOUKE Ka-
KAbIA. [lpennonokum, 4To HEKOTOPHIA MapLIpyT (KaHAWAAT Ha 3Ba-
Hue "camblil kopoTkuil") nepecexaer ayy MM, B Touke C, oTiinuHON
or M. Torpa sror Mapwpyt o0s3aresibHO nepecedeT npsmyro AM
B HEKOTOpo# Touke P, nockonbky Touku C u B nexar no passble cro-
ponbl ot npamoil AM. Ho Toraa 3tot MapuipyT He camblif KOPOTKHH,
T. K. oTpe3ok AP kopoue mytu ACP. CnemoBareiabHO, KpaTyadiimii
MaplIpyT MPOXOAMT depe3 TOUKy M. AHaJOrM4HO JOKa3bIBa€M, UTO
Kpartyaiunii MapupyT npoxoaut uepes Touky K. Mrak, kparuaiimnii
mapLpyT npoxoaut uepes M u K, cienoBaresbHO, OH COAEPHKUT OT-
pe3ku AM u KB.

Ocranoce nokaszaTb, 4To B 00nacTu b camblii KOPOTKMH MyTb — 3TO
nyra MK. Ilpenmonoxum, uyto B oOmacTvi b Kpardalmwuid MapiupyT
npoxoaut yepe3 Touky E, He nexainyto Ha nyre MK. Ilposenem otpe-
30k OE (puc. 2.3) u B Toli TOUKe, I'/ie OH MepeceKaeT OKPYKHOCTb, MPo-
BeZieM KacartenbHyto S;S,. Toraa mapmpyr MEK obs3arensHo nepece-
yeT Opsamyro S;S; B aByX Toukax D; u D,, nmockonapky Touku M, K
u Touka E nexar no pasHble cTOpoHbl OT npsmoi S;S,. Ho Toraa stot
MapLIpYT HEe caMblii KOPOTKUIA, T. K. 0Tpe3oK DD, kopoue nytu D,ED;.
JlokazarenbCTBO 3aBEpLIEHO.

Puc. 2.3
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3agaua 2. B 3ajmaHHOM MpPSMOYTrOJIbHUKE TMOMECTUTb TPEYrojbHUK
HaubosbLIeH IoLaIn.

Pewenue. Ilycts Bepuinnbl TpeyrosbHuka ABC pacnonokeHbl BHYT-
pu npsimoyronbHuka MNKL. [lepeasunem touku A, B, C Tak, 4toObl
[101aAb TPEyrojbHUKa yseauuwiachk. [Ipoposmkum orpesok AB 3a
TOUKY A J10 NepeceyeHust ¢ Kakoi-HMOy1b CTOPOHOM MPSIMOYTOJIbHU-
ka B Touke A;. [loayuum TpeyronabHuk ABC Oosbuiedi miowany.
Hrak, nepeaBuHyB BeplIMHY A Ha rpaHMLly MNPsIMOYrOJIbHUKA, Mbl
yBEIMUMWIN IUlowaap TpeyrosibHuka. Ilepenecem Takum crnocobom
BCE TPU BEPLIMHbI TPEYroJibHUKA HA I'PaHULy NPSIMOYroOjbHUKA, NPU
3TOM IUIOIIAb TPEYrojbHUKA YBEJIMUMIACh. MOXHO JM, 1BUTast Bep-
LUMHbI TPEYrojbHUKA BIOJIb T'PaHUL] NPSIMOYrOjbHUKA, €Lle YBEJu-
YWTb [U10LAAb TPeyrojbHuka? TyT MoxkeT ObITh 1Ba BapuaHTa:

O Bce BepluuHbl TpeyrojbHuka ABC nexar Ha pa3HbIX CTOpPOHAaX
npsaMoyroiibHuKa (puc. 2.4, a);

O nBe BepiuuHbl TpeyroapHuka ABC nexxat Ha OJHOW CTOpOHE mnpsi-
MOYroJibHUKa (puc. 2.4, 0).

N B K N K
C
C
A
M L M B L
a 6
Puc. 2.4

PaccmoTpum o6a BapuanTa. B nepBom BapuaHTe ABe U3 BEPLUMH Tpe-
yrosnbHuka (A u B Ha puc. 2.4, a) nexxaTt Ha NPOTUBOMNOJIOMKHBIX CTO-
poHax npsimoyrosibHuKa. Ecinu tenepb Tperbto BepuimHy C aBurartb
0 cTopoHe npsimoyrosibHuka MN, To OyJeT MEHSTbCSI pacCTOsIHUE OT
touku C no npsmoit AB (ecau npsmbie AB 1 MN He napasuienbHbl).
CaepnoBareiibHO, Oy1€T MEHSITHCS M101aAb TpeyrojibHuka ABC. JlBu-
ras Touky C mo orpesky MN B HyXHYI CTOpPOHY (K Touke N
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Ha puc. 2.4, a), mbl OyJieM YBEJIMUMBATDH ILIOLIA/lb TPEYTOJAbHUKA 10 TEX
nop, rnoka Touku C u B He okaxkyTcst Ha OIHOH CTOpPOHE NPSIMOYTOJIbHH-
ka. Takum 0Opa3om, Mbl MPUIEM KO BTOPOMY BapuaHTy (4TO U Kak JBHU-
rartb, eciny npsamole AB 1 MN napasiesnbHbl, peLnTe CaMOCTOSITENIBHO).

Paccmotpum Teneps BTopoii BapuaHnt. TyT Bce ICHO — Hal0 OTOABH-
ratb [B€ BEpLUMHbI TPeyrojpHUKa (Hampumep, Touku A u B Ha
puc. 2.4, 6) apyr ot apyra, 4ToObl yBEJIUUUTb OCHOBAHUE TPEYIrOJb-
Huka (mpy 3ToM miowane Oyner Bo3pacrath). Korma Touku A u B
COBIMAAYT C BEpUIMHAMU MPSIMOYIOJIbHUKA, 3Ta BO3MOXHOCTb Oyner
ucuepnaHa. Tenepb cTaHeMm ABUrath BeplinHy C MO CTOPOHE MPAMO-
YToJIbHUKA TaK, YTOObl YBEJUUUTb PACCTOSHUE OT Hee 10 npsamoil AB.
Korpa Touka C coBnager c¢ BepmuHOW npsmoyrosnbHuka K, u sta
BO3MOXHOCTb OyZeT hucyepnaHa.

Hrax, mbl nepeasunyau touku A, B, C B BepLUMHbI NPIMOYIOJIbHUKA,
BCE BpeMs yBEJIMYMBAs IUIOLIAAb TPEYrojbHUKa. B koHeuHOM cocros-
HUM TUIOLLA/Ib TPEYTroJibHUKA COCTABJSIET MOJIOBUHY TUIOLIAIM MPSIMO-
yrojibHuka. PaccMOTpeHHble mNepemMelleHns BepLIMH TpPeyrojbHUKa
MOXKHO Npojesarh sl 1100020 Ha4albHOTrO MOJIOXKEHHUS BepLunH A, B,
C, nosromy miowap 1706020 TPEeyrojibHUKA, PACIONOKEHHOIO BHYTPH
MpSIMOYTOJIbHUKA WM Ha €ro rpaHule, He MPEBOCXOIMT MOJOBHUHbI
UI0LIAAM NPSIMOYTOJIbHUKA.

( 3amedaHune )

OTa 3agava umeeT GECKOHEYHOE KOMMYECTBO peLleHuin (6eckoHeyHoe
KONMMYECTBO TPEYrONIbHNKOB, MOMELLEHHbIX B 3a4aHHbIA MPAMOYronb-
HVK, UMEIOT OA4NHaKOBYIO MakCUMarnbHO BO3MOXHYIO MIiowagpb).

3agaua 3. Cymma n umcen Xxj, X,,---x, paBHa l. Haiinure nHam-
MeHbllIee 3HaYeHNE CyMMbl UX KBaJpaToOB.

Pewenue. Viccnenyem, 4to npousolaeTr ¢ cyMMOH KBaapaToB O6yX
PA3IUYHbIX yucesl, ecau cOMU3UTh 3TH 4HCia, HE MEHSS UX CyMMBbI.
[Iycts 0 < a <b . BozpMeM MoNoKUTENBHOE YUCIO € < b —a U 3ame-
HUM uucia a, b uucinamu a+€ u b—g. Tem caMbiM Mbl, HE MEHsisi
3HA4YEHUs] CyMMbl, cOnu3uam uncia. Torna

(a+e)’ +(b-e)? =a?+b*-2e-(b—a-g)<a® +b°.
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Kak Buaum, cymma KBaJpaToB YMEHbIIWIACh, DTO 03HAYAET, UYTO €C-
Ji1 B Habope u3 # yucen ¢ PUKCUPOBAHHOM CyMMOI1 ecTb XOTsi Obl /1Ba
HEpaBHbIX 4YMCJ1A, TO TAKON HAOOP He MOoJKcem naBaTb PELUCHUs 3a/a-
uu, [lelicrBurenbHO, COMM3KMB [1BA HEPABHbIX 4uC/a (M HE U3IMEHSs
OCTaJIbHBIX), MOJKHO OBbLIO Obl, HE MEHAS CYyMMbl X| + X, +---+X,,,

YMEHBUIUTb CYMMY x12 + x% +- 1+ Xg . 3Ha'-II/IT, peuIeHue 3agavdu Mo-

JKeT J1aThb TOJIbKO TaKoi Habop, B KOTOPOM Bce urcia paBHel 1/#. Oc-
TaloCh J0Ka3aTb, YTO TakoW HAOOP OelicmeumenvHo Oaem peuienue
3a/1a4H.

Bo3bmem s060i unoti nabop uucen x; =1/n+¢;, i=1, 2,---n, B Ko-
TOPOM Xoms Obl 00HO U3 uuces €; OTINYHO OT HyJs. Toraa mo ycino-
BUIO 337Ul €] +&, +---+¢€, =0. CymMma KBaapaToB uMCEl 3TOr0
Habopa

S=(1/n+>31)2 +(1/n+82)2 +---+(1/n+>3m)2 =

1 1 P 2.
=nn—2+2-;(81+82 +eotg,)+(e] +EF +-+E)) =

=1/n+gef +e3+---+e2>1/n.

Ota 3alauya UMEET KpacUBYIO IE€OMETPHYECKYIO HHTEPIPETALHUIO.
Ilycte n=3. Toraa ycnoBue x; + x, +x3 =1 3a0aeT MHOXECTBO TO-

YeK ¢ KOOpAMHATaMU (Xj;X;;X3) B TPEXMEPHOM MPOCTPaHCTBE. JTO

MHOXECTBO IIPEACTABJIACT coboit IJIOCKOCTb, MNEPHNEHAUKYIIAPHYIO

BekTOpy d ¢ kKommnoHeHTamu (1;1;1). Cymma S = x12 +x§ +x32

MpeCTaBisieT co0OM KBaapaT pacCTOSHUS OT HEKOTOPOM TOYKH 3TOM
TUTOCKOCTH /IO Havasia KOOPAKUHAT. DTO paccTosiHue OyneT MUHUMATb-
HBIM, €CJId BEKTOp, MPOBEJCHHBbIM M3 Hayajla KOOPAWHAT B TOYKY
TUIOCKOCTH, Oy/JeT MepreHAuKYyISIpeH K MIOCKOCTH. Toraa MCKOMbIi
BEKTOP C KOMIIOHEHTaMHU (X|;X,;X3) KOJUIMHEAPEH BEKTOpY d, T. €.

Y UCKOMOI'0 BEKTOpa BCC KOMIIOHCHTbI JOJI2KHbI ObITh PpaBHbI. CJIGLI,O-

BaTEJIbHO, X| =X, = X3 =1/3, 1 MUHUMAJIbHOE 3HAYEHUE x12 + x% + x32

pasro (1/3)% +(1/3)* +(1/3)* =1/3.
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YnpaxHeHne

Mopymarite, Kak U3MEHWTCS OTBET, €Cnu 3ajaHHas Ccymma uucen
X, +X, +---+ X, paBHa He eAuHULE, 8 HEKOTOPOMY 3afaHHOMY 4mnC-
ny. [Jokaxxmte HepaBeHCTBO

2, .2 2 2
(x1 +x2+---+x,,)>(x1+x2+---+x,,] 2.1)
n - n '

O606menne 1 3agaunm 3. DToli 3a7aue MOXKHO MPHUAATH MeXaHUYe-
CKYO HHTepnperauuto. EcTb # OMHAKOBBIX MPY>KUH, COCIUHEHHbIX
MOCJEN0BAaTEIbHO B OJHY COCTaBHYI MPYXKHUHY. OTy COCTaBHYO
MIPYXKUHY PacTSHYJU TaK, YTO ee yAJuHeHue (pUKCUpoBaHO U paBHO /.
Iycte  x;, x,,-+-X, — YJIMHEHHS COCTaBHBIX YacTE€H, T.e€.

X; +xy++--+x, =[. Torna ynpyras sHeprus COCTaBHOH NpY>KHHbI

nponopuruoHajibHa BEJIMYHUHE S= X12 + X% +eet xﬁ . KOF,Z[a CcoCTaBHasA

NpyKHHA TPUAET B COCTOSHHUE YCTOMYMBOTO PaBHOBECHS, €€ YIpY-
ras sHeprus OyaeT uUMeTb HauMeHbllee 3HaudeHue. [Ipu sTom ymmm-
HEHMS BceX ee 4vacTed OyQyT OJMHAKOBBIMH M  PaBHBIMHU
(x; +xy+--+x,)/n=I[/n. VYnpyras b>Heprus COCTaBHOH mnpy-

JKUHbl B pPAaBHOBCCHOM COCTOSIHMM MNPpONnopurvoOHaibHa BCJIUYUHE
Sy = n(l/n)* = (X +x5 +-+ x,,)z/n. [ockonbky S =S, noayuaem
HepaBeHCTBO (2.1).

O0600menne 2 3agaunm 3. B BripakeHun S = xlz +x§ +---+x,27 BCE

cllaraeMble COBEPLUEHHO PaBHOMPABHbI (CUMMETPHUsSl OTHOCUTENbHO
3aMEeHbl WHIEKCOB), MO3TOMY €CTECTBEHHO OXHIaTb, YTO HaUMEHb-
Liee 3HaueHue S 1aayT paBHble 3HaUeHUs nepeMeHHbIX. Jlanee yxe He
OUEHb CJIOXKHO 3TY AOraaky AokasaTb. Ho paccmoTpum Takyto 3anauy:
cymma n uyucen pasua . Hatloume wHaumenvuiee 3Hauenue
S =kxi +kyx3 +---+k,x>, 20e ky, ky,---k, — 3a0anmwvie nosoxcu-
menvHblie Yucid. 30ech yKe HeT 3TOM CUMMETpUU U yraaaTb OTBET
HenpocTo. OAHAKO pacCMOTPEHHBIH BblllIe NOAXO (MCCae10BaTh, KaK
MeHsieTcss S mpu cOMMKEHUU ABYX HEPaBHBIX UYHMCEJ, HE MEHss Oc-
TalbHBIX) U TYT NpuBoauT K ycnexy. llogymaiite, kakoe Hano B3sTb
unciio  €>0, uToObl mnpu cOJNIMIKEHUWM uucesl a W b cymma

S = kla2 + kzb2 YMEHbLIANACh.
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Jaaum 3700 3a1aue MEXaHUUYECKYIO UHTEpNpETaLuIo. ECTb 77 npy>KuH,
KECTKOCTbIO Ky, ky, - k,, COIMHEHHBIX MOCIESIOBATEILHO B OJHY
COCTaBHYIO MPYXHHY. DTy COCTABHYIO MPY>KWUHY pacTsHy/ad. [TycThb

X{, Xp,-*X, — YAJMHEHHS  COCTaBHbIX  uacTeil, npuuem
X; + Xy +---+x, =[. Torna ynpyras sHeprust Bcex 4acTeil cocraBHOH
MPYKUHBL S = k1x12 + kzxg oot k,,xﬁ . Uro noxckasbiBaer Bawa ¢u-

3UYCCKasd MHTYHLUSI OTHOCHUTCJIIBHO BCJIMYHUH X[, Xy, X €CJIn yAa-

n?e
JIMHEHHUE COCTaBHOM MpYy>XKUHbI (bl/IKCI/IpOBaHO U OHa mnpuluia B CO-

CTOSAHHUEC paBHOBeCI/Iﬂ?

( 3ameyaHune )

Pewwns 3agavy 3, Mbl nony4ymnn He NpocTo peweHne 3agadn:. Mbl No-
nyqynnmn mMemod peweHus nogoObHbIX 3agau.

3agaua 4. Kakoil U3 7-yrojbHUKOB, BIMCAHHbIX B JaHHYIO OKpPYXK-
HOCTb, UMEeT HauOOJIbLLYO [UI0IAAb?

Pewenue. PaccMoTpuM cHavana ciiydail 7 =3, T. €. BbIACHUM, Kakod u3
TPEYroJbHUKOB, BIMCAHHBIX B JAHHYIO OKPY>KHOCTb, MUMEET HauOoJib-
uryto mwiowane. [lycrs B tpeyronsHuke ABC AB> BC (puc. 2.5).
[locMoTpuM, Kak W3MEHWTCS MUIOL@b 3TOrO TPEYrojbHHUKA, €CIM, He
MeHss nonoxeHus Touek A u C, nepemectuTh Touky B Ha nyre AC
Tak, 4To0bI AyiiHbI cTOpoH AB 1 BC cOnu3miuce, T. €. yMeHbIIUIach
ux paszHoctb. Ilycth Touka B, Ha nyre AC takoBa, utro AB; = BC.
Utob6s! cOmuzuth AnuHbel cropod AB u BC, Hano 3amenuts Touky B
moboit Toukod ayru BB;. Ilpu 3TOoM BbIcOTa TpeyrojibHUKa, MpoOBe-
JEHHasl U3 BepLIMHbI B, yBenMUYUTCS U COOTBETCTBEHHO YBEIMUYMTCS
€ro miomaab. 1o HabII0AeHUEe MOYKHO UCIIOIb30BATh IIPU 7 > 3.

B, B

N

Puc. 2.5

C
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Paccmotpum 3amauy kak moutd peuieHHyro. llpenmonoxum, 4To mo-
JIOJKEHHUSI BCeX BEpPUIMH KpoMe OJIHOM yxke m3BecTHbI. [lycTh 310 Oy-
Jet BepiivHa B, a cocennue ¢ Heii — Bepuumnbl A u C. Toraa, nepe-
Menias Touky B Ha myre AC, Mbl OyleM MEHSTHh TOJIBKO TUIONIAJlb
TpeyronbHuka ABC, a miomaap OCTaJIbHOW YacTH H-YroJIbHUKa Me-
HATbCS He OyneT. [loBTOpHUB NpUBeneHHBIE paHee pacCyKIACHUS, TIPH-
XOIUM K BBIBOJY, YTO HETIPABUJIbHBINA #-YTOJIbHUK HE SIBJIACTCS pelle-
HueM 3aaaud. JleiictButenbHo, ecnu AB 1 BC — HepaBHble coceHue
CTOPOHBI 3TOTO M-yrOJbHUKA, TO, HE MEHSS TMOJIOXKEHUE OCTabHBIX
BEpIIMH, MOKHO 3aMEHUThH BeplInHYy B kakoii-nmnbo Toukoii nyru BB,
U TeM CaMbiM YBEJUYUTH IUIOWIAAb #-YrojibHuka. CjenoBaTesbHO,
pelleHrueM 3a/1a4i MOXKeT OBITh TOJIBKO MPAaBUIIBHBIN #-yTOJIbHUK.

Opnaxo 3agada eine He pemieHa! Ocranoch AoKa3aTh, YTO IUIOIIATbL
JIIOOOro BIUCAHHOTO B OKPYXKHOCTb M-YIOJbHUKA He OObule 1101a-
I BIIUCAHHOTO B 3Ty OKPY>KHOCTb MPAaBWJILHOTO n-yrojibHuKa. J{oka-
JKEM 3TO YTBEPXKICHHUE.

Puc. 2.6

[Iycts P — BnucaHHbIi B OKPY>KHOCTb 1-yrOJIbHUK, OTJMYHBIN OT Mnpa-
BWJIBHOT0. 3aMeHUB BeplirHy B sToro n-yronpHuka Toukoil By Tak xe,
KaK Ha pUC. 2.5, Mbl MOJIy4UM HOBbIH #7-yTOJIbHUK TAKOH K€ MI0IAanH, HO
oTnuyarowuiica ot P nopsaxom cienosanust ctopoH. Ilponenas sty
OMEepaLUIO HYXKHOE YKCIIO pas, Mbl, HE U3MEHHUB IUIOLLAAU, NepecTa-
BHUM CTOPOHbI n-yrojbHHUKA TaK, 4ToObl HauOoJblIas U HAaUMEHbILAs
CTOPOHBI OKazanuck psaaoM. Ha puc. 2.6 ato ctopoHsl AB u BC coot-

BercTBeHHO. Toraa nyra AB Gonblue, yem 360° / n, nyra BC menbie,

uem 360° / n. OtnoxuM Ha nyre AB\B nyry AB,,, yrioBas Benuuu-
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o o
Ha koropod 360 /n. 3amenuB BepuimHy B Ha Touxky B,
Mbl MOJly4uM n-yrojibhuk P, ¢ Oosbiueli miowansio. Ilpu stom

B n-yroJjpHuke P ectb no kpaliHe Mmepe 0/lHa CTOpOHa, CTArMBaKoLas
nyry Beauumnbl 360° /n . Ecim n-yronbHuk P He siBisercs npasuib-
HbIM, MTOBTOPUB C HUM Ty K€ ONEepPaLIo, Mbl IPUAEM K 1-YTOJIbHUKY
P, Oonbuied nuowanm, B KOTOPOM MO KpaliHeil Mmepe jBe CTOPOHbI
paBHbI CTOPOHAM MPABUJIBHOTO #1-yToJIbHUKA. 32 KOHEYHOE YMCJIO L1a-
OB Mbl NMPUAEM K NPaBUIbLHOMY 1-yrOJIbHUKY, YBEJIMUMBAs MJI0LIA/lb
MPU KaXKJOM Li1are.

Bbl, KOHE4HO, 3aMeTWTH, YTO BHELIHE HEeCXOJHble 3a1aud 3 u 4 pe-
LIEHbI, 10 CYLLECTBY, OAHUM criocoOom. B aTux 3amauax TpeboBaioch
HaWTH SKCTpeMyM (YHKLMH, 3aBUCALICH OT HECKOJbKHX NEepeMeH-
HbiX. [lorck akcTpemyma yaaioch pa3OuTh Ha MOC/E10BaTE/IbHbIC
LIary, Ha KakKI0M W3 KOTOPBIX U3MEHSJIUCH TOJIBKO JIBE MEPEMEHHBIX,
CBA3aHHbLIX ONPCAC/ICHHbIM YCJIOBUEM, a OCTaJIbHbIC HE MCHSAJIWCh.
Tak, B 3amaue 3 Mbl HcClleIOBaIM, KaK U3MEHSAETCS CyMMa KBaJpaToB
ABYX uuces, B 3agaue 4 Mbl CJACAMIM 32 NOBEACHHEM ILIOLAIU
n-yrojibHUKa TP U3MEHEHUH YAa4HbIM 00pa30M BBIOpPAHHBIX COCE-
HUX cTOpoH. [lpu 3TOM 3HaYeHHe DYHKLMKM HA KaXIOM LLare W3MeHs-
JIOCb MOHOTOHHO (T. €. OO Bce BpeMs YBEeTHMUYHMBAIOCh, JTUOO Bce
BpPEMS YMEHbLLAJIOCh).

BblisicHUM Tenepsb, YTO MPOU30MIET ¢ NPOU3BEIEHUEM ABYX Pa3/IMUHbIX
MOJIOKUTENBHBIX YKCENT, €CITA COM3HMTH OTH YHC/Ia, HE MEHAS HX CyM-
Mmbl, [lycts 0 <a<b. Bozbmem nosioxutenbHoe uuciao €<(b—a)/?2

W BMECTO 4Yucen a ¥ b paccmMoTpum uucia a+€ u b—g. Toraa
(a+e)b—-c)=ab+e-(b—a—g)>ab.

Kak Bunum, npu cOIMKeHUMU ABYX YMCeIl C MOCTOSIHHOM CYMMOM MX
npousBesieHue pacter. Mcmonb3ys 3TOT pe3ysbTar, peliuM Cienyto-
LLIYIO 3a7auy.

3apaua 5. Cpenu TpeyrojabHUKOB C 3aJaHHBIM MEPUMETPOM HAUTH
TPEYroJbHUK MaKCUMAaJIbHOM TI0LIA/IH.

Pewenue. Tloaxopsaulyro cBsi3b IUIOLIAANM U NIEPUMETPA JAET, HANPU-

2
Mmep, Gopmyna ['epona: S° = p(p—a)(p—b)p—c), rae p — nomny-
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NepuMeTp, d, b, ¢ — cTOpoHbl TpeyrosibHUKA. 3aMKCUPYEeM CTOPOHY ¢
U CTaHeM cONWKaTh JUIMHBI CTOPOH a U b, HE MEHSAS MX CYMMBI.
Tem cambiM Mbl HE MEHsAE€M 3aJlaHHOro nepumerpa. Toraa B Bbipa-
JKeHUW Ui IUiolaau OydeT MEHSThCS TOJIbKO TpPOW3BEAeHHe

(p—a)p-b)=p? —pla+b)+ab. B 5TOM BbIPRKEHHH MEHSETCS

TOJIbKO MOCJIe[Hee claraeMoe ab, mpuYeM OHO YBEIUYUBACTCS MPU
cOJMKEHUH JJIMH cTOPOH a U b. Takum 00pas3om, eciiu B TpeyrojbHU-
KE €CTh /IB€ HepaBHbIE CTOPOHBI, TO €ro IUIOLIAb MOXKHO YBEJIUYHTH,
HC MCH#A NEpUMeTpa.

Ilyctb a<b<c. 3aMeHuM [JIMHY HaWMeHbLIEH CTOPOHbI Ha
(a+b+c)/3, nuHy cpeiHel CTOPOHbI 3aMEHUM Ha

a+b—(a+b+c¢)/3=Qa+2b-c)/3,

AJIMHY HanOobIIei CTOPOHBI HE MECHSCM. HpI/I 9TOM Pa3HOCTb IJIMH
ABYX U3MCHCHHBLIX CTOPOH YMCHbLIWJIACDH, T. K.

Qa+2b-c)/3—(a+b+c)/3=(a+b-2c)/3<b-a

(mokaxkute 5T0). M3 moNyueHHBIX TAKUM OOpa3oM OTPE3KOB MOXKHO
CJIOKWUTb HOBBIH TPEYroJibHUK ([lOKaKMTe 3TO) ¢ OosiblUel miiouia-
Ibi0. B HOBOM TpeyrofibHUKe, Mo KpaiiHell Mepe, O/1Ha CTOPOHA paBHA
(a+b+c)/3. Ha caeayrouiem ware TOYHO TaK K€ MOCTYNaeM ¢ OC-

TAaBLUIMMUCS JBYMSl CTOPOHAMH U B pe3yJIbTaTe MOJy4aeM MpaBUJib-
HbIA TPEYroJIbHUK, IUIOLAAb KOTOPOro OoJiblie MCXOAHOrO, T. K. Ha
KaK10M Liare Bo3pacrasa.

[TocMoTpuM, Kak OOCTOMT [e/I0, €CIH 3aJaHO NPOU3BEACHHE He-
CKOJIbKMX [OJIOKUTEJIbHBIX YMCEJl U TPeOYyeTCs HaWTH HAMMEHbLLEES
3HaueHue X CyMMbl. COJIM3UM [1Ba MOJOKUTEIbHBIX YKC/Ia, HE MEHA
MUX MPOU3BEJACHUSI, U BbISICHUM, YTO MPOUCXOAUT ¢ MX cymmoi. [lycts
0 <a <b. YMHOXKUM YHCIIO @ HA HEKOTOPOE YUCIO A >1 U pazienum
b Ha A, 4TOOBI HE U3MEHHUTH MPOU3BeIeHHS. Bblunucium pa3HOCTh Me-
Kay a+b v da+b/h:

b b
+b)—|ha+—|=(1-21)| a2
(a+b) a+ ( )ak
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Ecniu BwiOpate A Tak, urobbl 1<A<b/a, TO mOMYyUUM
a+b>Xa+b/A, T.e. npu cONMKEHUN JBYX MOJOKHUTEIIbHBIX YHUCEIT
¢ QUKCUPOBAHHBIM MTPOU3BEIEHUEM UX CYMMa YMEHbLIACTCSI.

YnpaxHeHue

Cpefam BCcex NpsAMOYrofibHbIX napannenenvneaoB 3agaHHoOro oobema
HarnauTe TOT, KOTOPLIA UMEET MUHMMATNbHYIO CYMMY AMNMH peGep.

3apaua 6. Jlnsa 3aganHoro tpeyronbHuka ABC Halitu Touky M, nns

KOTOpOii cymMMa MA? + MB? + MC? naumenbLuast.

Pewenue. IlpennonoxuMm, uyto uckomas touka M HaiaeHa. Ilycth

7, 5, 73 — BEKTOpbL, MPOBEJEHHbIe U3 TOUKU M B BepuiuHbl A, B
2 L2 L2

u C. Torpa cymma S=|r1| +|r2| +|r3| HMMEET HAUMEHbLLIEE

BO3MOXKHOE 3Hadenue. [lycre O — jrobast TOuka, orTiauuHas or M.

O6o3naunm Bektop MO 4epes x. Torma cymma KBaapaToB pac-
cToaHui oT ToukK O 10 BEPLINUH TPEYrojbHUKA

S - .- - e 2
S'=(R %) +(h —%) + (55 -%)° =S -2%-(F + 75 +73) + 3]
J0/okHa ObiTh Oosibiie S. B 3TOM BbIpakeHMH MOC/ICAHEE CllaraemMoe
HEOTPULIATE/IbHOE, & BTOPOE MOXHO cliejlaTh OoTpuuaresibHbiM. s

5TOr0 JOCTaTOYHO BbIOpPAaTb BEKTOP X COHANpaBIE€HHBIM BEKTOPY
(n+r+r3),1.e.BBUse X =o-(r; +7, +13), rae a>0. Torna

) . -2

S,:S_2(X‘| n +7"2 +l"3 | +3(X2 | n +l"2 +r3 | .
3a cuer BbIOOpa O MOXKHO caenath S'<S (A 3TOro AOCTATOUHO
BbIOpaTh 0 <o <2/3). YcTpaHUTh 3TO MPOTHUBOpPEUHE MOXKHO €IUH-

cTBeHHBIM oOpazom. Caenate S'<S 3a cdeT BbIOOpa BETUUUHBI OL
HEBO3MOXKHO, €CIU 75 +75 + 717 = 0.

Bonpoc

[na Kakow TOYKM BHYTPU TPEYroSibHMKA BbIMOMHAETCH 3TO YCnoBue?
MonpobyiiTe NpoBepuTb "XapakTepHble" TOUKW TPeyrofbHWKa (TOYKW
nepeceyYeHns MeamnaH, BbiICOT, BUCCeKTpUC).

Oka3bIBaeTCsl, YTO MCKOMAasi Touka M — 3TO TOUKa MEPECEUSHUs Me-
nuaH TpeyronbHuka ABC (mokaxure 3T0).
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3agaum gng caMocToATesIbHOro peLueHus

3anaua 1. BeiacHute, kak Beet cebs cymma a+b3 Tpy CONMKEHUH
uuces a v b, ecinu pukcuposaHa ux cymma. Jlokakure HEpaBeHCTBO

@ +b (a+bj3
> .

2 2

OO6o01uTe 3TOT pe3ynbTar JUis Cilydast # YUCeN Xj, Xp,-'+X, W JOKa-
JKUTE HEPaBEHCTBO

; 3
(x13+x§+---+x2)>(x1+x2 +---+x,,j

n n

3agaua 2. BoisicHuTte, Kak Mpu cOMMKEHUH TOJT0XKUTETBHBIX YUCel d
u b Beaer cebs cymma (a +1/a)2 +(b+ l/b)z.

3agaua 3. BoisicHute, kak npu CONMKEHUU MOJI0KHUTEIbHbIX YUCE d
u b Benet ce6s nmpoussenenue (1+1/a)-(1+1/b).

3anaua 4. Boisicuute, kak Benet cebs cymma 1/(1+a)+1/(1+5b) npu
cOMMKEHUHU TTOJIOKUTENBHBIX YUCeNT a U b, ecir PUKCUPOBAHO MPOU3-
BeneHue a-b=1.

3agaua 5. Haiigute  HauOonblmee  3HauYeHWE  MPOU3ZBEACHUS
S= x12 -xg ~x35 MOJIOKUTENBHBIX YUCEN Xi, X,,'-X, C (PUKCUPOBaH-

n
HOM CyMMOH x| + X, +x3 =1.

3aga4a 6. Ilpu yciaoBuu x| +x, + x3 =1 HaliiuTe HaMMeHbIIEE 3HA-
YEHUE CyMMBI S = xlz + 5x§ +3x32.

3apaua 7. Kakoli u3 n-yrojbHUKOB, BIIUCAHHBIX B JIAHHBIN MOIYKpPYT
TaK, 4TO OJlHA U3 CTOPOH COBMAAAST C JUAMETPOM, UMEET HauOOJIb-
LIYI0 TUIouaab?
3agaua 8. Jlokakute, 4YTO €cIM CyMMa [OJIOKUTENBbHBIX YHCel
Xy, Xp,°*'X, paBHa l, To

1 1

I+— || 1+— |- 1+L >(n+1)".

X X2 Xn
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3agaua 9. Jlokaxkure, UYTO €CJAM BCE IOJIOXKUTEJbHbIC YHC/ia
X], X, X, Oombiue 1, TO
1 1 1 n
+ et >

>

a €CJIM BCE 9TH YMC/la MeHbLLe |, TO BEepHO 00paTHOE HEPABEHCTBO.

3apaua 10. Jlokaxkure, 4TO €CiauM CymMMa [OJIOKUTENbHBIX YHUCE
X{, Xy,°*'X, paBHa l, To

(xp +1/x)% () +1/x,) - (x, +1/x,) = (n? +1)? /n.

3agaua 11. Ilycte x|, X,,--X, — IHOJOXKHTEJIbHBIE YnCIIa. JIoKaxu-
Te HepaBeHCTBO X. [toiireHca:

(1+x1)-(1+x2)---(1+xn)2(1+"1/x1 Xy X, )".

2.2. [pumeHeHne HepaBEHCTB
ANng noncka aKCTpeMyMoB

Buemure x mMHe: MOTY paBCHCTBO
Mex HaMU S BOCCTAHOBUT.

A. C. Hywxun, "Eeunemckue Houu"

CyuiecTByeT MHOI0 ri1yOOKHMX, KPAaCHBBIX U K TOMY K€ MOJIC3HbIX HE-
PaBEHCTB, T. €. OTHOLICHHWI 0O0JIbIIE — MEHbILE MEXKAY HEKOTOPbIMU
Habopamu nepemMeHHbIX. MHOrAa 3T nepeMeHHbIe 10/KHbI COOTBET-
CTBOBATh HEKOTOPOMY YCJIOBUIO (HArpumep, ObITh M0J0KUTEIbHBIMU
4KC/IaMK), MHOTIa OHW HUYeM He cBsizaHbl. Cam (akT cylecTBOBaHMS
TAKUX HEPABEHCTB MHTpUryer BooOpaxkeHue. IlpencraBbre, 4TO BbI
MOXKETE B35Th Ba HAOOpa W3 JF0ObIX N 4YMCE MO Balemy BblIOOpY
(a1, ay,-+-a,) n (b, by,---b,), (mpuuem n — TOXKE 11060 HATYpallb-
HOE YHUCTIO0), 3areM BBIUUCITUTD MpOU3BeICHHE

(a12+a§+---+a3)-(b12+b22+---+b3) U KBaapaT TaKoOH CyMMBblL:

(a1by + ayby +-+-+a,b,) . Tornay Bac 06s3amenbHO OKaKETCSA, YTO

(aby +ayby ---+a,b,)* < (a12 +a§---+a§)-(bf +b22---+b,3). (22)
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Cornacurech, 3TO NOX0XKE Ha KapTOUYHbIM (OKYC, U XOUeTcsi ero pas-
rajaTb U MomMaTh TpIOKaua 3a pyKy ¢ noiauyHbiM. OAHAKO noiMarh
HEe yzaercsi — 3/eCb BCe M0-4ecTHOMY. Uucia Bbl MOXKETE B3SITh JI00ObIE,
HO cooTHowienue (2.2) — wepagsencmeo Kouwiu — bynaxosckozo —
OyJeT BbINOJIHSTBCS 15 JIFOObIX YMCEJ1, U ATO MOIKHO JJ0Ka3aTh.

Hokazamenvcmeo. Ecnn Bce uncna U3 ogHOro Habopa paBHbl HyJIO,
10 (2.2) npeBpaiuaercs B BepHoe paBeHCTBO. [lycTh Tenepb B Habope
(ay, ap,---a,) n B Habope (b, by, --b,) Haiipercs xors Obl MO OA-

HOMY YHCITY, HE paBHOMY HyJit0. PaccmoTpum yHKIHIO
F(x)=(ayx+b))? +(ayx+by)* -+ (a,x+b,)* = Ax* + 2Bx +C.

3nech A=a12+a§---+a,3>0, B=ab +ayby---+a,b,,

C :blz +b22 ---+b3 >0. Ilockonbky kBagpaTHbI TpexwieH f(x)
NPUHUMAET TOJIbKO HEOTpHLATENbHble 3HAUEHHUS, BBIINOIHEHO YCIIO-

pue B2 <A-C. Otcioaa crnenyet HepaBeHCTBO (2.2). PaBeHcTBO BO3-
MOXHO, TOJIbKO ecii f(x,) =0, T. e. npu ycioBuun

bi_by_ bu_

a [25) a

I[aHHOG A0Ka3aTC/IbCTBO HE €AUHCTBCHHOC, €CTh U APYTHEC.

( 3ameyaHune )

Ecnun nonarate Habopbl YACen (aj,a,,---a,) W (by, by,---b,) Koopau-
HaTamu B N-MEePHOM NPOCTPAHCTBE BEKTOPOB & U b, TO HEPABEHCTBO
(2.2) npumet BUg, (5.5)g| 3 || 5| 1 BbipaXkaeT cobol CBOMCTBO CKa-

NApHOro npowsseaeHns BekTopos. OHO obpallaeTcs B pPaBEeHCTBO, KO-
rAa BEKTOPbI COHAaNpaBeHb!.

PaCCMOTpI/IM ApPYroe¢ 3HAMEHUTOC HEPABCHCTBO MEXKAY CpCIHHUM
apl/l(bMeTl/llieCKl/lM " CPEAHUM I'COMETPUUCCKUM!

X +Xp+r kX
12 2> nfx) Xyx, (2.3)

n
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KOTOPO€E BBINOJIHAETCA Ul HEOTPHLATEIbHBIX YHCENl X[, Xp,* X, .
B pasencrso (2.3) npespaiaercst TONbKO B CIIYyHae X| =Xy =+ =X, .
IIpu n =2 oHO umeer BUJ

X +X
Jxx, <222 (2.4)
142
2
U JOKa3bIBACTCA OYCHbD IIPOCTO. CYH_IGCTByeT MHOI'O pa3HbIX 1O0Ka3aTCJ/IbCTB

Kak ajire0panyeckux, Tak u reomerpuueckux. [Ipuseaem asa npumepa.

IIpumep 1. JIng AByX HEOTpPULIATENBHBIX YUCENl X;, X, 3alUIIEM
(\/X; —+/X5)7 20. Otcrona cnenyetr x; —24/x;%, + X, > 0.

IIpumep 2. Bo3pMmeM oTpe3ok AB nnuHO#R (X, + X,) U OOCTPOUM Ha

HEM KaK Ha JuaMeTpe MOJIyOKPYkKHOCTb (puc. 2.7). Bozbmem Ha AB
touky D tak, uro AD = Xx;, u Boccranosum B Touke D nepnenauky-

Jsp k AB 10 nepeceueHus ¢ noayokpykHOCTbIO B Touke C. U3 nogo-
Ous npsMoyrosibHbix Tpeyrosibhuko ACD u BCD nonyuaem

DC = ,/xx, . OueBunHo, uto orpe3ok DC He mpeBocxoauT paguyca

OKPY>KHOCTH, PaBHOTO (x| +Xx,)/2.

HepageHcTBO (2.4) yacTo BbICTynaeT B pa3HbIX OONHUYMAX, HAIIPUMED,

B TAKOM: \/Z+\/ZS«/2(X1 +x5).

C

A D B
Puc. 2.7

Joxazamenscmeo. BosbMem BepHoe HepaBeHCTBO 0 < (1/x; —+/X, ) W

K 00erM yacTsiM pubaBUM BbIpakeHUe (x| + X, ) . B pesynbTare nomyuum
X1 +XZ < 2X1 +2JC2 _21,)(31)(32 = X1 +21IJC1)C2 +XZ < 2X1 +2XZ =

= (o1 #4107 <2:(n +35) =3 +4fx <200 +3).
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Ilokaxkem Tenepb, Kak MCMOJIb30BATh JAOKA3aHHOE HEPABEHCTBO (2.4)
IUTS TI0Ka3aTebcTBa HepaBeHCTBa (2.3) B olmmeM ciyyae mpu 7> 2.
J1s yueThIpex uncen xi, X, X3, X4 3anuiIeM

2 2
X +Xx X3+ X

HepeMHomaﬂ OTHU HEPABCHCTBA, I0JIy4acM

2 2
x1+x2 X3+X4
X[ "Xy X3°X4 < .
my gy 5[ (215
Jnst uncen a=(x;+x,)/2 n b=(x3+x,)/2 cOrnacHo HepaBEHCTBY
2 4
a-bs(a;bj :az-bzs(a;bj =

2 2 4
X1+ X X2+ X X1+ Xy +X7+X
v e B 1 I e 7 I B B B e T
1" Xy X3 Xy > > 1

(2.4) nmeem

Jns n=4 HepaBeHCTBO nokazaHO. [IpoBoas aHaJIOrMuHbIE MAaHMITY-

JIALIMKA, MOXKHO J0Ka3zaTh (2.3) mias n=27, rae HaTypaJlbHOE YHUCIIO
*

p >2 (nmpoBepbTe 310). [IpMeHuM Tenepb memoo cnycka A J0Ka-

3aTeJIbCTBA MPHU BeeX ocTalbHbIX A. [Ipeanonoxkum, uto (2.3) gokaza-
HO nipu n=m+1. Jlokaxem ero npu n=m . Umeem:

1

<x1 +x2 +“'+xm +’”1[x1 c Xyt Xy,

m+1

(2.5)

* v
Meros ciycka BrepBble npuMeHul GpaHuy3ckuil maremaruk llsep d@epma (1601—
1665) B cBOMX 3HAMEHUTBIX pabOTax 10 TCOPUU LIEJILIX YHUCEIL.
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[lepebpocum %x; - x, -+-x,, BJEBYI0 4acTb (2.5) ¥ 3anuuIeM B Buje

1_ 1 P —— <x1+x2+..+xm:>
VAT A2 m =
m+1

m+1

X+ Xyt X
= WXy - Xy e X, < A2 LCY

m

HepasenctBo (2.3) nokazano.

YnpaxHeHune 1

Wcnonb3yst AokasaHHble HepaBeHCTBa, AOKaXUTE CaMOCTOSITENIbHO
LN NONOXUTENbHbLIX YNCEN HEPABEHCTBO MEXQOy CpelHUM 2eoMem-
PUHECKUM U CPeOHUM 28PMOHUYECKUM:

n
I

X X Xn

Bor euie npumep 6osiee CKPOMHOIO, HO O4€Hb M0JIC3HOI0 HEPABEHCT-
Ba, BEPHOI'0 /1J1s1 JIIOOBIX X!

| sin x | S| X | (2.6)
N ¥y
h
A
o X/,
Puc. 2.8

Jna nokazarensctsa (2.6) paccMOTpUM Ha KOOPAMHATHOM TTIOCKOCTH
Oxy OKpY>KHOCTb €AMHUYHOTO pajuyca ¢ LEHTPOM B Hadaljle KOOp/Iu-
Hat. JltoOoMy 4YMCIy X Ha OKpPYKHOCTH COOTBETCTBYET HEKOTOpas
Touka B, T.e. umcio | x| — 510 anuHa ayru AB, raoe Touka
A(1; 0) — nHavano otcueta (puc. 2.8). 3ametum, uTo AnuHa ayru AB
MokeT ObiTb W Oosbwie 2n. Onycrum u3 B nepnenpukynsp BX
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Ha ock abcumce. Toraa | sin x | =BX . Ocrajoch nokasarb, 4To AJHMHA

orpeska BX Bcerna He Oosibiue ajuubl ayru AB. JlefictBuresbHo,
B npsiMoyrosibHoM TpeyrojibHuke ABX karer BX He Gosibuie runore-
Hy3bl AB, a niauHa otpeska AB He Oonbiue aaunbl ayru AB. Pasen-
CTBO BO3MOJKHO TOJIbKO, €c/ih Touka B coBnajgaer ¢ Toukol A, T.e.
opu x=0.

YnpaxHeHue 2
DNokaxwuTe, 4TO NpK |x | < 1/2 BBbINOJSIHAIOTCS HEpPaBEHCTBA |tgx | > | x |,
|sinx+tgx|22| X |

B npeapiayuiem naparpade Mbl yke JoKazajid METOA0M COJIMKEHUs

HepaBeHCTBO (2.1) Mexxay cpeaHuM apudMeTHYeCKUM W CPeAHUM
KBa/IpaTUUHBIM:

XXyt Xy, Xp X3 44 X2

n n

Jlokaxkem Tenepp ero ¢ nomouibio HepaBeHCTBa (2.4). Umeem

5 hS

2 22 2
X Xy X, )X X)X, +2x1%y +2x1 X3 -+ 2X,_1X,, <
n n

< x12 +x§---+x§ +(x12 +x§)+(x12+x32)+..+(x2,1+x3) B

n2

B n-(x12+x§---+x3) B xlz +x§---+x3
n* n

P aCcCMOTpuUM TCINCPb MNPUMCHCHHUC OJOTUX 3HAMCHHUTLIX HCPABCHCTB
B 3aJa4ax.

3anpaua 1. Halitn HaumeHbliee 3HaueHre QyHKIIUN
F(x)=(x*+ 4%

Pewenue. llpumensas HepaBeHCTBO (2.4) K uMcaaM X =x2,

Xy —4/x°, MnoJy4yaemM f(x)=x2+4/x2 >24x?-4/x% =4.
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Takum 00pazom, HaumeHbllee 3HauUeHUe PyHKUMKU paBHO 4. DTO 3HaA-

HYCHUEC NOCTUTaACTCA, KOrla Xy =Xx,, T. €. [IPU X = i\/z .

3agaua 2. Haiitu HaumeHblee 3HadeHne QpyHKUMU [(x)= x2+3/x

npu x> 0.

Pewienue. 3pnecy nonbiTka "1000BOro" MpUMEHEHUS HEPABEHCTBA
MEXKAY CPeJHUM apu(PMETHUYECKHM U CPEJHUM FeOMETPUUYECKUM HH-

2
4ero He JjaeT: MPOU3BEJICHHe caraeMblX X~ M 3/X He SBISETCS KOH-
crantoii. [loiinem ob6xoaneiM mytem. Pa3oObem cnaraemoe 3/x Ha
nBa: 3/x=3/2x+3/2x. Tenepp f(x) mpeAcTaBieHO CyMMO# Tpex

claraeMblX, MPOU3BEAEHUE KOTOPBIX PaBHO x*-3/2x-3/2x=9/4.
[IpumeHnsist 11 HALIMX TPeX claraeMblX HEPAaBEHCTBO MEXKIY CPEAHUM
apu(METHYECKUM U CPEJHUM I'€OMETPUUECKUM, M10J1yHaeM

f(x)=x* NERRERSIryry
2x  2x

PaBeHCTBO mocTHraeTcs, Koraa x2=3/2x ,T.e.mpu x =33/2 .
DTOT ycnex BAOXHOBIISICT PACCMOTPETh 0oJiee 00LuMid Cityyai.
3agaua 3. Haiitu npu x>0 HaumeHbliee 3HadeHue (QyHKUUK

f(x)=ax"+b/x™, rne m u n— HarypajbHble uucia, a U b — Jro-

Oble TOJIOXKUTETbHBIC YHCIIA.

Pewenue. [pencraBum GyHKLUUIO CiCAYIOLIUM 00pa3oM:

f(x)Z(—x”+£x”+...+3x”j+ b b,
m nx™  n

a
m m xm nxm

31ech B nepBbIX CKOOKAX B3SITO /77 CJIaraéMblX, a BO BTOPbIX CKOOKaXx B3si-
TO 1 cnaraeMbiX. Ternepb NpousBereHUe BceX (m1+n) claraeMbiX —

KOHCTaHTa, pagHas (a/m)™ -(b/n)" . Cornacno HepageHctsy (2.3),

f(x)2(m+n)-(ajm+n-(2jm+”.

m n
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MunHuMym  mocTuraercs, Korma ax'/m=b/nx", T.e. npu

x=""bm/na .

3agaua 4. Halitu HauMeHbLuee 1 Hanbonbluee 3HaUeHUs GpyHKIMN
f(x)=a-cosx+b-sinx.

Pewenue. Jta 3anaya Obuia yxe peieHa B naparpade 1.3 meromom

BBEJICHUS BCIIOMOIaTe/ibHOro yrja. Teneps peinm ee Apyrum croco-
6om. [Npumenss HepaBeHcTBO (2.2) k Habopam w3 uucen (a,b) u

(cosx,sinx) , nojlyuum

(a-cosx+b-sinx)2 <(a® +bz)-(sin2x+cos2 xX) &

—\/a2 +b? Sa-cosx+b-sinx$x/az+b2 .

PaBencTBO BoITONHSIETCS NpH b/ a =sinx/cosx .

3apaua S. Haiitu Haubosbluee 3HaueHue GpyHKUMA

2
f(xl,xz)zw npu x; >0, x, >0.

X1 +X2

Pewenue. PaccmorpuM 1Ba HaGopa u3 AByX uucen. [lepBbiii Habop:
(3; 5), a BTOpOIi HabOp — (xl INXE + X35 Xy /A xE + x5 j

3anuiuem st 3TUX JABYX HA0OpOB HEepaBeHCTBO (2.2):
? 2 2
3N, 9% 3(32+52)- G IR R V')

2, 2 2, 2
\/x12+x§ \/x12+x§ X +Xxy X +x

HauGonpmiee 3nauenune f(x) mocturaercs npu 3/5=x;/x,.

3anaua 6. Kakue pasmepsl JODKEH MMETh CHHUYEUHbIH KOpOOOK 3a-
JaHHOro oobeMa ¥, uToObl MII0La/Ab €ro MoJHON NOBEPXHOCTH Oblila
MuHHManbHa? CrvyedHblil KOpoOOK cocTouT U3 QyTiaspa U cober-
BEHHO KOpoOouku (puc. 2.9).
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<

X Yy
Puc. 2.9

Pewenue. Ilycte x — pnuHa, y — 1IMpUHA, z — BbicoTa (QyTIspa.
[Inowanps S nonHoil nmoBepxHocTH ¢yTisgpa BMECTe ¢ KOpOOOUKOH
paBHa 4xz+3xy+2yz. Ilo ycnoButo V' = xyz — 3ajaHHas BeJUYUHA.

Otcioga S=4V/y+3V/z+2V /x. llpumensiss K 3TUM TpeMm cliarae-
MBIM HEepaBeHCTBO (2.3), momydaemM

4V 3V 2
S>3 20 20 3.3

PaBencTBO mocTHraeTcs, KOrja BCe TPU CllaraeMbl€ PaBHbI, T. €. NpU
Wiz= =2V/ix=4V/y =3\/24-V2. Orcroma HaXOOuM X = 3\/V/S ,
y=2x,z=3x/2.
3amMeTUM, YTO y UMCIOLIMXCS B MPOJAXKE CIIMUYCUHBIX KOPOOKOB paz-
MEpPbl CUJIBHO OTJIMYAKOTCS OT HAlJICHHbIX HAMMU.
3anaua 7. Halinute HaumeHbliee 3HaueHre (QyHKIMH
2x—1
J(xX)=———.
2x—x* -4
Pewenue. Ecniu  f(X) nOpuHUMAeT HAMMEHbLLICE 3HAUCHHUE, TO
g(x)=—f(x) npunumaer Haubosbluee 3HaueHue. Cresnaem 3aMeHy
y=(2x-1)/2.Otcrona x=y+1/2. [IpeoOpazyem
-2y _ 2y _ 2
2y+1—(y+1/2)2 =4  y2+13/d—y y+13/dy—1

g(x)=

MakcuMyM a0CTUraercsi Npd MUHUMAajibHOM 3HAUYEHUU BbIPAXKEHHS
y+13/4y, 1.e. npu y=13/4y. OTciona HaXxoAMM MHWHHUMAaJIbHOE

3HaueHue Gpynkuuu f .. =2/(1— J13).
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3agaua 8. U3 kpyra paguycom R BbIpe3aTh pa3BepTKYy KOHyca Hau-
Oosbluero odobema.

Pewenue. PazBepTky KOHyca MOXKHO MOJIyYMTb, Bblpe3asi U3 Kpyra
CeKTop ¢ yriiom o. [Ipu 3TOM JyIMHA OKPY2KHOCTU B OCHOBAHUM KOHY-
ca paBHa R-(2m—a), T.e. paauyc OKpY>KHOCTH OCHOBAaHMs KOHyca

oyaer r=R-(1—a/27n). [auna obOpasyrouueii koHyca pagHa R. Ot-
Cl0/1a HalieM BbICOTY /1 U 00beM KoHyca V-

Vzén-rzhzén-ﬂ\/Rz %

[Mockosibky V' >0, T0 MakcCUMyM 00beMa JOCTUIACTCSl OJIHOBPEMEHHO

C MaKCUMYMOM Vz(r). Takum oOpa3oM, Hy>KHO HalWTH HauOoJibliee
3HaYeHue QyHKUUU r4(R2 —r?). OGo3nauum x=r> u Haiigem Mak-
cUMyM QYHKUMH Y(X) =x? (R2 —x) . [lpumensisi HepaBeHcTBo (2.3)

-~ 2
K Tpolike uucen x/2, x/2, R° —Xx, momydaem:

x/2+ x/2+ R‘_x23’£-£-(R2—x),
3 22

T.e. x2(R? —x)<4R®/27.

Haubonbinee 3nauenne y(x) mocrturaercs, koraa x/2 = R*-x.Or-
croga HaxoauMm r = Ry2/3, a=2n-(1-+/2/3).

3amaua 8. Tpancdopmarop HEOOXOAUMO CKOHCTPYHPOBAThH TaK, YTO-
Obl ero KpecTooOpa3Hblii JKeNe3HbIH CepACYHUK 3aMOHT KaK MOYKHO
OO0JIBIIYIO YacTh MOJOCTU KpyTiioi oomMoTku (puc. 2.10). Kakyto mak-
CHMAJIBHYIO YacTh IUTOLIA N KPyra MOYKHO 3allOJHUTh CEpAeUHUKOM?

Pewenue. llycts R — paauyc kpyra, yron AOB pasen o. Toraa mio-
11a/1b S KPecTo00pa3HOro CepACHHMKA MOJLyYUM, BbIUMTAS U3 YIBOCHHOW
mwiomaan npsmoyrosbHuka ACDE mmowaaes kBagpata MNKL. Ilio-
waap npsmoyrosibHuka ACDE u mnowaap kBagpara MNKL paBHbI co-

OTBEICTBEHHO S| = 2R?sin 20, S, = 4R*sin® o= 2R*(1-cos2a).

Orcrona Haxoaum miow@ass S =25;-95, = 2R?(2sin2a +cos20—1) .
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[lpumenuB HepaBeHcTBo (2.2) Kk Habopam uucen (2;1) wu
(sin20; cos2a), nojay4um

S< 2R2(\/22 +12 -sin? 200+ cos? 2a —1) —2R2 (W5 -1).

MakcumasibHOUM miiowaab Oyaer npu sin2a/cos2o=2/1. [lpu
9TOM JOJs T[JIOIAAW, 3aHATOM CepAeYHUKOM, COCTaBJsEeT

S/m-R>=2-(/5-1)/n~08.

A C
B
(0
M N
0
3 K
E D
Puc. 2.10

3agaua 9. Haiitu HanGonbiiee 3HadeHne (HYHKIUH HECKOJBKHX Iie-
PEMEHHBIX

_(ax +apx; +--+a,x, )2

2
B T

F(xla x25”'xn)

rie ap, d,, - +d, — 3aJaHHbIE YuCia.

Pewenue. 3apukcupyem 3Ha4€HUsI X|, X,, X, U PACCMOTPUM KBaJ-
paruuHyo QyHKLMIO OIHOH NepeMeHHOH £
F@) =(ay—1-x))* +(ay —1-x))> +---+
2 _ 42
+(a,—t-x,)" =A4A-t"-2B-t+C.
3aech A=xt+x3++x2 B= + -t
A =Xt Xns =apx axxy ApXy

C= a12 + a% +et aﬁ . Tak xkak f(#) npu Bcex 3HAUEHUSX / IPUHUMAET
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HEOTPULATC/IbHBIC 3HAUYCHUSA, JUCKPUMHUHAHT KBAAPATHOIO TPEX4YJICHA
He 00JIbLLE HYJISL, T. €. B?<A4-C. Orcrona

(a1x, +a2x2---+anx,,)2 S(al2 +a§---+a,2,)(x12 +x§---+x3).
Takum oOpasom, HauGonbliee 3HaueHue F(xy, X;,-*-X,) PaBHO

2 2 2

ai +as +---+a; uaocruraercsa npu a;/x; =---=a,/x,.

3apaua 10. BHyTpu npsmoro yria aaHa Touka A, yJaajaeHHasi OT CTO-
POH yriia Ha paccTosiHus a U b. Halitu MUHUManpHY1O ATMHY OTpe3Ka,
MPOXOASLIEro Yepe3 A ¢ KOHLAMU Ha CTOPOHAX yrJa.

Pewenue. 1lycte M, N — ocHOBaHUs NEepPNEHAUKYISAPOB, POBEAEH-
HBIX U3 TOYKH A K cTopoHam yria (puc. 2.11), BC — uckomslii otpe-
30k, AM=qa, AN =5, yron BCO pasen a. [IpsmoyronbHbie Tpe-
yrojibHuku BAM u ACN nonoGHbl, U npu u3zmenenuu yria BCO
koa(hduumeHT nonodus meunsiercs. Ucnosbzyem koahduuueHT nomo-
Oust B KQUECTBE NEPEMEHHOM, OT KOTOPOU 3aBUCHT AjuMHa oTpe3ka BC.
Ob6o3znaunm AB/AC=x. U3 mogobusi TpeyroibHUKOB HAXOIUM

BC=AC-(1+x), NC=a/x, AC* =b* +a* /x>,

2 2 2
BC? =(1+x)* | 0% + - |=a? + b7 + -+ 2070+ 25 1 %7,
X

X X
B
M A
o
(0) N C
Puc. 2.11

B 5TOM BbIpaxkeHUU NepBble /1B CJAraéMblX — KOHCTAHTbL, IO3TOMY
HaM HaJ10 HAWTU HaMMeHbllIee 3HaYeHue PyHKLUU

2 2
F(x)=b2x? +2b2x+2L+“—2.
X X
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Pazo0bem kaxka0e U3 CpeHMX CJlaraeMbiX MOPOBHY Ha JIBE 4acTH U
CrpyInIMpyeM Bce cllaraeMble B 1BE IPYIIIbl CISAYIOWHUM 00pa3oMm:
2 2
a a a
F(x)= bix? + o+ |+ b2x+b2x+—2 .
X X X

Tenepb 3aMeTHM, YTO MPOU3BEACHHUS CllaraeMbIX B 00eUX cKoOKax —
KOHCTaHTbl. [lpvMeHsisi HepaBeHCTBO MeXay CpeJHUM apudmerude-
CKUM W CpEeJHUM TeOMETPUYECKUM, OOHApYKMBAaeM, YTO MHHUMYM
BbIp@XKEHUI B 00eMX CKOOKAX I0CTUraeTCs OJIHOBPEMEHHO (KOraa BCe

3/ 2,42
cllaraeMble B CKOOKax paBHbI), T. €. Iip X =\ a~ /b~ . OTciona Haxo-

UM Frin =3+( aNlab* + b a’b) M WCKOMBIH  OTpe3oK

BC = \/a2 +3-(a¥ab® + b a*b)+b? .

3agaum gng caMocCTOATEsIbHOro peLueHus

3agaual.  Beisichure 03 KajbKyjsropa,  4to  OOsiblie:
72001 ++/2003 wam 2+/2002 .

3agaua 2. Haiith npu x>0 HauMmeHblllee 3HaueHHE (YHKLIUH
f(x)=2x>+3/x .

3agaua 3. Halitn nambonbluee W HauMeHbIIee 3HA4YCHUS (PYHKLIUU

2

f(x,y)=x6+y6,ecmd X +y2 =1.

3agaua 4. Hailitu makcumalibHblii 00beM LMIMHAPA, BIMCAHHOIO
B cthepy paguycom R.
3apaua 5. Haiitu oGnacts 3Hauennii pyHkumn y = x°v4—x2 .

3apaua 6. Cpeny Bcex MpsSMBIX MPU3M C KBaJIPaTHbIM OCHOBAaHUEM U
3aJJaHHBIM O0BEMOM HAMTH Ty, KOTOpas MMeeT MUHUMAJIbHYIO TUIO-
111a/1b IOBEPXHOCTH.

3agaua 7. B koHyc ¢ BbIcOTOH H W paJnycoM OCHOBaHWs R BnMcaH
LWJIMHAP TaK, YTO OJHO €r0 OCHOBAHUE JIEKUT Ha OCHOBAHWUH KOHYCA,



72 naBa 2

a JIpyroe npuHaJIeKUT OOKOBOW noBepxHocTu. Haiinure makcu-
MaJbHBIA 00bEeM TaKOTO LUJIHUH/IpA.

3amaua 8. Jlns 100bIX MMOJIOXKHUTENIBHBIX 4MCel d, b, ¢ HalauTe
HavMeEHbllIee 3HAUEHUE CyMMbI

\/a+b \/a+c \/c+b
S = + + .
c b a

3amaua 9. [lng uucen a>-05, b>-0,5, ¢=-0,5, cBA3aHHBIX yCJIO-
BUeM a+b+c=1, Halinute Haubosbllee 3HAUYECHHUE CYMMbI
S=~2a+1+2b+1+~2c+1.

3apaua 10. {151 MON0KUTENBHBIX YUCEI X, ¥, Z, CBSI3AHHBIX YCIOBUEM

2 2 2 o
X +y +z =1 , HAUAWTC HAUMMCHbIICC 3HAYCHUEC

Xy zv xz
s=2 2.2
z Xy
3amaua 11. Jlokaxkure, 4To 18 JIIOOBIX MOJIOKUTENbHBIX a, b, ¢, d
BbIIOJIHSIFOTCS CJISAYIOLIME HEPABCHCTBA:

1) \/Z+\/Zs\/m+m.

2) J(a+b)(c+d) = ad ++/bc.

3) @ +b>+ 2a’be +b? ac+02\/£.
4) (a+b+c)-(a® +b* +c*)=9abc.

5) a2(1+b2)+b2(1+cz)+cz(1+a2)26abc.

6) ab+bc+ca2\/abc-(\/;+\/z+\/z).

2.3. Bapnauuun Ha Temy HepaBeHCTB

B sTtom pa3aciie Mbl paCCMOTPHUM HECKOJIBKO 3aJa4 MPHUKIAAHOIO Xa-
paKkTepa. Bo Bcsakom CJIydac, BHCIUIHC 5TH 3aJ4a4u JOBOJIbHO IMOXOXH
Ha IpUKJIaaHbIC. B Ka)XI0M 3aa4e Mbl nocrapaemMcs noCcTpouTh Ipo-
CTYIO MAaTeMAaTHUYCCKYO MOJCJIb U IIPOCJICANUM, KaK OTBET 3aBUCHUT OT
napaMeTpoB MOACIIN.
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Bapunauyus 1. lNpogasarb Hago "c ymom"

[IpeacraBbre, YTO Bbl — MEHEKEP KOMIIAHMM, KOTOpasi 3aHUMAeTCsl
MpojaXkel NnepcoHallbHbIX KOMITbIOTEpOoB. Balua komnaHus 3aka3biBa-
©T KOMIIbIOTEPbI Y MOCTaBIUMKA U IOCTABJISAET UX Ha CKJajl, OTKYyJa X
3areM OTIPaB/SIIOT MoKynareasiM. B TeueHue rona Bawia KOMnaHusi
3akazaja 2400 KOMIBIOTEPOB, KOTOPbIE MOTYT ObITb JOCTaBJICHbI Ha
cKiajJ Bce cpasy JMOO HEecKOJIbKMMHM maptusiMu. Packynarorcs Kom-
NbIOTEPHl B TE€UEHHWE roja PaBHOMEpPHO, T.e€. B cpeaHem 200 wrTyk
B Mecsu. JlocTaBka onHOW nmapTuv Ha ckuiaz (HE3aBUCUMO — KPYITHON
WK MeJKoi) ooxoautcs komnanuu B 1000 pyd. XpaHenue Ha Ckiiae
OJHOro KOMIbloTepa B TeueHue roja odxoxurcs B 30 py6. Pewuure,
KaKUMU NapTUSIMUA HY>KHO 3aKa3blBaTh KOMITLIOTEPbI, YTOObI JOCTABKA U
XpaHeHHe B TeYEHHUE rojja 00X0AMIMCh KOMITAHUK KaK MOXKHO JICLLEBIIE.

Pewenue. 1lpennonoxum, 4to Bbl PELLU/IM 3aKa3aTb BCE KOMIIbIOTE-
pbl oo naprueii. Toraa 3arparbl Ha gocraBky coctasst 1000 pyO.
B nauane roga Ha ckiage okaxytcs 2400 KOMIBIOTEPOB, a B KOHILIE
roja oHu Bce OynyT npoaanbl. Ciie10BaTesIbHO, B CPEIHEM Ha CKJIale
B TeueHue roaa Oyaer xpaHurbes 1200 KOMNbIOTEPOB W 3aTpaTbl Ha
xpanenue cocrassr 30 - 1200 = 36000 py6. Takum oGpazom, cymmap-
Hbie 3arparbl coctaBiat 37000 py0d. B aTom Bapuanrte 3arparsl Ha A0C-
TaBKY — CYLIME MYCTAKH B CPABHEHUH C OIJIATOM XpaHEHHUsI.

[locMoTpuM, Kak H3MEHATCS CyMMAapHble 3aTpaTbl, €CJIM 3aKa3aTb
koMmnbtoTepbl 1Bymst naprusmu no 1200 wryk. Torpa 3arparsl Ha
noctaBky coctaBiat 2-1000=2000 py6. B Teuenne kaxaoro mnosyro-
nus (cTanmo ObITh, B TEUEHHE BCETO rojja) Ha CKiaze B cpeaHeM Oyner
xpanutbest 600 KOMIBIOTEPOB, MOATOMY 3aTPaThl HA XPAHEHUE COCTa-
Bar 30-60=18000 py6. CymmapHble 3aTpaThl Temepb COCTaBAT
2000 +18000 = 20000 py6. OTO TOBOJIBHO CYIIECTBEHHBINM BBIUTPHILI
B CPAaBHEHUHU C MEpBbIM BapuaHTOM. MoxeT ObITb, HaJl0 OCYLLECTB-
JIITh TIOCTaBKY OYE€Hb MEJKHMH NapTUsiMM (CKa)keM, Mo 2 IUTyKH)?
Torna cpeaHee KOAMUECTBO KOMIBIOTEPOB HA CKJIaJe B TEUEHUE BCETO
roga Oyaer Hesesvko (1 wiTyka) v 3arparbl Ha XPAHCHUE COCTABST
30 py6. — cymas Oe3genuua! OpHako Torda MpUAETCS 3aKa3aTh
1200 napruii u nocraska ux odoiaercs B 1200-1000 =1200000 pyo.
D10 OyaeT Cepbe3HbIM YAapoM 0 (PUHAHCOBOMY MOJIOKEHUIO Ballei
KOMIaHUU.
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Hrak, eciu pazaenurb BeCb 00beM MOCTABKM Ha JIBE Y4acTH, TO 00LIKe
3arparbl CHUXKAIOTCS, HO €CJAM KOJMYECTBO YacTeil Oyaer BeJIMKO, TO
3arparbl CTAHYT HEMO3BOJIMTE/bHO 0OJIbIIUMHU.

OueBUIHO, CYLIECTBYET KAKOH-TO ONTUMAIbHBIH BapUaHT, B KOTOPOM
CyMMapHble 3aTpaTbl OyayT MUHUManbHbIMH. [lycTh B Kakmoil map-
TUM OyJdeT X KOMIIBIOTEpPOB, TOT/a KOJMYECTBO MApTHH pPaBHO
2400/x. 3arparbl Ha gocraBky coctaBat 10002400/ x =

=240-10*/x py6. Ha cxmame B cpemHeM OyneT XpaHutbes x/2
KOMITBIOTEPOB, M 3aTpaThl Ha XpaHeHHe cocTaBiT 15-x py0. Takum

o0pa3oM, CyMMapHble 3aTparbl coctasst 240 - 104 /x+15-x py6. Ham
HY)KHO  OMNpeaejnTb, TMpPH KaKOM 3Ha4eHWd X  (PyHKUIUA
y(x)= 24010 /x+15-x MpUHUMAaEeT HauMeHbllee 3HaueHue. Hc-

NOJIb3ys HEPABEHCTBO MEXKAY CpE€AHHUM apI/I(i)MeTI/I“IGCKI/IM " CpeaAHUM
TCOMETPUYICCKHUM, IMOJYUHUM!

240-10*/x+15-x > 2\/(240-104 /x)-15x =12000.

Htak, MuaumMyM cymmapHbix 3aTpaTr paBeH 12000 py0. u mocturaert-

¢S, Koraa 240-10%/x = 15-x, 1. e. npu x =400.

YnpaxHeHne

Pewwute 3Ty 3agadvy B obuiem cnyyae, korga AocTaBka O4HOW napTum
cTouT a py6., a xpaHeHue — b py6. Kak 6biTb B TOM criyyae, ecrnu
3HayeHne X, Npu KOTOPOM AOCTUraeTcs MUHUMYM 3aTpaT, okasanocb
HeLenbIM ynucnom?

Bapunayms 2. Yro Ham ctont
MOCT nocTpountb?

"Mbl CTpPOWIIM, CTPOMJIMA U, HAKOHEL,
nocrpouyn!”

Peuv Yebypawru no cayuaro
OKOHYAHUSL CIPOUMENbCNEA

[Ipeacrasbre, 4T0 BaM HEOOXOJMMO COCTABUTb CMETY CTPOMTE/bCTBA
MOcCTa uepe3 peKy. MecTo ajisi CTPOUTEbCTBA YK€ BbIOPAHO; LIMPUHA
peku B 3ToM Mecte L =1000 M. CranpHas KOHCTPYKLHS MOCTa
COCTOUT U3 HECKOJbKMX OJMHAKOBBIX MPOJETOB, MOCTABIEHHBIX Ha
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COCTOMT M3 HECKOJIbKMX OJMHAKOBBIX MPOJIETOB, MOCTABJICHHbIX Ha
OeToHHble onopsl (puc. 2.12).

N P

AT

<+—>

Puc. 2.12

Bam Heo0X0auMMO pelunTh, KaKOW JJIMHbI A0/DKEH ObITh 1posjiet (uiu
CKOJIbKO ToTpedyeTcss omop), YToObl CTOMMOCTH TMOCTPOHKHA MOCTa
Obla HaumeHblueh. Jlist peleHus Toro BONpoca UMEIKTCs ClISAYIO-
e naHHble. CTOMMOCTb MOCTPOMKHA MOCTa CKJIaAblBaeTCAd U3 CTOM-
MOCTHU OIIOP U CTOUMOCTHU CTaJIbHOM KOHCTPYKLUH. YcraHoBka Kax-
Joi GeToHHOM onopel B pycie pexu odxoaurcs p; = 25000 Tbic. pyo.,

MNO3TOMY CTOMMOCTb YCTAHOBKH BCEX OIIOP ponop =py-n, rape n—

KkosindecTBO onop. CTOMMOCTb KOHCTPYKLMHU OMpeaelisiercs ee 00be-
MOM (OJMH KyOOMETp KOHCTPYKLHMHU CTOUT p, =40 TbIC. py6.). O0B-
€M OJTHOTO IMpoJieTa 3aBUCHUT OT ero JUThHbl. UeM Oobliie JjIMHA Mpo-
jgera [, tem Oosblue miow@ans S €ro nonepevyHoro cevyeHus: (3To
YCJIOBHE OMpeeNisieT MPOYHOCTh KOHCTPYKIIUMK). BooOiie rosops, 3a-
Bucumoctb S(/) aocratouHo ciioxkHas. [1pub/vKeHHO MOXHO cuu-
TaTh, 4TO .S MpsAMO TNpornopiuoHansHa /, T.e. S =a-/,rae a=0,04 m.
Takum 00pa3oM, CTOMMOCTb CTAJTbHON KOHCTPYKIMH OMpeleNisieTcs
no GopmMyne poam = P2 -a-L-L (Thic. py6.) Ecin Belpasuth anuny
rnpoJjera yepes kojuuectso onop: [ =L/(n+1), 1o 00uyr0 crou-
MOCTb MOCTa MOXKHO 3amucaTh B BHJIE 3aBUCUMOCTH OT KOJIMYECTBa
onop:
2
pMOCT(n):pOHOp+pCTaHb =D '}’l+p2%. (2.7)

Ocrasioch BbIOpaTh 3HaYeHUE Ul HATYPaJIbHOIO Yuciia 71 TaK, YTOObI
BEJIMUUHA P, ., OblIa HAUMEHbLLIEH.
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Pewenue. Yoeaumcs cHauana, 4yTo IOCTAaBIEHHAs 3a7a4ya KOPPEKTHa,
T.€. CYIIECTBYET TaKO€ HATypajJlbHOE€ YMCI0 7, uTo (QyHKUMS
Puocr (1) TpUHHUMaeT HaumeHbluee 3HadeHue. Ecau B3sTh uucio n

JIOCTaTOYHO OOJIBLINM, TO BTOpoe ciaraemoe B (2.7) OyneT oueHb Ma-
J10, 3aTO0 MepBoe ciiaraemMoe Oyjaer BeMKO (yCTaHOBKA 00J1bLIOrO KO-
JIMYecTBa OMop o0oimeTcs oveHb AOporo). MoxkeT ObIThb, ClieayeT
[OCTPOUTb MOCT BOBce 0e3 ornop (B ouH rposier miuHoi L)? Torpa
MOKHO COKOHOMMTB Ha ycTaHOoBKe onop! OHAKO Y TaKOro JUIMHHOTO
MpoJieTa IUIOWIA/lb MMONEPEYHOIr0 CEUYeHMs AO0JDKHA ObITh BEjMKA, U
TAaKOM MOCT MOTPeOyeT CIUIIKOM MHOTO Joporocrosineii cramu. Sc-
HO, 4TO KOJIMYECTBO OIOP HE JOOKHO ObITh O4YEHb OOJIbLIMM, HO U HE
CJIMIIKOM MAaJIeHbKUM, T. €. KOJIMYECTBO OMNOP AOKHO ObIThb ONTH-

MajibHbIM. Jlj1st yno0cTBa 3anuuiem 3aBucuMocts (2.7) B BUje
2

al
pMOCT(n) =D “(n+ 1)+P2 P
n+l

3aMeTl/lM, 4YTO MNCPBbLIC ABa Cjlara€MbiX 3aBHUCAT OT OLlHOﬁ nepemeﬂﬂoﬁ
n+l , a MOCJICAHEE CJIara€Mo€ — I10CTOsSHHAasA. HpI/IMeHHH K INEpBbIM
ABYM cCJjlara€MbIM HEPAaBEHCTBO MEXKAY CPEAHUM apI/I(bMGTI/I'-IeCKI/IM u
Cp€AHUM I'COMETPHUHYCCKUM, 11OJIyHYUM

2

; a-L
pr-(n+)+p;- " 2valpzaLz :

n

Takum 0O6pa3oM, MUHMMAaJIbHAsi CTOMMOCTb [TOCTPOMKM MOCTa COCTaB-

Jiser 2\/p1p2aL2 u jpocruraercs npu n = L,/ap,/ p; —1. Iloacras-

JIsisl YUCTIGHHBIE IaHHbIE, IPUXOIUM K BbIBOMY, YTO MOCT JOJIKEH CO-
CTOATh M3 BOCbMM MposieToB 1o 125 M. CTOMMOCTb CTPOMTENBCTBA

COCTaBUT 2\/25000-40-0,04-10002 =400000 Tbic. pyo.

Bonpoc

Kak GbITb, €CNK ANS MHbIX 3HAYEHUA NAPaMeTPoB p,, pP,, a, L BblUKC-
JIEHHOE YMCIIO OMOopP OKAXKETCHA Heuenbim?
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Bapunayusa 3. Moct uepe3s oBpar

Heo6xo1numMo nocTpouts MOCT U4epe3 CUMMETPUUHBII OBpar LMPUHON
2L, CKJIOHBI KOTOPOro 00pa3yroT OJMHAKOBBIH Yroj O ¢ FTOPU30HTOM.
B omimuue ot mocra uepes peky, BbicOTa OETOHHBIX ONOP HEOJMHa-
KOBa M 3aBUCHUT OT PaccTOsiHUA 10 Kpas oBpara. Kpome Toro, cyiuect-
BYIOT /IBa Pa3jIMYHbIX BaApUaHTa MOCTA: C LEHTPAJIbHOI oropoi u 6e3
LeHTpaJibHOM onopsl (puc. 2.13, g, 6).

2L
+“— >
/( >. 4> /
W
a 6

Puc. 2.13

CroumocTh 0HOH GETOHHOM ONOPbL P, MPONOPLUOHA/ILHA €€ Bbl-
COTe, T. €. Popop = P1-Hh, TAE h— BbICOTA OMOPBI B METpax, pi —

CTOMMOCTb [OFOHHOI'O MeTpa onopbl. Takum 00pa3oMm, CTOMMOCTb
BCEX Onop p, = p,-H, rne H — cymmapHas BbicOTa BCeX OMHOP.

CTOUMOCTb CTAlIbHOM KOHCTPYKIIMM MOCTa MO-TPEKHEMY OTpeielis-
ercs ee 00beMOM, T.€. p. = p,-a-[-2L, rae [— nauHa OfHOro

nponera. OOIias CTOMMOCTb MOCTa PaBHA Py er = Po T Per =
=p-H+py-a-1-2L.
Tenepp HeoOxonumo BbIOpaTh 3HAYeHUE JUTMHBI Tposera / (Mnm Ko-

JIM4eCTBAa OIIOp n) Tak, YyTOOBI BETUYMHA DProcr ObLla HaUMEHbIIIEH.

Pewenue. PaccmoTpuM BapuaHT MOCTa € LEHTPaJbHOM Onopoi
(puc. 2.13, a). Ilyctb Bechb MOCT COCTOUT W3 21 TPOJIETOB, TAK YTO
JMHa onHoro mpojera [/ =L/n. Toraa cToMMOCTb CTaIbHOH KOHCT-

PYKUMU p.. = py-a- 20%/n. BeicoTy nepBoit oT kpast oBpara onopsbl
0003HaunM uepe3 /i,. Toraa BbICOTHI ClELYIOWIMX MO MOPSIAKY ONOP

Oynyt 2hy, 3hy, 4hgy, T.e€.COCTaBISAIOT ApU(PMETUUECKYIO IPOTPECCHUIO.
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Beicota Bcex onop Ha 0iHOM CkJIoHe oBpara (0€3 LeHTpaJIbHOM) CocTaBlIst-
er hy-n-(n—1)/2. BbicoTa LeHTpaIbHON ONOpPbI paBHA /iy - 11, HOITOMY
CyMMapHas JUIMHa Bcex onop pasHa 2-hyn-(n—1)/2+ hyn = honz. BeI-
pasuM  BEJMUMHY Ay 4epe3 JaHHble B YCJIOBUM  3aJayu:
hy =1-tgo.= L-tgo./n 1 n0jly4uM BbIPaXKEHUE J151 CTOUMOCTH MOCTa

Puoer (M) = piL-tgou-n+2pyal® /n.

[IpumeHsisi HepaBEeHCTBO MEXAY CPEeAHUM apu(MeTHHeCKUM U cpej-
HHUM F€OMETPUYECKUM, T10JIy4aeM

piL-tgo-n+p, 2al? /n22\/2a-p1 D> I -1goL.

Takum 0O6pa3oM, MUHMMAaJIbHAsi CTOMUMOCTb [TOCTPOHKM MOCTa COCTaB-

JIIeT W JOCTUTaeTCs TIpU 1 = \/2a -py - L/ py-tgo.. OOGparute BHUMA-

HUE Ha TO, YTO 3aBUCUMOCTb 7(L) WHAs, YEM JJI1 MOCTA YEpe3 PEKYy.

YnpaxHeHne

PaccmoTtpute BapmaHT mocta 6e3 ueHTpanbHOW onopbl U HaWauTe
MUHVMMAaInbHYIO CTOMMOCTb MocTa. CpaBHWUTE Mexay coboi no crou-
MOCTMW BapuaHTbl @ n b.

Bapuauyus 4. [lokynare HOBYIO W1 YNHUTD
crapyo?
Hano ObITh 04YeHB OOraThiM, 4TOOBI MO-
3BOJIUTH CeOe TMOKYIIATh JACUICBLIC BCHIU.

Hapoownas myopocmo

Besikast ObiTOBasi TeXHMKA, KAK U3BECTHO, PAHO MJIM MO3HO MPUXOAMUT
B HETOAHOCTb. Torna mepea HaMu BCTaeT BOMPOC: NOKYIAThb HOBYIO
WM yuHuTh crapyro? llounHka o0Ooilinercs, KOHEUHO, JCLUCBIIC, YeM
MOKyNKa HOBOW TEXHUWKH, 3aTO HOBAas TEXHHUKA MPOCITYXKUT JOJIbIIE.
Bonpoc 0 nokyrnke HOBOH TEXHUKM HE 0053aTe/IbHO CBsI3aH C €€ I10-
JoMKoH. C TeueHneM BPEMEHH 3KCIUTyaTallHOHHBIE KaueCTBa TEXHUKU
najatoT (Harnpumep, BOAONPOBOAHbIE TPYObl prkaBeroT, 00yBb M3Ha-
LIMBAETCs U TepsieT CBOW MepBOHauasbHbIA OJ€cK U T. I1.), U Ha HOA-
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JIepIKaHUE €€ B pad0UYeM COCTOSIHUM MPUXOJUTCS TPATUTh BCE O0JIbLLE
u Gonbine. Korga oty 3aTpaThl CTAHOBATCS TOCTATOYHO BEITUKU, BO3-
HUKAET O/I03PCHUE, YTO MOKYIKA HOBOU BellM OYJET BbIFOHEH, Yem
nojAjAepxaHue cTapoi B Haanexauiem Buae. Ho korna UMeHHO crieny-
€T 3TO clejarb, 4TOObl HE TPaTUTh CpeiCTBa BiyCcTyr0? PaccMmorpum
CJIeYIOLLYIO 3aa4y.

Ilokynka mHoBoro aBTomoOuiasi. HoBblli aBTOMOOWNB cTOUT
200 tbic. py0. st Toro utoObl OH Bee Bpems ObL1 "Ha xoay", B nep-
BbIH rozl mocie NoKynkyu HeoOX0AUMO 3aTpaTtuTh 6 Thic. pyo. (omnara
TEXOCMOTpA, Hajlora u T. i.). B nociemyrouume rojbl 3t 3aTpathl Oy-
oyT Oonblie (HEKOTOpbIE NeTald M3HOCATCA M MOTPeOyrOT 3aMEeHBI).
Jist mpocToThl OyeM cUMTaTh, YTO B KaXIOM CJISAYIOLIEM rojy 3TH
pacxoabl Ha 4 Teic. py0. Gofblue, yeM B mpeablayleM. Uepes cKolbKo
JIET DKCIUTyaTalyu cJie/lyeT 3aMeHUTb aBTOMOOMIIb?

Pewienue. bynem nonaratb, YTo LIeHbl HEM3MEHHBI U He OyneM yuu-
THIBaTh BBIPYUKY OT MPOJAXXH cTapoil MawuHbl. Ilocunraem, kakoBbl
OyAyT cpeaHerofoBble PacxoAbl 3a 7 JeT 3KCIUTyaTaluu KyIUIEHHOTO
aBTomMoOmisi. ExkerofHble pacxojabl COCTaBJISIOT apUpMETHUECKYIO
MPOIPeCCHLO, MEPBbIH UleH KOTOpol paBeH 6 Tbic. pyO., a nociegHul
paBeH 6+4-(n—1) Thic. pyd. Pacxoabl Ha 3KcmjyaTtauuio 3a # JIeT
COCTaBST TakhM o0pa3om 7-(2n+4) Thic. py6. OOl pacxon 3a Bce
n aer paed 200+ n-(2n+4) toic. pyd. Pazaenus 3ty cymmy Ha nm,
noJiydaeM cpeaHuil exxerogubid pacxon S =200/n+2n+4. Ilpume-
HUB K MEpPBbIM JABYM CJIara€MbIM HEPAaBEHCTBO MEXAY CpPeAHUM
apu(METHYECKUM U CPEJHUM I'eOMETPUUYECKUM, HaiileM MUHUMaJlb-
Hoe 3HaueHue S. OHo pocturaercs npu n =10. Takum oOpaszom, 4ro-
Obl aBTOMOOW/Ib HE OOOLIESCS CAUILIKOM IOpPOTro, €ro CIeAyeT 3ame-
HUTb Ha HOBBbIH uepe3 10 et nocie NoKymnkH.

Bonpoc

Kak msmeHNTCA OTBET C Y4eTOM BLIPYYKM OT MpOAaXu CTapol aBTo-
MallUWHbI, KoTopas coctasnsaeT 50 Tbic. py6.?
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Bapuauyunsa 5. Ckonbko Hago ygobpeHnin?

Hexkuii oropoaHuk BbipalMBaeT Ha cBOeM HEOOJIbLIOM Y4acTKe Kap-
todens. [lousa Ha ero yuactke ucroweHHas. Eciu He BHOcUTh yn00-
peHust, To ypoxail cocrasnsier 3 u. Ecau ke BHecTH B mouBy nepe-
THOH, TO ypokail cHauana OyAeT Bbllle, HO B IMOCJELYIOLIUE [Obl
OMsITh Ha4YHET yMeHbliaThes. JlaHHble 00 ypoxaiHOCTH MPUBEACHbI
B Tabn. 1. Ctoumocts nepernos coctasnser 2200 py0., a exxeroaHbie
pacxo/bl Ha BbipalMBaHue ypoxas cocrasistor 500 pyo. Kak yacto
ClleflyeT BHOCHUTb MNEperHoi, 4roObl ceOecTOMMOCTh BbIPALLEHHOTO
kaptodeiisi Oblla HAMMEHbLIEH?

Tabnuya 1. 3aBUCUMOCTb YPOXalHOCTH
OT BpeMeHy BHeCeHUs yA06peHuii

Fop nocne BHeceHna 1123|4567 ]|8]9]10
yao6peHuin
Ypoxaii B LleHTHepax 18|16 |14 (12|10 (85| 7 |55 4 | 3

Pewenue. Kak BunHo u3 tabnuupl, 3¢p(HeKkT oT BHeCeHUs yA00peHui
MOJIHOCTBIO MCYE3aeT Ha JAecaTblii roj. Paccuuraem cpenHeronoBoi
pacxon Ha BblpaiuBanue | 11 kaprodens 3a »n JieT Tocie BHECEHUS
ynobpenuit. [lis atoro, ucxoas u3 tadi. 1, cocrasum tadJl. 2.

Ta6nuya 2. CpegHeronoBoii pacxos
Ha BbipaLlBaHue 1 L kapTogbesns

Kon-Bo net nocne 1 2 3 4 5 6 7 8
BHeceHNs yao6peHuii

Ypoxaii 3a aToT 18 | 34 | 48 60 | 70 | 785|855 | 91
cpok (u)

Pacxoppl 3a aToT 2700|3200 [ 3700 | 4200 [ 4700 | 5200 [ 5700 | 6200
cpok (py6)

PacxopHa1 150 (94,1 | 77 70 [67,1]66,2| 66,6 | 68,1

B rog (py6)
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Bropas crpoka Ta0i1. 2 nojiyueHa CyMMUPOBAHUEM TOIOBOM yporKaii-
HOCTU. AHAJIOTMUYHO, TPEThsl CTPOKA TalJ1. 2 MoJlyueHa CyMMHUPOBAHU-
em pacxonoB. [locnennss crpoka Tadil. 2 nojyyeHa J1eJIieHUEM TPETb-
el crpouku Ha BTOpyro. M3 nocienseit crpouku Tadj1. 2 BUAHO, YTO
HaMMEHbIIUN CPEJHEr0J0BOM pacxo/l Ha BbipalMBaHue 1 1 kaprode-
Jsi OyzeT uepe3 LecThb JIeT Mocjie BHEeCeHUsl nepertos. Takum obOpa-
30M, I€PErHOM HY?KHO BHOCUTb pa3 B LUECTb JIET.

Bapunauyuns 6. O nonb3e BUTAMUHOB

Pexum nuranust Hapyluarh Helb3st!

Mesus Honuuxa
uz m/¢p "Hesnaiica na Jlyne"

3aBX03 INKOJBI-MHTEpPHATa coOWpaeTcss 3aKynmuTb (QPYKThl AJis
IIKOJIBHBIX 3aBTpakoB. COIJIaCHO IHWETHYECKUM HOpMaTHBaM, €Ke-
OHeBHas mopuus (HPyKTOB (Ha OFHOTO IIKOJbHHMKA) JOJKHA COAep-
’kath He MeHee 3 r BuTamMuHa C ¥ 2 r BUTaMuHa A. Y 3aBX03a UMeEeT-
Csl BOBMOXKHOCTh 3aKYIMUTh aOpUKOCHI MO 1ieHe 50 py0./Kr U BHIIHIO
no ueHe 80 py06./kr. ConeprkaHnne BUTAMUHOB B 3THX (PpyKTax MpuBe-
JIeHo B Tadu. 3.

Tabnuya 3. CopepxaHue BUTaMUHOB

BUTaMWHbI abpukochl BULLHA
A 2% 1%
C 1% 3%

CKOJIbKO IpaMMOB a0PMKOCOB U BUIIIHU JIOJDKHA COACPIKATH €IKEIHEB-
Hasi NOPLMSI OAHOrO LLKOJIbHUKA, YTOObI YIOBIETBOPSATH AUETUYECKUM
HOpPMATHBaM U MPU ITOM CTOMMOCTb MOPLIUK Obljia Obl HAUMEHBLLICH?

Pewenue. Ilycts onHa nopuus cocTouT U3 X (T) aOpukocoB U y (T)
BullHU. [lo ycnoBuio 3agaun HEOOXOIUMO, YTOOBI BBIMOTHSIUCH
HEepaBeHCTBA

0,01x+0,03y >3,

(2.8)
0,02x+0,01y > 2.
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[Ipy 3TOM HyX)HO, 4TOObI CTOMMOCTb OJHOM mnopuuMu (B KOIL.)
S =5x+8y OblLia HAUMEHbILICH.

PaCCMOTpI/IM MHO>KECTBO TOYCK Ha KOOpL[HHaTHOPl INTOCKOCTH Oxy,

3apanHoe cuctemoi (2.8). [lepBoe HepaBEeHCTBO 3alaeT BCE TOUKH,
Jiexkalue Bbilie Wik Ha npsiMoi y =100—x/3 . Bropoe HepaBeHCTBO

3a/laeT BCe TOYKM, JieXalllMe BbllIe WM Ha npsimod y=200-2x
(puc. 2.14). 3awmtpuxoBanHas obmacte ) Ha puc. 2.14 cocrout u3
Bcex Touek x>0, y>0, ynosnerBopstowux cucreme (2.8). Cpenu

BCEX TaKMX TOYEK HEOOXOIMMO HaWTH OAHY TOYKY, AJsl KOTOPOH Be-
JuuvHa S =5x+ 8y npuHMMaeT HaMMeHbLIee 3HaUeHHE.

[locTpoum cemeiictBo X npsimbix y = (S —5x)/8 s pa3jinuHbIX 3Ha-
yeHull napamerpa S. Ilpu HeGonbIINX 3HAYEHUAX S IpsIMble CeMEHCT-
Ba X He nepecekarorcs ¢ obsactbio Q (npsmas 1 Ha puc. 2.14). [pu
OONbLIMX 3HAYCHUSIX S MMeeTCs OTPe30K MPSIMOM U3 CeMelcTBa X,
npuHaaiexaluii odbnactu Q (npsimas 2 Ha puc. 2.14). OueBuHO, YTO
[pU HEKOTOPOM HauMeHbLUEM 3HadeHuu S mpsAmas cemeiicTBa X
rpoiiner yepe3 yrjoBylo Touky A, npuHaiexaiyto odsnactu Q. Pe-
11as CUCTEMY YpaBHEHU

y=100—x/3,
y=200-2ux,

HaXoJuM KoopauHaTbl Touku A: x = 60, y = 80. Utak, nopuust ¢ppyKkToB
JIOJDKHA cocTOATh U3 60 1 abpukocoB 1 80 I BUIIHH.

A

200

v

300
Puc. 2.14
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YnpaxHeHne
MoactaBme y =(S-5x)/8 B HepaeeHCTBa (2.8), nonyuate cucremy
HepaBeHCTB

S>1600-11x,
S>800-7x/3.

Ha koopavHaTHOW nnockocTM OxS nocTporte o6racTb, 3afaHHYo
3TOW cucTtemon. Hanaute B HEW TOUKY, UMEIOLLYI0 HAUMEHbLLYIO KOOp-
aunaty S.

Bapunauyusa 7. Xsatur nnv Het?

W3 kameHonomMHM HYHO BbiBe3TH 870 T kameHHbIX IbI0. [ aTOro
umerotrcss 17 KelnesHOAOPOKHBIX TIATPOPM TPY30MOBEMHOCTHIO
58 T kaxknas. M3BecTHO, 4TO Bec Kaxkaoi risiObl He 6osee 8 T. locta-
TOYHO JIM UMEIOIIUXCS MIaT(OopM TS TEPEeBO3KH BCEX TIIbIO?

Pewienue. Ha umerowmecs 17 muiathopm MOKHO norpy3utb 986 T,
[03TOMY T'PY30MOJAbEMHOCTH BIIOJIHE XBATACT; AAa)Ke OCTACTCs 3arac
B 116 1. Eciiu ObI BCe r1bI0bI OBbLIM MECHUHKAMM, TOT1a MOKHO ObLIO
Obl 3arpy3utb JoBepxy 15 ruiatdopm u 1Be miaThopMbl OCTaIMCh Obl
cB00OAHbIMU. bega B TOM, 4TO IJ1bIObl MOrYT ObIThb M 0OJIbLIUMHU.
KpynHbie riibiObl HE AAIOT MOJHOCTbIO MCIOJIb30BATH IPY30MONbEM-
HocTh iardopm. MoxeT Hajo neperacoBaTbh INIbIObl M 3arpy3uTb
nnargopmbl MHaue? Bor eciiv Obl Ham ObUIO W3BECTHO KOJIMYECTBO
b0, OTBETUTH HA BOIPOC 3aj1auu ObL1o Obl jerko. Ha oany mnar-
¢dopmy 7 rabilb nomeuiatorcst B Jitobom ciyvae. Ham Hajno opranuso-
BaTb MOrPY3KY TakK, 4TOObl KOHTPOJIMPOBATb, CKOJIKO OCTalOCh
HeTMOrpy>KEeHHbIX IJIbI0 U CBOOOAHBIX M1aTdopm.

Haunem 3arpy:xate matdopmsel o ouepenu. Kak Tonbko nmomyqurcs
neperpys, MOCAeIHION TIbI0Yy CHUMEM M TMOJIOKUM Ha 3eMITIO PSAOM
¢ atgopmoii. Kornma mbl Takum o6paszom 3arpy3um 14 mnardopm, Ha
3emJie psAAOM ¢ HUMU OyayT niexxats 14 riei6. O6muii Bec morpyKeH-
HbIX M JeXKallux Ha 3emiie b0 Oosibiie, yem 14-58 =812 T, no-
9TOMY BeC OcTaBlUMXCsl INibl0 Menblie, yeM 870—812 =158 1. Jlexa-
1[Me Ha 3eMJie TIIbIOBI OMECTATCS Ha JIBe IIaT(OPMBbI, a OCTaBIIAECS
TJIBIOBI IOMECTSTCS Ha TOCJIEHIO CEMHAALATYIO IIaTgopmy.
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Bonpoc

Henbssa nu B 3101 3agave obontuck 16 nnatdopmamu? Bosbmem nno-
XOW crnyyar — Bce mMbiBbl KpynHble: 108 rmnbi6 Becom no 8 T M ogHa
rmei6a 6 1. Torga Ha 15 nnatdopm MoxHO norpy3nTb 15 - 7 = 105 rnwi6
no 8 1. OctaBwwneca Tpu Mbibbl N0 8 T U ogHa rnbiba Becom 6 T no-
MECTATCA Ha wecTHaguaTyo nnatdopmy. CemHaguarasa nnatdopma
ocTaeTcs Hencnomnb3oBaHHon! CornacHbl N Bbl C 3TUMK paccyxae-
HuAaMn? Hackonbko oHu ybeauTenbHbl? [ecTBUTENBHO NN B3AT Ca-
MbIli NSIOXOW Crlyqain? Kakor cnyvan MOXHO cunTaTb camblM NIAOXMM?

OueBUAHO, UTO camblil MWIOXOH ciaydalh — 3T0 Korza Bce 17 mjat-
dbopm uUMEIOT 00JIbLIOH HEAOrPY3, U €r0 HEJb3s YCTPAHUTb MepeTa-
COBKOW 1J1bIO, T. K. BCE IJ1bIObI 0iMHAKOBOrO Beca. IlycTh Ha kaxaon
u3 17 nnardopm jexur n riabid. Toraa Bec kax ol ribiObl cocras-
aser 870/(17n) T, a Hemorpys KaxaoW maaTrhopmMbl COCTABJISICT
(58 —870/17) 1. Ecaiu BbiOparh n Tak, 4TOObI BBINOJIHSIOCH YCIOBUE
58 — 870/17 <870/ 17n), T0 ycrpaHuth HeAOrpy3 HEeBO3MOXkHO. [lo
ycioBuro 3aaaun 870/(17n) < 8. Orcroaa ajist 7 nojty4aem

62 <n< 7l .
2
YnpaxHeHne

MposepbTe, yto ANs 18 nnatopm Takoh MIOXOW Cryyan OpraHn3o-
BaTb HEIb3S.

3ap,al-|v| Ana camocCToATeJSIbHOro peLwieHuna

3agaua 1. Cpeau Bcex umcen X, ¥, KOTOPbIE YIOBIETBOPSIOT HEPABEH-
crBaM y+2x>2, 3y+2x>6, HaliTu Takue, 4TOObl CyMMa X+ y

ObLTa HAUMEHBIIIEH.

3amaua 2. M3 KBagpaTHOTO JIMCTA JKECTH pa3MepaMu dxda Haao U3ro-
TOBUTH SILUMK, OTKPBITbIA CBEPXY, BbIpe3asi 10 yriiaM paBHble KBajpa-
Thl U 3arubas 3arem kpas. KakoBa nomkHa ObITh CTOPOHA OTpe3aeMo-
ro KBajpara, 4ToObl NOJLYUHJICS SILLMK MAKCUMAJIbHOTO 00beMa?

3anaua 3. llena OpuiimaHTa nNponopuUUOHa/ibHA KBaApaTy €ro Beca.
Kak u3MeHUTCS CTOMMOCTh OpUJUIMAHTA, €CITH €r0 PACMJIMTh Ha He-
CKOJIbKO YacTei?
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3anaua 4. Haiitu skcrpemymbl PyHKUMN Y = sin? x +cos* x.

1
—+
sinx cosx

3anaua 5. Haiitn HauMeHblee 3HaueHne QYHKIUN Y =

mpu 0 <x<m/2.

3apaua 6. Haiitn HauMeHblee 3HaueHre QyHKIIUN

foy)=x+y+

x%y?
3apaua 7. Halitu HaumeHbLuee 3HaYeHue QyHKUUK
y=| x—-1 |+| x—2|+| x-3 |+| x—4|.
3agaua 8. /lokazaTh HEpaBEHCTBO
1 1 1 1

T2 Bada ke Vmevm

3agaua 9. Haiitu oObem uuiavHapa, BnucaHHoro B cepy panuyca R
C MaKCUMaJIbHOM MJ10LA1bI0 NOJIHOM MOBEPXHOCTH.

3apava 10. J[nuHbl AByX MelHaH TpeyroibHuka paBHbl 3 U 4. Kakyto
HauOOJIBIIIYIO [1011AJb MOYKET UMETh 3TOT TPEYrONbHUK?

3aaaua 11. 3aGopom ajuHoii / Tpedyercsi orpaauTh y4acTok B popme
MPsIMOYTOJIbHUKA C MPUMBIKAIOUIMM K HEMY MOJYKPYrom, AMaMeTpoM
KOTOPOrO C/1y>KMT OJHAa U3 CTOPOH npsMoyrosibHuka. Hailiaure Hau-
OosibllIee 3HAUSHHE TIIOLLAM TAKOrO YuacTKa.

3anpaua 12. 3abopom anuHoii / TpebyeTcst orpaguTh y4acTok B hopme
MpSMOYTOJIbHUKA C TPUMBIKAIOIIUM K HEMY PaBHOCTOPOHHUM Tpe-
YTOJIbHUKOM, CTOPOHOIH KOTOPOTO CITYKHT OJIHA W3 CTOPOH NpSIMO-
yronpHuKa. Haiinure HauOonpliee 3HaueHHe TUIOIIAIN TAKOTO y4acTKa.

3agaua 13. Bec HeckobKUX SILKMKOB ¢ rpy3om coctasiser 10 T, npu-
4eM Kbl silKK BecuT He Oosiee 1 T. 3a Kakoe HaMMeHbllIee KOJIU-
YECTBO MOE340K MOYKHO NEpPEBE3TH BCE OTH SILUMKM HA TPEXTOHHOM
rpy3oBuke? [leperpyskaTb aBTOMOOMIIb HEJIb3SI.

3apauya 14. MecTopoxxaeHue pyapl A HaXOAUTCS HA HEKOTOPOM yJa-
JIEHUW OT pekH, Ha Oepery KOTOpoW pacIofioiKeH MeTaJuTyprudecKuii
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komOuHar B. Pyay u3 A B B MOXKHO NMpHUBE3TH 0 KeJIE3HOW a0pore
JI0 PeKH, a 3areM Ha Oapkax no pexe. CTOMMOCTb NEPEBO3KH TOHHbI
pyabl Ha 1 KM MO >ke1e3HON A0pore BABOE AOPOXKE, YEM BOAHbBIM ITy-
Tem. ['ne Ha Gepery peku Haj0 MOCTPOUTH NPUCTaHb U MPOJIOIKHUTH
K HEW U3 A KeJIe3HYIO A0pOry, 4ToObl TPAHCIIOPTUPOBKA PY/bl ObLila
camoii aeeBoii?

3apaua 15. [lyTeliecTBeHHUK AOJKEH NEpeceub MyCTbIHIO. 3a CYTKU
OH MOXKET NpoxoauTh He Gosnee 20 KM U HecTU ¢ coOOH TpexcyTou-
HbIH 3anac Boabl. Eciy myTellecTBeHHUK HAa NPOTSKEHUU CYTOK OKa-
JkeTea O6e3 BoAbl, OH norubHer. Bogoll oH MoxkeT 3anacTuch B HEOr-
PaHUYEHHOM KOJIMYECTBE TOJIbKO B HAuajlbHOM IIyHKTE MaplipyTa.
B KoHILIe CyTOYHBIX NEPEeX010B OH MOXKET yCTpauBaTh CKJIAZbI C 3ara-
caMM BOAbI AJISl UCMOJIb30BaHUs UX B OyaylieM. 3a Kakoe HauMeHb-
1iee BpeMs IyTELUECTBEHHUK CMOXET Mepeceub MyCTbIHIO JIMHON
80 km? 100 km?
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O TOoM, Kak ¢ NOMOLLbIO TNpPeEK
NOCTPOUTb KpaTyHaunLlylo
TPaHCMNOPTHYIO CeTb,

N O TOM, KaK MOXXHO pacTAaHYTb
6bIUblO LUKYPY

3.1. 9KCTpeMyM B reOMeTpUYECKMNX
3agavax

Bot — HoBblit 10BOPOT!
UYro oH HaM HeceT?
IIponacrs uiu B3aer?
Owmyt umm 6pona?
U ue pazbepeuib, 10ka HE OBEPHELID!
H3 penepmyapa zpynnvl
"Mawuna epemenu”

Yacto ycnex pelueHust PUHOCUT W3MEeHeHue (GOPMYJIMPOBKH 3a1auM,
MepeBo/] 3a7a4ud Ha Apyrou "s3bIk", Hampumep, ¢ s3blKa anreOpbl Ha
s3bIKk reomerpuu. llpyu 3TOM nepexone OTKpbIBAETCS MHOM, HEOXKH-
JaHHBbIA MOAXOJ K PELIeHUI0, KOTOPbIi ObL10 Obl HEBO3MOXHO YBU-
JeTb B pamkax "anreOpavueckoro B3risiaa’ Ha ycioBue 3aaaqu. Paz-
Oepem cnenyomui npumep.

Ilpumep 1. Haiitn HaumeHblIee 3HaueHue GyHKLUU

) =Vx? +4+4)(45-x)2 +16. (1)
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Yro HanomuHaer kaxaoe u3 ciaraembix B (1)? Teopemy [ludaropa!l
Tounee — dopmyily Ul PacCTOsiHUS MEXK1y ABYMsi TOYKAMM Ha
KoopauHAaTHOH miockocth Oxy. Tak, Hanpumep, BbIpaKCHUE

\/ x2 44 = \/ (x—0)? +(0+2)> moxHO WHTepIpeTUpOBaTh KaK pac-

CTOsIHKE OT ToUukd M ¢ koopauHatamu (x;0) 10 Touku A ¢ KOOpaUHA-

tamu (0;2) uam (0;-2). Toruma BbipaxceHue \/(4,5—)6)2 +16 — 310

paccrosinie ot Touku M 110 Touku B ¢ koopauHaramu (4,5;4) wiu
(4,5;—4) . Touka M pacnosioxkeHa Ha 0ocH a0CLMCC, U NOITOMY 1M
3a/1a4€ CJICAYIOLLYIO IT€OMETPUUECKYIO (DOPMYJIMPOBKY.

3anaua 1. Jlana npsmas / u nBe Touku A u B, He nexamue Ha nps-
Moii. Ha mpsamoii / Haiitu Touky M, 4ToOBI CyMMa paccTOsSIHUE OT Hee
o Touek A u B Obu1a MUHAMAJIHLHA.

DTO OueHb U3BECTHAsA M APEBHsA 3aaaya (aBTopoM ee cuuraroT ['epoHa
AnexcaHapuIicKOro), U ee pelieHre HaBepHsIka Bam 3Hakomo. Bot oHo.
Ecau Touku A u B niexkar no pasHbie CTOPOHbI OT NpsiIMOM /, TO pelie-
HUE OYEBHAHO: UCKOMas TOYka M — 3TO TOUKa MepeceveHus! OTpe3Ka
AB ¢ npsimoii /. Eciin Touku A 1 B siexar 1o ogHy CTOpoHy OT NpsiMOi
[, Tornra M — 310 TOYkKa nepecedeHus orpeska AB; ¢ npsimoii /,
rae By — Touka, cummerpuunas B orHocurenbHo npsimoti / (puc. 3.1).
Jlokaxkute camMocTOsTeNbHO, YTO JUls JIF0OOH Apyroii jiexkaluei Ha npsi-
Mo# / Touku M, BeinonHsieTcst HepaseHctso AM; + M B > AM + MB.

A

Puc. 3.1

YnpaxHeHne

Vcnonb3ysa 9TOT pe3ynbTaT, pelumnTe cneayoLlyio 3agady. [JaH ocTpbii
yron v Touka A BHyTpuW Hero. HainTv Ha ctopoHax yrna Toukun B n C Tak,
uTobbl NepumeTp TpeyronbHuka ABC 6bin MuHumanbsHbiM. O6patuTe
BHYMaHWe Ha TOT (haKT, YTO 3a4aHHbIN yron 06s13aH ObITb OCTPBIM.
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Puc. 3.2

Bospatuasich k Hauiemy rnpumMepy, yoexaaemcs, uto Touka M aenur orpe-
30k OC B otHowenun OM : MC =1:2 (puc. 3.2). 3nech Touka C — mnpo-
ek Touku B Ha ock abceiwicc — nmeet koopauHatsl (4,5; 0). Mtak, Mbl
HAULTY 3HaYeHHe NiepeMeHHON x = 3/2, KoTopoe 1aeT MUHUMYM f(x), u

Terepb HAXOJIMM MUHUMasTbHOE 3HaueHue Gpynkimu f(1,5) = 7.5.

PaccmoTpum HECKOIBKO 33y, UMEIOLIMX JOBOJIBHO W3SIIHBIC TeO-
METPUYECKHE PELLICHUS.

3anaua 2. Jlana npsmas / v nBe Touku A u B, nexkainue no onHy cto-
poHy ot mpsmoii. Ha mpsimoii / naiiti Touky M, utoOsl yron AMB
OBIJT MAKCUMAJTLHBIM.

Pewenue. Yoenumcs cHadana, 4To Takas Touka cyuectByeT. [lomec-
TUM Touky M B Touky mepeceuenus npsmod AB ¢ mpsmoii /. Torna
yron AMB pagen nymo. byaem cmemats Touky M no nipsimoii /. [pu
atoM yroi AMB Oyner cHauana Bo3pacTaTh, HO Korga M caBUHETCS
OUYEeHb AAJEKO, OH CTaHeT omnaTb MaiubiM (yron AMB oGpawaercs
B HOJIb NpU OECKOHEUHOM yAajeHWu Toukd M). Mexay stumu kpaid-
HUMU ciydasmu yrol AMB  nomxen roe-HuOynp ctaTh MakcUMallb-
HbIM, U rpadyK 3aBUCUMOCTH yIJla OT MOJIOKEHUsI ToUK M Ha npsamoit
/ nmeeT BUJ, TIOKa3aHHBIN Ha puc. 3.3.

Monowenme Toukn M

Puc. 3.3
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MoxHO noiiTu anreOpauyeckuM MyTeM W MOUCKATh (PYHKLIMIO, MOHO-
TOHHO 3aBHCsLLYIO OT yriia AMB. B kauectBe Takol ()yHKLHUH MOKHO
B3$iTb, HANIpUMep, TaHreHc yria AMB.

Ilycte Ay u B; — oCHOBaHUs NEepNeHAUKYJIIPOB, OMYLUEHHbIX U3 A U
B na [ (puc.3.4). ObGoznauum MB, =x, AB,=c, AA| =a,
BB, =b, ZAMA, =0, ZBMB, =f. Orctona ZAMB = o -3,

a b
tga, —t. X a—-b)x—bc
f(x)=tg(oc—B)= &g gB — X+C X :(2 ) )
1+1tgo-1gP 1+ ab X +xc+ab
x(x+c¢)

Tenepp HeoOxoaumo Haiitu MakcumyMm f(x). Takoe perieHue BbI-

[IAUT MaJIONpUBIEKaTeIbHbIM U3-3a ciiokHOCTH. [lonpobyem pac-
CMOTpeTh cHauasa Oojee mpoctoil ciayuaid, korna AB.L1/. B stom
ciayuae ¢ =0, npu 3Tom

a-b
x+ab/x’

f(x)=

Makcumym f(x) pocruraercsi OJJHOBPEMEHHO ¢ MUHUMYMOM 3Hame-
Haresns (Kakoe HepaBeHCTBO TYT MOXKHO MpUMeHUTH?). [ToaTomy mak-
cumyM f(x) nmocturaetrcs npu x =+ ab . OTpe3ok AIUHOU +ab mo-

cTpouthb HecsioxHO (kak?). Ho kak ObiTh B 00uiem ciyuae? Kopoue
roBopsi, Mbl nokaem apyrum nytem! Pasrasapisas puc. 3.3, nerko 3a-
METUTbh OIHO 00CTOsTENIbCTBO. Eciiu B kakoh-HuOy b Touke M; yroi
AMB ne oocmueaem cBOero Makcumyma, TO Ha NpsiMOM / HAXOAUTCS
ewe oona Touka My, nis koropoid ZAM,B = ZAM,B, npuuem tou-

ku M| 1 M, niexxar mo pasHble CTOPOHBI OT TOH TOUKH, KOTOpas AaeT
MakcuMaJbHbIA yros. Wrtak, Ha mipsamoi / cyliecTBYIOT 08e TOUKH,
Jaronire oJuHaKoBoe (He MakcuMalibHOe) 3HaueHue yriia AMB. Bos-
HUKAaeT BOMPOC: I/Ie Ha TUTIOCKOCTH HaXOIATCs gce mouku M, naromue
oounaxosvie snavenus yria AMB? W Ha 3TOT BOmpoc JIerko oTBe-
tuth! Hajo BCIOMHUTH CBOMCTBO BMHCAHHBIX YTJIOB: 6ce mouku M,
aexcawyue Ha 0y2e OKpYICHOCHU, npoxoosueil yepes A u B oaiom
oounaxosoe 3uavenue yrna AMB. Octanoch NOHATh, Kakas UMEHHO
OKpPY>KHOCTb, TIPOXOAdIIas Yepe3 Touku A u B, maer makcumanbHOe
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3HaueHue yraa? Ha ator Bonpoc Toxe jerko orsetutsh! Takas ok-
PYXKHOCTb [0/DKHA MMETb TOJILKO OAHY OOLLYIO TOYKY C MPsIMOM /,
T. €. Kacarbesi npsimoild. Touka kacanus M u Oyaer uckomoi. 3anaua
noutu peuieHa. OcTanoch NOCTPOUTh UCKOMYIO OKPY>KHOCTb.

A

_/

Puc. 3.5

[lyctb npsimasi AB nepecekaer npsimyto / B Touke E, nckomasi okpyx-
HOCTb Kacaetcs npsiMoii / B Touke M (puc. 3.5). [lo Teopeme o ceky-
wed M Kacare/ibHOW, IMpoBeAeHHbIX U3 Touku E, wumeem:

EM =+ AE-BE. Orpe3ku AE u BE wussectHsl, nosromy Herpy-

HO mocTpouTh oTpe3ok EM (kak?). 3ametum, uro otpe3ok v AE-BE
MOJKHO OTJIOKMTb Ha NpsiMOi / Kak BOpaBo, Tak U BJIeBO OT Touku E.
Takum oOpa3oM rMoJjiydaem JBa BO3MOKHbBIX TOJIOIKEHHUST WCKOMOM
Touku: M; u M,. Tenepsp yxe HeTpyIHO HAlTU LIEHTP U paanuyC UC-
KoMOH okpyskHOcTH. [locTpoum B Touke M| (wiu M, ) nepnesauky-
JISIp K MPsIMOiA /, a Takoke cepeiMHHbIN MepreHaAuKYJIsip K oTpe3ky AB.
Touka nepeceyeHusi MOCTPOSHHBIX NPSAMBIX M OylIeT LEHTPOM HMCKO-
MOM OKPYXHOCTH.

Ocranuch HEBBIACHEHHBIMM CIIEAYIOLIME BONpPOCHI: Kakas W3 JABYX
Touek M; unn M, paer makcumaibHoe 3HaueHue yria AMB? Kak

MOCTPOUTb UCKOMYIO OKPY>KHOCTb, €ciii oTpe3ok AB mnapamnenen
npsiMoii /? Pa3zbepurech ¢ 3TUMU BOIIPOCAMU CAMOCTOSITEIIbHO.

W3 3r1oit 33124 MOKHO U3BJICYb OUYEHb LICHHbIC HAOJIOACHUS. 3ay-
MaiTech, KAKOW acleKT MPUBEIECHHBIX PacCyKIE€HUN Chirpaji Kiroye-
BYIO posib B peiienun? [lo-Buaumomy, 1Ba MOMEHTa OKA3aJMCh OUEHb
BakHbIMU. [lepBblil — Koraga Mbl CTaJlu paccMaTpUBaTb 6Ce MOUKU
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TUTOCKOCTH, JUISl KOTOPBIX 3HAUCHUE YIJa 00UHAKO80e. DTO YaCTHBIN
cityuait Gosiee OOLLEro MOHATUS AUHUU YPOGHS DYHKLUMH, ONpeaesieH-
HOW Ha MHOXKECTBE TOYEK IUIOCKOCTH. Tak Ha3pIBalOTCSA JIMHUH, CO-
€/IMHSIOLIME BCE TOUKM IJIOCKOCTH, AJISi KOTOPbIX (DYHKLMSI NPUHUMA-
eT OJJMHAaKOBOE 3HaueHue. B Hauiell 3amaue 310ii hyHKImei ObuT yrou,
Mo/ KOTOPbIM BUAEH OTpe30K AB U3 HEKOTOPOH TOUKM MJIOCKOCTH.
Ho nuHMM ypoBHS MOXHO MOCTPOUTDH A 000N (DYyHKLIMM MOJIONKE-
HUsl TOUKU. B nelicTBUTENIBHOCTH, Bbl YK€ 3HAKOMbI C OTHUM IOHSITH-
eM. BecriomHuTe, Ha reorpaduueckux KapTax HaHeCeHbl TaKUe JTUHHH.
Onu nokaspiBatoT penbed mecrHoct. Tam (yHKUMs — 3TO BbicoTa
TOUYKH TIOBEPXHOCTH 3eMITi Haja ypoBHeM mopsi. Ha kapte nuHuu no-
CTOSIHHOI'O 3HAY€HMsi BbICOTbI (JJMHUM YPOBHS) HaHECEHbI C Orpe/e-
JICHHBIM MHTEpPBAJIIOM, Harpumep, depe3 kaxabie 100 M, HO Jierko mo-
HSITh, YTO 4epe3 JI00YI0 TOYKY 3eMHOM MOBEPXHOCTH MOXKHO BCerja
MPOBECTH JIMHUIO YPOBHSI, MOCKOJBbKY KaXkJas TOYKAa HAaXOIWTCS Ha
Kakoi-HuOyOb BbICOTE (@ eciiv To4ka Ha JiHe okeaHa?). Ha reorpadu-
YecKOM KapTe JIMHUK YPOBHS CIy»art JJis TOro, YToObl YBUIETh pac-
nosiokeHue u (HopMy ropHbiX XpeOTOB, KPYIHbBIX OBParoB U OTAE/b-
HbIX TOPHBIX BepuIMH. [JNAAs Ha JIMHUK YPOBHS, MOXHO JaKe
YBHUIETh, KaKhe CKIOHBI KpYyThle, a Kakue mosiorue (odaymaiite, kak
3TO OTPECIUTS ).

Jns ¢dyHkpm oT IBYyX mepeMeHHbIX (KOOPAWHAT TOYKHM Ha TUIOCKO-
CTH) JIMHUHU YPOBHSI UTPAIOT Ty YK€ POJIb, UTO U Ipaduk AN PyHKIUN
oT oaHOM nepemeHHOM. Takum 06pa3oM, €Cliu Bbl MPEACTABISNETE, KaK
yCTpoeHa Kakas-miuOo (YHKIMS OT IBYX MepeMEeHHBIX, BbI MOXeETe
CXEMaTH4YHO MOCTPOUTh CEMEHCTBO JIMHUK YPOBHS 3TOW (DYHKUUH W
pa3o0parbcs, B KakKWX TOYKaxX (DYHKIMS NMpUHUMAaeT HauOoJblliee U
HauMeHbliee 3HaveHus. O0aymaliTe, Kak BBITJSIIMT JIMHKUS YPOBHS,
TPOXOJIIas Yepe3 BepHIMHY TOpbl. MOXET JIU JIMHUS YPOBHS OBITh
camomnepecekaromencs?

BTopoil BaxHBII MOMEHT B PELIEHUHW — KOTJa Mbl BbISICHWIH, UTO
OKPY>KHOCTb (JIWHHMS YPOBHS) OOJDKHA KacaTbes mpsiMoi /. B Hatmei
3a1a4ye Touka M nepemelnanachk He O BCEH MIOCKOCTH, a MO 3apaHee
3aJIaHHOW TpaeKTOpUH (BAOJb MPSIMOH /).

Jlerko BUzeTH, YTO €CJIM B TIpoOLiecce ABMKEHUs Touka M nepecexaem
JIUHUW YPOBHS, TO B 9TH MOMEHTHI (YHKLMS He docmuzaem CBOETO
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SKCTPEMaJIbHOTO 3HAYEHUS, MOCKOJIbKY TOYKa M mepexoauT Ha HO-
BYIO JIMHUIO YPOBHSI, AJIsi KOTOPOil 3HaueHue GpyHKUMH JInOo Oosiblue,
1100 MeHblue npexxHero. CieqoBaTe/bHO, SKCTPEMYM MOXKET J10CTH-
rarbcsi TOJAbKO B TOM TOYKE, B KOTOPOM 3ajlaHHasi TPaeKTOpUsl Kdacd-
emcs IMHUM YpOBHS. BakHO MOHATDH, YTO Takas CUTyalUs UMEET Me-
CTO HE TOJbKO B PELUEHHOW 3ajlaye, a BCAKMWA pa3, Korjga ULIETCs
3KCTPEMYM (PYHKLIMM HECKOJIbKUX MEPEMEHHBIX MPU IABUKEHUU HO
3A0AHHOMY NYMU.

YnpaxHeHune 1

BbisicHWTe, 4TO npeacTaBnsioT cobon NMHMKN YPOBHSA HEKOTOPbIX MpO-
CTENWNX PYHKLUNIA NONOXKEHNSA TOUYKN HA NNOCKOCTK:

®  (DYHKLUUS — 3TO pacCTOSHUE A0 3a4aHHON ToYKn A,
®  DYHKLUUS — 3TO pacCTosHUE [0 3a4aHHON NPAMON /;

e  YHKUUS — 3TO CyMMa pacCTOSHUA A0 ABYX 3afaHHbIX nepece-
Karowmxca npsambix /4 v I;

e  (DYHKUUS — 3TO pa3HOCTb PacCTOAHUA OO ABYX 3adaHHbIX Nepece-
Karowmxca npsmbix /4 v I;

®  (DYHKLUUS — 3TO OTHOLLEHME PACCTOSAHWI A0 ABYX 3a4aHHbIX nepe-
CEKaIOLMXCH NPAMbIX /1 1 [o.

YnpaxHeHune 2

MocTponTe NnuHMmM ypoBHA Bonee CrnoxkHbIX OyHKLMIA:

®  DYHKUUS — 3TO CymMa pacCToAHUIA A0 Toyek A n B;

®  DYyHKLUUS — 3TO Pa3HOCTb PACCTOSAHMI A0 Touek A n B;

®  DYHKUUS — 3TO OTHOLUEHNE PACCTOSHNI A0 Tovek A un B;

®  yHKUUA — 3TO NPOM3BEAEHME PACCTOSHNIA A0 3a4aHHbIX Nepece-
KaloLmnxcs NpambiX /1 1 b;

®  (DyHKUWA — 3TO NPOU3BEAEHUE PACCTOAHNI OT 3a4aHHbIX Todek A m B.

3agaua 3. /Ige nepecekaroiyecs A0pord oOpasylOT yroJi, BHYTpU
KOTOpOro nporekaer pyueid. Bcaanuk, eaymuii no nepBoi jpopore,
XOYEeT, He J]0e3Kasi 10 MePeKpecTKa, CBEPHYThb K PyUblO, HAIIOUTb CBO-
€ro KOHsl U BblexaTb Ha Apyryto gopory. Kak emy 310 cienarb, 4ToObl
JUIMHA IyTH 110 0€310p0KbI0 Obl1a HAMMEHbLICH?



94 naBa 3

K,
A
M
[0, B —
Puc. 3.6

Pewenue. OueBuaHo, uTO yuactku mytd AM u MB (ot goporu k py-
YblO U OT Pyubsl Ha APYIYIO AOPOTY) JOJKHBI ObITh MEPHEHAUKYIApa-
MU K COOTBETCTBYIOLIMM CTOpoHaM yria (puc. 3.6). Bor Tonbko rue
MMEHHO Ha Oepery pyubsi Hago BbIOpaTb TO4YKy M, uToOBI CymMma
AM +MB O6bina munuManeHoON? [locTporM JWHMM YpOBHS IJis
¢yukuuu (M) = x+ y, rae x, y — paccTosiHus OT To4Yku M 0 cTO-
POH yrija, T.€. HalileM MHOXKECTBO TOYEK, AJsl KOTOPbIX 3HAYCHHE
f(M) paBHO HEKOTOPOMY 33J]aHHOMY YHCIY C.

YkasaHne

PaccmoTtpute cHavana yacTHbIl cnydal, korga goporn obpasylor
npsiMoi yron. [Joporn MOryT CRyXMTb OCAIMU KOOPAWHAT, W HAaAo TOMbKO
aoragartbCd, Kakyl JIMHUIO 3a4aeT Ha NIOCKOCTUN ypaBHEHNEe X + y=c.

OpnHO U3 cnaraeMbIX X, y MOXKET ObITb PaBHBIM HYJIIO, TOTAa UCKOMO-
MY MHOXECTBY MPUHAIEKUT TOUKA M, Jiexallas Ha CTOpOHe yrJja u
yZAajeHHas OT ApPYyroil CTOpoHbl Ha paccrosiHue c¢. Ecnau apyroe cna-
raéMoe paBHO HYJIIO, TOTJa HMCKOMOMY MHOXECTBY MPUHAIJIEKUT
Touka M, Ha npyroil cropone yria, npu 3rom OM; =0OM, =a
(puc. 3.7). Bo3HukaeT nogo3peHue, YTO U OCTaIbHbIE TOUKM OTpe3Ka
MM, npunaanexar uckomomy muoxxectsy. [Iposepum ero.

[lycte M — mobas Touka orpeska MM, . CoeaunHum ee ¢ BepLuM-
Ho# yrna O. Ilonyuunucs asa tpeyronsHuka MOM; u MOM,.
Cymma ux miomaneid, paBHas a-(x+ y)/2, cocTaBiseT IUIOLIAlb
TpeyroipHuka M,OM, . 3Hauut, cymma (x+ y) He 3aBUCUT OT MO-

Joxenuss Touku M Ha orpeske MM, . [logo3penue okazanoch Bep-
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HbiM! MITak, KICKOMbIE JINHUK YPOBHSI — 3TO OTPE3KH, JiexKallye BHYTpU
yrjia v nepreHauKy/sipHbie kK Ouccekrpuce yria. Tenepb Ha Oepery
PYubsi HA/10 HAMTH TaKyro TOYKY M, 4TOObI Npsimasi, MPOBEJCHHAs Yepe3
Hee MepreHAUKYJSIPHO K OuccekTpuce yriia, Oblla HauMeHee ynajieHa
ot Touku O.

Puc. 3.7

3apaua 4. B tpeyronbHuke ABC Bce cTopoHbl paznuuHbl. Haligute
B TPEYroibHUKE TaKylo TOUKy M, cyMMa pacCTOSIHUH OT KOTOPOH 10
BCEX CTOPOH TPEYrojbHUKa OyAeT HAMMEHbLIEH.

Pewenue 1. llycrs a > b > ¢ — croponbl Tpeyroiibhuka ABC. O603Ha-
YHUM PacCTOSIHUS OT TOUKU M /10 3TUX CTOPOH COOTBETCTBEHHO Uepe3 X, V), Z.
CoearHuM TOUKy M ¢ BepluMHamMu TpeyrojbHUKa. Tak Kak cyMma Iioa-
Jel nomyyusLmxcs tpeyrojabsHukos AMB, AMC, BMC cocragsieT mio-
manp S Tpeyronbanka ABC, 10 x-a+ y-b+z-c =25 . Orcrona

x-a+y-b+z-c =l= i+l+i:1,
28 2§ 28 .y h,
rane h, < h, <h, — BbicoTbl B TpeyroabHuke ABC. Ecinu Tenepp

B JIEBOM 4acTU 3TOr0 PaBEHCTBA 3aMEeHUTb A, U h. Ha h,, TO cymMma
YBEJIMYUTCS U Mbl [10Jy4UM HEPABEHCTBO

X z

L ALY ,
ha ha ha

T.e. g Mobol TOYKH M uMeeM x+ y+z > ha. CnenoBarebHO
CymMMa X+ y+2z [JOCTUraeT MUHUMYMA TOJIBKO IpU X+ y+z=h,,

T. €. KOraa uckomas Touka M coBmaiaeTr ¢ BeplnHOn A.
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Pewenue 2. Bozpmem mo0yto TOUKy BHYTpH TpeyronbHuka ABC u
OyzaeMm ee nBUraTh Tak, 4YTOObI CyMMa X + ) + Z PacCTOSHUM OT Hee J10

CTOPOH TpeyroibHUKa Bce BpeMsl yMeHbluanach. CHauana Oynem ee
JOBUraTh Tak, 4YToObl cyMMa X + y Obljla OCTOSHHOM, a pacCTOSHUE Z

yMeHbluanoch. Jlokaxkure, 4yTo Toraa Touka M paHO WM MO3[HO OKa-
JkeTcsl Ha cTopoHe b unu c. [lpy 5ToM 0HO W3 crlaraeMblX CTaHET pas-
HbIM HyJt0. 3ateM OylaeM IBUrath €€ Mo CTOpOHe TpeyrosibHuka. [lo-
KaXHTe, 4TO Toraa Touka M paHO Wiy MO3AHO OKa)KeTCs B BepLIMHE A.

3apaua S. /IBa nocenka A u B pacnosiockeHbl Ha pa3HbiX Oeperax pe-
KM 1 Ha pa3HoM yjajieHuu ot Oeperos (puc. 3.8, a). ['ne na peke Hano
nocrpoutb Moct CD, utoObl popora u3 A B B uMena HaumeHbL1yIO
uinHy? bepera peku — napasuielibHble MpsSMble, MOCT MEPIEHANKY-
JisipeH Oeperam.

A A A

Puc. 3.8

Pewienue. Ecnu Obl miMpuHa peku Obliia OYeHb MalleHbKOW (He peka,
a pyueeK HIUPUHOM B OJIMH IIAXKOK), TO pelleHre ObIIo Obl OYEBUIHO:
HAJI0 COeIMHUTh TOUKU A U B mpsMoii U TaMm, rjie 9Ta npsimas nepece-
YeT peKy, TaM M CTPOMTh MOCT (MOMPOCTY TOBOPS, MEepellarHyTh py-
yeek). Henb3st v peky cienaTh Hy/neBoil mmpuHbl? Bo3bmeM oauH
Oeper pekd W CJABHUHEM €ro Ha INMPUHY PEKH, COBMECTUB 00a Oepera.
[Tpu 5TOM caBUHETCS BCs MOTYIUIOCKOCTb, U TIoceiok B 3aiiMeT HOBoOe
nonoxkenue B (puc. 3.8, 6). Coenqunnm A u B u B Touke C, re ot-
pe3ok AB; mepeceueT coBMelleHHbIe JiBa Oepera, MOCTPOUM MOCT
(HacTosiiero pasMepa, He HyseBoro). [locne atoro BepHeMm Oeper Ha
npexxHee MecTo. JJokakute caMoCTOATEeNbHO, UYTO JAJIMHA JH000# HHOM
noporu Oynet Gomnblie.
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3agaua 6. /[Ba nocenka A u B pacnonoxeHsl Mo OJHY CTOPOHY OT
JKeJIe3HOM goporu. I'ne Halo pacnosioKuTb  KEJIE3HOJOPOMKHYIO
m1atopmy 3aJaHHOHN [1JIMHbI, 4TOObI CyMMa PacCTOSIHUE OT MOCEJIKOB
J10 Hee Obu1a MUHUMAJIbHOM?

Pewienue. Ilyctb npsimast [ — 310 xene3Has popora. OnycTum U3 To-
uek A u B nepnenauxyssipel AA; u BB Ha npsmyto /. Eciu ayinna
miardopmbl CE Oosbilue muiubbl orpe3ka A 1By, To miardgopmy Hano
pacroyioxutb Tak, utodbl orpe3ok CE copepkan B cebe orpesok
A;B,. Ilpu 3TOM cymMMa paccTOsiHUH OT MOCEJIKOB A0 I1aTdopmbl
paBHa AA| + BB,. Eciu nauna miardopmbl CE MeHbuie aiuHbL OT-
pe3ka A;Bj, To orpe3ok CE ngomkeH comepikaTbCsi BHYTPH OTpe3Ka
A1By, v Haj10 HaliTK Takoe NojioxkeHue Touku C, 4roObl Cymma OTpe3-
koB AC u BE Obu1a MUHUMAaJILHOM.

Puc. 3.9

PaccmoTpum mpenenpHblil ciyuali, korga miatgopma HyJIeBOH AU-
Hbl. Toraa 3amaya cBOAMUTCS K pelIEHHOH paHee: Halo Ha mpsaMoil /
HalTHU Takylo TOYKY, YTOObl CyMMa pacCTOSHHUH OT Hee 10 ABYX 3a-
JaHHBIX To4YeK Oblia MUHUMaIbHOH. Kak cnenath anuHy miatgopmbl
HyJieBoi? OueHb MPOCTO: HANO cAejaTh Mapalse/bHbld NepeHoc OT-
pe3ka BE Ha Bektop EC. IIpu sToM Touka E coBmazer ¢ Toukoit C,
a touka B nepemectutcs B monoxkenue D (puc. 3.9). Teneps Ha mps-
Moii / HaxoauMm uckomyto Touky C. Jlokaxkute, 4to npu 1000M HHOM
nonoxkennu matdopmel CE cymma AC+ BE Oyner Gonblue.

3agaua 7. Manbuuk XouyeT MNepervibiTh PeKy TakK, YTOObl ero Kak
MOJKHO MeHblIe cHeco TeueHueM. [lon kakum yrnom k Gepery peku
OH JIOJIZKEH IUIbITh, €CJIM CKOPOCTb TE€UEHHs 2 M/C, a CKOPOCTb, C KO-
TOpPOW MaJlbUMK MOXET IUIbITh B cTOsUeH Boze, 1 m/c?
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Puc. 3.10

Pewmenue. Pe3ybTUPYIOIIMI BEKTOP CKOPOCTH MajlbiMKa OTHOCH-
TEJAbHO Oepera — CyMMa BEKTOpPA CKOPOCTH TEUSHMSI U BEKTOpa COO-
CTBEHHOW CKOpOCTH Majibuuka. Hano, 4toObl pesysibTUpYIOLUN Bek-
TOpP COCTaBJisl/l HauOOJbILKI yron ¢ HanpasiieHueM TedeHus. [lycrb

Bekrop AB aunoli 2 — 310 CKOpOCTb TeueHusl, BeKTop V;, UMHOH 1 —
coOcTBeHHass CKoOpocTh Majibuuka. CoBMecTUM KoHel, BekTopa AB
1 Hauajo Bektopa V), u Oyaem BpaiiaTb BEKTOp V), BOKpYI €ro Ha-

yaja, MeHsis HanpasieHue. Konew Bekropa V), onuiuer oKpy»KHOCTb

pagmycom 1 (puc. 3.10). HyxHo HaliTh Ha 3TOH OKpYXHOCTHU TaKylo
Touky M, uToObI yros mexay sekropamu AB u AM Obu1 Makcumalib-
HbIM. HeTpynHo BUAETb, YTO [Ist 3TOro npsMas AM 1o/pKHA KacaTbCst
OKPY>KHOCTH, [PU TOM CUHYC yrja OyaeT paBeH OTHOLUSHWIO JUIUH

BEKTOPOB I7M u AB, T. e. yroa pasen 30°.

3agaua 8. Jlan npamoyronbHuk ABCD co cropoHamu AJMHOH a
u b. Hy>kHO MOCTpOUTH MPSAMOYTOJbHUK HAaUOOJbLIeH TUIOaAN TaK,
yToObI BepminHbl A, B, C, D Obuin pacnoyioxKeHbl Ha BCeX €ro CTo-
poHax.

N C K
B
D
oL
M A L

Puc. 3.11
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Pewenue. Ilycts npsmoyronbuuk MNKL — wuckombiid. 3aMeTum,
41O NpsimMoyrojabHuk MNKL 0aHO3HAYHO ONpenessieTcst yrioM Mex-
ay cropoHoii MN u orpeskom AB (puc. 3.11). O603HauuM 3TOT yroJi
yepe3 . IlpamoyrosbHuk MNKL coctour u3 npsamMoyrojibHMKa
ABCD u uerbipex npsMOYrojbHbIX TPEyroJibHUKOB. 3aMETUM, UTO
Ka)Kable [Ba NPSMOYroJibHbIX TPEYroJIbHMKA, HE HUMeroliue oluiei
BEpLIMHbI, paBHbl (10oKaxute 310). 1 Toro uyrobs miouwaas MNKL
Obu1a HauOoOsblUEH, HYXKHO 4TOOBI CymMma IUIOLIAAEH [BYX MPSIMO-
YroJIbHbIX TPEYroJIbHUKOB ¢ 00LIeH BepLIMHON ToXKe Oblla HaUOOJIb-
wei. 3anuiueM 3Ty CyMMy IUIoLaAel Kak QyHKLUMIO IEPeMEHHOM oL

F(o)=sinacosa-(a’ +b%)/2.

[IpousBenenue sino -cosa Oyaer MakcUMaJlbHbIM Npy oL = Tt/ 4, npu
sToM npsimoyroibHuk MNKL — kBajpat co ctopoHoit (a+b)/ V2.

3agaua 9. Jlokazarb, uTO U151 JIFOOOrO MPSIMOYIOJILHOIO TPEYroJbHU-
Ka BbINOJIHsEeTCs HepaBeHcTBO 0,4 <r/h< 0,5, rae r u h — coorser-
CTBEHHO paJuyC BIUCAHHOH OKPY>KHOCTH W BbICOTA, OIYLIEHHas Ha
TUNOTEHY3Y.

Pemienue. O603HaUUM KaTeThl uepes a, b, runotenysy uepes ¢. Toraa
r=2S85/(a+b+c), h=2S/c, rne S — mnomans Tpeyronbuuka. Ot-
croaa

r c c
—= < =0,5.
h a+b+c c+c

[Tycts yronm mnpotuB karera a Oyzmer o. Torma a=c-sina,
b=c-cosa, a+b+c=c-(sina+cosoc+l)Sc-(\/z+l), T. K. MakK-
cuMajibHOe 3HaueHue QyHKUMM f(a) =sino +coso PaBHO V2. Or-
crozna

r c c

= > =2-1>04.
h a+b+c c-(W2+1)

3apaua 10. Yepe3 Touky A, nexallyto BHYTPU JAHHOTO yIJa, Ipo-
BECTU MPSIMYI0, OTCEKAlOLLyl0 OT HEro TPEeyroJibHUK MUHHUMAaJbHON
MIOLLAAH.
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Pewenue. 1lycte BC — uckomas npsamas u tpeyroibHUK OBC umeer
HAaUMEHbLIYIO BO3MOXKHYIO muiow@aab. O003HAYUM [UIMHBI OTPE3KOB
AB u AC uyepes x u y. HeTpy1HO 3aMEeTUTb, YTO €CJIU Mbl CTAHEM MO-
BOpa4MBAaTh MPSAMYIO BOKPYT TOYKH A, TO OTHouleHHe X/ ) Oyner

MeHATbCS. KakoBO Jk€ 3TO OTHOLICHUE 1151 ICKOMOM MpsiMOii?

Haeooswue coooparcenus. Bocnosbzyemes tem GpakTom, 4TO I110-
waap tpeyronbHuka OBC skcTpemanbHa. Eciid MOBEpHYTh HPSIMYO
BC Bokpyr Touku A cOBCEM 4yTb-UyTb, TO IJIOLIA/lb TPEYrOJbHUKA
JNOJDKHA HOUmu He usMeHumucs. OTy HUnero oO0pa3HO U TOYHO
. Keruiep Bbipazuil Tak: "no 0be cmoponvl om mecma Haubdo bute2o
sHauenust yovieanue eHauaie uevygcmeumenvno” (B ciaydae Hau-
MEHbLLIEro 3HaueHusi OyaeT Bo3pacTaHue, HO BCE PABHO HeUYGCMBU-
menvroe). [loBepuem otpesok BC Ha ouenb masblil yroia o Tak, 4To
OH 3aHs1 HoBoe monoxeHue C,B; (puc. 3.12). Toraa miomanu Tpe-
yrosnbHukoB OBC u OB,C; npumepHo paBHbl. JnuHbl oTpe3ko AB,
u AC; o4eHb MaJIo OTJIMYAIOTCS OT JUIMH 0Tpe3koB AB u AC u npu-
MEpHO paBHbI X U y. Cie0oBaTe IbHO, PaBHbI MJIOLIAAN TPEYTOJIbHUKOB
ABB, u ACC,. [IpupaBHuBasi 3TH IJI0LIA A1, NOJy4YaeM

1 5. |
Ex smoczay sino, T.€. X~ ).

[Ipuxonum Kk BbIBOAY, uTO OTpe3ok BC, KOTOpHIH HaeT TpeyroabHUK
MHHMMAaJIbHOM 10141, TOUKON A JO/KEH 1eJIMThCS MOI0J1aM.

0 c, C

Puc. 3.12
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Puc. 3.13

Hoxazamenvcmeo. lloctpoum uckomytro npsamyro BC. O1o cocem
HEeCNOXKHO: Hagao Ha npaMoil OA ot touku O OTIOKHUTH OTPE3OK
OE =2-0OA wu uepe3 Touky E mpoBectu npsimyto / nmapaijiesibHO O/
HOI1 cTopoHe yrna. Touka nepecedenus npsmoid / ¢ Apyroit ctopoHoH
yria u Oynet uckomoii Toukoii B (puc. 3.13). IIpoBens npsmyto yepes
A un B, nonyuum tpeyronbHuk OBC. JlokaxkeM, 4TO ero Iiolaib
HauMeHb1as. BosbmMeM Ha cTtopoHe yria Touky C; Onuxe K BepLIMHE
yria, yem touka C. IIpoBenem uepez A u C; npsMyto, NOJy4UM Tpe-
yroapHuk OC;B,. Ero miomanp S MOXKHO NOJYUYMTh TaK: K IJIOLIAAU
S tpeyronbauka OBC mnpubaButh 1uomans TpeyroibHuka ABB; u
BbIUeCTh Tuiommaas TpeyroasHuka ACC,. [lpsamas / nepeceder oTpe3ok
C,B,; B Touke K, npu srom tpeyroapHuku ABK u ACC, paBHbl. Ho
TpeyroibHuKk ABK nenukom copepkuTcsi BHYTpU TpeyrojbHUKa
ABB,, nostomy npubapnsemas K S miomaab OoJbIIe BEIYUTAEMON U
S < 8. AHanoru4Ho paccMoTpuTe ciiydaii, koraa Touka C; BeIOMpaeT-
cs1 lasiblie OT BEpUIMHBI yriia, yeM Touka C.

3amaua 11. Jlan tpeyrosphuk ABC. HaliTu Ha MjOCKOCTH TaKylo
TOUKYy M, 4T0OBI CyMMa pajMycOB OKPYXKHOCTEH, OMUCAHHBIX OKOJIO
TpeyrojbHukos ACM u BCM, Obljia HauMeHbl11ISH.

Pewenue. Eciiv Mbl craHem Buratb TO4KY M 10 Mj10CKOCTH, TO 00€
OKpY>KHOCTH OyayT MeHsTbesi. UTo ke Torna Oyaer ocraBaTbes HEW3-
MeHHbIM? HeusmenHbiM octaetcs ToT (akt, uto ctopoHsl AC u BC
SIBJISIFOTCS. XOpAAaMHU OKpyskHocTel! Xopaa Bceraa He Oosblue aua-
MeTpa, nostomy 2(R; +R,)>AC+BC. HaumenbliuMm 3HaueHue

R+ R, Oyper B ciyuae paBeHcTBa, T.e. 2R = AC, 2R, =BC.
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Torpa yrnet AMC 1 BMC — npsimMble (BIMCaHHBIE YIJIbl, OMUPAIOTCS
Ha auametpsl). CienosaresibHO, TOUKa M COBHNAJAeT ¢ OCHOBAaHUEM
BBICOTHI TPEYTO/IbHUKA, OMYLIEHHOH Ha cTopoHy AB.

3apgaum gna caMoCTOATE IbHOrO peLleHus

3agaua 1. M3 Bcex TpeyrojbHUKOB C 3aJaHHOW CTOPOHOW W 3ajaH-
HBIM MPOTHUBOJIEKAIIUM YTJIOM HAWTH TPEYTOJbHUK C MaKCHUMaJbHOU
IUIOLIA/IBIO.

3amaua 2. M3 Bcex TPEyrosibHMKOB C 3aJaHHbIM OCHOBAaHMEM W 3a-
JJAaHHOW BbICOTOM, ONYLIEHHOW Ha HEE, HAWTU TPEYroJbHUK C MUHMU-
MaJIbHbIM MEPUMETPOM.

3agaua 3. M3 Bcex NpsAMOYrojibHbIX TPEYTrOJbHUKOB C 3aJaHHON
CYMMOH KaTeTa W TMIOTEeHY3bl HAUTH TPEyrojJbHUK C MaKCUMalbHOU
MI0ILAABIO.

3apaua 4. M3 Bcex TPEyrosibHUKOB C 3aJaHHbIM OCHOBAaHMEM W 3a-
JJAaHHOW BbICOTOM, OMYLUEHHON HA 3TO OCHOBAHUE, HAWTU TPEYTOJbHUK
C HAUMEHBLIUM PANYCOM OMUCAHHOU OKOJIO HErO OKPY>KHOCTH.

3agauya 5. Ha maxmaTHOH JOCKe MOCTpOEHAa OKPYXKHOCTb HaubOIb-
LIero paauyca, He nepecekarolasi H1 ofHoH uepHoil knetku. Haiitu
pazuyc 3TOH OKpPYKHOCTH.

3aaaua 6. [locenku A u B pazgenensl aByms pexamu. TpeOyercs no-
CTPOMTb MOCTbI Y€Pe3 TH PEeKHU Tak, 4ToObl fopora u3 A B B Obuia
HauMeHbLIeH amuHel (puc. 3.14).

A

Puc. 3.14

3agaua 7. [lana okpyxHocts ¢ nentpom O. Paguyc OA Toukamu B
u C moaeneH Ha TpU OJMHAKOBBIX OTpe3ka. Touka M jnexur Ha Ok-
pykHoctu. Halitu HauGosbluee 3Hauenue yria CMB.
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3apaua 8. Ha okpyxHoctu paauyca R manbl Touku A u B, paccros-
Hue Mexay koropbimu /. Kakoe Haubosibliee U HaMMEHbLIEE 3Haue-

HUS MOXKET PUHUMATh CyMMa AC? + BC?, ecnu touka C nexur Ha
TOH k€ OKPY’>KHOCTH?

3agaua 9. Kakoii HauGonbimii 00beM MOXKET UMETh TETpadap C 3a-
JAHHBIMU IJTUHAMH TpeX pedep, BBIXOAAIINX U3 OJHOW BEPIIUHBI?

3amaua 10. Cpeau Bcex MpsSIMOYTOJIBHBIX MapasijIC/ICUNEIOB C 3a-
JJAHHOM IJ10WAaAbl0 MOBEPXHOCTU HAWTHU TOT, KOTOPbIM UMEET MaKCU-
MaJIbHbII 00bEM.

3apaua 11. Ha cropone BC npsimoyronbHuka ABCD B3sita Touka M
Tak, uto MC=MB, Ha cropone CD B3sta Touka N Tak, 4TO
CN =2-DN. Ilpy kakoM OTHOLIEHMM CTOPOH MPSIMOYrOJbHUKA
yroin MAN Oyaet HanOosbmm?

3amaua 12. Ha miockocTy gaHa OKpPY»KHOCTb ¢ HeHTpoMm O u ABe Tou-
ku A 1 B BHe ee. HaliTi Ha OKpY>KHOCTH Takyto TOuKy M, 4ToObI yroi
AMB Obu1: a) HaMeHbIIUM, 0) HAUOOJIbLLKM.

3apaua 13. B tpeyronsHuke ABC qnunbl cropon AC, BC u AB pas-
HbI COOTBETCTBEHHO 4, 3, 5. [Ipsimasi, npoBeaeHHAs NapajljiesibHO CTO-
pone AC, nepecekaetr otpe3ku BC u AB B Toukax P u Q, a Menuany
CM — B Touke E. HaliTu HauMeHbluee 3HaUYE€HUE CyMMBbI IUIOLIAAEH
TpeyronbHukoB CPE u EMQ.

3.2. MMHUMYM 3Heprun, cyMmma afivH u
"onTuyeckne" cBONCTBa 3KCTPEMYMOB

Du3muKa HE TOJILKO JIael HaM I10BOJL K pe-
LIEHUIO [IPOOJIEM; OHA €11 [IOMOIacT HaM
HAlTU K 3TOMY CPEACTBO. JTO IPOUCXO-
JUT JBOSKUM IIyreM. Bo-nepsblx, oHa
JICT HaM IIPEIYYBCTBUE PELLEHMS; BO-
BIOPbIX, [10/ICKA3bIBACT XOJ1 PACCYKICHUMN.

A. Ilyankape

JasaiiTe npucMoTpuMcsl BHUMaTebHel K 3anade ['epoHa AnekcaHa-
puiickoro (3azaua 1 B camoM Hauajse eiaswr 3). OHa ropasno riyoxe,
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YeM Ka)KeTCsi Ha nepsblid B3risA. s ABYX 3alaHHbIX JieKalUX 110
OJIHY CTOPOHY OT npsimMoii / Touek A u B Mbl HaliM Ha [ TaKylO TOUKY
M, uto cymma paccrosinnii MA 1 MB MuHumanbHa.

OOpatum Ternepb BHUMaHUE Ha TO 0OCTOATENbCTBO, UTO YIJIbl, 00pa-
3yembie oTpeskamu MA u MB ¢ npsmoli /, OTyYUSTUCh paBHBIMH.
OT0 06CTOATENBCTBO HATOMUHAET YTO-TO, OTHOCSIIEECS] HE K FeOMeT-
puu, a coBceM "u3 apyroii onepsl". Uto xe umeHHO? Hy, KOHEUHO ke,
OJIMH U3 3aKOHOB ONTHKH — 3aKOH OTPa)KEHUsl OT 3epKana: y2o. na-
Oenus pasen yeiy ompadicenus. "Hy u uto 31ech ocobennoro? Benp
Mbl HallIM TOYKY M Kak pa3 ¢ MOMOILbIO 3€PKajJbHOI0 OTPaXKEeHUsl, —
ckaxkete Bbl. — YUT0 U3 atoro caenyer?" CMoTpuTe caMu: MpejcTa-
BUM, 4TO mpsiMasi / — 3T0 3epkajno. M3 Touku A BBIXOAWUT CBETOBOMH
JIyd, OTpaskaeTcs OT 3epKaJla U nonajaet B Touky B no kpamuaiiuemy
nymu! To ecTb ecy NpeAnoNoKuTb, YUTO CBETOBOM JIyu Bceraa npea-
MOYUTAET ABUIaThCs MO KpaTdallieMy MyTH MeXAy ToukamMu A u B
(c HempeMEeHHbIM YCIIOBUEM OTPA3UTHCS OT 3epKajia), TO Kak clel-
CTBUE 3TOr0 MNPEANOJOKEHUS NONYy4aeTcs ONTUYECKUI 3aKOH OTpa-
skenns. CnydaitHoe coBranenre? Bpsn mu! Mccnemyem 6omee oO1ryo
CUTYaLUIO.

A B
Puc. 3.15

[Iyctb Touku A u B nexat no onHy CTOpOHY OT BBIITYKJIOH KpUBOH 7,
KOTOpas oOpalleHa CBOeH BBIIYKIOCTbIO K 3TUM Toukam (puc. 3.15).
Paccmotpum kpuByto y kak 3epkaino. Haiinem Ha Heil Takyto Touky M,
B KOTOPO# BBITIOJIHSAETCS 3aKOH oTpaxkeHus (oTpe3ku AM u BM obpa-
3YIOT OJIMHAKOBBIE YIJIbl C KacaTesJbHOW /, MPOBENeHHON K KpUBOH ¥
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B Touke M). IlpoBepum, MuHMManbHa aud A8 Touku M cymma
AM + MB. Ilycrs M; — r06ast apyrasi Touka kpusoi y. Coequnum M,
c ToukamMud A u B. Otpe3ok M B nepeceuer npsimyto / B HEeKOTOpoi
touke P. Torna uz 3amauu ['epona cnenyer, uto PA + PB > AM + MB.
Kpome toro, M;B+M;A =M,P +PB+M,A >PA +PB, nockosnbky

M,P +M,A > PA. Orcrona caenyer MjA + M|B >MA + MB. Kak

BUMM, U B Cllyyae BBIIYKJIOTO 3epKajia CBET IPeAllOUUTaeT ABUraTh-
sl no Kpamyaiiemy nymu.

Ecaun yx peub 3auu1a 0 3aKOHax ONTUKU, TO JIABAUTE BCIIOMHUM €LLE
3aKOH MPEJIOMJIEHHUS CBETA HA FPAHULE pa3liena ABYX CPel: €ClIM O U
Ol — 3HA4YCHHUA yrjla MEXKYy CBCTOBbIM JIy4dOM U HOPMAJIbKO K I10-
BEPXHOCTHU pa3z/ie/ia COOTBETCTBEHHO B IEPBOI U BTOPOU cpeaax, To

ey

sinoy  sino,

€1 )
3p1ech ¢ M ¢; — 3HAYeHHUs CKOPOCTH CBETA COOTBETCTBEHHO B MEPBOM
u BTOpod cpeaax. TyT y»ke npaBujlo KpaTyaulIero nNyTu He BbINOJIHS-
ercst. Kparualimmii myts Mexay Toukamu A 1 B — 310 oTpe3ok AB,
a He 1omaHast AMB.

OpHaKo JKaJIKO OTKa3blBaTbCsl OT TAKOHM IMpUBJeKaTeNbHOH uaeu!
Moxet ObITb, Hallle NPEANON0KEHHE O 3araJlouHOM CBOICTBE CBETO-
BOTO Jiyuya BbIOMpaTh cebe cpeu BceX BO3MOXKHBIX KpaT4alini myThb
ne enonne mounoe? MoxeT ObITb, CBETOBOM JIyu BbIOMPAET B KAKOM-
TO CMbIC/Ie "Haunydluuii" myTb, KOTOPbIA cognadaem ¢ KpaTdanlium
B Cllydae OTpakKeHus OT 3epkana? B yem oOLIHOCTD U B 4eM MpPUHLM-
NuajibHas pa3HULA MEXKAY OTPaKeHUEM OT 3epKajla U IpesIOMJICHUEM
Ha rpaHuLe paszaena aAByX cpea? B oboux ciyuasx cBeToBOH jyd me-
Hslem HanpaeieHue CBOero ABWKEHUS — 3T0 obwnocmy. [lpu otpa-
JKEHUHU OT 3epKaJjia Jyd BO3BpallaeTcs B Ty e 00JacTb IpOCTPAaHCTBA,
OTKYyZla UCXO/IUT, a B Cllyyae MpPeloMIIEHUs MONajaaeT B Opyeyio cpeody
W Jlanee paclpoCTpaHseTcss ¢ Opy2oil CKOPOCTbIO — 3TO Omuyue.
Bo3moxHO, cBeT BbIOMpaeT U3 BceX BO3MOXKHBIX MyTel TOT, MO KOTO-
pPOMY MOKHO MPOUTHU 3a kpamuaiiuee epems?

Hccnenyem sty runotesy. [lycts Touku A u B Haxonarcs no pasHbie
croponbl ot npsmoii [ (puc. 3.16). Ha npsimoii / BeiOepem Ttouky M
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TakK, YTO YIJIbl O] U Oy, 0Opazyembie orpeskamu AM u MB ¢ nepnexau-
KyJisipoM K /, cBsizanbl cootHowienueM (1). Byaer jin Bpems rnpoxoxie-
Hus ceeta no myti AMB HavMeHbLIMM U3 BceX BO3MOXKHBIX? Bo3bmem
Ha NpsMoii / 1pyryto ToUKy M| U cpaBHUM BEJIMYMHbI BPEMEHHM NPOXO-
>kaeHust ceeta no yiuausim AMB u AM;B. Onyctum u3 Touku M niep-
neHaukyasippl MK u M|N Ha npsmbie AM u MB cooTrBeTcTBEeHHO.
Tornma AM;>AK=AM+MK, M;B>NB=MB-MN. VYras

MM K 1 MM N paBHBI COOTBETCTBEHHO O U O, (AOKaKUTE 3TO).
B NpsIMOYTOJIbBHOM TpeyroJibHUKe MM, K KaTeT
MK = MM, -sina;. AHaJIOrM4HO, U3 NPSIMOYIOJIbHOIO TPEYIOJIbHU-

ka MM)N naxogum MN = MM, -sino,. Bpems npoxoxneHus cse-
Ta 1o 1uHuu AM, Oynet
AMl AM MMl 'Sinal

> + .

A A 1

IAM, =

AHaJIOrM4HO, BpeMs IPOXOXKIeHHs cBeTa no Jinauu M B Oyaer

M,B . MB MM, -sina,

ImB =
%) 15) )
A
al
M,
M
K
N
\{2

Puc. 3.16
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Cwi1ajbiBast 3T [1Ba HEPABEHCTRA, 110J1y4aeM
AM; MB AM MB
+ > +

S ) 91 %)

IAMB = =I{AMB-

OTO NOpa3UTENbHOE CBOHCTBO CBETOBOIO Jiyda ObLIO OTMEUEHO elle
B XVII Beke Bbipatouumcest ¢ppanuysckum maremarukom [1. depma.
Takum 00pa3oM, 3aKOHbI OTPAXKEHUSI U NPEJIOMJICHUS CBETa MOXKHO
chopmynupoBath B BuIe npuHuuna dOepma: cpeodu 6cex 803MONCHbIX
nymeti medcoy 08yMsl 300AHHLIMU MOYKAMU C8eM. PACNPOCPAHsen -
Cs N0 MOMY NYmMu, KOMOpwlil 0aem HaumeHvulee epe,wz.* Bnocnenact-
BUU (U3UKU cymend c(OpMyJIMpPOBaTh HEKOTOpbie odinue (uznde-
CKU€ 3aKOHbI B BUJe "MpuHLUNA 3KCTpeMyMa".H

OcraBuM MOKa B CTOPOHE MHTPUTYIOLMH BOMPOC: KAKUM 00pazom
CBET Bbl6l/lpaeT N3 BCEX BO3MOXKHBIX HyTeﬁ TOT, 10 KOTOPOMY MOXKHO
npoiiTy 3a Kparuaiiiee Bpems (MocbulaeT KOro-HulOyib Ha pa3BeiaKy,
uto nu?). [lycTts B 3TOM BOmpoce o npupoJe cBeTa JOCKOHAIbHO pas-
Oepercsi (u3MKa, B KOHLE KOHLOB, 3TO €€ InpsiMas OOsI3aHHOCTb.
Y 10BJIETBOPUMCSI TEM, YTO 3aKOHbI ONTUKH MOXKHO c(hOpMyJIMpOBaThH
B BUC O0LUEro 3KCTpeMajbHOro npuHuuna. Ilpocro ormerum eiue
oauH (paKT, NOATBEPKAAIOLIMI, UTO MamemMamuka — >mo A3biK, HA
KOMOPOM C HAMU 2060PUM NPUPOOA.

3anaua ['epoHa niMeeT ellle HHTEPECHYI0 MEXaHU4eCKYIO0 HHTepIpeTa-
umto. [IpeacraBum, uto mpsiMasi [ — 3To JAJIMHHAS JKECTKas CIHIIA, T10
KOTOpPOM MOXKET CKOJIB3UTh 0€3 TpeHHs HaJeToe Ha Hee MaJjieHbKOe
kojieuko M. [lpomeHeM CKBO3b KOJICUKO JJIMHHYIO HEPACTIKUMYHIO
HHATH U MepeOpOCHM ee KOHIIBI Yepe3 MaJIeHbKHE T'BO3JIUKH, BOWUTHIC
B Toukax A u B. IloaBecuM Ha KOHIaX JIB€ OJMHAKOBBIX I'MPbKU X U
Y, kak noka3aHo Ha puc. 3.17. Besa cuctema OyaeT HaXOOUTBCS B paB-
HOBecud. B »TOoM cilydae, Kak Mbl 3HaeM, MOTEHIIHaIbHAs SHEPTHS
CHCTEMBI THpek OyneT MUHHUManbHa. [Ipu 3TOM cymma paccTosHHU

* B T0 BpeMsl cUMTAIOCh, YTO CBET PACHPOCTPAHSETCS MTHOBEHHO, U caMm 1. depma
copmynupoBal CBOM NPUHIUIL TAK: c6em pacnpoCmpaHaemes o momy uymu, 0.
KOmMopo20 conpomugienue cpeovi HaumeHbuLee.

** Haupumep, CIELYIOLIEIO: 6bINA6uUT U3 PYK MOIOMOK 6ce2dd naoaem 6 mo me-
CMo, 20e CMOXCem NPUYUHUMD HAUDONbULUE NOBPEHCOCHUSL.
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XA + YB Oyaer makcumasbHa, U MOCKOJbKY HUTb HEpacTsHXKUMa, TO
cymma paccrosuuiit AM + MB Oyner MuHUMasbHa.

B

Puc. 3.17

Konbuo M HenoaBm>kKHO, MO3TOMY BEKTOpPHasi CymMMma BCEX CHII, JCH-
CTBYIOIIMX Ha KOJIbLIO, paBHAa Hymo. B OanaHce cui B HampaBieHUH,
MEePNEHANKYJIIPHOM CIULE, YHaCTBYET CHla HOPMaJIbHOW peaKiuu Co
CTOPOHBI CTHLIBI. A BJOJb CIUIBI BKJIaA B OajaHc CHUJT AT TOJBKO
CUJIbl HATSDKEHHUSI HUTHU. [10CKOJIbBKY CUJIbI HATSDKCHUS HUTH, ACHCT-
BYIOIIME Ha KOJIEYKO C Pa3HbIX CTOPOH, OJJUHAKOBBI MO BEJIUUMHE U
MPOSKLIMKA ITUX CWUJ1 HA HAIPABJICHUE CIULbI PaBHbI, TO yeibl, 00pa-
3yembie oTpe3kaMu HUTH AM u BM co cnuieit, moowce pasnvi! Mbl
OMSITh NPULLIIA K IPEKHEMY Pe3yJIbTaTy, HO IPYTUM ITyTEeM.

Honp06yeM IPUMEHUTb ITOT 3a0aBHbIA NOAX0/ B Jpyrux 3ajgadax.
B 3apade 5 npeapigyiiero pasaena Hago OblI0 HAiTH, Ile NOCTPOUTH
MOCT uepe3 peKy, 4roObl aopora u3 A B B Obuia kparuaiiweii. Ilepe-
WHA4YMM 3Ty 3aa4y Ha MEXaHUYECKUH Jaf.

IlycTe peka — 3TO JABE NapauleNbHBIX HANpPaBJISIOIINAX CIHLBI, IO
KOTOPbIM MOXKET 0€3 TpeHMsl U NepeKoca CKOJIb3UTb HaJeTas Ha HUX
nnadka MN. IIpuBsbkeM K KOHLIaM IUIaHKU ABE HUTH, NepedpoCcUM UX
uepe3 MaJleHbKKUe rBO3/IMKH, BOUTbIe B TOUukax A u B, u noasecum Ha
KOHIIaX JIBe ofnHaKoBbie Tupbku X 1 Y (puc. 3.18). OnaTs ke, B pas-
HOBECHM I1aHKa OyleT HeroJBM)KHA, HATsHKeHWe 00eux HUTed oau-
HaKOBO, W TIPOEKLMM CWJI HATSHKEHWsS Ha HarpapiieHWe cruil OymyT
paBHbl. CnepoBarenbHo, yribl, oOpasyembie Hutsmu AM u BN co
CMULAMHU, TOXE OAMHAKOBbI. [lanbllle y»e COBCeM HETpyAHO Jora-
JlaTbCsl, KAK HAWTH TaKoe MOJIOYKEHUE MIIaHKH.
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Puc. 3.18

YnpaxHeHue

PewwuTe Takum xxe MeToA0M 3agady 6 O XKenesHogopOoXHOMW nnaTdop-
Me 13 NpeaplayLero naparpada.

[lonpobyem nopobparh MEXaHUUECKYIO aHAJOTHIO AJ1s 3aAa4U O Ipe-
JIOMJIEHMM CBETOBOIO Jlyya Ha rpaHMLE pasaena AByX cped. Tenepb
TOYKH A ¥ B HaxonsTcs No pa3Hble CTOPOHBI OT HAINpPABJIAIOLIEH CIIU-
Lbl, 110 KOTOPOM MOXKET CKOJIb3UTh 0€3 TPEeHHs: MaJleHbKOEe KOJIbLIO.
Ecnu mMbl onTh NpUBSKEM K KOJIbLYY JBE HUTH U, NIepeOpPOCUB KOHLIbI
HUTEN yepe3 reo3auku A u B, moaBecuM Ha HUTSIX OAMHAKOBBIC TUPb-
KM, TO y HaC HUYEro XOPOIIEro He BBIAAET, MOCKOJIbKY HUTH B PaBHO-
BecuM 00pa3yloT CO ChuLed OJMHaKOBbIe Yriibl. B uem npuunHa He-
yaauu? OueBUAHO, B TOM, YTO Mbl HE OTpa3sWid B HauleH
KOHCTpYKUUM paziuyue 1ByX cpes. Kak 3ro ucnpasuth? OuesBuiHo,
TIPUIETCS B3ATh pa3iuyHble TAPBKU.

Hrak, moaBecuM Ha HUTAX TUPbKMU PasHOM Maccel m; U m,. Tenepb
HATSHKEHUS HUTCH 6yﬂyT TOXKE pas3/inMiHbl U TPONOPUHUOHAJIbHBI BEJIN-
4quHaMm m; U n,. [lpoekunn cun HaTsbKkeHUs oOeux HUTeH Ha cChuLy
JOJI2KHbI ObITh PpaBHbIMH, NO3TOMY OHHU CBA3aHLI C yIjlaMU 1 U O CO-
OTHOLLUEHUEeM my -Sinay = m; -sino,. Ocranoch 10raaarbcs, Kaku-
MM JIOJDKHBI OBITb MAacChl 717) U 1y, YTOOBI MOTyYEHHOE COOTHOLLEHHUE
OMMCBIBAJIO 3aKOH MPEJIOMJIEHHS].

PaCCMOTpl/lM CUIC OJAHY Ba)*XHYHO BO MHOI'MX OTHOLUCHHUAX 3ajayy,
B KOTOpOﬁ (1)1/131/11«1 TAaKKE€ MOXKET IMOACKAa3aThb X0 paccyxmeHHﬁ.
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3apaua 1. Tpu nepesnu (touxku A, B, C) Hano coeanHUTB CETBIO N10-
por Tak, 4roObl W3 JIIOOOH AEPEeBHU MOXKHO ObUIO MONACTb B JHOOYIO
APYTYIO U CyMMapHasi JyIMHa BCeX J0por Obljia Obl MUHUMAJIbHOM.

Haeooswue coooparxcenus. Moxer ObiTb, HAJ0 NPOCTO COCAUHHUTD
Touku A, B, C nBymMs orpe3kamu ¢ OAHUM OOLIMM KOHLOM (Hanpu-
mep, AB u AC) u storo Oyner aocrarouHo? OueBHHO, YTO Hau-
0oJblias cropoHa tpeyrojibHuka ABC He Jo/pKkHA ObiTh CpPen ITUX
otpe3koB. [IpoBepum 3Ty runoresy "Ha npoyHOCTH".

B
M
o B
A H C
Puc. 3.19

[Tyctps Haubompmmii yron A B Tpeyronbauke ABC — octpsriii. Omyc-
TuM 13 BepinHbl B Beicoty BH (puc. 3.19). Torna Beicota BH nexur
BHYTpU TpeyroabHuka ABC. Ecnu B3sTh Touky H B kauecTBe pa3Buiiky,
B KOTOpPOH coeauHstoTcs noporu u3 touek A, B u C, To cymmapHas
aiuHa Beex gopor Oyaer BH + AC < AC + AB. Takum oOpa3zom,
ryuroTe3a He olpaBaallach, 10 KpaHed Mmepe, 1 OCTPOYroJibHOIO
TpeyroiabHuka ABC. MOKHO M elle YMEeHbIINUTb JUIMHY JOPOXKHOU
cetu? Bospmem Ha otpeske BH Ttouky M. Ilycte AH =y,

CH=z, ZMAH =0, £ZMCH=p. Torna mis pa3Buiku B Touke M
JUIMHA JOPOXKHOM ceTu Oyaer

Sy = —2~—+—2— +BH-MH.
cosa cosf3

[Tockoneky MH = y - 1ga = z - 1g[3, monmyuaem

z

SM: y +

+BH—l(y-tgoc+z-th).
cosa cosf3 2
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CpaBHuM ee ¢ nnuHON Sy = v + z + BH. Brruucnum pasHocts

SM—SH=y-( ! —lj+z- -1 —%(y-tgowz-th):

cosf3

=y- ! (1—cosoc—0,5-tgoc)+z- ! -(l—cosB—O,S-th).
cosf3

cosa

[Ipeo6pazyem BbIpaskeHHUsI B CKOOKAX CIIEAYIOIIUM 00pazoMm:

(1-cosa—0,5-1ga) = Si“(a/z)'(zsin(a/Z) —Mj,
cos
(1-cosp-0.5-1gB) =sin(B/2)-| 2sin(p/2)— <P/2)
cosf3

BuaHo, uto eciu BbiOpaTh yribl O M [3 JOCTATOYHO MajIbIMU (TOUYKY
M 0Oau3ko k Touke H), To BbipaxkeHust B ckoOkax OyayT OTPULIATE1b-
HBIMY, T. €. Sy < Sy. HWTaK, MOXKHO ellle yMEHBIINUTD JUIUHY AOPOXK-

HOH ceTu. ClieoBaTeNbHO, 411 OCTPOYroJIbHOrO TpeyrojbHuka ABC
HYXKHO HallTW BHYTpPHU TaKyto TOUKy M (pa3Buiiok), 1t KOTOpOil cym-
mMa MA + MB + MC 06buia 661 MuHMManbHOU. [IprucTynum k noucky!

Pewenue 1 (mexanuueckoe). PacctesiiMm Ha CTOJIC MJIaH MECTHOCTH,
OTMETHUM Ha HeM Hy>kHble Touku A, B, C u 3aTém npocsepianm B CTO-
JIEUIHULIE B 3TUX MECTaX MaJleHbKue oTBepcTus. BozbmeM Tpu HUTH,
CBSDKEM MX KOHLIbI B OJIMH Y3€JIOK W, MPOJAEB CBOOOJHbIE KOHLbI HU-
TEH B OTBEPCTUS, [10JBECUM HA HUX TPU OJMHAKOBbIE rupbku X, Y, Z
(puc. 3.20). I'mupbku OMycTATCS, HUTH HATSHYTCS, H... Y3€JI0K OKaXeT-
cs1 B ICKOMOM Touke M!

JelicTBuTeNbHO, B paBHOBECHH MOTEHIMAIbHAS SHEPrHsS THPEK MH-
HUMaJlbHa, no3toMy cymma uiMH AX, BY u CZ makcumanbHa. Cre-
nosareiibHo, cymma MA + MB + MC munumansha. [lockosibky y3enok
HaXOIWUTCA B PAaBHOBECHUU, TO BEKTOPHAs CymMMa BCEX TPEX CHUJI HaTs-
JKEHUsI HUTEH, NCUCTBYIOLIMX HA Y3€JI0K, paBHa Hyaro. Ho cuibl Ha-
TSDKEHUSI HUTSH O/IMHAKOBBI 10 BEJMUYMHE, [I03TOMY YIJlbl MEXK/y HH-
TSAMU JOJDKHbI ObITh TOXE OJMHAKOBBIMH, TO €CThb paBHbiMU 120°
(moxaxxure 5710). MTak, MCKOMas TOUKa TakoOBa, YTO CTOPOHBI Tpe-
yroiasHuka ABC BugHbl u3 Hee noj yriom120°,
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B C

Puc. 3.20 Puc. 3.21

Kak nmocTpouTh 3Ty TOUKY LHPKYJEM U JUHEHKON? DTO HECT0KHO!
HyxHo noctpouth Ha cropoHax AB u AC npaBuiibHblE TPEYTrOibHU-
KM Tak, 4yToObl oHU ObUTH BHe TpeyrosnbHuka ABC. 3atem onmcartb
OKOJI0 000MX NpaBUJIbHBIX TPEYTOJbHUKOB OKpYKHOCTU (puc. 3.21).
OTH OKPY>KHOCTH MOMUMO TOUKU A OyIyT nepecekaTbcs elle B OAHOM
touke M. Ecnu nocrpoenHas Takum o0pa3om Touka M JIeXKUT BHYTpU
TpeyroibHiuka ABC (ona HazbpiBaeTcs Toukoi Topuuennu), To oHa u
Oyzaer uckoMoii (Jokaxure 3T0). A ecnu Touka M okaxkeTcs BHE Tpe-
yronbHuka ABC? KakoBa B aToM ciyyae OyzeT kpaTdaiiiias ceTb J10-
por? MosKeT J1 Halll y3eJ10K, B KOTOPOM CBSI3aHbl HUTH, IIPOCKOUUTD
B OJIHO U3 OTBepcTUid? Pelnre 3T BONPOCHl CaMOCTOATEBHO.

Pewenue 2 (onmuueckoe). J1a 3a1a4a KaxkeTcs poICTBEHHOM 3a1aye
I'epona. IlonpobyeM ycTaHOBHTH 00Jiee TECHYIO CBS3b MEXKIY HABYMS
3amadamu. [IpeacraBum, 4to paccTosHre OT BepiuuHbl C 10 pa3BHIKH
M nam uzeecmno. Torma Touka M J€KHUT IAe-TO HA OKPY>KHOCTH 3a-
JIaHHOTO panuyca ¢ neHrpom C (puc. 3.22).

A

Puc. 3.22
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Hapno Halith Ha 9TOM OKpY)KHOCTM Takylo TOUKY M, 4roObl cymma
MA + MB 06buia MunumansHOi. B TakoM Buae nge 3amaud JelcTBU-
TEJIbHO O4€Hb MOX0KHK., OTIMuKe B TOM, 4TO B 337a4¢ ['epoHa Ha0 ObL10
HaliTi Touky M Ha 3a1aHHOM NpsAMOM, a 34€Ch — HA 3a/1aHHOI OKPY>KHO-
ctu. [IpumeHuM B HOBOH CUTYyallMM TOT e "ONTUUECKM" moAX0/1, KOTO-
pblii npuBes K ycnexy B 3asade I'epoHa. bynem paccmarpuBarb OKpyK-
HOCTb Kak 3epkaiio. B 3amaue ['epona paccmaTpuBanoch OTpakKeHHE
B [UIOCKOM 3epKaJie, a B 9TOW 3a/1a4e — OTpaKeHUE B CHEepUUecKOM 3ep-
kasie. Ecin cBer criocoOeH oTbickarh Kparuaiuii nyts u3 A B B (npu
YCJIOBUM OTPXEHUs OT MOBEPXHOCTU 3epKajia), TO OH HaiaeT TaKylo
TOUKY M Ha OKpPYXKHOCTH, YTOObI yroJl najieHusi Obul paBeH yrily oTpa-
skeHus1. B Hawel cutyauun 3to o3Hauaert, uro yriisl AMC u BMC nomx-
Hbl ObITb paBHbl. BepiunHy C Mbl BbIOpaJIM COBEPLUEHHO MPOU3BOJILHO,
MOKHO ObL10 Obl BbIOpaTh JIH0OYIO M3 Tpex. Te xe cambie paccyxaeHus
MPUMEHUMbI W K APYrod BepLIMHE, CJie0BaTesibHO, Bce Tpu yrina AMC,
BMC, AMB oauHakoBbl 1 cocTasisitor 120°.

@)

Bl
Puc. 3.23

Pewenue 3 (ceomempuueckoe). IlpuBeaem M3BECTHOE TeOMETpUUC-
o *
ckoe pewenue . llrteiinepa. Ilycts B Tpeyronmbuuke ABC Hau-

* ko0 Llreitnep (1796-1863) — wBelinapckuil MaTeMaTuk, 000raTUBLIMMI reoMer-
PUIO MHOI'MMH 3aMeUarellbHbIMU UIEAMU.
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Oonbwuii yron A menbwie 120°, M — niobas Touka BHYTPU Tpe-
yronbHuka. IloBepuem tpeyronbHuk ABM Bokpyr BepimHbl A Ha
yron 60°. ITycte B;, M; — o0passl Touek B u M (puc. 3.23). Torna

anvHa jomanod BM|MC Oyner pasua cymme MA + MB +MC

(nokaxcure 310). OYEBUIHO, YTO JUIMHA JIOMAHOW OyIeT MUHMUMAJIb-
HOH, Koryia oHa copnazaer ¢ otpeskom B;C. B stom ciyuae Bce Tpu

orpeska BM;, MM, MC unexar Ha oano#t npsimoii u yrist AMC
u AM,B, pasubl 120°. 3Hauut, u3 Touku M BCe CTOPOHBI TPEYIrOyb-
Huka ABC Buanbl nox yraom 120°.

Hrak, Mbl NOCTPOU/IM KpaTUYAMLLIYI) TPAHCIOPTHYIO CETb, COCAUHSIIO-
LLYIO TPU A€PEeBHU. MOXKHO /11 UCNO/Ib30BATh M0JYUYEHHbIE PE3YJIbTa-
Thl AJIS1 IOCTPOCHHUS CETH B cilyuae n >3 aepeBeHb? Chopmynupyem
BO3HHUKAIOLIYIO MepENl HaMH 3a/1aydy.

I[aHbI 7n >3 TOYEK Ha IJTIOCKOCTH. TpeGyeTCﬂ COCAUMHUTDb HUX CETHIO
OTPE3KOB, UMCIOLIINX HANMCEHBIIYHO 06]].[yl-0 AJINHY.

CeTblo Mbl Ha3bIBAEM Ha60p M3 KOHCYHOro 4ucijia Takux OTPE3KOB,
4TO JIFOObIC [1BE MCXOJIHbIC TOUYKHM (JICPEBHM) SIBJISIIOTCS KOHLIAMHU J10-
MaHOM M3 OTpPe3KOB 3Toro Habopa. Bce ocralibHbIe KOHLIbI OTPE3KOB
CCTU Mbl HA30BEM pa3BUJIKAMMU. MCHOJ’[bSyﬂ pe3yibTaThl, MOJYUYCHHbIC
npy # =3, JOKAKUTE CIIeAyIOIINe CBOMCTBA MUHUMAJIbHBIX CeTeM:

Cesoticmeo 1. V13 106011 pa3BUIIKK BbIXOAST POBHO TPU OTpPE3Ka, MpHU-
4eM YroJl Mexkay JHoObIMU ABYMsI U3 HUX paBeH 120°.

Ceoticmeo 2. V3 noboli nepeBHU BBIXOAWT OAWH, JIBa WM TPU OTpe3-
ka. Ecnu u3 nepeBHU BBIXOIAT ABa OTPe3Ka, TO YroJl MEXAY HUMHU He
MeHee 120°, ecnu e BBIXOASAT TPU OTPE3KA, TO YIJIbl MEXKAY HUMU
paBHbl 120°.

Cesoticmeo 3. Hukakue oTpe3ku ceTd He 00pasytoT 3aMKHYTYIO JIOMaHY!O.

B OGH.[GM BUAEC 3aaa4a O TpaHCHOpTHOﬁ CE€THU HC pClICHA. MozkHo 3a-
METHTDb, YTO CETHU OBbIBAIOT ABYX THUIIOB:

O cocrodimMe TOIbKO U3 OTPE3KOB, COCIMHSIOLIMX ACPEBHU (Takas
CeTb Ha3bIBAETCsl OCTOBHOM);

O cern, comepxaluue pa3BWiku (UX HasbiBatoT ceTsimu llltelinepa).
Cpenu Bcex OCTOBHBIX CeTel (MX KOHEUHOE YHMCII0) MUHUMAJIbHYIO
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MOXKHO Haiitu nepedopom. Ho Hukakux oOuIMX METOHOB MOMCKA
MHUHUMAJIbHBIX cereld llltelinepa nmoka Her. OTAE/NbHBIC YaCTHBIE
Cily4au peiueHust 00Lel 3a1a4um noJly4eHbl TOJAbKO Npu 7 < 5,

YnpaxHeHne

MocTponTe MMHUMAnNbHYIO CETb ANS YEeTbIPeX AEPEBEHb B BEPLUMHAX
KBagparta.

YkaszaHune

Bbisichute CHa4ana, CKONbKO pa3BUIIOK AOJDKHA COAePXKaTb TaKkad CeTb.

3anpaua 2. Ha o6one koneca paguycom R otmedensl Toukd A, B u C
Tak, uto Ayru AB u BC paBubl o (puc. 3.24). Koneco karurcs mo
poBHOI1 nopore. Halit HanmeHbIiee U HanOoJIblIee 3HAUSHUS CyMMBbI
paccTosiHuii oT Touek A, B u C 1o noporu.

D

Puc. 3.24

Pewenue. Ilomectum B Touku A, B u C oilMHaKOBbIE TOUEUYHbIE Mac-
cel m. Torpa cymma paccrosinuii ot Touek A, B u C no noporu npo-
nopuydoHalibHa HOTCHLLHMbHOﬁ OHEpPruu CUCTECMbl Macc (CCJ'II/I npu-
HSITb 1OPOTY 3a HyJIeBOH ypoBeHb 3Hepruu). TyT siBHO k mecTy Oyaer
BCIIOMHUTb O LIeHTpe macc. Haljiem ero Bbiclee U HU3LIEE [10J10IKE-
Husi — U 3agada Oyaer peweHa. Ilycte O — uentp kpyra. Torna
LUCHTP Mace Hauiel cucrembl (Touka X) OyJer jiexarsh Ha otpeske OB,
Paccrosinue ot X 10 LieHTpa Kpyra paBHO

_m-(R+Rcosa+ Rcosat)  R-(1+2cosa)
3m 3 '

ox
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O"leBl/l,D,HO, YTO HAWMBBICLIECE ITOJIOKECHHE TOYKH X OTHOCHTEJILHO
apoporn  Oyaer X =R+ R-(1+2cosa)/3, a  Huswee —

Xmax = R—R-(1+2cosa)/3. Takum oOpa3om, HauOoOJIblLICE U HaM-

max
MEHbLICEC 3HAYCHMSI MCKOMOW CyMMbl PacCTOsIHUM OyayT COOTBETCT-
BEHHO X, = R-(4+2cosa)/3 u xp;, =2R-(I-cosa)/3.

( 3ameyaHune )

B cnyyae o =120° makcumym M MUHAMYM COBMagaloT (Cymma pac-
cTosiHMi oT Todek A, B n C o goporn He MeHsieTcs npy BpaLLeHun
koneca). Kakos byaet otBeT, ecnu o > 120°?

3agaua 3. Ha cTopoHax 3alaHHOrO OCTPOYTOJIbHOIO TPEYroJIbHUKA
ABC naiitu Tpu Toukd M, N, P Tak, 4To0bI mepyuMeTp TpeyroibHUKA
MNP 6b171 MUHUMAJIbHBIM.

A A
P, M
N
P2
B P C B P C

a 6

Puc. 3.25

Pewenue. 1lpeanonoxum, 4to nosoKeHUe OAHON M3 Touek (Hanpu-
Mmep, Touku P Ha cropone BC) Ham yxxe usBectHo. Toraa 3agaua cBo-
JOWTCS K MoUcKy Takux Touek M u N Ha ctopoHax AC u AB 3ananHo-
ro yria A, uro0bl nepumerp TpeyrojbHruka MNP Obu1 MUHUMaJIbHBIM
(cm. ynpaxknenue k 3anade 1 B pazo. 3.1). Ilycts Py u P, — 3epkannb-
Hble oTpaxkeHust Touku P otnocurensHo npsimbix AB u AC (puc. 3.25, a).
Torpa ayuua nomanod P{MNP, pasHa nepumerpy tpeyrosibHuka MNP.
OueBu1HO, 3Ta JJjIMHA OyJeT MUHUMAaJIbHOM, €CJI1 JIOMaHasi COBIaAaeT
¢ orpeskoMm PP;. [Ipu 310M uckombie TOukd M U N — 3TO TOUKHM nie-
peceuenust npsmoil PP, co croponamu AB u AC 3apanHHOro Ttpe-
yrojibHuka. OcTanoch BbISICHUTb, Kak Halo BbIOparh TOuky P, utoObl
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quHa orpeska PP, Obula munumanbHol. Coeaunum touku Py u P,
C BEpUIMHOW A W 3aMeTuM, 4TO TpeyrosibHuk PiAP, paBHOOepeHHbI
(nauHa ero OOKOBBIX CTOPOH paBHa JuivHe oTpeska AP). B pasHoOe-
perHoM TpeyrosibHuke PiAP, yron P;AP, BuBoe Gonbiue yrina BAC.
OcnoBanue PP, =2-AP.cos £ BAC Oyner MUHUMalbHBIM, KOrJa

mnmuHa AP Oyner nammensinedd. CnemoBatensHo, AP — BbicoTa Tpe-
yrojapHuka ABC. Oty paccyxaeHus TakKe MPUMEHUMbI U AJ11 TOUEK
M u N, nostomy Touku M, N, P — 3T0 OCHOBaHUS BbICOT TPEYIoJb-
nuka ABC (puc. 3.25, 6).

( 3amedaHune )

M3 3apaun epoHa cnepyeT, 4To Niobble ABe CTOPOHbI TPEYronbHMKa
MNP (oH Ha3biBaeTCA OpTOLEHTPUYECKAM) 0OpasyloT oaMHAKOBbIE YI-
nbl C COOTBETCTBYIOLWEN CTOpOoHOW TpeyronbHuka ABC. lNpeacTtaBbTe
OGunbsapaHbIA cTon B BuAae TpeyronbHuka ABC. Ecnu nyctuTb ngeans-
HbI BunbaApAHbIA Wwap (6e3 TpeHus) No Kakon-HUOyAb CTOPOHe Tpe-
yronbHuka MNP, To wap ctaHeT oTpaxaTbCA OT CTEHOK CTona no 3a-
KOHY 3€pKanbHOro oTpaxeHus u OyaeT aBuraTbCA NEPUOAUYECKM MO
nepumeTpy TpeyronbHuka MNP. Uccneayiite, cywectsyloT nu gpyrne
3aMKHYTbIE NEPMOAUYECKME TPAEKTOPUM LLAPa B TAKOM TPEYrofibHOM
ovnbspae.

3agaum gna caMoCTOATE IbHOro peLleHus

3agaua 1. Haiitu Takyio Touky M, 4ToObl CyMMa paccTOsIHUH OT Hee
JO BEpLUMH 3aJaHHOTO BbINYKJIOIO 4YeThIPeXyrojibHWKa Obula Hau-
MEHbLIEH.

3apaua 2. BHyTpu octporo yria 3aaanbl ABe Toukd A u B. Haiitu Ha
cTopoHax yrna takue Touku C u D, yToObl nepumeTp 4eThlpexyroib-
Huka ABCD 6b11 MUHUMAaJIbHBIM.

3agaua 3. B npsmoyronsauke ABCD cropona AB paBHa a, ctopoHa
BC paBHna b. Touka M nexut Ha cropone CD. Haiingure naubosbLiee
M HauMeHblee 3HaueHuss AM + MB.

3apauya 4. B kakoM HanpaB/IeHUU HAZO MPOBECTH yepes ropon A xe-
JIE3HYI0 J0pory (MpsaMyto), 4ToObl CyMMa pacCTOSHUM 10 Hee OT ABYX
nocenkoB A u B Obu1a HaumMeHbLIeH?
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3agaua S. Kak Ha0 NpoJIOsKUTD HKeJle3HYIO A0pory (MpsiMyo), 4ToObI
CyMMa paccTOSHHWH 10 Hee OT Tpex mocenkoB A, B, C Obua Ham-
MeHbLIeH?

3ampaua 6. Jlana Touka A, jexaunas BHYTPU 3aJaHHOTO yIja C Bep-
muHoH O. Yepes Touky A MpOBECTH MPIMYIO, MEPECEKAIONIy0 CTO-
ponbl yria B Toukax B u C tak, utoObl cymma anun OB + OC Obuia
MUHUMAaJIbHOM.

3agaua 7. Yepe3s TouKy, Jexalllyt0 BHYTPH AAHHOIO YyIJjla C BEpLIU-
HOH O mpoBecTH NpsiMyro, NepeceKaroLlyto CTOPOHbI yria B Toukax B
u C Tak, uto0sl nepumMetp Tpeyronbaruka OBC ObuT MUHUMAITBHBIM.

3apaua 8. Ha obone xoneca paguycom 1 otmeuensl (1 + 1) Todek Ao,
Ay, Ay, A, tak, uto n ayr AyAy (K=0,1, 2---n—1) paBHbl o rpaay-
co (o< 360° / n). Koneco karutrcs no posHoii nopore. Haiinure

HauMeHbllee U HauOOoJIbllee 3HAYEHUS CYMMBI paCCTOﬂHHﬁ OT TOYCK
Ao, Al: Az, An A0 A0pOoru.

3apaua 9. Jlana okpyxxHocTh ¢ HeHTpoM O U Touka A BHE ee. Ha ok-
pyxHocTd BbiOpaHbl Toukd M u N Tak, uro yrom MON paseH .
Haiinure HauGonbluee U HauMeHbLiee 3HaueHuss AM + AN.

3apaua 10. ITewexon Hanpaesiercsa u3 nocenaka A B nocenok B. Jlo-
pOrd MEXAY MOCEJKAMU HET, PACCTOSIHUE MEXKAY HUMHU MO MPSMOM
8 km. Henopaneky npoxoauT nopora (mpsiMasi) Tak, 4to oda mocenka
HaxXoOATCS OT HEe MO OJHY CTOPOHY Ha OJMHAKOBOM PaCCTOSHUU
2 kM. CkopocTh memiexona mno 6e310poxkbi0 3 KM/4, MO Jgopore
6 kM/4. 3a KaKoe HauMEeHbllee BPeMsi OH MOXET MELIKOM 100paTbcs
n3 A B B?

Banaua 11. ['oHel Ha KOHE MOCaH ¢ MUCHEMOM U3 Ioceka A B Ioce-
Jok B. Jloporu mexay noceakamu HET, HO HENOAAJNEKY MNPOXOAUT
nopora (TipsiMasi) Tak, 4To 06a moceKka HaXo/ATCs MO pa3Hble CTOPO-
HbI OT HE€ Ha PACCTOSIHUAX COOTBETCTBEHHO 4 kM u 8 kM. PaccTosHue
Mexay mnocenkamu mo npsmoit 20 km. CkopocTh KOHs 1o 0e3mopo-
Kblo 8 KM/4, a MO JOpOre KOHb MOXET CKakaTh CO CKOPOCTbIO
16 km/4. 3a kKakoe HaWMEHbIIEe BPEeMs TOHEIl CMOXKET JOCTaBHTh
nucbMo u3 A B B?



O TOM, Kak C MOMOLLbIO TMPEK MOCTPOUTb KpaTYauLLyIO TPaHCNopTHyo... 119

3ampaua 12. [laHbl AB€ KOHLUEHTPUUECKUE OKPYKHOCTH C LieHTpom O.
Yepes Touky A, JIeKalyl0 BHYTPH MEHbBIICH W3 HUX, MPOBEAUTE JIyU
TaK, 4T0Obl €r0 OTPE30K, 3aKIIOUYCHHbIH MEXKI1Y OKPYKHOCTIMHU, ObLI:
a) HaUMEeHbLIKM, 0) HAaUOOJIbILKM.

3apaua 13. Ha niiockoctu 3agaH yron ¢ BepunHoil O U BHYTpU HEro
3aaaHa Touka M. Haiinute Ha ctoponax yria touku B u C Ttakue, uto
otrpe3kun OB u OC pasnbl, 1 cymma MB + MC umeer HanmeHblee
3HAYEHUE.

3apaua 14. B tpeyronbHuke ABC Bce yribl paznnunbl. Ha onucan-
HOH okoJyio TpeyrosibHUKa ABC OKpy;KHOCTH HaWIuTe TaKylo TOUKY
M, uToOBI CyMMa pacCTOSIHUN OT Hee 10 BepLUWH TpeyrosibHuKa Oblia
HaWMEHbILEH.

3.3. 3apaua AAnaoHbl
N poACcTBEHHbIE el 3agaun

CroubKO KyLMIIM 3eMIId U Jaiu el ums bupca,
CKOJIBKO CMOIJIM OKPY>KUTb Oblubei LIKYpOM.

Bepeunuti, "Sneuoa”

Junona — papesHsisi GpuHuKMiickas LapeBHa, J0Yb THUPCKOro Lapsi,
Oexkajla U3 I0Ma M MOIUIbLJIa HAa KopalJsie Ha 3anaj B1oJb adpUKaH-
ckoro mnoOepexbs CpenuzemHoro mops. BeicaauBiivch Ha Gepery
HbIHeIIHero TyHMCCKOro 3ajuBa, OHa 3axoTena 3aJI0KUTh B 3TOM
MECTE rOpoJl U BCTyNWJa B MEPEroBOpbl ¢ Ty3emuamu. MecTHbId
BOX/Ib COIVIACWJICA NPOAATh €l TaKOM Y4acCTOK 3€MJIM, KOTOPbIA OHa
CMOXKeT 0XBaTuTh Oblubei wKypoid. Toraa JlunoHa paszpesana wikypy
Ha y3KHM€ MOJIOCKH, CBs3ajla UX BOEAUHO U OKpPY>KMJa MOJIydrBLISHCS
nerjaeil MpUIMYHYIO TEPPUTOPUIO, HA KOTOPOH OCHOBajla KPenocTb —
Oyayuwmii ropoa Kapdaren.

[To-BuauMOMy, 3TO NepBOE HU3BECTHOE HaM IPAKTHUUYECKOE pELICHHE
reoMeTpPHUYECKOM 3a1auu MoMcKa dKkcTpeMyMa. Mcropus He coxpaHuia
TOYHBIX CBeJIeHHH, Kakoii (hopMbI ObUT YHacTOK, OXBaYeHHbIN ObIUbeid
mkypoi. Hy uto ke, npeacraBbTe cebst B ponu ApeBHed (pUHUKMI-
CKOH LlapeBHBI U PELINUTE BOMNPOC: KAKAA U3 6CEX 3AMKHYMBIX NAOCKUX
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KpUBbIX 3A0AHHOU ONUHBL OXE6AMBIGAE MAKCUMATLHYIO NA0WAOb!
(3a HeumeHHeM Oblubeil LIKYPbl Bbl MOXKETE MOIKCIEPUMEHTUPOBATD
¢ OObIKHOBEHHOW HUTKOM.)

HagepHoe, uHTyuUI1IMS TOBOJIBHO OBICTPO MOJCKAXKET BaM, YTO 3TO OK-
PYKHOCTb. Mbl 3HaeM, 4YTO M3 BCEBO3MOXKHBIX I'€OMETPUUECKUX (HU-
Typ Kpyr objiagaeT Maccold pa3uYHbIX JOCTOMHCTB (BCIIOMHUTE, Ka-
KyI0 POJib B TEXHHKE WrpaeT KOJECO!), M OXOTHO COIJjaliaeMcs
MPUMKCATh OKPYKHOCTH TaKoe 3KCTpeMallbHOoe CBOMCTBO. OmHAKO
OJIHO JIeJIO BEPUTh, Apyroe Jeno aokazarb. Celuac HEBO3ZMOXKHO yc-
TaHOBUTb, KOT/Ia BIiepBble ObUTa BhICKA3aHa TUIIOTE3a O HAUOOJbIIeH
BMeCTMMOCTH Kpyra. Bo Bcsikom ciyvae, Apucrorens (IV Bek 10 H. 3.)
MOJIb3YyeTCs ATUM (DaKTOM KakK U3BeCTHbIM. OCHOBHBIE MyTH pELICHUs
3a1aun JMIOHbI WM, KaK ee Ha3blBalOT MO-APYroMY, KAACCUYECKOU
uzonepumempuyeckol 3a0ayu ObIJIM HAMEUYeHbI ellle BO BpeMeHa aH-
TudHOCTH. CTporoe aokasareiibHoe OMOPMIICHUE ITUX HACH OblIO
cAeslaHO MaTeMaTUKaMy ropasfio nosxe. Mbl IpuBeAeM cXeMy U3sIl-
Horo nokazarenbctBa . Llltelinepa. OcHOBHasi uWaesi 3TOro aokKasa-
TENbCTBA OYEHBb MPOCTA U HAM YXKe 3HAKOMA: M0, YUMo MOJCHO YiIyy-
wumosv, HE MoaHcem Ovlmb HAUIYYuum.

Teopema. M3 Bcex M30MEpPUMETPUUYECKUX 3aMKHYTBIX TUIOCKUX KpPH-
BBIX OKPY>KHOCTh SIBJIIETCSI SKCTpEMaIbHOM (OXBaThIBAIOIEH MaKCH-
MaJIbHYIO TUIOLIAAb ).

Jemma 1. DxcrpemalibHas KpuBas BbITTyKIa™.

Hoxazamenvcmeo. Ecnv kpuBas He BbIMyKJia, TO HA HEW HaWyTCS J1BE
Touku A u A Takue, uro ode nyru ABA; u AB;A,, coeauHsouime
TOYKH A U Aj, JeXaT Mo OJHy CTOpOHY OT mpsimoii AA; (puc. 3.26).
3aMeHMB OJIHYy M3 OYr €€ 3€pKaJlbHbIM OTPaK€HWEM OTHOCHUTEIbHO
npsaMoid AA;, MbI TOJyYdM KPUBYHO TOH K€ JUITMHBI, HO OoJblmeil
MJI0LIA/IH.

* BblilyK/10H Ha3blBAIOT KPUBYIO, 00J1a/1a10LIYIO CJIE/1yIOLIMM CBOMCTBOM: €cjid 00€ To4-
ku A u B npunaanexar 061acty, 0XBa4eHHOM KpUBOH, TO BeCh 0Tpe3ok AB npunajie-
JKUT 3TOH 00sacTy. 3aMETUM, YTO HOHSTHUE BbIIYKIOCTU UIPACT B MATEMATUKE OOJIBbLLYIO
pouib. Hanpumep, BbllyK/IbIMU MOI'YT ObITh HE TOJILKO KPUBbIE JIMHHU, HO U (UIYDb,
(yHKLIMY 1 J]aXKe MHOXKECTBA.
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A Ay

B

Puc. 3.26

Jemma 2. Ecnv Toukn A u B penst anvHy skcTpeManbHOW KpHBOM
rornoJiam, To Xxopaa AB aenur miowans GUrypsl nomnosam.

Joxazamenvcmeo. Ecnu xopaa AB genut miowmanp Ha JBe HEpaBHbIE
4acTH, TO OOJIBIIYIO YaCTh MOYKHO 3epKaJIbHO OTPa3UTh OTHOCUTEIBHO
npsmMoii AB u, B35B GOJIBIIIYIO YacTh BMECTE C €€ 3epKaJbHbIM OTpa-

JKEHUEM, TIOyYUTh HOBYIO (UTYpPY C TE€M K€ MeprUMeTPOM, HO OOJIb-
1€y TUToIa u.

C

A B A B

Puc. 3.27

Jemma 3. Ilyctb Touku A u B nensT aauHy sKcTpeManibHOU KpUBOU
niorosam, 1 Touka C mobas Touka kpuBoid. Toraa yron ACB — nipsmoii.

DTO LUEHTpaJbHOE MECTO A0KazaTesnbCcTBa. [lpuemM, nmpumensemslii ga-
Jiee, HOCUT Ha3BaHue LapHupHoro meroaa . LlreliHepa.

JHoxazamenvcmeo. Jonyctum, uto yron ACB He sBisieTcsl NpsiMbIM
(puc. 3.27, a). Ilnomane, orpanuvenHas nyroii ACB u xopnoii AB,
pa3bura Ha Tpu yactu: TpeyroibHuk ACB u nBa cermenTa, mpuie-
ratowpe k xopaam AC u CB. IlpeacraBum, YTO CErMEHTBI JKECTKUE
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(BeIpe3aHbl M3 KapToHa), a B Touke C HAXOAMUTCS LUAPHUP, COeAU-
Hstolmi aBa cermenTa. [loBepHem xopay CA BMecTe ¢ npuieraroimmum
K HEel CerMeHTOM BOKpYT LIAPHUPA TaK, YTOObI Yroj Mexay XopAaaMu
ctan npsaMbiM. Touka A nepeier B HOBOe MosiokeHue A, Mpu 3TOM
ausa ayru ABC v njowaau cermeHToB He usmenstes (puc. 3.27, 0).
[lnowanp tpeyronbuuka BCA; Oosbwie, yem tpeyrojbHuka BCA,
T. K. U3 BCeX TPEYrOJbHUKOB C 33aJaHHbIMU JIMHAMHU ABYX CTOPOH
MaKCUMaJIbHYIO IUI0LIa[b MUMEET MPSIMOYIOJIbHBIA TPeyrojbHUK. Te-
nepb OTpa3uM NosyueHHyro ¢urypy orHocurenbHo A B. B pesyinbra-
Te nosiyyaeM (Urypy ¢ TeM e NepuMerpoM, HO OoJibLIeH Miowaim.
Jlemma nokazaHa.

Mbl OpuLLIY K CAeLyOLEMY: SKCTpeMallbHas KpUBas — 3TO MHOXKe-
ctBO Todek C, U3 KOTOpbIX Xopaa AB, nensias AnuHy KcTpeMalib-
HOW KpUBOH momnosam, BuaHa nof yriom 90°, T. e. 3Ta KpuBas — OK-
pyxHocTb. PazBe He BocxututenbHo? W XOTS TyT €cThb HIOAHCBHI
(M3HayanbHO mpenrnosaraeTcs, YTo SKCTpeMallbHas KpUBas cyujecim-
eyem), Bce paBHO BocxututTenpHo! M3 nokazaHHON Teopembl
1. LTeiiHep BbIBen psad nopasurenbHblx cieactsuid. [Ipusenem npa
U3 HUX.

Puc. 3.28

Cneocmeue 1. Bnuiiem B OKPYKHOCTb MHOTOYTrOJbHUK. CErMeHTbI
Kpyra, OTcekaembie CTOPOHAMHU MHOIOYroJIbHUKa, Oy/1eM CUMUTATh HKe-
CTKHUMMU. HpeﬂCTaBl/lM, YTO 2THU CCEIrMCHTbI COCAMHCHbLI B BCpLIMHAX
MHOrOyrojibHUKa 1wapHupamu (puc. 3.28, a). Jledopmupyem BCro
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KOHCTPYKLIMIO, U3MEHUB YroJjl MeXJY KaKMMHU-MOO ABYMs COCE[HM-
MU CTOPOHAMH MHOIOYroJjibHUKA (NPU 3TOM OCTAJIbHbIC YIJlbl B Lap-
HUPHbIX BEPLUIMHAX MHOIOYIOJIbHUKA TOXKE U3MEHSTCs1). B pesybrare
MOJIyYUTCSI HOBasi KpUBasi, COCTOsILIAS U3 YT OKPY>KHOCTH U UMEIO-
as Ty ke JJMHY, YTO U OKpYxHOCTb (puc. 3.28, 6). CorsiacHO u30-
MepUMETPUUECKON TEOpPEME MJIOAlb, OrpaHMUYEHHAss HOBOM KPUBOH,
MeHbLLE MIowWaay kpyra. Ho riowanm >kecTkux CermeHToB He U3Me-
HWJIMCb, 3HAUMT, IJIOWA]b YMEHbLUWJIACh TOJILKO 3a CYET MHOIO-
yrosibHuKa. Cre10BaTeNbHO, U3 6CeX MHO20Y20IbHUKOE C 3A0AHHbIMU
ONUHAMU U NOPSOKOM CIeO06AHUSL CIMOPOH HAUDOILULYIO NAOUWAOb
uMeem mom, KOMopPwvlil MOICHO GRUCAMb 6 OKPYIHCHOCHIb.

YaR

Puc. 3.29

Cneocmeue 2. BrivuieM B JaHHbBIA MOMYKPYT JIOMAHYIO JIMHUIO Tak,
YTO KOHIIBI ee JiexkaT Ha auametpe (puc. 3.29, a). Onsarp ke, Oynem
CUMTaTh, YTO 3BEHbsl JIOMAHOU COEIMHEHbl LIAPHUPaMU, & CerMEHTbI
Kpyra, OTCeKaeMble TUMH 3BE€HbSIMH, JKECTKUE.

IlepemecTuM KOHLbI JIOMAHON BJlOJIb NPSIMOW, HA KOTOPOM JIEXKUT
auamerp (3Ty NpsSMyIO Mbl cuuTaem 3aJaHHoM). Tak Mbl mony4uM Ho-
BYIO KPMBYIO, COCTOSILIYIO M3 YT TMOJIyOKPY>KHOCTH TOH K€ AJIMHbI,
YTO W MOJIyOKPY>KHOCTb (puc. 3.29, 6). CorjacHo u3onepuMeTpuye-
CKOM Teopeme I1011a/ib, OrpaHUYE€HHAasi HOBOW KPUBOM W 3aJaHHOM
OEeCKOHEeUHOM MpsiIMO, MeHbLIe MJowaal nojaykpyra. Ho cermeHtbl
Kpyra >KeCTKHe, M M03TOMY IUIOLIa/lb YMEHbIIWIACh 3a c4eT Aedop-
MHPOBAHHOrO MHoroyrosibHuka. OTcrosa Teopema: Oanvl no OnuHe
U NOPAOKY CIeO06AHUS CIMOPOHbI MHO2OY20NbHUKA, 30 UCKIIOYEHUEM
00HOU cmoponvl. [Inowadv mnozoyzoneHuka Oyoem HaubOIbLULET
6 MoM cayuae, eciu MHO20Y2ONbHUK 6NUCAH 6 KpYe, OUaMempom KO-
MOPpO20 AGIACMCIL NEPEOHAUANLHO He 3A0AHHAS CIMOPOHA.
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3apgava gna ncciegoBaHna

Kakon u3 MHOroyronbHMKOB 33a4aHHOrO nepumeTpa umeeTt Hambonb-
wyto nnowaap? B pa3dene 2.1 Mbl yxe BbIACHWNN, YTO U3 BCEX Tpe-
YroflbHUKOB C 3a4aHHbIM NEPUMETPOM MakKCUMarbHyO niowaib nme-
€T npaBunbHbIn. BEpHO nu 970 yTBEpXKAEHNE ANA NOOOro N-yronbH1Ka
npw n > 37

Bapwvauuun sagauv OuaoHbl

Bapnanunsa 1. Ecou /lunoHa kynwiia y4acTok He B TiTyOWHE KOHTH-
HeHTa, a Ha Oepery (Tak ckas3aTb, C BUIAOM Ha MoOpe), TO 3azaua
HECKOJIbKO MeHseTcs: Oeperopas JIMHUA CIYXKHUT YacTblO T'PAHULIbL.
Pemnm 3apauy, cuurtas, uro OeperoBas nauHus npamas. TpebOyercs
caenaTth MaKCUMalbHOM MIOIIaAb, OrpaHUYEHHYI OeCKOHEeUHOM
MpsIMOH / ¥ KpUBO# Y 3aaHHOM JITHHBI.

Puc. 3.30

Pewenue. Paccmorpum Oeper mops kak 3epkano (puc. 3.30). Torna
KpuBasi Y BMECTE CO CBOMM 3€PKaJIbHbIM OTPayK€HUEM MpPEeACTaBiseT
co0Ol 3aMKHYTYIO KpPUBYIK YABOCHHOW uHbl. [lnomans, orpanu-
YeHHasl 3TOM 3aMKHYTOH KpHUBOH, Taioke BABOE Oonblie IUIOLIAAH,
MaKCUMyM KOTOpPOH HaM HaJlo HaiiTu. DTa Iuiolaab MakCUMalbHa,
KOIja 3aMKHyTas KpUBas — OKPYKHOCTb. ClieoBaTebHO, YUacTOK
JnnoHel fonkeH ObITh MOMYKPYTOM C LIEHTPOM Ha Oepery Mops.

Bapunanus 2. He uCK/I104€HO, YTO MECTHBIM BOXKIb YCTYIWII LIAPEBHE
HEeYA00HYIO YacTh no0epexbsi B palioHe mbica. Peuium 3anady B Ta-
KO nocraHoBke: aaH yros MeHblue 180° (6eckoHeuHas 4acTb IU10C-
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KOCTH MEXJAY ABYMS Jlydamu, npoBeaeHHbIMU U3 Touku O). Halitu
JIMHUIO 33/laHHOW JJIMHbI, OTCEKAaloLYI0 OT Yyrjla HauOOoJIbLIYIO
101 A/lb.

\ 0 I
\ /
\ /7
\ 7
\\ //

N _—

Puc. 3.31

Pewmenue. PaccmoTpum cHauasa 4acTHBIM cilydail, koraa yroJ nps-
MoH. [IpumMeHuB 1Ba 3epKajibHbIX OTPAXKEHUSI OTHOCUTEJIbHO CTOPOH
yraa (puc. 3.31), Mbl OnsATh NPUAEM K 3aMKHYTOH KpUBOH, KOTOpas
JOJDKHA ObITh OKPYXKHOCTbIO. JlJisi KakuX elle 3HaYeHWH yrja Mbl
MOXKEM HCI0JIb30BaTh TakoW npuem? OueBHJHO, AJi1 BCEX YIJIOB,
paBubix 180°/n (n — HaTtypaibHOe). Bo BCeX 3THMX Y4aCTHBIX Cilyuasx
pelieHue OyneT OAHO: KpuBas 10JDKHA ObITb AYrodl OKpPYXHOCTH
C LEHTPOM B BepLIMHE yriia. bbuio Obl 1OBOJBHO CTpaHHO, €ciid Obl
MPU APYIrUX 3HAYCHUSIX yriia peuieHue Obl10 MHbIM. ['unoresa o Tom,
YTO NpHU JHOObIX 3HAYEHUSX yrja UCKOMasl KpuBas — Ayra OKpyK-
HOCTH, BBIIJISIAMT [OBOJILHO NpPaBIoONoAo0HO. 3aliMemcsi J10Kaza-
TEJbCTBOM 3TOU runoressl. byzem npu 3Tom npeanonararb, 4To A
ao0oro yria mesbiue 180° cywecmeyem xpupas y (3KCTpeMasib-
Has), KOTopasi OTCeKaeT OT yrJia Ijowaab Oosblue, Yem aoas Opy-
2as JINHUA TOU K€ JJIMHbI.

Jemma 1. DxcrpemanbHas KpuBas Y CHMMETPUYHA OTHOCHUTEIBHO
OUCCEeKTPUCHI yTiia.

Joxazamenvcmeo. Caenaem 3epkajibHOe OTPaKEHWE KPUBOH Y OTHO-
cuTenbHO OuccekTpuchl yria. [lomyynM kpuByro ¥, TOH Ke JJTUHBI,
YTO KPUBas Y, U OTCEKAIOLLYIO OT yIJia Takyto e rowais. C apyroit
CTOPOHBI, MOCKOJbKY KpHBasi Y — DKCTpPeMajibHasg, TO OHA OTCEKaeT
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miowaap Oonpulyto, yuem kpusas 7. Ilomyuaem nporuBopeuue, cie-

AO0BaTEJIbHO, KPpUBLIE Y U Y COBIIaaaroT.

Cneocmeue. KoHLIbI SKCTpEMaJIbHONW KPUBOUM paBHOYAAJICHBI OT BEp-
LIKHbI YIJ1a.

Jemma 2. Ilycte A 1 B — KOHLIbI 3KCTpeManbHOW KpUBOH, Jiexalye
Ha pa3Hblx cropoHax yrna O. Tornma Bce Touku C skcTpeManbHON
KpUBOI UMEIOT 0JIMHaKoBOe 3HadeHue yria ACB.

Hokazamenvcmeo. Ilycte C — mro0asi Touka 3KCTpeMallbHOW KPUBOM
y. Coenunum ee ¢ Toukamu A u B. [Inowane, orcekaemas KpuBow y
OT yrja, cocTout u3 uerbipexyronbHuka OACB u cermeHTOB, npuse-
raroux k xopaam CA u CB. IlpeactaBum, YTO CErMEeHThI KECTKUE,
a B Touke C XopAbl coeauHeHbl apHupoM. bynem asuratb Touku A
u B Brons cropon yrna (puc. 3.32), coxpanss pasencmgo ompesxos OA
u OB (mpu 3ToM Touka C Oynmer cmemarses u yron ACB Oyner me-
HATHCS).

O
Puc. 3.32

[lnowanp, oTcekaemasi KpUBOM Y OT yrJja, OyJaeT U3MEHSITbCS TOJIKO
3a cueT miowaam Yerbipexyrosibiuka OACB. O6o3zHaunm OA = OB =/,

CA=q, CB=b, LAOB=¢, ZLACB =a. [lnomans S ueTbipex-
yrosnbHuka OACB, cocraBneHHoro u3 tpeyroiasHukoB ACB n OAB,
paBna (/ 2 sin ¢+ absina)/2. Brlpaxkas kBaapaT JUiMHbI 0Tpe3ka AB
u3 TpeyroipHukoB ACB u OAB no Teopeme KOCUHYCOB, MOJYYUM
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a® +b% —2abcosa = 4/° sinz((p/Z). Orcioga miowaab S MOXKHO
BbIPA3UTh KaK GYHKLMIO yrJja o

1{ a®+b> -2abcosa. | . 1 .
=— — sin @ + —absin a.
2 4sin“(¢/2) 2

[IpeoOpazyem 310 BbIpaxkeHHe clieayIoLuM 00pa3om:

B (a2 +b2)sin((p/2)cos((p/2)—2abcosocsin((p/2)cos((p/2) N

> 2
4sin“(@/2)
2 2 . .
+labsinoc _a +bh” ab(cosoccos((p{2)—smocsm((p/2)) _
2 41g(9/2) 2sin(p/2)

B a’ +b* _abcos(a+(p/2)
4tg(p/2) 2sin(¢p/2)

MakcumyMm miow@aau aocruraercs npu cos(o+@/2)=—1, T. e. npu
oo =7—¢/2. Takum obpazom, ecnu g moboi Touku C yron ACB
HE paBeH T—@/2, TO MOXKHO ObL10 Obl, U3MEHUB 3HAUCHUS YyrJja

ACB, yBennuuTh mouaab yetbipexyroibHuka OACB u Tem cambiM
YBEJIMUYUTD [J1011Aa/lb, OTCEKAEMYIO SKCTPEMalbHON KPUBOM.

( 3amedaHune )

Mpn n3meHeHnm nonoxeHms xopa AC u BC MoxeT npousontn cre-
AyloWwas HeMNpUATHOCTb: HEKOTOPbIE YacT! CErMEeHTOB MOTyT OKasaTb-
¢ 3a rpaHvuamm mbica (puc. 3.33). B aTom cnyyae BbICTynawowyo 3a
npegenbl MbiCa YacTb CEerMeHTa ¢ napariuiefibHbiM NepeHoCoM CMe-
CTUM BAOJb CTOPOHBI YINa Aanblue OT BEPLUMHBI U 3EPKaribHO OTPasum
ee OTHOCUTENbLHO CTOPOHBI yrra Tak, YToObl OTPaXXeHHbIN y4acTok G He
HaknagblBanca Ha gpyrue yyactku. [1pyn 3TOM KpuBas y OKaxeTcs pa-
30pBaAHHON Ha OTAENbHbIE KYCKWN, U OXBaTbiBaemasi e obnacte — co-
CTaBMNEHHON M3 OTAENbHBIX Y4aCTKOB (Takylo obnactb HasbIBaOT MHO-
rocesizHo). OpHako obwas anuHa BCex KyckoB M obias nnowanb
BCEX Y4aCTKOB HE U3MEHATCS.
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Puc. 3.33

[loaBoas utor, OCTanOCh 3aMETUTh, YTO KPUBasi, U3 BCEX TOUEK KOTO-
poii oTpe3ok AB BuaeH 1o 0OAMHAKOBBIM YTIJIOM, — 3TO yra OKpYXK-
HOCTH.

3ap,al-w| Ana cCaMmocCToATeJSIbHOIo peLwieHus

3apava 1. B Tpaneuuu nnuHel nuarosanei pasusl 5 u 6. Kakyto Hau-
00J1bIIIYIO IUIOLA/b MOXKET UMETh 3Ta TpaneLus?

3agaua 2. Kakas u3 aByx ¢uryp umeer 0OJblIYIO IUIOLWIAAb: KPYT,
BIUCAHHBINA B KBAJIpaT C €JAMHUYHON IUIOIIAABIO, MM KBAaJApaT, BITH-
CaHHbIU B KPYr ¢ €AMHUYHOH owaabio? Kakas us atux nByx duryp
uMeeT OoNbLIKi TepuMeTp?

3agaua 3. Halinute HauMmeHblIni paavyc Kpyra, B KOTOPOM MOXHO
Pa3MecTUTh TPEYTOJIbHUK CO CTOPOHAMM JJIMHOH 4, 5 1 7.

3apaua 4. Jlokaxxure, 4TO U3 BCEX MHOTOYTIOJIbHUKOB 33/IaHHOTO Tie-
pYMeTpa HAUMOOJIBLIYO TUIOLIA/lb UMEET MPABUIIbHBIMN.

3agaua 5. Bnumure B momykpyr npsmoyroibHuk ABCD nHanGosb-
wel nowany tak, 4roObl BepuiMHbl A U D nexanu Ha auamerpe,
a eplunHbl B 1 C — Ha nosyokpy>KHOCTH.

3agaua 6. Ha cTopoHax 3agaHHOrO yria HaXOZSATCS KOHLbI OTpe3Ka
AB. Hatliaure Hau0o/buIyIO MUIOLIAAb TPEYrOJbHUKA, OTCEKAECMOIO
otpe3koM AB ot yrua, ecniu anuHa otpeska AB paBHa /.
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3agaua 7. Orpe3ok AC = a u orpezok BC = b coenuHeHbl LiapHUpOM
B Touke C. Touku A u B Haxonmarcs Ha CTOpPOHaxX MPsSMOro yrjia
¢ BepwmHoi O. Haliaure Haubolibliee 3HAUCHUE TUIOLIAN YEThIPEX-
yroiasauka OACB. Kak u3smenurcs peleHue, eciiv yroi, Ha CTOpoHax
KOTOPOro HaxoAsuTcst Touku A u B, Oyner orivueH ot npsimoro?

3agaua 8. KoHupl HepacTsXKUMOI HUTH NpUBS3aHbl K KOHLAM Maioy-
ku. Kakyto ¢opmy nomkHa UMETb HUTb, YTOOBI [UIOILAAb, OXBAUCHHAs
noJry4uBLIeics netnei, Opljia MakcuMaabHa?

3agaua 9. /lan npaBUIbHBIA TPEYroibHUK CO CTOPOHOW, paBHOW eau-
Huue. Kakyio HauMeHbLUYIO AJIMHY UMEET JIMHUS, KOTOpast IeJIUT ero
Ha JIB€ PaBHOBEJIMKHUE 4acTH?

3agaua 10. /[ga pom6a ABCD u CKNM co cTopoHaMu eAMHUYHON
JUIMHBI Ka)KJblii pacnosioxkeHbl Tak, yTo ux auaroHand AC u CN Ha-
XofsTest Ha omHoM npsimoit (Touka C Ha otpeske AN). Bepimnet A u N

¢ukcuposanbl (AN =1+ NG} ), a Touka C MOXeT ABUraThCs 1o nps-

Mot AN. Halinute MmakcuManbHOE U MUHUMAJIbHOE 3HAUYEHHUSI CyMMBbI
mionael 3Tux poMOoB.

3amaua 11. Halitu nnusbel cropon napamienorpamma ABCD Hau-
OosbLUeH TUIOLAAM, €CIIM U3BECTHO, YTO €ro BeplluMHa A yjaaneHa oT
cepeannbl ctopoH BC u CD cooTBercTBeHHO Ha 6 U §.

3agaua 12. [lan yron ¢ Bepmmnoii O. TpeOyercs HalTH BHYTpH yria
TOYKy A M Ha cTopoHax yria Touku B u C Tak, uToObl oTpe3ku AB u
AC 6bumn anuHOM 1, W momane yetsipexyroapHuka OBAC Obuia
MaKCUMaJbHOM.

3agaua 13. B tpeyronshuke ABC ZABC=120", AB=BC=1.
Haiinure MakcuMasbHYIO MJIOLIAAb TAKOTO npsimoyrojibhuka AMNK,

4yroObl BepLUMHbI TpeyrojibHuka B u C nexanu Ha ctopoHax npsiMo-
YIOJIbHUKA.
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Oe ObITb 3KCTPEMYMY —
AVKTYeT napameTp

4.1. Uccnepyem BCce BO3MOXHOCTU

Heyxenu He xoueTcs BaM,
Harsikasich Ha CKalbl U MeITH,

Tem He MeHee, IUIbITh [0 BOJIHAM?
B GypHoM Mope nroelt 1 COOBITHH,
He mans sxuBoTa cBoero,
CoBepIuTe BBl Maccy OTKPBITHI,
Wnorna we xenas Toro!

M3 xlp " Jeenaoyamo cmynves”

Korma B ycnoBmm 3amaum mpUCYTCTBYET MapameTp, ee pelieHne —
Oosee TpyaHas mpoOieMa Mo CPaBHEHHIO C PEIICHUEM 3ajauH, B KO-
TOpOW yKa3aHbl KOHKPETHBIE YHWCIIOBbIE NaHHBIe. Pemmrth 3amady
C mapaMeTpoOM — 3TO 3HAYUT, BO-TIEPBBIX, OMPEICIUTDH, JJI1 KaKUX
3HAYEHUW MapaMeTpa pelieHue CYIIECTBYET U CKOJIbKO PEIIeHHUH Cy-
LIECTBYET; BO-BTOPHIX, HAUTH LI€JI0O€ CEMEUCTBO PEIICHUM MPU BCEX
BO3MOXHBIX 3Hau€HUSIX Mapamerpa. Ha 3Toil jopore BaM MOXKET
BCTPETUTHCS HEMaJI0 TpyaHOcTel. Hampumep, Hy:XHO OyJeT BbIsC-
HUTH, HE MPOUCXOANT JIM TPU KaKUX-HUOYAb "KPUTHYECKHX 3Hade-
HUAX TapaMeTpa KaueCTBEHHOE U3MEHEHHE PEIICHUS WM TOSIBICHHE
HOBBIX BapuaHTOB pemieHusi. Kopoue rosopsi, mapamerp, kak u Boc-
TOK, — JI€JIO TOHKOE!

Oco0eHHO KaBEP3HBIMU B 3TOM OTHOIICHUH MOTYT OBITh T€OMETpUYE-
ckre 3amaun. PaccMoTpuM, HampuMmep, CIpaBeAMBOCTH TAaKOTO YT-
BEPXKACHUS. HA NIOCKOCMU OAHbL MPU OKPYICHOCTIU AK, YO J100ble
06e u3 Hux xacaromcs eHewHum oopazom. Toeoa cywecmsyem posHo
00HA OKPYICHOCMb, KACAIOWAACS MPEX OAHHbIX GHEUUHUM 00PA30M.
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Puc. 4.1

Pucynox 4.1, xazanock ObI, TOATBEPKIACT MPABOTY ATOTO YTBEPKIE-
Hus. Tpu okpyxHoctr O1, O, 1 O3 KacarTcs APYyTr Apyra U MajeHb-
Kasi OKPYXXHOCTh S, "3akaras’ MeXay HHMH, KacaeTcs BCEX TpeX.
OueBUTHO, YTO B KPUBOJIMHEHHBIH TPEYTOJILHUK C BEPITUHAMU B TOUKAX
kacaaus okpyxHocteld O, O, 1 O3 MOXHO BITHCATH TOJIBKO OJHY OK-
pyxHOCTb S. TeM He MeHee, YTBEPKACHUE HegepHoe!

[TocMoTpuM Ha ATOT PUCYHOK C APYroil TOYKU 3peHHs. bynem cum-
taTh TpHu OKpykHOCTH O1, Oy 1 S manubiMH. OKpykHOCTh O3 KacaeT-
Csl OTUX TPEX JIaHHBIX, HO WHBIM 00pa3oMm. OHa He "3axaTa" MeKay
HUMH. Ecim npurisierses, TO MOXKHO 3aMETHTh, YTO B KPHUBOJIHHEH-
HBII TPEYTOJIbHUK, C BEPIIMHAMHU B TOUKAX KacaHUsS OKpyxkHOcTel Oy,
O, ¥ S MOXXHO BITUCATh MAJICHBKYIO OKPYXKHOCTH Y. Takum oOpa3zom,

0ge okpysichocmu Oz U Y MOTYT KacaThCsl BHEIIHUM 00pa3oM mpex

Oannvix oxpyscnocmeti O, O, u S. 31ech mapaMerp Chirpai ¢ HaMu
3nyto myTky. Ha puc. 4.1 paguycsl okpyxsaoctu O1, O, u O3 paznu-
YaroTcsl He O4YeHb CHibHO. Ecnm Obl 1Ba paamyca ObUIM TPHMEPHO
OJIMHAKOBBIMH, a TPETHi ObLJI, CKa)keM, B 5 pa3 MeHbIIe, TO HENpaBo-
Ta yTBEP)KICHUS OblyIa OBl 3aMETHA.

PaccMoTpuM HECKONBKO 3a7a4, B KOTOPBIX TJIABHYIO POJIb UTPAET Ma-
pamerp, ¥ OyIeM paccMaTpUBaTh BCE BO3MOXKHbBIC 3HAYCHUS ITapaMeTpa.

3agaua 1. Uepe3 BepiimHy KOHYCa MPOBECTH ILIOCKOCTh TaK, YTOOBI
IUIOMIAIb CeYEHNS ObliIa MAaKCUMAaJILHOM.

Pewienue. CeaenneM KoHyca OyaeT paBHOOEAPEHHBIH TPEYTOJBHUK,
OOKOBBIE CTOPOHBI KOTOPOTO SIBIISIIOTCS 00pa3yromuMu KoHyca. [TycTs
JUTMHA OOKOBBIX CTOPOH paBHa |, a yrom mexny Humu o . Toraa mwio-
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maap ceuenust S = (| 2sin o)/ 2 Oynmer MakCHMaIbHOW TIPY HAHOOJIBIIIEM
BO3MO)KHOM 3HAY€HMH SINO. YTON O MOXET MEHSTHCS B JMarla3oHe
0<a <23, tne p — yroa MexIy OCBIO KOHyca 1 ero oopasyrorieit. Eciu
2B > 1/ 2, To 1wIoMmIaaE CeUeHus OyIeT MAaKCUMAJIBHOM TpH O, =TT/ 2, T. €.
Siax =12/2. Ecmm e 2B<7/2, 10 Sy = (12sinB)/ 2, mpuem wc-
KOMOE CEUCHHUE MPOXOIUT Yepe3 OCh KOHYcCa.

31ech mapaMeTp — 3T0 yroi 3, a Ka4eCTBEHHOE M3MEHEHUE PEILICHUS
HPOHMCXOAUT NpH "KpuTHueckoM” 3HadeHnu P =7/ 4.

3angaua 2. Ha muamerpe AC okpyxHOCTH paguycoMm R B3sita Touka E,
yJaJieHHas OT IIeHTpa Ha paccrosHue a. [IpoBenute yepe3 Hee XOpIy

BD Tak, 4To0bl miomaap ueteipexyroibiuka ABCD Oblia makcu-
masibHOU. HaliauTe 3Ty momanis.

B
C O Ef |\ a
H
D
Puc. 4.2

Pewienue. 3nech, OYEBHIHO, MNApaMETPOM CIY)KHUT pacCTOSHUE
OE =a. O6o3naunm ~BEA = o, Torma miomaab S 4eThIpexyroib-
uuka ABCD pasaa R-BD -sino. Omycrum u3 O neprenaukyisp OH
Ha xopay BD. U3 npsmoyromsHoro tpeyroibhuka OEH (puc. 4.2)
naxomuM OH =a-sno. U3 mpsmoyroisHoro Tpeyronbhuka OHB

HaXOIUM KareT BH =VR?-a’%sin«a 4§ Xopay

BD =2.BH =2-YR? —-a?sin®a. Orciona [0JTy4aeM
S=2-Rsina-VR?-aZsin?o = 2R-y/sin? o R2 —a2sin® ).
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ITomians OymeT MaKCUMAaIbHOM, €Ciii OyIeT MaKCHMAJIbHBIM TTOIKO-
peHHOe BbIpakeHue. OG03HAUNM X=SIN20, M HAiiIeM MaKCHMyM
noakopenHoro Boipaxenns f(X) = X-(R% —ax). MakcuMmyM KBaz-

paTHOro TpexwiieHa gocTuraercs mpu X = R?/2a%, orcioma makcu-
MasbHas wiomans Sy = R/ a

Tenepb MPUCMOTPUMCSI BHUMATEIbHEH K MOJyYCHHOMY pe3yJIbTaTy.
B npenensHoM ciayuae a= 0 dpopmyna Sy = R®/a paer siBHblii a6-
cypa. B uem npuunna? Hy, KOHEYHO Ke, BeIb TEpEMEHHas X = Si n?a
HEe MOXeT ObITh Ooubliie enquauiel! HaliienHoe perieHne crpaBeiiu-
Bo Tombko mpu R?/2a?<1, T.e. mpu a R/V2. Ecm xe
a<R/V2, 10 MaKCHMyM IUTOIIAAX JOCTHTaercs mpu Sino=1.

B atom ciywae S, = 2R R? —a®. 3ajaua pemena. Mbl Hamum

KPUTHYECKOE 3HAYCHUE IapaMerpa 8y = R/4/2, MPH KOTOPOM IPO-

HCXOIUT KauecTBeHHOe m3MeHeHue pemenus. ChopMmyaupyem OTBeT:
opu  a>a, yron Mmexay xoppoi BD um mmamerpom AC pasen

arcsin(R/ aﬁ), omans versipexyronsanka ABCD pasna R°/a.
Ilpn a<a, xopza BD momkHa ObITH NepreHIUKYISPHA AUMAMETPY

AC, tipu 5TOM HCKOMas IIoIaas papHa 2Ry R? -aZ2.

3anaua 3. B okpyxHocTH paauyca 1 nmpoBeneHa xopaa AB mnuHoi a.
Hatigutre HanOoblllee 1 HAUMCHbIIIEE 3HAYCHUS CYyMMBI PaCcCTOSTHUN
OoT ToueK A W B 1o 3amaHHON TIpsIMOM, TIPOXOIAIIEH yepe3 IeHTP OK-
PYKHOCTH.

Pewenue. Crienas mapy 3CKH30B, MBI 3aMETHM, YTO MOTYT OBITh JIBa pa3-
JIMYHBIX CITydasi PacIooyKeHus Xopasl AB 1 3amanHoi nipsiMoii |: korma
TOUKH A 1 B nexar o ofiy cTopoHy oT mpsmoii (puc. 4.3) u kKorjia To4-
ki A u B nexar mo pasHble CTOPOHBI OT MPsAMOi. B mociienaeM ciydae
xopa nepecekaer rpsmyro | B Hekotopoii Touke E (puc. 4.4).

Omnyctum u3 Touek A u B nepnenaukysspst AC u BD Ha |. B nepsom
ciyyae moiyuutcsi npsmoyronsHas Tpaneuuss CABD, Bo Bropom —
nBa npsaMoyronsHbiX TpeyronbHuka ACE n BED. Coenunum ueHTp
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OKpY)KHOCTM ¢  cepeauHod  xopael M. JlnmHa  oTpeska

OM =+ 1-a%/4 s3anana, n nonoKeHHe XOpAbl Ha OKPYKHOCTH OI-
penensiercst yrioM mexay OM u mpsimoit |. DToT yroa o u Gymem
CUMTaTh TIEPEMEHHOHN, OT KOTOPO# 3aBUCUT UCKOMasi CyMMa paccTos-
Huit S U3 cooOpaxeHWi CUMMETPUH BHIHO, YTO JIOCTATOYHO pac-
CMOTpeTh W3MeHeHHe nepemeHHod B mHTepBaie O<o<m. Cpasy
HailJieM 3HaueHHE MEPEMEHHOM, MPU KOTOPOM IPOUCXOJIUT MEPEXO]T
OT TepBOTO ciiy4ast Ko Bropomy. Kornma touka A (unm Touka B) nexut
Ha npsaMoii |, monyuaem Sinov=a/ 2.

A
M p
Cc O E
C K D B
Puc. 4.3 Puc. 4.4

IlepBoiii cnydait umMeem tipu arcsin(a/2) < o< m—arcsin(a/2). Bro-
poii cayuaii peammsyercs mpu o< arcsin(a/2), a Taxke mpu
nm—arcsin(a/2)< o< m.

B nepBom ciyudae u3 touku M omyctum nepnenaukyisip MK na nps-
myto |. Torna MK — cpennsisi smnus tpaneumu CABD, mpu stom
AC+BD=2MK. W3 npsamoyroiasHoro Tpeyroipauka OMK

MK =sinow 1-a%/4. Orcrona CyMMa OCHOBaHMH Tpamneunuu
S(a) = 2sina 1-a? /4.

Bo BTOpoM citydae u3 npsiMoyrosibHbIX TpeyroisHukoB ACE u BED Ha-
xomam  S(at) = AC +BD = (AE +BE)|coso = a-|coso). 3neck 3mak
MOJTYJISl YIUTHIBAET BOZMO)KHOCTD OTPHIIATEIbHBIX 3HAYEHUIA COSOL.

OcTanochk OmpenennTh MakCUMyM W MHHUMyM (yHknma S(o) Ha
HCCIIeAyeMOM HHTepBasie. MOXHO 3aMETHTD, UTO Tpaduk dToU GyHK-
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UK CHMMETPUYEH OTHOCUTEIBHO MPSIMO¥ oL =T/2, mo3TOMy J10CTa-
TOYHO HAWTH dKCTpeMyMbl Ha uHTepBage O0< o< m/2. TTOCKOIBKY
Coso. — ¢yHKIMs yObIBaomas, a SN0 — BO3pacTaroiias, T0 MH-

HUMyM, OYEBHMIHO, AocTMraercs mpu o = arcsin(a/2). Ilpu stom

Smin = a-v1-a%/4.

YT00BI BBISICHHTH, TJI€ MAKCHMYM, HaJI0 CPABHUTH MEKTY CO0O0I 3Haue-
nusg S(0)=a u S(n/2)=2y1- a2/a. CpaBHUBas1, IPUXOIUM K BbI-
BOJLY, UTO IIpy @ > /2 Shax = & TIpu a<+2 Sy = 2-V1-a%/4.

( 3amevaHue )

B npepenbHbix cnyyasx a = 2 (xopaa AB — anameTp) n a << 1 pewue-
HVe 3afa4yn OOBOMbHO 04EBUAHO. HO 3T pelleHns KayeCTBEHHO pas-
nuyHbl. Mpn a = 2 Makcnmym gocturaeTcs, korga xopaa AB nepneH-
AvkynapHa |/, T. e. Toukn A 1 B no pasHble ctopoHbl oT /. IMpn a << 1
MakCMMyM AOCTUraeTcs, Korga novtu cosnapatowme Todkm A n B ne-
XaT no ofHy CTOpPoHy oT npsaAmon [. MNpepenbHble cnyvan cpasy noa-
CKasblBaloT, YTO CYyLLECTBYET KPUTMYECKOE 3HaJYeHne napametpa, npu
KOTOPOM MPOUCXOAUT KA4eCTBEHHOE N3MEHEHUE PELLEHWS.

3anaua 4. Berxons u3 jieca, ycTaiabld ¥ TOJOMHBIA OXOTHHK OKa3aJcst
B CHEXHOM roJie Ha paccrosaunr h = 1,6 KM OT J0poru, Ha KOTOPOH
pacrnosiokeHa ero OXOTHHYbs u30yiika. CKOPOCTh MepeBUKEHHS
OXOTHHKa 10 0e3q0poxpi0 3 kM/d4, a mo mopore 5km/u. 3a Kakoe
HAMMEHBIIIee BPeMsi OXOTHHK CMOKET 00paThes 0 CBOEH H30YIIKH,
€CIT pacCTOsiHUE S 10 Hee HampsaMukK: a) 2,4 kM; 6) 1,8 km?

B1D C A
o

Puc. 4.5
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Pewenue. Ilyctb O — ToUYKa, B KOTOPOH HAXOIUTCS OXOTHHUK, OA —
MEPIIEHINKYIAP K gopore, Touka B — u3bymmka (puc. 4.5). ScHo, uTo
OXOTHHK JIOJDKEH JIBUTAThCS 1O 0E3/I0POKBIO IO TIPSMON M BBIATH Ha
Jopory B HekoTopoit Touke C, mpuHamIexamei orpe3ky AB. O60-
snaunMm AB =1, ZOCA = o. Bpems, KoTopoe 3aTpaTUT OXOTHUK Ha

BECh IyTh J0 CBOCH M30YIIKH, pABHO
__h _l-hcdga_ h [
3sina 5 3sina

3 J |
1-—coso [+ —.
5 5

Ham H€06XOI[I/IMO HaWTH MUHUMAaJILHOE 3HAUECHUE (bYHKIII/II/I
3
f(a)=——| 1-=cosa
sna 5

Ha wuHTepBasie arcsin(h/s)<a<m/2. Hcnomedyem "yHuBepcaib-

HYIO" TPHUTOHOMETPUYECKYIO 3aMEHy, T. €. TepeiieM K MepeMEHHON
e =tg(a/2)>0. Toraa

sino =

1+¢2

(o) = 1+¢2 1_§18 _}_(l+48j22. Lg%
2¢ 51+e%) 5 (e 5> Ve 5

31ech MBI HCIIOJIb30BAIM HEPABEHCTBO O CPEAHEM apU(PMETHIECKOM U
cpeaHeM reoMeTpuueckoM. MuHuManbHoe 3HaueHne Gpynkoun f(€),

paBHoe 4/5, nocruraercsa npu € =1/2. Jlng ontumansHoro yria o
HaxomuM  Sino=4/5, cosaa=3/5. Jng 3amauM  a) HMEEM:

sno=4/5>h/s, | =Js?-h? =18 kM, Bpems B  nyTH
t=4h/15+1/5=472vun. Jlns 3amaun  ©0) umeem. 4/5<h/s.
B atom cnyyae Mmunumym ¢yHKiun f (o) mocTuraeTcs 3a mpeaeisaMu

HHTEpBaa (arcsi n(h/s), n/ 2). Torma onTUMasBHEIM ITyTh OYAET 110
orpe3ky OB u Bpems B mytu t = S/3 = 36 MuH.

3amaya 5. Kamanm mmpwaoir 1 moBopaumBaeT IMOA  YTIIOM
¢ (0<@<180°) (puc.4.6). KakoBa momKHA GBITh MaKCHMaJbHAs
JUTMHA OYCHb TOHKOTO OpEeBHA, 4TOOBI €r0 MOXHO OBLIO MPOBECTH Ye-
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pe3 moBopot? Paccmotpute cinywan ¢ = 90°, 120°, 60°, 30°. Kakosa
JIOJDKHA OBITh HAMOOJIBINAs JUIMHA OpeBHA, YTOOBI OHO MOTJIO IMPOWUTH
0001 MOBOPOT?

Puc. 4.6 Puc. 4.7

Pewenue. PaccMoTpuM CcHadasga MpOXOXKIACHHE OpeBHA depe3 IOBO-
pot Ha yron 90°. Bynem nBurath OpEeBHO Tak, YTOOBI €r0 KOHIILI OITHU-
pannch Ha BHEIIHHM Oeper kaHana (puc. 4.7). BpesHo mpoiiner moBo-
pOT, eclu He 3aJeHET BEPIIMHBI yIiia BHyTpeHHEro Oepera Touku Ci.
IMycts o0 — yronm mMexay OpeBHOM W BHemHWM Oeperom. HetpyiaHo
BHJIETh, YTO €CJIU YIACTCS JOBECTH YIoJl O JO "KPUTHYECKOTO" 3Ha-
yeHust O, =45° (nmpum stoM OpeBHO 3aiiMer monoxenue AB), To

Jajblie OpeBHO MpoiaeT MOBOpOT (M3 cUMMeETpUM KaHaia). IIpose-
neM u3 touku C; neprneHaukyysip K BHernHemy Oepery CK. U3 mpsi-

MoyronsHoro Tpeyronbiuka C;KA naxomum C;A =1/sin45° = V2.

Orcrona MakcuManbHas AiauHa OpesHa | = 2CA = 2\/5.

Hns moBopota Ha yroa 120° pemenne OyaeT aHaTOTHYHBIM, TOJBKO
Teneps "kputnueckoe” 3Hauenue o =30°, orset: | = 2/sin30° = 4.

Kaszaoch 0bI, Bce SICHO: ISt JTFOOOTO yIila () MakCHMasbHas fymHa | Opes-

Ha, TPOXOJAIIEro MoBopotT, paBHa 2/Sin(90° —@/2)=2/cos(¢/?2).
Onnako He OynaeM TopomuThes! PaccMOTpHM TpenenbHbIA Clydail
oueHpb Manoro yria ¢ (puc. 4.8).
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y G

Puc. 4.8

Bunxo, 9ro TyT curyanms wHas. 37ech BBITOJHEE YIEPETh KOHEIl
OpesHa B BepmuHy C 1 Bpamartb OpeBHO BOKpYT Touku C. Ilpm aToM
MaKCUMaJbHas JUTMHA "'TIPOXOJAmero” OpeBHa OymeT paBHA OTPE3KY
CC, =1/sin(¢/2).

BoisicHuM, /Ui KakuX yTJIOB (¢ TOBOPOTa KaHajia BBITOJHEH BTOPOM
crocob (T. e. Bpamarh 6peBHO BOKpyr Bepiiutbl C). st 3TOro Hajao
PEUIUTh HEPABEHCTBO

2 < 1
cos(¢/2) sin(9/2)

Taxum 00pa3om, MakcCUMalbHas AJTMHA OpeBHA

| = 2/cos(9/2), ¢ <Q<T
1/sin(¢/2), 0<p<@

,re ¢ =2~arctg%.

s "Hamxypamero" yriia moBoporta (p* HaXOUM Sin((p* 12)=1/ 5.
ITosToMy MakcuMamnbHas JyiHHa OpeBHA, CITOCOOHOTO MPONTH JIF0OOH
MOBOPOT, paBHA \J5.

Bonpoc

Kakos 6ynet oteeT ana ¢ =30°?

3amaua 6. [lo kanamy mmpuHON 1 MJIBIBET NPSMOYTOJIBHBIA IUIOT
pasmepamu h x| (I — Bmoab, h— monepek kanana). Ha koopaunat-
HOli tuiockoctu napamerpos mwiota (h,|) waiinure ¢urypy, muoxe-
CTBO TOYEK KOTOPOH — mapaMeTpsl "mpoxonsuiero” 1iora. Pemmute
3amauy s ciygaeB ¢ = 90°, 120°, 60°, 30°.

Pewienue. PaccmotpuMm cHauana Oosiee mpocTod ciydaid ¢ = 90°.
Ipexne Bcero 3ametum, uto | >0 u O<h<1. DOtu ycnoBus Bwige-
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JIIIOT Ha KOOpAMHATHOM rockoct (h, 1) "mosymnonocy” Mexy ochio
opaunat u npsimoii h=1. TloctaBum ot B "KpuTHYecKoe" MoIoxke-

HHE, B KOTOPOM ero ctopoHa AB o6pasyer yron o =45° ¢ Gepera-
mu (puc. 4.9). Toraa s NPOXOXKICHUS TUIOTA HEOOXOAMMO BBIMOJI-
Henue ycnosuss CM +h < CC; (3mech Touka M — cepeanHa oTpe3ka
AB). Otcrona

! +h< 1

2.tg45°  sind5®

Ha xoopaunatHoii mrockoctu (h,|) sToMy HepaBeHCTBY yIOBJIETBO-
PSATOT TOYKH, JIexkarmue He Boimie npsmoid MN, ypaBHeHHE KOTOpOit
| =272 —2h. Kasanoch Gbl, OTBET I'OTOB: HCKOMast ¢burypa — 310
tpanenust OMNP (puc. 4.10). OgHako 3aMeTUM, YTO MBI pacCMaTpu-

BaJIM TOJIBKO T€ IUIOTHI, KOTOPBIE, IPOXO/d MOBOPOT, BpalIaIUCh BO-
KpyT CBOEH OCH.

Al
M
h=1
C
1
A
N
\
\
o \\ h‘
C B P g
Puc. 4.9 Puc. 4.10

Ho m10T MOXXHO TIPOBECTH 4epe3 TIOBOPOT, HE MEHSISI €0 OPHEHTALIUH
Ha rtockocT! MOXXHO CHayasa JIBUraTh IUIOT BJIOJb OJHOW CTOPOHBI
yria 0 TeX 1op, HoKa OH He ynpercs B BepumHy C, a 3aTeM JIBUTraTh
€ro BIOJb APYroi cTopoHsl. Ilmor mpoiixer, ecimm | <1 (puc. 4.11).
Takum oOpazom, Ha koopauHaTHo# twiockoctu (h,]) x Tpameunu

OMNP noGasmsercst mpsMoyroisHblii TpeyroiabHuK KLN, katersr
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kotoporo uayt mo ymHusaM | =1 u h=1. Hckomas ¢urypa — 310
maruyroasHuK OMKLP (puc. 4.12).

A,
M
h=1
1 | < 1
N
\
\
“— LR
(0] P o
C_ 1 |
Puc. 4.11 Puc. 4.12

Teneps MOXHO paccMOTPETh MPOU3BOJBHBIA yron ¢ . Chenaiite co-
OTBETCTBYIOIIMH PUCYHOK, aHAIOTHYHBIA puc. 4.9, U momy4nTe ycio-
BHE€ NPOXOAUMOCTH VIS IUIOTA C BpaILlEHUEM:!

|
a1 (4.1)
2-tg9 sn?
2 2

JlnuHa 1iota, npoxoaumoro 6e3 Bpamienust (puc. 4.13), ynosnerBo-
PSET HEPaBEHCTBY

1 1

T (4.2)
sng |tgo|

|6e3 Bpam —

31ech 3HAK MOMYJS YUHTBIBAeT BO3MOXKHOCTH @ >90°. BhricHuM,

JUISl KaKuX 3HA4eHWH yriia @ TOYKa MepecedeHus] TpaHul obiacTel

(41) u (42) wa mnockoctu (h,|) Haxomurcst BHYTpH MOJIOCHI

0< h<1. Ins atoro namo moacrasuth B (4.1) h =1 u pemuts Hepa-
BEHCTBO

1-[coso| _ 2.(-sn(o/2)

_ (4.3
sing cos(p/2)
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A
C, I V18 (n—9)
L
"1/ @
Puc. 4.13

Pemast (4.3), Haxomum @ > @, =2arcsin(2/3). Hrak, npuxomum
K CJIEAYIOIIEMy OTBETY: IpH @ > (g MCKoMas (urypa — 3TO MATH-
YroJdbHHK, a Ipu @ <@, uckomas ¢urypa— Ttpanerums. s
@=90°, 120° momyuaercs msTMyronbHuK, a g1 @ =60, 30° —
Tpanenus, T. k. Sin(60°/2) < 2/3.

3amauya 7. B 3amaHHbIi TPEYroJIbHUK BIHCATh MPSIMOYTOJbHUK
C HaMMEHbIIEeH JUArOHAIBIO TAK, YTOOBI JBE BEPIIMHBI MPSIMOYTOJIb-

HUKa JIeKaJl Ha OTHOW CTOPOHE TPEYTOJIbHUKA, a IBE APYyTHe Ha IBYX
IPYTHX CTOPOHAX TPEYTOJIbHUKA.

B
N K
C
AM H L
Puc. 4.14

Pewenue. Ilycte npsmoyrompHIK MNKL co cropormamm KL =y u
NK =X — wuckomsiii (puc. 4.14). O603naunm maiuHy cropoHsl AC
yepe3 @, mmHy BeicoTsl BH uepes h. W3 momgobus tpeyronsurkos BNK u
ABC crenyer x/a=(h-y)/h=Kk, rne kK — xoapdurment nogodus.
Orcioma y=h-(1-k), x=a-k. Ham Hamo Haiith MHHHMYM (DyHK-
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wm  f(K)=x2+y?=a%k? +h?(1-k)? =k?(a? +h?)-2kh? + h?.
MuHHMYM O3TOW  KBaApaTUIHOW (DYHKIIMM  JOCTHUTAETCS TP
k=h?/(h*+a®). Orcioma maxomum fin = a’h?/(h*+a®) =
=45%/(h? +a®), rae S=a-h/2 — momans Tpeyronsanka ABC.

Kazanocs 0bl, 3amaua pemrena. YBeoI, emie HeT! MBI ere He BBISICHUIIH,
Ha KaKoi u3 cTOpoH TpeyroiabHuka ABC pacnoyiokuTh JBE BEPIIUHBI

npsMoyrosibHuka. Ham Hazno BbIOpaTh Takyl CTOPOHY TPEYrOJbHUKA
ABC, 4T00BI CymMMa KBajapaTa CTOPOHBI M KBaJpaTa BBICOTHI, OIIy-

LICHHOI HA 5Ty CTOPOHY, ObUIa HanGONbIIEH (Bemiumuna a° +h? kak
pa3 u sBIsieTCs MapaMeTpoM 3aiaun). Mrak, mycte @ u b — aimHel
aByx cropon tpeyroneHuka ABC, h,, hy, — mnmubl coorBercTBYyIO-
mux BhIcoT. CPaBHIM MEXIy co0oif Bemmumubl h2 +a° u hZ +b?.
JI71s 3TOr0 BO3BMEM HX Pa3HOCTh
2 2
h2 +a% —hZ —b? =a® - b? +2i2—4biz:

=(a?-b?)-|1 =(a?-b?)-(1-sin?g).

452
T 202

3neck ucrnonb3oBana ¢opmyna S=(ab-sing)/2, rae ¢ — yroa me-

Ky cropoHamu a u b. Tlockonsky Sin? @ <1, pasHocTs GyzeT mono-
XKUTENBbHOM Tpu &> b. Wrtak, JBe BEepUIMHBI MPSIMOYTOJIbHUKA HAJ0
PacTOIOKUTh Ha HAaKOOJIBITIEH U3 CTOPOH Tpeyroiasauka ABC.

3anaua 8. B tpeyronsauke ABC depe3 Touky A MPOBECTH MPIMYIO
TaK, 4TOOBI CyMMa pacCTOsSHUI 70 Hee oT Touek B m C Obuta Hau-
(nidiicEe

Pewenue. B 3101 3aaue BaXXHO OXBAaTHUTh BCE BO3MOXHBIC CITydau
pacronokerus tpeyrojapanka ABC u mpsMoii |, mpoBeneHHO uepes
TOuKy A. OY4EeBHUIHO, YTO MOTYT OBITh TOJIBKO J[Ba BapUaHTA:

1. Touku B u C nexar 1o ogHy cropony ot I;

2. Touxu B u C nexart 1o pazHbie CTOPOHBI OT |.
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Puc. 4.15

PaccMoTpuM 3TH BapUaHTHI.

IMpoeenem nepnennukymsipsl BK u CE k npsimoii |. B nepBom Bapu-
ante (puc.4.15, a) B tpaneunu KBCE cymma ocuoBanuii BK + CE
BABOe Oonbie cpeanel tuHun MH. M3 npsMoyroisHOro Tpeyroib-
nuka AMH naiinem MH = AM -sin ZMAH. Jlis Toro 4To0sl JUIMHA
MH 0bl1a MaKCHMAJILHOM, TPAMYIO | HYXKHO IIPOBECTH MEPIEHINKY-
nsapHo K Menuane AM. Ilpu atom cymma paccrossauii ot B u C o
mpsiMoii | pasaa 2AM .

Bo Bropom Bapuante cropona BC nepecekaer npsimyto | B HekoTopoit
touke P (puc. 4.15, 6). U3 npsiMmoyronbHbIX TpeyronbHukoB BKP u
CEP naxomum BK + CE =BCsna, rae o — yroji Mexay CTOPOHO
BC u npsamoii |. Makcumansaoe 3nauenne cymmel BK + CE gocTura-
erca npu o, =90°. IIpu 5ToM cymma pacctostauii ot B u C 110 nipsmoit
| pasma BC. Urak, MBI NIpHIUIA K CIEAYIOIEMY BBIBOLY. Ecim
2AM > BC, To mpsimast | 0/DKHA OBITH MEPHCHIMKYJISIPHA MEIHaHe
AM. B stom cayuae yron A octpsiii. Eciiu sxe 2AM < BC, To npsimas
| nomkua ObITh IeprieHAUKYIIsIpHA cTopoHe BC. B aTom ciiydae yroma
A Tymoii (mokaxwure 310). B ciayuae pasencta 2AM = BC (yrom A
NPSIMOiA) €CTh IBE PA3IMYHbIC TPSIMbIC, TAFOIIHE PEIICHNE 3aJa4H.

( 3amevaHue )

Ecnu Toukn B u C nexat no ogHy CTOPOHY OT NPSIMON /, Mbl MOXeM
NCMOMb30BaTh CBA3b MEXQYy CYMMOW ANMWH W NOTEHLMANbHON SHEPTMEN.
Momectm B TOoYkM B 1 C ognHakoBble €ANHUYHBIE MACChl U MPUMEM
npsmyto / 3a HyNeBomn ypoBeHb NOTEHUMAarnbLHON 3Heprun. Toraa cymma
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paccTosiHui oT Todek B u C go npsimoii / nponopumoHanbHa noTeHUm-
arnbHOW 3HEeprum cucTemMbl B OQHOPOAHOM none TsxecTu. LleHTp macc
Touek B u C, oueBuaHo, Haxoantcs B cepeamHe oTpeska BC — Touke M.
[nsa Toro 4to6bl NOTEHUMaNbHast 3Heprusl Obina MakcMMarnbHOW, oTpe-
30k AM fomkeH 6bITe NepneHanKynsipeH NpsiMow /.

3agaua 9. Uepes Touky mepeceueHUs: JBYX OKPYXKHOCTEH MPOBECTH
CEKYIIYI0 TaK, 4TOObI €¢ YacTh, 3aKJFOUCHHAs] BHYTPU KPYroB, ObLia
HanOOJIBIIEN.

Puc. 4.16

Pewenue. Ilycts n1Be okpyxHoctu ¢ neHTpamu O; u O epeceKaroT-
cs B Toukax A u B. IIpoBenem uepe3 TOUKy A MPOMU3BOJBHYIO IpSi-
MYIO, TIepPeCceKarlIyl0 OKPYKHOCTh ¢ 1eHtpoM O; B Touke M, a ok-
pyxHocTb ¢ 1eHTpoM O, B Touke N. IIpoBenem mnepneHIMKYISpPBI
OH; u O,H, x cekymeit MN (puc. 4.16). Jlerko BHIETb, 4YTO
MN =2-H,H,. ockomsky H,H, — mpoekuus orpeska 0,0, Ha
npsamyto MN, to MN =2-0,0, cosa, rae o — yroa Mexmay ceky-
meit u npsamoit O,0,. CrnenosarensHO, 9T00B! uIMHA oTpe3ka MN
OblTa HanOoJbIIeH, HeoOXoauMo, 4yToOsl ¢ =0, T.e. cexymas MN
JonkHA OBITh mapaiensHa nuHuu 1eHTpoB 0,0, . Kasamoce Ol

3amada pemieHa. OmHako oOpaTuTe BHUIMaHHUE Ha TO, YTO HAIIEe pere-
HUE OCHOBaHO Ha puc.4.16. Ha 3ToM pHCcyHKEe TOYKa A HaXOJUTCS
mexay Toukamu M u N. Crenaiite HECKOIBKO 3CKHU30B M HCCIICTyHTE
BCE BO3MOJKHEIE clTydan pacrnojiockenust Touek A, M, u N. Herpymao
3aMETHTh, YTO €CTh €IIE JIBE BO3MOXKHOCTH:

1. Touku M u N pacmonoxkeHsl MO OJHY CTOPOHY OT TOYKH A
(puc. 4.17, a);

2. OpmHa u3 HEX coBHamaet ¢ Toukoit A (puc. 4.17, 6).
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A AN)

/

M M
Puc. 4.17

B cnydae, eciu Touka N nexutr mexay A u M, yacteio cekyinei
BHYTpPH KpyToB sBisieTcs HEe oTpe3ok MN, a orpe3ok AM, T. e. Xopaa
okpyxHocT! HanbGonbiel Xopmoi siBIIETCS AMAMETp, MOITOMY He-
00X0IMMO BBISICHUTBH, KaKOW M3 OTPE3KOB OOJIBIIE: OTPE30K, Imapaj-
nenbHBI mpamoit O,0,, wmm ke auamerp 2R Oousbineil OKpys>KHO-

ctu. Yoeautecsk, uto Bo Beex ciydasx MN =2-H H,. B pesynbrare
HPUXOJUM K CIICIYIOIIEMY OTBETY.

Ecmm 0,0, > R, T0O cexyulyro Hag0 NPOBECTH MapaJUICNIBHO JINHUH
neatpoB 0;0,. Ecimn O;0, < R, 10 cexymryro Hago mpoBecTH uepe3
ueHtp Oounbiueil okpyxuoctu. Ecmn 00, = R, To cymecTByoT aBe

CEeKyIue, YAOBIETBOPSIONINE YCIOBHIO 33/1a4M. IepBasi mapaiesbHa
muann 1enTpos O,0,, npyras mpoxoauT depes LEeHTp Ooibliel Ok-

PYKHOCTH.

Bonpoc
KakoB otBeT, ecnu okpyxxHocT O1 1 O, paBHbI?

B 3aknrouenue paccMOTpuM €€ ABC 3aJa4ud C HECCKOJILKO 3aTeUIH-
BBIM YCJIOBHEM. OZ[HaKO 34€Ch MBI OTPaHUYUMCH TOJIBKO YKa3aHUSAMU,
OpeaAoCTaBJidgAa UX MMOJHOC PCIICHUC YUTATCIIAM.
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IlBoe B ogHoOM noake
He cuuTasi reomeTpumn

IloiiTH B mOXOJ— 93TO 3HAYHUT. HAa-
Oparb MOOOJIBINE, OTHECTH IOJAITBINE
M TaM BCE CHECTh.

Tloxoouasa myopocmo

Ha nernux xanukynax [letpoB u BaceukuH oTmnpaBWIMCh B BOJHBIN
IOXO0JI TI0 peke Ha Oalinapke. Peuka okazanach MHTEPECHOM, M TIOXO]T
o0ouM o4eHb noHpaBwics. OHAKO B IMOCIEIHUN JICHb MTOX0/1a, KOTIa
BCE MPOAYKTHI MUTAHUS YK€ 3aKOHUYMIUCH, APY3bsi HECKOJIBKO TMpHU-
yabuTH. OHH TOPOITWIIMCH T0OpaThCs K Bedepy JO MOcelika Ha Oepery
peKH, OTKy/Ia MOXKHO yeXaTh JOMOM Ha aBTOOYyCE.

Kak nHaszmo, peka Ha 3TOM y4acTke ObLIa OYCHBH H3BIIIMCTON. XOTS
B CpeHEM peKa TeKJia B BOCTOYHOM HaIpaBJIeHHH, €€ PyCli0 TOBOpa-
YUBAJIO TO HAMpPaBO, TO HAJIEBO M MPEACTaBIUIO cOOOM mocienoBa-
TETBHOCTh OJIMHAKOBBIX MOYOKPYKHOCTEH, THAaMETPhl KOTOPBIX pac-
MOJIOKEHBI Ha OJJHOM mpsiMoil. M3-3a 3TUX HECKOHYAEMbIX TTOBOPOTOB
CKOPOCTH MPOBMKEHHS OaiiTapky Ha BOCTOK ObIJIa HEBEITHKA.

"ITo-MoeMy, IBUTAsCH TEMIKOM TI0 Oepery, MbI BeIATpaeM Bpems. [lo
MOHMM HaONIOMEHHUSIM MBI TUIBIBEM €O CKOpocThio 10 km/4. Tlerkom
MBI OyZIeM HATH CO CKOPOCTBIO 5 KM/4, HO 3aT0 1o npsmoii. He Boimu-
CBIBas 3TH AYpPALKUE METIIN, MBI JOOEpeMCs JIO MOCeNIKa Topa3io Obl-
ctpee”, — mpemnoxkw Ilerpos. Baceukun rimyboko 3amymaics. " bbi-
CTpee He TONY4YHUTCA', — 3asABHJI OH IIOCIIE MUHYTHOT'O pPa3igyMbs.
"Kak 370 HE MoIy4yuTcs, Bellb MBI XKe MOHIEM HAIPSIMYIO M CPEKEM
myTh!" — ropstumics IleTpoB u B 10Ka3aTENbCTBO MMOKa3all PUCYHOK,
CIEJaHHBIA UM B TOXOAHOM OokHOTE (puc. 4.18). OnHako 3TH 10BO-
16l BaceukuHa He yOequiiv, 1 TOT OCTAJICS IPU CBOEM MHCHHUU.

Bonpoc 1
A Bbl € Kem cornacHbl — c MeTpoBbIM nnu ¢ BaceuknHbiM?

YkaszaHue

Mewwnn nyte OyaeT ObicTpee, ecrnu TOMbKO OH, MO MeEHbLUEA Mepe,
BABOE Kopoye.
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Heckonbko moBOpOTOB MpoLUIM B MOMYaHWH. Bapyr HaOmronaTeNlbHBIA
[lerpoB 3ameTH1, UTO peKa COBCEM OOHArena: N3Iy4yrHbl PEKH Terephb
MPECTaBIsUTN COOON NYT'M OAMHAKOBBIX COMPSIKEHHBIX OKPYXHOCTEH
B 240°. [leTpoB HEMEIIEHHO OCTaBHJI BECIIO U B3SUICS 3a OI0KHOT. M300pa-
3HB Ha JIUCTKE cxeMy peku (prc. 4.19), oH yrimyOWsIcs B KaKHE-TO PacyueThI.

IIEIIKOM

Puc. 4.18 Puc. 4.19

"Konuaii cynmts Becno! — oknmukHy ero Baceuku. — Tax Mbl 1 10 yTpa
He gobepemest o mocenkal" "Tuxo! Yamaii qymaer”, — orpenaycs [let-
POB ¥ TPOAOIDKMI CBOM Bbruucienus. "loroso! Hamen!" — pamoctHo
00BbsBIII OH HakoHer. "UTo Harien, HeIOSACHHbIH KYCOK Koj0achl?' —
3anHTepecoBasicsi Baceukun. "Jlyume! Perrenne npoOnemsl namen! —
TOpKecTBeHHO 0OBsiBrIT IleTpoB. — Tereps TOYHO TIETIIKOM OBICTpee ITo-
ayuntes”, — N00aBUI OH M MPOTSHYJ ONOKHOT Apyry. BaceukuwH Toke
OCTaBHJI BECIIO H TIPHHSIICS BHUMATEIIHHO M3Y4aTh HAITHCAHHOE.

Bonpoc 2
MpaB nu MeTpoB B TOM, YTO Tenepb NeLKOM OyaeT GbicTpee?

"CKOJbKO BPEMEHH, IO-TBOEMY, MBI CMOYKEM BBIMTPATh HA KaXKIOU
nemie?' — HakoHer cripocu Baceukun. "[lo moum HaOmrogeHUIM,
pamuyc moBopoToB R=1 xMm", — mHauan cBom oObscHenus Iler-
pOB, — JIMHA y4acTKa peKd Mexay toukamud A u B (cm. puc. 4.19)
cocraBmser 8nR/3=8,4 kM. TIpomiasiBeM MBI 3TOT YYacTOK 3a
0,84 u. /iimHa memero myTd Mexjay Toukamu A u B cocraBiser

2Rx/§*-3,44 kM. Ilemkom ™Mbl mpoiigem ero 3a 3,44 /5= 0,688 u.
Bourpeim Ha kaxpoit nerne cocraBut 084-0,688 = 0152 4 wim
npumepHo 9 mus. Hy uto, mpuctaem k Oepery?' — cropocui OH,
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Oepsick 3a Becno. BMmecTo oTBera BaceukuH omsTh Bhai B IIyOOKYHO
33 yMYMBOCTh (OH B [TOXO/1€ MCIOJIHSUT 00SI3aHHOCTH KaluTaHa).

"[TocMoTpl 1O KapTe, Kak JTajJeKo HaM eIle IUIBITH ,— OOpaTWiICs OH
K mpustenmo. "IpraeTcst poIuTBITE eIre AECSITOK TaKuX Ierelib. [1o Bome
9TO 3afiMeT MOYTH BOCEMb C TIOJIOBUHOM YacoB", — oOBsBmiI IleTpos, mo-
IiIeB B kKapTy. "He ycneem Ha aBToOyc, — B3m0oxHYyN BaceukwH. — [lo-
CIIETHAI aBTOOYC OTIIPABIIIETCS Yepe3 MIeCTh YacoB TPHIATh MUHYT ', —
0OBSIBIIT OH, TIOTJISIZICB Ha Yachl. " Jlake ecim moiaeM TeIKoM, TO BCe paB-
HO He ycrieeM. K ToMy jke, TOTaTh ¢ proK3akamu 1o Oepery peKr — 3Ha4YuT
YHOIOOUTH ce0sl BEIOYHBIM JKUBOTHBIM M YPOHHTH TOPJIOE 3BaHKE BOJTHBIX
TypucTOB. JIagHO, TpeOH JabIIe, TOPOITUTELCS YoKe HEeKyaa' .

Opnnaxo IlerpoB He yHumancs. OH ONATh YTKHYJICS B OJIOKHOT M IIpH-
HAJICSL YTO-TO BBIYMCIATH. K €ro uecTw Hajo MpU3HAThH, YTO BCKOpE
[leTpoB neiicTBUTENBHO HAalen pemieHue mnpodiemsbl. B pesynbrare
pebsita ycrenu Ha aBToOyC, IPH 3TOM HE MOJTHOCTHIO YPOHUB TOpJIOe
3BaHME BOAHBIX TYPUCTOB.

Bonpoc 3

MoxHo nu npontn ydactok AB meHee 4em 3a 37 MUH MpuU YCNoBUW,
yTO faxe ¢ Gangapkon B pykax NeTpoB n BaceukuH mMoryT natm new-
KOM cO ckopocTbio 5 kMA? 3a kakoe HanmeHbluee Bpemsi [eTpoB u
BaceyknH moryT nponTu yqactok AB?

O npumeHeHUU reomeTpumn
ANnA nonvea KanycTbl

ToBapuiy y4yeHsle,

HE COMHEBalTeCh, MUIbIe!
Kounp uto y Bac He magutcst
(ny, Tam, He TOT 3 dexT),
MBI 5KHMBO K BaM 3aBaJIUMCS
C JIOTIaTaMH U BUJIAMH,
Jleneuek nokymexkaem —
 BbIpaBuM Jedext!

U3 necnu B. Bvicoykozo

Jli1s mosMBa KamycTHOro mojst B popme kBaapara co ctoponoit 100 m
arpodpupma "Ypoxkait Cymep Ilmroc" coOupaeTcs 3aKynmuTh IOJH-
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BaJIbHBIC YCTaHOBKH. Kaxk/as Takas ycTaHOBKa OpOIIAET KPYT pajany-
com 10 M. OTH ycTaHOBKM HEOOXOJUMO PACIIOJIOKHUTH TaK, YTOOBI Ka-
JK1as TOYKa I10JIs1 MOTJIa OBITh IIOJIUTA.

Y 14 m
—p» >“<_
L A
¢ o0 0 e o0
|
e 0 00 0 0 0 o
e 0 060 00 0 o
e 0 0000 o o
e 6 0 0 0 0 & o
e e 000 0 0 o
® 0 0 0 0 © 0 o
¢ 6000 0 0 o
Puc. 4.20

Texaudeckuit gupekTop arpodupmsl T-H VIBaHOB, TIpOBENs pacyeThl,
MIPHIIEN K BBIBOAY, YTO HEOOXOUMO 3aKyNUTh 64 TAKUX YCTAHOBKH U
PACIIOJIOKUTh MX B MAXMaTHOM TIOPSJIKE, Kak MokazaHo Ha puc. 4.20.
Hpyroii coTpyaHuK arpoupMbl — CTOpO’kK nen Bacumuit — ¢ HUM He
COTJIACEH W TIOJaraeT, YTO MOXXHO OOOMTHCHh MEHBIINM KOJINYECTBOM
MTOJIMBAJILHBIX YCTAHOBOK M COKOHOMHTDH HEMaJIble IEHEKHbIE CPeCT-
Ba. [len Bacunuit — HapoJHBINA yMeliell, caMblid ONBITHBIM B OKpYre
ITYEIOBOJ] M HETIPEB3OUICHHBIN pacCKa3uHK BCAKUX HCTOpHi. OMHAKO
ypOBEeHb 00pa3oBaHus aena Bacuius, mo MHeHWIo r-Ha BaHOBa, He-
nocratoueH (y Bacuins HeT qake TUIIIOMa O BBICIIEM 00pa30BaHUM),
[I03TOMY €T0 MHEHHE He TPHHUMAIOT BCEPHE3.

Bonpoc

KTo, no-sawemy, npas B 3TOM crope — r-H ViBaHoB unu Aepn Bacu-
nMn? MoXxHO nNn B NpoekTe r-Ha ViBaHoBa yMEHbLUWTL KONMYECTBO MO-
NMBasnbHbIX YCTAHOBOK, N3MEHMB PacCTOsiHWE MeXay COCEeAHVMMU YC-
TaHOBKamMu (COXpaHsIsi UX pacrofioXeHne B LuaxmMaTHOM nopsiake)?
MOXHO N1 YMEHbLUMTb MX KONMYECTBO, PaccTaBsAs YCTAaHOBKW Ha Mo-
ne gpyrmm cnocobom? Kakoin cnocob pacCTaHOBKM CaMblii 3KOHOM-
HbIM? He 3abyabTe, 4TO KaxkAas ToYka KBaApaTHOro Mons [OrmkHa
6bITb yaaneHa oT 6nunxaiiLwen yctaHoBkM He bonee yem Ha 10 m.
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3apayum onsi cCaMoCTOATENIbHOro peweHuns

3anaua 1. Ha otpeske [—2, 1] Haiiti Hanbombliiee 3HaUCHUE DYHKIUH

f(x)= x* — 2ax? +3a® B 3aBHCHMOCTH OT napamerpa.

3agmaya 2. [lpm KkakoM 3HAYCHWM T[apaMeTpa & ypaBHEHHE
ax? + 3x + 2a% — 3= 0 uMeeT TOJIBKO LEeNbIe KOpHU?

3agaua 3. Jlopora, mo koTopoi npoesxaeT koBOOW bumnm Ha cBoeit
nomanke Ilommm, nepecekaer keye3Hy0 A0OPOTy MOJ MPSIMBIM YTJIOM
(puc. 4.21). Tlogbe3xkasi K HKEIE3HOJOPOKHOMY Tepee3ny, busim 3a-
METHJI 10e3]], MYanumics co ckopoctsto 50 km/4. Koraa busmn Haxo-
ouics Ha paccTosHuM 1,2 KM OT mepees3ia, a MmapoBO3y OCTaBajloCh
1,5 xm 10 mepeesna, KOBOOIO MpUILIa B FOJIOBY 3aMedaTelbHas Uaes:
paay CIOPTUBHOTO WHTEpeca JOTHATh moe3d (XOTs Obl mociemHui
BaroH) Ha cBoeil yomanake [lomim, KoTopas MOXET pa3BUBATh CKO-
pocts 30 km/4 (Koraa oHa B XopoieM HacTpoeHun). Cmoxet ju buit-
JIM OCYLIECTBUTH CBOIO 3aMEUaTeNIbHYIO MAC0, €CIU JUIMHA IOe3/a:
a) 90 M, 6) 100 m?

3anaya 4. ['OpHOJBDKHHUK Ha CKJIOHE TOPBHI OKAa3aJicsd Ha IMyTH CXOAa
naBuHbl. CKOpOCTh V, KOTOPYIO MOKET pa3BUTh TOPHOJIBDKHUK, 3aBU-
CHT OT yIJIa 0 MEXJy HalpaBJIEHHUEM €T0 JBIKEHHSI U HaIllPAaBICHUEM
BHU3 110 CKJIOHY: V =V, C0Sq, rae V,, — MakcuMaibHas CKOPOCTh
nepkHEKa (pric. 4.22). Haiitn 30Hy 6€30MIaCHOCTH, T. €. MHOKECTBO
TOYEK, U3 KOTOPHIX TOPHOJIBDKHUK CMOXKET YHTH OT JaBHHBIL. JlaBuHa
JBHXKETCSI C NOCTOSIHHOM ckopocTbio U >V, GpoHT 1aBuHBI ropu-
30HTAJIHBIN, ITUPHHOM |.

1500 m /
<«
iy /[ / S
100 m
¢ ’ 1200 M '
Y

Puc. 4.21 Puc. 4.22
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3agaua 5. Jloaka ciryckaeTcs 10 TCUYCHHIO PEKU HA PACCTOSHUE A KM,
a 3aTeM MOJHHUMAETCs MPOTUB TeueHHs Ha paccrosuue b km. Kakosa
JIOJDKHAa OBITh COOCTBEHHAss CKOPOCTH JIOJIKHM, YTOOBI BCS IOE3]Ka
MpoJI0JKaIach He OoJiee ueM t yacoB?

3agaua 6. BogoeMm umeer GpopMmy NpaBUIBHOIO TPEYrojabHUKA. MexK-
NIy PacrloJIOKeHHBIMHU Ha Oepery nocenkamMu A u B xoaut napom. Be-
JIOCUTIETUCT, KOTOPBIN HampasisieTcs U3 A B B, MOXeET BOCHOJB30-
BaThCsl MAPOMOM WM eXaTh Mo Oepery. [IpM KakoM HauUMEHbIIEM
OTHOIICHWU CKOPOCTH BEJIOCHUIIEIUCTA K CKOPOCTH ITapoMa Tiepernpana
Ha mapoMe 3aiimMeT OoJbIlle BPEMEHH, YeM TI0e3/IKa Ha BEJIOCHUTIE e TI0
oepery?

3anaua 7. [Ipoxox depes mposuB mupuHoii 2h creperyT aBa uysmo-
Buia — Cromwuia u Xapu6naa. Kaxoe u3 4yoBUIll MOKET MTHOBCH-
HO YHUYTOXHTH JIFOOOTO MOpEIUIaBaTesi, OKa3aBIIErocss OT HUX Ha
paccrosiuuu, MeHblieM R. UynoBuina KypCUPYIOT MONEPEK MPOJIMBA
BIIOJIb OTpe3ka AB oT omHOro 6epera 1o APyroro ¢ MOCTOSIHHOHM 1O
Benmunne ckopocthio U (puc. 4.23). JloruisiBas 10 Gepera, 4y10BHIIA
TYT K€ Pa3BOPAUYMBAIOTCS HA3aJ U BCTPEYAIOTCS HAa CEPEUHE MPOIIH-
Ba. Kakyro HaMEHBIIYI0 CKOPOCTh JIOJKEH UMETh Kopabibs Omucces,
4yroObl  OnaromonydHo mpoita mponuB, eciu:  a) R/h=05

6) R/h=0,955?
B
Cuunna i \
@ iT 2h

Xapuoaa

—>
< :

A
Puc. 4.23

3angaua 8. Bnimmmte B 3a1aHHBIN TPEYroJbHHUK MPSIMOYTOJBHUK C 3a-
nmaHHOM mmuHOM quaronann d. CKOIBKO pelieHni MMeET 3a1aua’?
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3agaua 9. Uepes Touky mepeceueHUs JIBYX OKPYXKHOCTEH MPOBECTH
CEKYIIYI0 TaK, YTOOBI €€ 4YacTh, 3aKIIOUYCHHAS BHYTPU KPYroB, ObLia
HauMEHbIIEH.

3angaua 10. [Tnomans Tpanenuu paBHa 1. Kakyro HaUMEHbBIIYIO JJIH-
HY MOXET UMETh HanOOJIbIIas TUArOHAb TPATICIIUU ?

3agauya 11. Xossiika packaTana JuCT TecTa B QopMe KBaaparta
40%40 cM, 4TOOBI Hape3aTh U3 HEro 3arOTOBOK JUIs meibMeHel (Kpy-
roB auamerpoM 5 cm). Kakoe MakcuManbHOE YUCIO KPYyroB OHA CMO-
KeT Hape3aTh U3 3TOrO JIUCTa?

4.2. CKONMbKO KOpHEU uMeeT ypaBHeHue?

He myraiitecs stux ypaBHenuil. OHn He
TaKye CTpAIlHbIe, KaK KaKyTCs Ha MepBbIit
B3EiA. CKOpO BbI K HHUM IIPHUBBIKHHTE,
a [IOTOM OHH BaM JI)Ke TIOHPABSATCH.

OoHaxicobl Ha TeKyuu

Korpma HeoOxoaumo Haiitn kopHu ypaBHenus f(X)=a, Hen30e:KHO

BO3HUKAIOT TaKHe BOIPOCHI: CYIIECTBYET JIM PELICHUE MpPU JTAHHOM
3HAUCHUU &7 CKOJIBKO CYIIECTBYET perieHuid? [l oTBeTa Ha 3TH BO-
MPOCHI IIPUXOIUTCS UCCIIe0BaTh cBoiicTBa Gpynkuuu f(X) u, B yact-
HOCTH, €€ IKCTpeMaJbHbIe CBOWCTBA, T. €. 3aHUMAThCsl [IOMCKOM Hau-
OoJIbILIero U HauMeHbLIero 3HayeHui f (X).

PaccMOTpUM HECKOJIBKO TaKHX TPHUMEPOB, B KOTOPBIX OOJBIIYIO
MIOJIb3Y MOTYT OKa3aTh HAM 3HAKOMBIE YK€ MPHUEMBI MOMCKa SKCTpe-
MyMa.

3agaua 1. Haiiqute Bce 3HaueHUs mapameTpa &, Mpu KOTOPOM YpPaB-
HeHue v 3— X ++/ 3+ X = a uMeeT eIUHCTBEHHOE PEIICHHE.

Pewenue. Oty 3a1auy MOXHO JIOBOJBLHO MPOCTO PEIIUTh, HATTPHMED,
Tak. 3aMeTHM, 4YTO | X|S 3, a=0. Bo3eenem o0e yacTu ypaBHEHUS

B KBaJIpaT U NOJIYy4IUM

Jo-x?=1a2 3
2
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Ipadux dynxman  Y(X) =+ 9—x? mnpeacrasusier coGoil MOIyOK-
PYXXHOCTH pafinycoM 3 C IIEHTPOM B Hauaie koopauHar (puc. 4.24).
I'paduk umeer ¢ npsmon Yy = a’/2-3 €JMHCTBEHHYIO OOIIYIO0 TOY-
Ky, TOJIBKO €CJIM TpsiMasi KacaeTcs MoyokpyxHocTH, mpu X=0. Ot-

CIOJIa CIICAYeT OTBET. a = 2./3.

A

-3 0 3

Puc. 4.24

3anaua 2. Haiigure Bce 3HaueHHUs ImapameTpa &, Py KOTOPOM ypaB-

HeHue J2—X +\/5— X3 +\/1—3X2 +\/5+ x3 +42+x=a umeer
€JIMHCTBEHHOE PEIICHHUE.

Pewienue. Terepb TpeANoXKeHWE BO3BECTH 00€ 4YacTH YpaBHEHHS
B KBajJpaT HE BBI3BIBACT JHTy3uazMa. BMecTe ¢ TeM, BBIpaKCHHC
B JICBOI YacTH paBEHCTBa, HECOMHEHHO, MMEET 4TO-TO olIiee ¢ pac-
CMOTPEHHBIM B IpeabIylned 3amade. Bo3mMoxHO, pemias mpenbiy-
Iy 3aady "B J00", MBI YITyCTHJIM KaKO€-TO CBOHCTBO (DYHKITHH

f(X) =+ 3—Xx++/ 3+ X, KOTOpOE MOIJIO OBl JaTh HaM JPYrou Moj-

XOJl K PEIICHHI0, MPUIOAHBIA 1 1 3amaun 2?7 Kakoe ke CBOHCTBO
Mbl  OCTaBWIM Oe3 BHMMaHus? PaccmarpuBas — BBIpaXKCHHE

V2o x4+ 5-x% +471-3x2 4 5+ X% +/ 2+ X, MOKHO 3aMETHTb,

YTO OHO COACPXKUT "mapHble”" paauKanbl, Hampumep ~ 2—X u

v 2+ X. OHHU OTIMYAKOTCS TOJIBKO 3HAKOM Iepes X. DTO 3HAYHUT, 4TO
€CITi 3aMeHUTh X Ha (—X), 3TH paJuKajbl IPOCTO TOMEHSIOTCS MeC-
TaMH, TIPH 3TOM UX CyMMa He u3MeHuTCs. [IpaBja, TyT elie oJuH pa-

mmkan v 1-3x% "Ges maper”. IIpu 3amene X Ha (—X) OH HE MEHSET
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CBOEro 3HaueHus. YTo ke U3 BCEro CKa3aHHOI'O CJ'IC)IyeT? Tonbko TO,
4TO ecau 3amMeHums X Ha (—X), mo Jjeesas 4acntb paeeHcmeda He usme-

Humcs. Ho 3TO 03HaYaeT, 4To KOPHU ypaBHEHUS TOXE IapHbBIC. €CIH
X =\ — pellleHre ypaBHEHUS, TO X = —A Toxke Oyzner pemennem. Crre-
JIOBATEJIEHO, PEIICHUE MOXET OBITh eOUHCMBEHHVIM TOIBKO B TOM CITy-
Yyae, eClIM OHO PaBHO HyJt0. OTCI0Ja MTHOBCHHO IIOJIY4aeTCsl OTBET:

a=1+2J2+25,u TIOJTy4YeH OH MPAKTUYECKH AaPOM.
Temneps mposICHSAETCS TO 00IIee CBOMCTBO (hYHKIMK M3 00enx 3amaq 1
u 2, KoTopoe Mbl He 3ameTin cpazy: f(X) = f(—x). Takue pynkmun

Ha3BIBAtOTCA uemuwvimu. OOpaTUTe BHUMaHHE Ha TOT (DAKT, 9TO 00-
nacte onpeaencuus GyHkiuu f(X) momkHA OBITH CHMMETPUYHOM

OTHOCHUTENILHO TOYKH X =0 (MHAYe MOXKET OKa3aThCs, YTO 3HAYCHHUE
f(—Xx) me cymectByer). Ecim ke f(X)=-f(-X), To dyHKIms ne-
yemnas. Tak, Hanpumep, QyHKIHA +/ 3— X He ABIAETCS YETHOU U HE
SIBJISIETCST HEUETHOM, 3aT0 arobas ¢pyukmums tama Y(X) = f(X) + f(=x)
SIBJISIETCSI YE€THOM.

YnpaxHeHue
CKOHCTpYyMpyinTe camu aHanornyHeiM obpasom 13 nbon dyHkummn f(x)
HeuveTHyto yHKUMo y(X). [okaxute, 4To Mobyo YHKUMIO C CUMMET-
pv4HOM 0BnacTbio onpeaeneHns MOXHO NPeacTaBUTb B BUAE CyMMbl
YETHOWN N HEYETHON DYHKLUUA.

Ecnu menpepoiBaas ¢yukims f(X) Ha HEKOTOpPOM WHTEpBaC UMEET

MUHHMMAaJIbHOE 3HaYeHHE M U MakCUMajbHOE 3HaueHue M, To ypaBHe-
nue f(X)=a umeer Ha HTOM MHTEpBaJie XOTs OBl OJJHO PELICHUE MPU

Bcex ac [mM]. Bcim f(X) monoToHHa (T. €. WM BO3pACTaeT, WK
yOBIBa€T Ha BCEM HHTepBaie), To ypaBHenue f(X)=a mpm Bcex
ae [m,M] AMEET eouHcmeéeHHoe PEIICHHe Ha HSTOM HWHTEepBalle
(puc. 4.25, a). Eciu ke f(X) memonoronna (T.e. MMEET y4acTKH

BO3pACTaHUsl U YYACTKH YOBIBAaHHS), TO NPU HEKOMOPHIX 3HAYCHUSIX
ae [m, M] ypaBHenne f(X)=a wumeer Oosiee OAHOTO pEIICHUS HA

untepsaie (puc. 4.25, 6).
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Puc. 4.25
Bonpoc
Kak ob6cTout geno ¢ dyHkumen
F)=v 2= x4V5-x3 +¥1-3x2 4V 5+ x3 + 42+ x?

MoxeT nu ypasHeHue f(X)=a umeTb npu HekoTopbIX a 6osiee 0gHOMo

pelweHns? fABnseTcs N 3HadyeHne 1+ 242 +245 AKCTpemarnbHbIM Ang
f(x)? Hangute Hambonbluee N HauMeHbLLee 3HaYeHns yHKUMK f(X).

3agaua 3. CKoJbKO pelieHnii uMeeT ypaBHeHue 1— x? |2 = cosx?

Pewenue. Onun xopens X =0 Bumen cpasy. Her mu apyrux? Cpasy
JKE 3aMeuaeM, 4TO B O0CHX YaCTSIX YPABHECHUS CTOST YETHBIC (PYHK-
nuu. [loaToMy ecnu ypaBHEHHE MMEET HECKOJBKO MOJOKUTEIBHBIX
KOPHEH, TO POBHO CTOJILKO K€ U OTpHIAaTeNbHBIX. [locTpoum rpadpuku

¢ynkmmin f(X)=cosx u g(x)=1- X212, TyT MoryT ObITH /1Ba Ba-
pHaHTa PacroioXeHust 3THX rpadukos. B nepsom ciyuae (prc. 4.26, a)
noMuMo Touku X =0 1mpyrux Touek nepecedeHus rpaguKoB HET, BO

BrOopoM ciydae (puc. 4.26, 6) ectb eme aBe Touku. Kakoii ke u3 Ba-
PUAHTOB IIPABUJIbHBIN?

y

/
/

\

/ A N
T y P 7 |0 \ >
/ |0 \ / \

a 6

Puc. 4.26
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INepenuuieM ypaBHeHHe B BHae 1—COSX=X2/2 M BOCIOIb3yeMCs
ToxaecTBoM 1—CosX = 2sin?(x/2). Tenepb ypaBHEHHE IPUMET BHL
SinZ(X/ 2)=(x/ 2)2. TyT kak pa3 K MecTy BCIIOMHUTb HEPaBEHCTBO
| sinx | S| X | BEpHOE TPH BCEX 3HAYEHHSX X. B paBeHCTBO OHO mpe-
BpaIaeTcs Toabko mpu X = 0, Mo3TOMY IpYrux KOpHEi HeT.

3anaua 4. CKOJIBKO pereHmi nMeeT ypaBHEHHUE
cog(sin x) = sin(cosx)?

Pewenue 1. C nomorbso GopMyIibl IPUBEICHUS 3aMUILIEM YPaBHEHUE
B BUjE. CO(SiNX)—Ccos(m/2—cosX) = 0 u BOCTIONB3yeMCS TOKIECTBOM

. (b—aj. (a+bj
cosa—cosb = 2sn sin .
2 2

B pesynbTaTe nonyuum

. (sinx—cosx m) . (m SiNX+CosX
29n —— "4+ |.dn = -———"""|=0.
2 4 4 2
Otrcroma  ciemyer, d9ro WA SINX—COSX=2nN-7/2,  win
SiNX+COSX = 2nN+ 71t/ 2, tme N— menoe uuciao. OQHAKO IIPH BCEX
HeNbIXx N 00a BeIpakeHMs 2MN—7/2 u 21N+ m/2 10 MOAyIo He
MeHbIIle, ueM 7/ 2. B To jxe BpeMs, HanboIbIlee M0 MO0 3HaUYe-

HHe BBIpAaKEHHH SiNX—COSX W SiN X+ COSX paBHO J2. ITockonbKy
n/2>4/2, 1o KOpHEW ypaBHEHHE HE UMEET.
Pewenue 2. 3ametiM, 4TO J0CTATOYHO HAWTH BCE KOPHH HA MHTEPBA-

Je JUIMHON 21, T. K. QyHKIMH SiNX, COSX mepuomuueckue. Jlajee
3aMETHM, YTO B OOOMX YaCTSAX YpaBHEHHUsI CTOST YeTHbIC (YHKIMH, I0-
3TOMY JIOCTATOYHO HAWTH BCe KOpHHU Ha uHTepBaie 0< X < 7. PaccmoT-
puM nioBezieHue QyHKIMI COS(SINX) u Sin(cosx) npu 0< X< /2. Ha
9TOM MHTEpBaJe mepeMeHHass o =SNX>0, u pyukmus (o) = cosa
yObiBaet. st o0 > 0 cripaBeinBO HEPABEHCTBO

o >snao. (4.4)
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W3 MOHOTOHHOrO yObIBaHHSI COSC. U HepaBeHcTtBa (4.4) cnemyer
cos(sinx) > cosx. C apyroii cropowsl, monaras B (4.4) o = COSX, mo-

naydaeM COSX > Sin(cosx), Takmm obpasom, mpu 0 X< 7/2 umeem
cos(sin x) > sin(cosx). Ocramock paccMOTPETh HHTEPBAT T/ 2 < X < 7L,
Ha stom narepBane 0> cosX > —1, mostomy 0> sin(cosx). Ilpu sTtom
1>snx>0, mostomy cos(sinxX)>0. Orcioga moxy4aem
cos(sin x) > 0 > sin(cosx). Takum obpazom, HEPaBEHCTBO
cos(Ssin X) > SiN(COSX) BepHO MpH BCEX 3HAYEHUSAX TTEPEMEHHOTO.

3agaua 5. Pemure ypaBHeHue (16X200 +1)- (y200 +1) = 16x'%° y100.
Pewenue. Ha niepBblii B3I 3a1a4a BBITJSIIUT CTPAHHO: YPaBHEHHUE
BCEro OJIHO, @ HEM3BECTHBIX JiBa. HO 3TO 00CTOATENBCTBO U CITYKHT
NojIcKa3koil. TyT SIBHO MPUCYTCTBYET KaKOE-TO IKCTPEMAJIbHOE CBO¥-
CTBO BBIP@XXCHUI1, 13 KOTOPBIX COCTABJICHO YPaBHECHUE.

[lepernnmem ypaBHEeHUE B BUIE

100, 1 100, 1 |_
(16x +X1—00j-y +y1—00 =16.

Tenepb 3aMeTUM, UYTO

16x1° + — >

X y

(kakoe HEpaBEHCTBO MbI UCTIOJB30BaN?). [IepEeMHOKHUB ITH HEpaBEH-
CTBa, HOJ'Iy‘lI/IM

(16x100 + Xl—looj |y + ylioo > 16.

200 _ q 1,200

PaBeHCTBO BO3MOXKHO TONBKO Tpu 16X =1. Orcroxa

x=+1/%2, y=+1.

3agaua 6. JlokaxuTe, YTO MPH JHOOOM IECHCTBUTEILHOM 3HAYCHUHU

napamerpa a ypaBHeHue 3a- x29% 1 6x° +a%-x% +a-x—1=0 nmeer

Ha MHTEpBaie [O, 1] XOTs1 ObI OTUH KOPEHb.
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Pewenue. 3ametnm, 9T0 QYHKITUS
f(x) =3ax?® + 6x° +a®x? + ax—1
HEMpepbIBHA TPU BCEX 3HAYeHMAX mapamerpa, mpuuem f(0)=-1
f()=a?+4a+5=(a+2)2+1>0. Tak Kak HempepblBHas (yHK-

us npuHrMaer Bee 3Hadenus mexay f(0)<O0 m f(1) >0, 1o xoTx
ObI B OJIHOI TOYKE OHA IPHHUMAET 3HAUYCHUE HOJIb.

3apaua 7. Haiit Bce neficTBUTENbHBIE PELICHHUS CHCTEMBI YpaBHEHHN

x = 27° /(1+ zz),
y =2x2/(1+ x?),
z=2y? /(1+y?).

Pewenue. Ilpexie Bcero, 3aMeTUM, YTO HEU3BECTHBIC X, Y, Z HEOTPH-
LaTeJIbHBl ¥ CUCTEMa YPaBHCHUI CUMMETPHYHA OTHOCHTEIILHO HEH3-
BECTHBIX X, Y, Z. DTO HABOJUT HA MBICIIb PACCMOTPETh OTHOIICHHMS
x1zy/lx, zly (ecnu tonpko Xyz # 0). 3anuiiem ypaBHCHUsI B BUjIE

X_ 2z 'y 2x z_ 2y

z 1422 x 1+x2y 1+y?

3aMeTnM, 4TO HaumOosblIee 3HAUYCHUE MPABOM YacTH KaXAOTO ypaBs-
Henuss paBHO 1 (mokaxwute 310.) OTCHOJa CIEAYIOT HEpaBEHCTBA
X<z y<X z<Yy. DTU TpuU HepaBEHCTBA OYyAyT BEPHBIMH TOJBHKO

IIpU YCIOBHUU X =Y =127, T.K. KOKI0€C HCU3BCCTHOC YOOBJICTBOPSCT

YpaBHEHHUIO X = 2x? /(1+ XZ). Pemrast ero, HaxonuMm ABa peLICHUS:
0;0,0m(L;1;2).

3agaua 8. Haiitu Bce IeHCTBUTEIbHBIC PEIICHUS CHCTEMbI ypaBHeE-

302078
X% -1= 2yz,/ 1-4xy,
2% +1=2/xy.

Pewenue. Tlpexne Bcero, Haiimem 007acTh JOIMYCTHMBIX 3HAYCHUH
BBIPXEHHH, BXOAANINX B ypaBHEeHHA. VI3 mepBoro ypaBHEHHUS IOITY-
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qaeM Xy<1/4, a u3 BTOpOro ypaBHeHus cienyer 2,/ Xy >1. Orciona

xy=1/4,z2=0, x%2 =1. Cucrema uMeeT 1Ba pemtenust: (1; 0,25; 0) u
(-1,-0,25; 0).
3agaua 9. Pemuth cucTeMy ypaBHCHHIA:
X+y+2z+t=8
Vi-x2 +y4-y? +y9-7% +y16-12 =6.

Pewenue 1. Tlpexxae Bcero, 3aMeTuM, 4TO | X | <1 | y| <2 | z | <3

| t | < 4. Pagukansl BO BTOPOM YPaBHEHWH HABOJAAT HA BOCTIOMHUHAHUS

o teopeme Iludaropa. Tak, Hampumep, ecimm X — 3TO JUIMHA KaTeTa
B TPSMOYTOJBHOM TpPEYTrONbHUKE C EIUHUYHOW THUIIOTEHY30H, TO

V1-x? — 510 uHHA npyroro karera. OmHAKO BeJMYWHA X B TIEp-
BOM ypaBHEHHH MOXET ObITh M OTPHUIIATEIILHOM, IIO3TOMY JIyYIlle CUH-
TaTh €€ OJHOH M3 KOOPJAMHAT BEKTOpA CAWHWUYHON anuHbl. Torma

Vi1-x? — Jpyrast KOOpJMHATa BEKTOpa.

ITpofomKiM B 3TOM FEOMETPHUYECKOM JIyxXe U CHOPMyIHpYyeM 3a1ady
TaKk: Ha KoopJuHAaTHON mmiockoctn OUV JaHbBl 4YeThipe BEKTOpA
a;, a,, a3, 8, mmHoit 1, 2, 3, 4 coorBercTBeHHO. V3BECTHO, YTO
KOOpJMHATA CYMMBI 3THX BEKTOPOB mo ocu OU paBHa 8, KOOpAMHATHI
BceX BeKTOpoB 1o ocu OV HEOTpUIIATENBHBI, U X CyMMa paBHa 6.
Kakoii BBIBOJ MOKHO CHIENATh O MOJIOKEHUH ITHX BEKTOPOB HA IMIOC-
koctu? [lepBoe, 4T0 HEOOXOAUMO BBISICHUTh — KaKOBa JUIMHA BEK-
TOPHOH CyMMBbl &y + 8, + 8g +8,. Ha aToT Bonpoc oTBeTUTH HETPYA-

HO: JUIMHAa BEKTOPHOH CyMMBI paBHa v 62 +8% =10. CpaBHuBas ee ¢
CYMMO# JUIMH BCEX 4YEThIPEX BEKTOPOB, MPHUXOIAMM K BBIBOAY, UYTO
| & +a, +ag+ é4| =| él| +| 8’12| +| é3|+| é4|, T. €. BCE YEThIPE BEKTOpa
KOJUIMHEapHbl M COHarpasieHbl. CieqoBaTelbHO, KOOPIMHATHI BCEX
YETBHIPEX BEKTOPOB IPOIOPIHMOHAIBHBI YuciaM 8 u 6, T.e.
X/ 1- x% =4/3. Otcroma: X=4/5 a Benuuunsl Y, Z, t cooTBer-
CTBEHHO B JIBa, TPU M YETHIPE pa3a OoJIbIIe.
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Pewenue 2. B 51011 cucTeMe sIBHO He XBaTaeT ypaBHEHMIA (BCero 1Ba,
a HEW3BECTHBIX YeThIpe). BBemem mapametpsl a u b u pacienim kax-
JI0€ U3 YpaBHEHHWU Ha JIBA ypaBHEHUs. Y HAC MOIyYUTCS IBE CHCTEMBI
YpaBHEHUI: mepBasi OTHOCUTEIbHO HEU3BECTHBHIX X, I, BTOpas — oT-
HOCHTEIHHO HEM3BECTHBIX Y, Z.

X+t=4+Dh, y+z=4-b,
Vi-x2 +16-t? =3+a; |{4-y2+4/9-22=3-a

Tenepp KOMWYECTBO HEM3BECTHBIX COBIAJAET C YHCIOM YPaBHEHUH.
IIpencraBuM, 4TO 3HAUEHHS @ ¥ D HaM W3BECTHBI, U HAYHEM DEIIATh
nepByr0 U3 3TuX cucreM. CrenaeM 3aMeHy MEepPeMEeHHBIX: X =SNna,

t=4sinp, rie O<a<m/2 0<P<m/2 Torma

vV 1-x2 =coso, v 16—t? = 4coSP. VpaBHEHHS IPUMYT BHX

4sinf=4+b-sinaq,
(4.5)
4cosp = 3+ a— coso.

Bossenem o6a ypasuenus (4.5) B KBapaT U CIIOKUM KX, B Pe3yIbTaTe
MOJTyYUM:

16 = (4+b)% + (3+a)? —2-((4+b)sino. + (3+ a)cosa) + 1.
[Ipeobpaszyem nony4eHHOE ypaBHEHUE B BUJIC

(4+b)?+(3+a)? -15
> :

Yto6sl ypaBHenue (4.6) UMeN0 pemieHHe OTHOCUTENBHO O, HE00XO-

(4+b)sina+ (3+a)cosa = (4.6)
JAUMO BBIIIOJIHEHUC YCIIOBUA

(4+b)*+(3+a)* -1
2

>< J4rb)? (312, (47)

O6o03HauM M= \/ (4+b)% +(3+a)? n sammmewm (4.7) B Buge Hepa-

BencTBa M> — 2m—15< 0. Ortcrona ciaeayeTt, 4to M<5, 1. e.

(4+b)® +(3+a)* < 25. (4.8)
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Teneps 3aiiMeMcsa cucTeMON YpaBHEHHUH OTHOCUTENBHO Y, Z. Chenaem

sameny Y=2siny, z=3snd, tme O<y<mn/2, 0<d<m/2, u 3a-
MUIIICM YPaBHCHHA B BUIC
3sin6=4-b-2siny,
(4.9
3c0sd = 3-a—2cosy.

Bo3ssenem o6a ypaBuenust (4.9) B KBaJpar u CIOXKHUM HX. B pe3ynbra-
TE MOJIyYUM ypaBHEHHE

(4-b)? +(3-a)®-5
; .

Yro6sr (4.10) mMeso peleHne OTHOCHTEIBHO Y, HEOOXOIUMO, YTOOBI

(4-b)siny+(3—a)cosy = (4.10)

HEOTpHUIaTeIbHAS BEIMYMHA N = \/ (4-b)? +(3—-a)? yposnersopsina

HEPaBEHCTBY n? —4n-5<0. Orciona ciemyet, uto N<5, T. €.
(4-b)? +(3-a)? < 25. (4.11)

Cxnagpiast (4.8) u (4.11), noxyaum Hepasenctso a2 +b? < 0. Orcro-
na cpasy caenyert, uto a= Qu b = 0. [lanee y:ke HETPYIHO HOIYIUTE
4 8 12 16

. . , . 4
sno=sinfB=siny=sind=—, x=—,y=—, z=—, t=
P ! 5 5775 5 5

3agaua 10. /Ipa umiaMHIpa MMEIOT OJWHAKOBBIH 00BEM M OJUHAKO-
BYIO IUIOIIA](h TIOJHON MOBEPXHOCTU. PaBHBI 1 OHU?

Pewenue. Ilycts X — paamyc, Y — BBICOTa MIIMHApPA. Torma o0bem
wwmHapa V = X2 Y, TUIOMIapb MONHOW MOBEPXHOCTH S = 27Xy + 2nx°.
O6o03uaunm V/m=a, Y21 =b u chopmynupyem 3amady TaK: CKOJIb-
KO PELICHUI MOXET UMETh CUCTEMA YPAaBHEHUI

xy+x? =b,
2 .
Xy=a;
npu a>0, b>0? Ecnu okaxercs, 4TO cUCTEMa UMEET €IMHCTBEHHOE
pereHune, 3To 03HaYaeT, YTO IMIHHIPEI PaBHEI.
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Beipa3um u3 BTOpOro ypaBHenus Yy =al X? W, TOJICTABHB B IEpBOE,
[IOJIy4YUM OJTHO ypaBHEHHE I IEPEMEHHON X!

x%+alx=h. (4.12)
YUro0bl BBIICHWUTH, CYIIECTBYET JIM pelneHue ypaBHenus (4.12), waii-

nem MuanmMyM Gyukumn f (X) = X2 +a/x. IIpn noMomy HepaBeHCT-
Ba O cpeiHeM apru()METHUECKOM H CPETHEM F€OMETPUIECKOM IMOTyda-

em f(x)= X +al2x+al2x> 33\/ a’l4. CrneioBaTeNIbHO, ypaBHEHHUE
(4.12) umeer perieHre TOJBKO TOTJIA, KOT/IA MApPAMETPhI CBSI3aHBI yC-
nosuem b>3Va?/4.

Teneps paccMoTpHM, CKOIbKO pemienuii umeer (4.12), ecnu 310 yc-
noBue BbIoHEeHO. [Tpu Manbix 3HaueHusx X 3HadeHus f(X) Onu3ku

kK al/x, 1.e. f(X) yObiBaer, a npu OOJNBLIMX 3HAUCHUSAX X 3HAUCHHUS
f(x) 6mmskm k X2, T.e. f(X) Bospacraer. T'papuk Yy = f(X) umeer

BHJI, TIOKa3aHHEIN Ha puc. 4.27 u mepecekaercs ¢ npsamoit Y =b pos-

HO B JBYX TOYKaxX, €CIIH b>3¥a?/4, wm xacaercs PSIMOM  eCITn

b=3a?/4. Taxum obpasom, nipu ycnosuu (S/ 21'c)3 >27(V /1'c)2 14

CYIIECCTBYIOT [Ba PA3JIMYHbIX NUJIMHJApPA C OJWHAKOBLIM 00beMOM U
O,E[I/IHaKOBOf/i IIomaabro MOBCPXHOCTH, a npu YyCIOBHUHU

(S/ 21'5)3 =27(V /1‘c)2 /4 cymniecTByeT eTUHCTBEHHBIH ITUITHH/IP.

YnpaxHeHue

HaliguTte oTHOLIEHWE aAmMaMeTpa M BbICOTbl LMMMHAPA, Y KOTOPOro 0Gbem
Y nroLaab NoBEPXHOCTY CBsi3aHb! yCroBueM (S/2m)® = 27(V/r)?/4.

3apayum onsi cCaMoCTOATENIbHOro peweHuns

3agaua 1. Halinure Bce AEWCTBUTENBHBIC YKCha X, Y, Z, YIOBIETBO-
pAOIINE YPAaBHEHUIO

X% +19y? + 622 —8xy — 4xz+12xy = 0.
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3agaua 2. Haiimute Bce ACWCTBUTENBHBIC 4Yucia X, Y, YJOBIETBO-
pAOIINE YPAaBHEHUIO

X% + 4xcos(X- y) + 4=0.

3agaua 3. Haiimute Bce ACWCTBUTENBHBIC 4Yucia X, Y, YJIOBIETBO-
pAOIINE YPaBHEHUIO

(sin2x+

2 2
12 j +£coszx+ 12 j ~12+ Lsiny.
sin“ x cos” X 2

3agaua 4. Haiimute Bce ACWCTBUTENBHBIC 4Yucia X, Y, YJOBIIETBO-
pAOIINE YPaBHEHUIO

sn?(x+y)+2x-(x—sin(x+y))=0.

3agaua 5. Haiimute Bce AeWCTBUTENBHBIC 4Yucia X, Y, YJOBIETBO-
pAOIINE YPaBHEHUIO

cos?(x-y) +2x- (1+ cos(x- y))+ 2x? +1=0.
3agaua 6. Haiinure Bce meiicTBUTENbHBIE uYucia X, Y, YAOBIETBO-
pAOIIKe YpaBHCHUIO
X% +2xsin(x- y)+1=0.

33)18‘-[3 7. Haﬁ)lHTe HaWMeEHbIIEE 3HAYCHUE MapaMeTpa a, Ipu KOTo-

POM ypaBHEHHUE
Vx?+16 X

__=a
3 5

HMEeT pelieHue.

3anaua 8. Haiinute Bce aelicTBuTeNnbHBIC uncna @, b, ¢, d, ymosme-
TBOPSIOLIUE YPABHEHUIO

a’?+b?+c*+d?-a-b-b-c-c-d-d+04=0.
3apaua 9. Haiitu Bce neficTBUTENbHBIE PELICHHS CUCTEMBI YpaBHEHHN

XZ=Yy+2
{x+z=2ﬁ-(&—ﬁ+ﬁ).
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3amaua 10. Haiitu Bce NEWCTBUTEIIBHBIC PEIICHHUS CHCTEMbl ypaB-
HEeHHUN

2y=1+x2, 2z=1+y?, 2t=1+27% 2x=1+t>

3amava 11. Haiiti Bce nelCTBUTENbHBIC PEIICHUS CUCTEMBI YpaBHE-
HUM

x—yy =1 y-Jz=1 z-x =1,

3amauya 12. JleficTBUTENbHBIE YUCTA Xq, Xy, *X, YIOBIECTBOPSIOT
paBeHCTBaM

Xy X2 Xn
Jlokakute, 4To [UIsl JTFOOBIX JIBYX YHCEN Xy, X, W3 3TOro Habopa Jiu-
60 Xy = Xy HIH | X - X | =1,
3amaua 13. Jlokaxxure, 4yTO eciM ACHCTBUTEIbHBIC Yucha X, Y, Z, t
YIOBIETBOPSIOT ypPaBHEHHIO X +t2 =2(xy+ yz+ zt—y? —2z?), 10
X=y=z=t.
3amaua 14. Haiinure HanOoublliee 1 HAaMMEHbIIIeE 3HAYCHUE BhIpaKe-
Hus X2 — Xy + Y2, ecnu 2X2 +2xy + y? = 2.
3agaua 15. Haiinure HauMeHblee 3HaYeHHE X, U1 KOTOPOTO CyIle-

CTBYIOT HeﬁCTBHTeHBHLIG qucnay, Z, yi0BJICTBOPAIOIINC YPABHCHUIO

X% +2y? + 2% + xy—xz—-yz=1.

4.3. Korga 6e3 npousBoaHoun
He o6bonTUChb
BLI, KOHCYHO, 3aMCTWIH, YTO A0 CUX IOP IPHU IMOUCKE SKCTpEMyMa

(byHKIIME MBI HUTZI€ HE WCIOJB30BAIM MPOW3BOJHYIO. DTO HE CITy-
YaiHOCTh, a 00JlyMaHHOE HaMEpeHHEe aBTopa. [Ipu4mMHbBI K TOMY Yac-
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TUYHO YKa3aHbl B Havalle 21aebl 2. MPOU3BOJIHAS — HE YHUBEPCAJIb-
HOE CcpeacTBO. MBI pacCMOTpPEId HEMAJIO 33j1a4, B KOTOPBIX ITOHITHE
MIPOU3BOJHON HE MOTJIO ObI HUYEM HaM IOMOYb IPH MOMCKE SKCTpPE-
myma. OTcrona, ogHaKo, He CIeAyeT, UTO B 000i 3amaue, Te Tpedy-
€TCSl HAWTU SKCTPEMYM, MOXHO OOOUTHCH O€3 IMOHITHS MPOU3BOTHOM.
WHoraa ¢ moMoIIbio MPOM3BOIHON 3aa4a pelacTcsi ropasao Ipoiie
U ObICTpEe, a WHOTJA UCIOJIb30BAHUE MTPOU3BOIHON — €JIMHCTBEHHO
BO3MOKHOE CPEJICTBO PEIICHUS.

B stom maparpade MBI pacCMOTPUM UMEHHO TaKHe 3afadd. 31eCh OT
yuTaTens NoTpedyeTcs YeTKOe MPEJICTABICHNUE O TOM, YTO TaKoe Ipe-
JIell TIOCIIeIOBATEIbHOCTH, MpejeNl (YHKIUK, Tpou3BoaHas. Kpome
TOr0, MOTPEOYETCS 3HAHKE MPOU3BOTHBIX HEKOTOPHIX JIEMEHTAPHBIX
dbyaknmid, a Takxke yMeHne AuddepeHIupoBaTh CyMMy, TIPOHU3BEIe-
HUE, OTHOIICHUE (PYHKIMNA U ClIoXHYI0 (pyHKIMI0. HanoMHum Heko-
TOpBIE U3 STHX MPABHII.

Ipouzsoonas npoussedenus gynxyuti f(X) u g(x):

’

(f-g) =f-g+f-g.
Ipoussoonas omuowenus pyuxyuii T(X) u g(x):

o)

g g2

Hupgpepenyuposanue crosxcrnou gpynxyuu F = f(g(X)):

nycts F = f(g), g=9(x), Torna F'(x0) = f'(go)- g'(Xo)-
IMpumep. Boraucnute npousBoanyto pyHkuuu F(X) =S n(\/; )
Pewenue.  3pech f(g)=sing, g(x)=vx, f’(g) = cosg,
g'(X) =1/ 24/x. TIpu sToM

F’(Xo)zé'—coj(/:(/—%).
0
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MypaBein Ha KOHCepBHOM GaHKe

[emexon, Openymmii BepHOH gOpO-
roi, OOTOHHUT BCaJHWKA, CKAdylIETO
10 HEBEPHOMY ITyTH.

Bocmounas nociosuya

MypaBeii HaXOAWTCS Ha MOBEPXHOCTH IWIMHApPA paanycoM R u BbI-
coroii h B HexoTopoii Touke A OKPYKHOCTH TOpIa HWIHHIApPaA. Emy
HY>KHO TepeOparbcsi B TOUKY B, Hanboiree ymameHHYIO OT A, pacro-
JIOKEHHYI0 Ha OKPY>KHOCTH JPYroro Topia IuuHapa. Kak emy 3to
caejaTh KpaT4aliiuM myreM? MypaBel MOXKET JABHUIaThCS TOJIBKO 11O
MTOBEPXHOCTH IWIUH]IPA.

Pewenue. Yactp myTH MypaBbsl IPOHACT 1O OOKOBOM ITOBEPXHOCTH
mrHApa (yuactok AC), a apyras gacts (yaacrok CB) mo topiy mu-
JUHIpa. SICHO, 4TO Ha BEPXHEM TOpLE MypaBeill JOJDKEH IBUIaThCS
KpardaiimiM mytem mexay toukamu C u B (puc. 4.27). Kak naiitu
unHy ydactka AC? [l BBISICHEHHS 3TOI'0 pa3BepHEM OOKOBYIO I10-
BEPXHOCTh LWJIMHAPA Ha IUIOCKOCTh. Y HAC MOJYYHUTCS IPSMOYTOJib-
uuk  (puc. 4.28). Kparuaiimmii myte MEXIy ~TOYKaMH A
n C — 310 npsmas, U AnuHy yyacTka AC MOXHO HallTH 1O Teopeme
[Tudaropa mist mpssMoyroiasHOTO Tpeyrobanka AA;C. Mckomas mm-

2 o
Ha paBHa \AA"+A 1C2. Kcratn roBopsi, Ha GOKOBOI ITOBEPXHOCTH
muaapa auHusg AC Oyner KpuBOHM, KOTOpasi Ha3bIBAa€TCs BHUHTOBOU

A, 0 13
2o\ 2Ro. C B
C Ar
h
S
A

Puc. 4.27 Puc. 4.28
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nuHUed. VIMEHHO 3Ty JMHHIO NPOYEPUYUBAET Ha MOBEPXHOCTH 3aro-
TOBKH pe3el] Ipu Hape3ke pe3bObl B TOKapHOM cTaHke. ToT ¢axT, uyTo
HaM yZAaJoCh TaK MPOCTO HAWTH JJIMHY Y4acTKa KpUBOHW — OoJbIIas
ynaua! Ham moBes3no B TOM, 4TO pa3BepTKa OOKOBOH MOBEPXHOCTU
HWIMHApa 0e3 UCKaXEHUH MEePeHOCUTCSI Ha MII0CKOCTb.

Bonpoc

Kakve elie M3BecTHble BaM Tena BpalleHus obragaloT Takum CBOM-
cTBOM?

LleHTp OKPYKHOCTH BEpXHETo Topia Touky O coequHum ¢ Toukamu C
u B. O6o3naunm ZA;0C =20, 0<a<m/2 (puc.4.27). Toraa ny-

ra A;C=2Ra, orpesok AC = Vh? +4R%a?. B paBHOOEAPEHHOM
tpeyroasarke BOC yriast OBC u OCB pasubr oo (A;B — nuamerp),
nostoMy JyuHa xopasl CB paBHa 2Rcosc. Takum oOpasom, Ham
HaI0 HAWTH 3HAYCHHWE IIEPEMEHHON o, TpH KOTOpPOM (DYHKIIHS

S(0) =vh? + 4R?a? + 2RCOSO. IPUHMMAET HaNMEHbLICE 3HAUCHHE.
J1s viccieioBaHMS TIOBEIECHYSI ATOM (DYHKITHH HAMIEM €€ TTPOM3BOIHYO!

2
S(0)=—R% __ordina.

Vh? + 4R%¢.2
Ecnu Bcroly Ha HEKOTOPOM MHTEpPBaj€ 3HAYEHUM o MPOU3BOHASA
S'(a) <0, To pyrkumsa S(o) yObIBaeT Ha STOM HHTEPBAJIE, B CIydae
0o0paTHOTO HepaBeHCTBAa — Bo3pacTaeT. Hajno BBHISICHUTH, TOJOXKH-
TEJILHOE WIT OTPUIIATEIEHOE 3HAUCHIE UMEET BhIPAKCHUE

S(a) _ o
2R /pz +02
na uaTepBanme 0< o <m/2. 3meck MbI BBEIM T€OMETPHUECKHUI TTapa-

merp P=h/2R BBsexem HOBYIO MepeMEHHYIO [3 C IOMOIIbIO 3aMe-
Hel o= P-tgP, rae O<P=arctg( o/ p)<m/2. Toraa

—-sna

o

/p2+oc2

=sinf, sina=sn(p-tgp).
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Paccmotpum pyskimo S'/2R= f(B)=snpf-sin(p-tgp). Bocrons-
3yeMcsl TPUTOHOMETPHYECKMM TOXIECTBOM u mpenctasum f(B) B
BHJIE

_ B+p-tgB ). (B—p-tgp
f(B)=2co 5 jsn( 5 j

IMockoneky O<(B+ p-tgB)/2<m/2, TO B 3TOM NPOU3BENCHUH KO-
CHHYC NPUHHUMAET TOJILKO IOJIOKHUTEIbHbIC 3HAYCHHS, a ITOJIOKH-
TEJBHOCTh WM OTPHIATEIBHOCTh 3HAYECHHH CHHYCA OIpEIeNeTCs
BoIpakenneM P— p-tgp=P- p-(1/ p—tgp/P). Takum obpazom, Bce
CBOJHTCSA K BBIACHEHMIO 3Haka BhIpaxkenus 1/ p—tgp/p. Tyt moxer
OBITH JTBa BapHaHTA.

Iepewiti sapuanm: 1/ p<1l. Torma 1/ p-tgB/P<0, mOCKONIBKY
tgB/p >1. B atom ciyyae S(o) yObIBaeT Ha BCEM MHTEPBAJE M JI0C-
THraeT MUHHMYMa B KpaitHeil Touke o = 1t/ 2.

Bmopoii eapuanm: 1/ p>1. Tyt npupaercs ucciaeqoBatbh (QyHKIHUIO
F(B)=tgB/p . Haxomum mnpomsBomuyio F’(B)u BbIICHSEM, dTO
B HCCJICTyeMOM HHTEpBaJe

(tgB)-p-tgp _ 1 (1_ SiHZBj 0.
B2 Bcos? B 2

Taxum obpazom, pyukims F(B) MOHOTOHHO Bo3pacTaeT, U 00IacTh ee

F'(B) =

sHaueHnii F >1. CremoBaTensHO, IPUHUMATh 3HAaUEHKE, paBHOe 1/ P,
OHa MOYKET TOJBKO B CIMHCTBEHHOH Touke [3=f,, mnpuuem mpu
0<B<PBy FB)<1 p, anpu B>Py F(B)>1/p. CrnenoparensHo,
¢Gynkims S(o) Bospactaer nmpu O<a < p-tgBy u yOsBaer mpu
o> p-tgBy. B Touke o= p-tgf, mocrturaercs MakcuMyMm (QyHK-
i S(0), a MUHUMYM MOJKET JIOCTHTaThCsl TOJBKO Ha KPasX HHTEp-

* Oynkums F ([3) He onpeneiena pu [3 =0, HO [T YMTATENsA, 3HAKOMOTO C MOHS-

THEM Mipejiesia QYHKINK, HECJI0KHO BBISICHHTB, 9TO |j|m) (th/ B) =1
p—0
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Basa. To ecth u3 AByx 3Hauenuit S(0) u S(m/2) Hamo BHIOpaTh Hau-
MeHblee. HaiieM kpuTHdeckoe 3HaYeHUE mapameTpa, Ipu KOTOpOM

S(0) = S(m/2). Pemas ypaBHenne h+2R=+ h? + °R?, Haxomnm

KkputHyeckoe 3Hadenne h/2R = (7t2 -4)/8.

Urak, nogsenem wuror. Ecim h/2R<(n?-4)/8 (Ganka wn3-mox
IINPOT), MyPaBbIO HAO0 MOJI3TH TI0 00pasyromieii AAj, 3aTeM IO TUa-
MeTpy AjiB, mpm stom mmHa ero myrm h+2R Ecimm ke
h/2R>(1‘c2 —4)/8 (b6aHka W3-mOJ| MUBA), MypPaBbIO CIEAYET Cpasy
MOJI3TH B TOYKY B mo OOKOBO¥ MOBepXHOCTH OaHKH (IO BUHTOBOU

JIMHUHM), IPU 9TOM JUTHHA €T0 IIyTH h? + 1°R?.

O nepenpaBe unm o ToM, YTO NPAMOU NYTb
He Bcerga cambiv ObICTPbIN

Typuct HaxoauTcs Ha Oepery peKu B TOYKE A U TOPOIHUTCS IOIMACTh
Ha aBTOOYCHYIO OCTaHOBKY B TOouke B Ha mpoTuBOmNOIOKHOM Oepery
peku (mpsmast AB mepnenmukyssipHa Oeperam). MecCTHBIH KHUTENb
B3sUICS TEPEBE3TH TYPUCTA 4Yepe3 pPeKy Ha cBoed jojke. CKopocTh
tedeHust peku U, ckopocTs j0aku Vj, TypucTt MoxkeT OexaTh 1o Oe-

pery co ckopocTbio V,, mmpuna pexu h. [log kakuM yriaom k npsiMoit

AB cnienyer HanpaButh J0aKy (puc. 4.29), uToObl TypHCT ao0Opaics
710 aBTOOYCHOM OCTaHOBKHM 33 HAUMEHbILIEEe BpeMs?

<
et e
=

Puc. 4.29
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Pewienue. Bo BpeMsi miepenpaBbl JIOJKY CHOCHUT TEYEHHUEM, U OHa
puJauT K Oepery B Hekotopoit Touke C. Jlanmee TypucT moinkeH Oe-
’KaTh Ha OCTAHOBKY 110 Oepery. Bpemst myTemecTBys CKIIapIBacTCs U3
JIBYX ClIaraeMbIX. BPEMEHH, 3aTPaYeHHOTO HEMOCPEJICTBEHHO Ha Tie-
perpaBy, ¥ BpeMeHHU IPOOEKKH 10 Oepery.

ITycTh BEKTOp CKOPOCTH JIOJKH 00pa3yeT HEKOTOPBIM OCTPBIM yroi o
¢ npsimoii AB. O4eBHUIAHO, YTO BEKTOP CKOPOCTH JIOJKH JOKCH OBITh
MTOBEPHYT OTHOCHTEIIbHO TpsiMoii AB mpoTuB Teuenus pekw. Jletict-
BHUTEJIBHO, €CITM BEKTOP CKOPOCTH JIOJAKH IOBEPHYTH HAa TaKOH JKe
YTOJI TI0 TEYEHHIO, TO B 3TOM CIIydae BpeMs IepenpaBbl ObLIO OB TEM
ke, HO JIOAKY CHECIIO OBl TEUeHHEM JaJIbIle U ITyTh IO Oepery ObLT ObI
6onpmre. Torna B HampaBieHWH, NMEPIEHIUKYISIPHOM Oepery, JoaKa
[EPEMEILACTCS CO CKOPOCThIO Vj COSO., a B HAIIPABICHUU TE€UEHUS —

co ckopocteio U —V; Sina.. Bo3HuKaeT pe30HHBIH BOIIPOC: MOXKHO JIH

HEPEeNpaBUTHCS TaK, YTOOBI TYPUCT BBILIEN U3 JIOAKU cpa3y B Touke B?
OueBuAHO, 3TO BO3MOXKHO, TOJBKO ecin Vi >U.

Puc. 4.30

PaccMmoTrpum cirydaif, KOT[ia CKOPOCTE JIOAKH OOJIBIIIE CKOPOCTH TeUe-
Hus. Eciu  HanpaBuTh JIOAKY TIOJ YIJOM Oy TaK, YTOOBI
sinog =U /V;, (puc. 4.30), To n01Ka OyzneT aBuraThest no tuHuK AB.
Takoi#t mapmpyT Oymer cambIM KOpPOTKHM. Ho OymeT i oH cambIM
ObICTPBIM? 3aMETHM e€IlIe, YTO B JIFOOOM Ciydae Yroil o He JOJDKEH
ObITh OOJIBIIIE 0, HMHAYEC BPEeMs MepernpaBbl yBeIUUUTCs (COSOL
YMEHBLIUTCS), U K TOMY K€ TYPUCTY elle IpHuaeTcs Oexarh no oepe-
ry. Takum oOpasom, yron o MeHsercst B uutepsasie 0 <o < 0.

OmnpenenuM Ternepb GyHKLIUIO, MUHIMYM KOTOpOii Haao HaiTH. Bpe-
Msl, 3aTpaueHHOE TOJBKO Ha nepemnpasy, t; = h/V; coso. 3a 310 Bpems
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JOAKY  CHECeT  BHM3 IO  TEYEHHIO  HAa  PACCTOSHHUE
BC =t; - (U -V, sina), nosromy Bpemsi IPOOEKKH TYpHUCTa IO Oepery
cocraput t, =BC/V, =t;-(U -V,sina)/V,. Bce Bpems myrere-
CTBHS COCTaBUT

(Vo +U -Visina)  h-(V,+U) (1-ksno)

- V, T\,  coso

t

rae K=V, /(U +V,). Takum oOpa3om, HaM HaJ0 HAaiiTH HaUMEHBILIEE
snauenne ¢Qynknun  f(o) = (1-ksino)/ coso Ha wmHTepBame
0< o < . Haiizem nponsBosHyto

—_— 2 1 . — ] ] —
(o) = kcos“a+sina - (1 ksmoc):smoc k

cos® o cos?a
[lpomsBognas  paBHa  Hymo 1mpu  O=0, =acsink.  Ilpu
O<a<o, f(a)<0, a mpu oy, <a f'(a)>0. Takum obpazom,
npu oL =0, ¢yakuusa f(o) mocruraer munmmyma. [l Toro 4ToObI
CYIIECTBOBAJIO TaKoe 3HAYECHHWE Yyriaa O, HEOOXOINMO YCIIOBHE
V; €U +V,. Tenepp HYXHO BBIICHUTb, HAXOJUTCS JM 3HAYEHUE O,
Ha MHTEpeCylomeM Hac uHTepBane |0, 0(0]. CpaBHUBasi 3HAYCHUS
sno,, ¥ SNog, T§pUXOOUM K CICAyImeMy BbiBody. Ecimn
U<V, <JUU +V,), 10 00y < 0y, 1 MuHEMYM ysKImu f (o) moc-
THUTAeTCs IPH O = Oy, (IpoBepsbTe, uto yenoue V; <U +V, mpu sTom
BbINOIHEHO). Ecin ke BbimonHeHo HepaBeHeTBO /U (U +V,) <V, 10
muHuMyM (yskimn f(ot) nocturaercs npu o = 0.

B Tom cityuae, korzma CKOpOCTb JIOJKHM MEHBILE CKOPOCTH TECYCHWUS,
T.e. V; <U, He cymecTByeT yria Oy, KOTOpPBIH IaeT TYpUCTY BO3-

MO>XHOCTh BBICQJMTHCSA Ha aBTOOYCHOH ocTaHOBKe. MUHHMYM (yHK-
nuu f(0) OISTH )K€ JOCTUTaeTCs MPHU Ol = Olyy,.

IMoxsenem uror. Ecmu V; > /U (U +V,), To n0oaKy HeoOXomuMo Ha-
npaButh K smHun AB mox yrimom o =arcsin(U/V;). Ecim ke
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V; <yUU +V,), 10 n0aKy HeoOX0QMMO HampaBuTh K JuHuu AB
OJT yIJIOM O = arcsi n(Vl /(U +V2)).

O HeBe3y4eMm pblbake,
AOrOHAOLWEM CBOI NOAKY

Betep no mopto rynser
U xopalnuk moAroHSeET. ..

A. C. Ilywkun

Pr10ak Ha J1oJ1Ke JOTUTBLT JI0 KPYTJIOTO OCTPOBa, OCTaBWII JIOJAKY y Oepe-
ra B Touke A (puc. 4.31) u momen ocMarpuBaTh OcTpoB. Korma oH Ha-
xoamwicsi B Touke B (AB — auamerp), OH BAPYT 3aMETHJI, YTO JIOJIKY
BOJIHOW CTaCKHMBAET C OTMEIIM U BETEP TOHUT €€ 10 KacaTeIbHOU K OCT-
POBY CO CKOpOCThIO 2,6 kKM/4. Ppibak MoxeT Oexarh 1mo Oepery co cko-
poctbio 10,4 xm/d, a MBITE CO CKOPOCTHIO 2 KM/4. CMOXKET JIN phIOaK
JIOTHATh CBOIO JIOJIKY ?

B
-— K
A
Puc. 4.31

Puc. 4.32

Pewenue. PaccMoTpuM, IIpu KaKOM PacIiOIOKEHUU PhIOAaKa U JIOJAKH
B MOMEHT Hadvasia "3aruipiBa’ MOXKHO JOTHATH JIOJAKY BIUIaBb. [lycTh
AK — kacarenbHasi, 10 KOTOPOHN JBIIKETCS JIOAKA, phIOaK BOIIEI
B Boay B Touke P, paccrostuue PC ot Touku P o npsimoit AK pasuo h
(puc. 4.32). Jlonka B 3TOT MOMEHT HaXOJHTCS B HEKOTOPO#l Touke L
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Ha otpe3ke AC, MHaYe IUIBITh 33 Heil OECCMBICIICHHO (CKOPOCTD ILIbI-
ByLIEro pbl0aka MeHbIE CKOpOCTH JIoaku). OO03HAUYMM pacCTOSHHE
LC =I1. Iyctp peibak nornan noxaky B Touke D (CD = x). Torma
OTHOIIECHUE PACCTOSHHUM, MPONICHHBIX JIOJKONH U PhIOAKOM 3a BpeMs
"3arIeiBa”, paBHO OTHOIIIEHHIO CKOPOCTEH, T. €.

LD _ | +x _13.

PD  h? 4+ x2
[Ipeobpaszyem 310 ypaBHEHHE:

0,69x2 — 2x-1 +(1,69-h? -12) = 0.

JI7st TOro 4TOOBI OHO MMENIO ICHCTBUTEILHBIC PELICHHS, HEOOXOHMO,
4T00Bl JTUCKPUMUHAHT ObUI HeoTpulaTeNbHbIM. OTCIOJa MOTydaeM
yCJIOBHE

| >.,/069-h. (4.13)

PaccmoTpuMm Tenepb, CMOXKET JIn pbidak ero peanu3osars. [lycts O —
HeHTp octpoBa pagumycom R, ZAOP =¢@. Torma h= R(1-coso)=

= 2Rsin2((p/ 2), BP=2Rcos(¢/2), AC = Rsing. OrHoueHue pac-
CTOSTHHI, IPOMICHHBIX PHIOAKOM M JIOJKOM BO BpeMs "3alera”, Takxe
paBHO OTHOLICHWIO WX cKopoctedd, T.e. AL /BP=1/4. Otcroaa
creyeT

| = AC—AL = R-sin(p—%Rcos((p/Z) -

— 2Rcos(¢/ 2)-(Sin((p/ 2) —%j — 2Rcos(¢/2)- (si n(o/2) —%).

Jns yrna ¢ u3 yenoBus (4.13) noiydaem HEpaBEeHCTBO

COS((p/Z)-(Sin((pIZ)—%j >,/0,69sin?(¢/2). (4.14)
Cnenaem 3ameny X =tg(¢/2) u npeodpasyem (4.14) k Buny:

X —+/0,69 - X2 z% 1+ X2, (4.15)
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I'paduk mpasoii wactu (4.15) — runepbona Yy =025/ 1+ X2, BbI-

Nykias BHU3 . ACHMIITOTO# rumep6oisl sBisercs npsvas Yy = 0,25X.
I'paduxom neBoii uactu (4.15) sBisiercs napaGona Y = X —+/0,69 - X2

¢ BepunHOi B Touke X = 0,5/,/0,69, Bbimykias BBepX. UTOOHI BhIsAC-

HUTH, CYHIECTBYIOT JIM TOYKHU, B KOTOPBIX napa6ona JIC)KUT BBIIIC THU-
nep6onm, MOXXHO B3STb BCPUINHY napaGonm " MIPOBCPUTH, BLIIIOJIHA-
€TCA JIM HEPABEHCTBO

1.1 Sif it (4.16)
4 Jogo 4\~ 4-069

Ecnu 0oHO OKaXkeTcsi HEBEPHBIM, TO 3TO €lle He 03HAYaeT, YTo perile-
nuii (4.15) e cymectByer. Ho HepaBeHcTBO (4.16) oka3biBaeTcs Bep-
HbM! PpIOak cMOXET IOTHATh CBOO JIOZIKY, €CJIHM y HEro He TOJBKO
CHJIbHBIC MBIIIIIBI, HO ¥ xopomuid ri1azomep! Koneuno, Takoe perie-
HHE OYCHb ITOXOKE Ha "METOJ THIKA", HO B TSDKEIOW CHUTyarWHl st
peuieHust mpoOJieMbl Bce CPECTBA XOPOILH.

ITpoBeeM Bce e MCCIE0BaHUE CYIIECTBOBAHMS PELICHUS] HEPABEH-
crBa (4.15). Paccmorpum BMecTo (4.15) HEpaBeHCTBO

X-a-X%>025V1+X?, (4.17)

rjie a— napamerp, ¥ BBISICHUM, TPH KaKUX 3HAYECHHSAX & UMEIOTCS
pemenns HepaBencTBa (4.17). YMuoxum o0e yvactu (4.17) Ha a u
crenaeM 3aMeHy z=a-X. Toraa HepaBeHCTBO MPUMET BT

z-7%>0,25Va’ + 2. (4.18)
Teneps BepumHa nmapadoiusl Y;(z) = z— z? B touke z=05 u nono-

kenue runepbonst Y, (z) = 0,25y a® +z? saBuent OT mapamerpa a

(uem Ooutbllie 3HAYEHME @, TEM BHIIE PACIIONOXKeHa rurepooia). [pu
MajJbIX 3HaYeHMsX a rpapuku  Y;(z) u Y,(zZ) mnepecekarorcs

* B iexkapToBoii cucTeMe KoopauHat ypaHenue runepbonst (Y / a)? —(x/ b)? =1.
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(puc.4.33), a mpu a=1 3aBegOMO He TEepeceKaroTcs, T.K.
y1(2) 0,25, y,(2z) > 0,25. CnenoBaresbHO, CYILIECTBYET TAKOE KPH-
THYECKOE 3HAUCHHE Mapamerpa @, Npu KOTOpoM rpaduku (yHKIHN
Y1(2) u Y,(2) kacarorcs B TOUKe Z., TMPHHAMICKAIICH HHTEpPBa-

ay (0, 1). B aToii TOYKe OJJHOBPEMEHHO BBIMOIHSIIOTCS 1B YCIOBHS:

yl(zc) = yZ(Zc) 14 y:,l.(zc) = y,Z(Zc)-*

i—/
0,25

Puc. 4.33
Jiist TOro uyTOOBI HAUTH Z. U 8, PELIUM CUCTEMY ypaBHEHUH

z— 72 =025Va? + 2,
y4 4.19
1-2z2=025-—. ( )
va® + 72
IlepeMHOXass JIeBbIE M IIPaBble YacTU JTUX YPABHEHUM, MOJIy4aeM
KBaJIPATHOE YPABHEHHE

15
27> -32+=—==0
16
(mpu sToM MBI mogenwan ob6e yactu Ha Z#0). Orcroma Haxoaum
z. =(3-+/3/2)/4=0,44 (Bropoii KOPEHb IIOCTOPOHHUIA, T. K. HE NPHU-
naiexut uarepany (0; 1)). IToacraBuB HaiiieHHOE 3HAUEHHE B JIFO00€E
u3 ypaHeHuii (4.19), Haxomum Kputhdeckoe 3HaueHue a; = 086.

Takum oOpasom, mpu a<a, HepaBeHcTBO (4.18) mmeer perieHue.

* BcroMHUTE T€OMETPUYECKUI CMBICI MPOU3BOAHON: MPOU3BOJHAS PaBHA TaHTEHCY
yIila MeX]y KacaTelIbHOIt K rpaduKy U 0chbio abcuuce.



de 6bimb s3kcmpemymy — Qukmyem napamemp 177

B narmreit 3agaue 3Hauenne a =+/0,69 < a., mostomy y peibaka nuMeer-

Csl HEKOTOPBIA UANa30H HAIPaBJICHUH ABIKEHUS, B KOTOPBIX OH MO-
JKeT OeXaTb TI0 OCTPOBY, YTOOBI TAPAHTUPOBAHHO JIOTHATH CBOIO JIO/IKY.

O6 ogHOM cTpallHOBaATOM
Ha BUA YPaBHEHUM

"HHTepecHo, MMeeT JIM 3Ta HEMOHATHAS
IITYKa €CJIM He CMBICH, TO XOTs ObI Ha-
qano?' — cKa3al OMH JIFOOOMBITHBIH
KPOJIMK, TYISI IO JIeCy M CIIOTKHYB-
IIMCh O XBOCT OYEHb JUTMHHOTO y/aBa.

C. bobpos, " Bonwuebnulii 08ypoe"
Kaxk BaM mmoHpaBUTCS HaEs PEITUTH TAKOES YpaBHEHHE!
XX. .
X =47 (4.20)

3n1ech Bce MOKAa3aTeNu CTeNeH! 00pa3yroT OECKOHEUHYIO "ITaxepKy" .
BeIrnsanT ypaBHEHHWE CTPAIIHOBATO, OJHAKO MONpPOOyeM ero Bce-
TaK! PEIINTh.

Bynem paccyxnars Tak. YoepeMm u3 0eCKOHEUHOH "3TaXKepKu' HUKHIOKO
"momouxy"”. IIpu 3TOM "sTaxkepka" octaHeTcs OECKOHEYHOM, T. €. HE W3-
MEHUTCSI. 3HaYUT, MOXKHO "3Ta)KepKy" M3 MOKa3aTeleil CTeneHH IMpOoCTOo

3aMCHHTH YeTBEPKOii. B pesyibrare Mbl PHACM K ypaBHEHHIO X* = 4.
[ockoIBKY OCHOBaHHE MOJIOKHUTEIBHO, TIOydaeM pelieHue X = +/ 2.

OO0opeHHBIC TaKUM JIETKHM YCIIEXOM, MbI TEHEpPh 3alpOCTO PEIIUM
AHAJIOTUYHOE YpaBHEHHE!

Paccyxnast TOUHO Tak ke, IPUXOIUM K YPaBHEHHUIO X% =2, permieHne

KOTOPOTO X = V2. Tenepb CpaBHUTE ITH JIBa PABEHCTBA!

\/E‘EZ =4I/I\/Eﬁ2 =2,
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[Monyuaercst, uto 2 = 4. DTOT BBIBOJA HABOAMT Ha HEXOPOLIUE MOI03-
pEeHUS, UYTO TYT HE BCE TaK IJIAJIKO, KAK KaKETCS Ha TEPBBIM B3TIIS.
[IpuneTcs pa3oOpaThCs C BOIPOCOM:

X
X
Ymo o3nauaem svipasicenue X ? Kax e2o nado nonumams?

Pewenue. Ilycts uncino a>0. PaccMoTpuM clemyromryio mocieno-
BaTeNbHOCTh, 3aJaHHYI0 PEKYypPEHTHO: Xy =1, X, =a’, x, =a%,
T.e. X, =a ™. Ecau oTa nocsienoBaTebHOCTh CXOAUTCS, TO BhIPa-

a’
xenue a2 cilelyeT NOHUMATh KaK IpejeN 9TOM MocieqoBaTelb-
HOCTH.
UccnenyeM, TIpu Kakux 3Ha4yeHusx a>0 MOCIEN0BATENLHOCTL X,

CXOAWTCA W KaKWe 3Ha4YeHHs] MOXKET MPUHUMATh TpEeJeNl 3TOH Tocie-
JOBAaTEIbHOCTH. MOXHO, HalpuMep, MOWTH TMyTeM JKCIEPHMEHTA!
B3STh KAJIBKYJSITOP W BBIYUCIATH IO TOPSAKY UJIEHBI IIOCIIEO-
BaTEJILHOCTH X,,. TaKoW 3KCIIEPUMEHT, KOHEYHO, HE MOXET CIIY)KHTh

JIOKA3aTeIbCTBOM CXOJUMOCTH H3y4aeMOW MOCIe0BATEILHOCTH, HO
MOJKET MOMOYb HaM OOHAPYKUTh KAKyrO-THO0 3aKOHOMEPHOCTH. Llenn
9KCIIEPUMEHTa — CJeNIaTh MPAaBAONO00HOE TPEANONOKEHHE, T. €.
JOTaKy. 3aTeM y)Ke 9Ty JOTaJKy HaM MpHUAETCs JokasaTh (6e3 3Toro
HUKaK He 00OWTHUCH).

Bozpmem st Hawanma a=2. Berumcnas X =2, X, =4 X3 =16
X4 = 65536, BUIUM, 4TO WICHBI [10CIEA0BATEILHOCTU OBICTPO PacTyT
M TOCJIeI0BATeIbHOCTh PACXOAUTCS. bymeM yMeHbIaTh 4mciao a.
BosbMem Teneps a=+/2 ~14142. Haxomum X ~14142; X, ~1632;
X3 =1761, X, =1966;, X5 =1999. [loxoxe Ha TO, YTO Hpeiei IMo-
CJIeI0BATEIbHOCTH PAaBEH JABYM.

IMpu a =1 Bce wieHBI MOCIEAOBATEIBLHOCTH PaBHbI 1 1 nipeen Takxke
paseH 1.

Tenepr Bozemem a=0,5 Haxomum X =05 X, =0,707,
X3 =0,613; X, =0,654. [loka 3aKOHOMEpPHOCTb HE fACHA, HO, BBIYKC-
JIUB eIlle HECKOJBKO YJICHOB, 3aMedaeM, uto mpu N> 14 mepBbie ye-
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ThIpe 3Haualmx HU@psl mocue 3amnaToil He MeHsAorcs. [loxoxe, mo-
CIIEJIOBATEIIBHOCTh CXOJIUTCS U MPEAEN €€ paBeH npumepHo 0,64.

Hakonen, BossmMem a=0,01. Bemumcmstem X =001  x, =0955
X3 =0,0123;, x, =0945, X5 =0,013. Beruucnus emie HECKOJBKO 4ile-

HOB, yO©XKIaeMCsl, YTO MPOMCXOMUT "OONTaHKA": WICHBI C HEYET-HBIMH
HoMepamu nipuMepHo paBHbl 0,013, a wieHsI ¢ YeTHBIMH HOMEPaMH IIPH-
MepHO paBHbI 0,94. BeIBOII: IIpeiena mocie0BaTelib-HOCTh HE UMEET.

Hrak, 4uCIEHHBIN 3KCIIEPUMEHT BBISIBUJ CIEAYIONIYIO KapTuHy. Ko-
rya 3HaueHus a > 0 jiexar B HEKOTOPOM JHara3oHe, MOoclieoBaTelb-
HOCTb X, CXOAHUTCS; B OCTAJIBHBIX CIy4asxX IOCJIEI0BATEIbHOCTh SIB-

JISIETCSL PACXOJSIIEHcs. ' paHuIlbl 3TOrO JMana3oHa B AKCIIEPUMEHTE
OTIPENENTUTh CI0KHO. Bo BesikoM ciydae, maTepBan (0,5; \/E) mpu-
HAJUIC)KUAT 3TOMY JuanasoHy. Kpome TOro, Mbl BBISCHHJIM, YTO MPU
a=+/2 mpexen mocenOBaTENBHOCTH X, paBeH aByM. OTIOXHM
KaJIbKYJISITOP ¥ HAYHEM PacCyIath.

TlycTh YMCIIO S ABJISIETCS MPEEIOM MOCIEN0BATENBHOCTH X, = @ "2,
Toraa uncio S K0MKHO OBITH KOPHEM ypPaBHEHHUS
s=a°’. (4.21)

Bo3bMeM HaTypanbHblil Jorapudm ot odenx yactel paBeHcTsa (4.21)
U 3aIUILIEM €r0 B BHIIC

Ina= Ins . (4.22)

S

Hccnenyem moBenenne pyHkimu Y(S) =INs/ s, ompeneneHnoi mpu
$>0, u ycraHOBUM 00JacTh ee 3HaueHuit. [ 9TOro Haimem npous-
Bouyto Y'(s)=(1-Ins)/ s?. Kax BuamM, MPOM3BOJHASA paBHA HYJIIO
mpu Ins=1, T.e.mpu S=€
Ilpu s<e y/(s)>0, anpu s>e Y'(s)<0. Takum o6pasom, GpyHK-
s Y(S) Bospacraer Ha uHTepBaie (O; €) u yObIBaeT Ha WHTEpBase
(& c0). CnenoBarenbHO, pu S=€ (yHKUUS Y(S) JOCTUTAET MAKCH-

MAJIBHOTO 3HaueHus, paBHOro € —. Ha murepsane 0<s<1 y(s)<O0,
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npudeM lim (INs/s) = —oo, a na untepBane S>1 y(s)>0. Uccnenys
s—0

nmoBeaeHue Y(S) mpu S—> oo, HaxoauM, uto lim (Ins/s)=0.
S—oo

Ay

lefp--->—~_ y=Ina
1

/1 € y=lna E

Puc. 4.34

Takum o6pazoMm, rpaduk (yHKIME Y(S) MMeeT BHA, MOKa3aHHBIN

Ha puc. 4.34. UtoOw! ypaBHeHue (4.22) umeno peueHue, 3ToT rpaduk
JOJDKEH UMETh OOIIME TOYKH C TOPHU3OHTAJIBHOM mpsmoii Yy =Ina

C nomoripto puc. 4.34 MOXKHO ClieaTh CIACIYIOIIUNA BBIBO/.

ITpu Ina< 0 ypaBuenue (4.21) umeer eJUHCTBEHHBIH KOpeHb Sy < 1.
Ipu O<Ina<e™ ypasuenue (4.21) umeer aBa peweHus $>1m

S, >1, mpuuem S, <€ S, >e Ilpu Ina= el o6a KOpHS YPaBHEHUS

e1/ e

(4.21) pasust e Ilpu Ina>e™ (r.e. npu a> ) ypaBHeHME He

HUMEET PEeIIeHU.

UtoObl BBIAICHUTB, KaKOIl U3 KOpHEHl S;, S, sBIAETCA MpPENesIoM IO-

CIIEJOBATEIIBHOCTH X, HEOOXOJMMO PacCMOTPETh JBA CIIydasl.
Cnyuan 1: 1<a< eV, Ilycts S; u S, — KopHU ypaBHeHus (4.21),
rae S, 2 e> s >1. JlokaxeM cleayroliee yTBepKICHHE.

Ymeepowcoenue. IlocnenoBarenbHOCTh X, BO3pacTaeT M OrpaHUYCHA

CBEPXY YHUCIOM Sj.

JlokazatensCcTBO MPOBEAEM METOAOM MaTeMaTHYECKOW WHIYKITHH.

IIpu n=1 umeem: X = al>1= Xg, T.€. yTBepxzaeHue BepHo. Ilpen-
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HOJIOXKHM, 4TO OHO BepHO npu N=K, T.e. X, > X,_;. [lockonbky npu
a>1 ¢yskmus y(X) =a* Bospacraromas, TO GONBIIEMY 3HAUYECHHIO
[MOKa3aTeNsi CTETIEHH COOTBETCTBYET OoJjblliee 3HadeHHE (YHKIIHH.
CnenoBarenbio @’ > a2, 1.e. X4 > X . Jdanee, npu n=1 ume-
eM: Xy =1<s;. Ilpeanonoxum, uro npu N =K BeIIOIHSIETCS Hepa-
BEHCTBO X, < S;. OTciona cienyet, uto a% <a% =, T.e. X1 <S,.
VYTBeEpKACHUE JJOKA3aHO.

Cornacno teopeme K. Beliepmtpacca, Bo3pacTarolast 1 orpaHUueHHas
CBEpXY IOCIENOBATENbHOCT X,, UMEET Ipeel. JTOT MpeAen AOJDKEH

ObITh KOpHEM ypaBHeHHUS (4.21). OueBHIHO, YTO MIPEAETIOM MOCIEN0BA-
TEIBHOCTU X, HE MOXKET ObITh YHCIO S, (MHAYe HANLINCH ObI YICHBI

[IOCJIEI0BATENBHOCTH X, OJMM3KHE K 3HAUCHUIO S,, T.€. OOJbIIHE,
4yeM s;). MTak, npeaenom rnociaeaoBaTebHOCTH X, SIBJISETCS YKCIO S,
KOTOpO€ YIOBJIETBOpsieT HepaBeHCTBY 1< <e=2,71828. Orciona
cnenyer, uto ypasHenue (4.20) He UMeeT KOpHEHd.

Cnyuain 2. 0<a<1. Boarom ciydae, Kak oKa3ajl YACICHHBIN KcIie-
PHUMEHT, II0CIIEA0BATENbHOCTh X, HEMOHOTOHHas. [loaToMy MBI pac-

CMOTPHM OTJAEIEHO JIBE €€ IMOAIOCIE0BATSIIEHOCTH:

a oAIIOCICA0BATCIbHOCTD in, COCTOAIIYI0 U3 YJICHOB C YE€THBIMU

HOMEpaMu;

a IOoAIIOCICA0BATCIIBHOCTD in_l 13 YJICHOB C HCUCTHBIMH HOMCPAMU.

ByneMm omupaThCs Ha CIEAYIOIIYIO JEMMY, KOTOPYIO MpHBeAeM 0Oe3
JI0KA3aTeNIbCTBA.
Jlemma. Ilycme nociredosamenvnocme X, umeem npeoen S. Toeoa

100451 ee NOONOCIe008aAMeENbHOCHb MAKJICE UMeem NPeoeiom Yucio S.

IIpenen obenx MOMMOCIIEMIOBATEIHFHOCTEH MOHKEH YIOBIETBOPSTH
YpaBHEHUIO

s=a? . (4.23)
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[Mponorapupmupyem apaxasl 006e dactu ypaBHeHus (4.23) u 3amu-
IIEM €T0 B BUJIE

i-ln('”—s)—s:o. (4.24)
Ina Ina

3aMeTnM, 9TO JIH000# KOpeHb ypaBHeHUs (4.21) sBseTcs TakkKe KOp-
Hem ypasHenus (4.23). Ilpu 0<a<1 ¢pynxuus y(s)=a® yoOwiBaio-
mias, a pyaknus Y(S) = S Bo3pacTaromias, modtoMy ypasHenue (4.21)
MMeeT POBHO OJIMH KopeHb Sy <1 (puc. 4.35). 3HaunT, npu O<a<l

ypaBHenue (4.23) umMeer, o KpaiiHeld Mepe, onuH KopeHb. CymiecT-
BYIOT JIU Ipyrue KOpHN? UTOOBI OTBETUTH HA 3TOT HEMPOCTOI BOIIPOC,
uccneayem Ha uaTepBasie 0 < S< 1 QpyHKIMIO

o(s) = —— |n('”sj s

Ina Ina

Puc. 4.35

[lpu s— 0 umeem Ins/Ina — +oo, MO3TOMY |im @ (S) = —o.
s—0

IIpu s— 1 umeem Ins/Ina — 0, mosToMy |[im@ (S) = +oo.
s—1

Brruncnmm npou3BogHYy O

1
0'( )——
Ina s-Ins
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¥ PacCMOTPMM aCHUMITOTHKY npousBoauoit ¢'(S). Ilpu s— 0 mHaxo-

M s-Ins— 0. Tlpu s—1 takxe s-INs— 0.

Takum o6paszom, Ha kpasx unrepsaia (0; 1) @'(S) — +eo. D10 03Ha-
’

qaer, yro Ha umHTepBane (0; 1) dyrxmmsa ¢'(S) cHauvama yObIBaer,

a 3ateM Bo3pactaeT. Haliiem MUHUMaJbHOE 3HAYEHHE MPOU3BOA-
HOM ((S). J1J1s 5TOr0 BHIYMCIUM BTOPYIO IPOU3BOIHYIO

(s-Ins)/ ___ Ins+1
Ina-(s-Ins)>  Ina-(s-Ins)?

0'(s) =~

OHa paBHa HyO Tpd S=1/€, MOITOMY MUHHMAIILHOE 3HAYCHUE [POU3-
BOIHOH Qin = —1—e/Ina. Ecu @, >0 (r.e. a> e ° =0,065988),
10 Beroxy Ha untepsane (0; 1) ¢pynkimsa ¢'(S) monoxurensHast, u ee rpa-

(uk umeer BUJ, MOKa3zaHHBIA Ha puc.4.36, a. B atom ciydae QyHKiws
¢(S) Ha BceM MHTEpBalle MOHOTOHHO PACTeT, CJIEI0BATENBHO, OHA TTPHHI-

MaeT 3HauyeHWe HOJIb B CIMHCTBEHHOI TOuke S= Sy. I'padmk dyHKimm
¢(S) s aTOTO CItyyas mokasaH Ha puc. 4.36, 6.

Urax, npu € <a<1 ypapHenue (4.24) MMeeT eIMHCTBEHHBIH KO-
peHb Sy. Ocranock IMokasath, 4TO YHCIO S, SBISETCS IPEIEIOM

MOJIOCTIEOBATENEHOCTENR Xop M Xop_1 -

D ()

| T

v

Puc. 4.36

* C nomomupio 3amenbl S= €' monygaem lim(s-Ins)=Ilim(-tet)=0.
s—0 t—eo
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YnpaxHeHue 1

[okaxuTte No UHOYKLMK, YTO NOANOCrneaoBaTenbHOCTb X2 YGbIBaeT n
orpaHun4yeHa CHWU3y YUCIIOM Sp, @ nognocnenoBaTesyibHOCTb X2p-1 BO3-
pacTaeT n orpaHn4eHa cBepxy YNCrioM Sp.

Yka3aHue

VMcnonb3ynte TOT akT, YTo Sp < 1 a Tawkke CBOWCTBO YyObiBatoLLEWN
byHKUMN y = &% 6onblUEeMy 3HAYEHUIO NoKasaTens CTeneHN COOoTBET-
CTBYET MeHbLUEe 3Ha4YeHne pyHKUMN.

Ham ocramoce BbIACHUTH TOBeAeHue ¢GyHkuuun @(S) 1pu

O<a<e™® Borom ciaydae @, <0, mostromy paenctso ¢'(s) =0
BBINIOJIHAETCS B JBYX TOYKax A; U A,. I'padux ¢'(S) s sroro

ciydasi MMeeT BHJI, MMOoKasaHHbIi Ha puc 4.37, a. HerpyaHno ycrano-
BUTb, YTO NIPU S=A; QyHKIHS @(S) AOCTUTAET MaKCUMyMa, a MpH

S=A, — MHHHMYMa.

A(P' \ A(p(s) \
]/e : LS: 0 /]\SO : S;
OGN T T
1 2 1
a 6

Puc. 4.37

[Mokaxem, uto @©(Sy) <0, u rpaduk pyHkuuu @(S) umeer BUI, 110-
kasaHHbIN Ha puc. 4.37, 6. D10 03Havaer, uto ypaBHenue (4.12) mo-
MHUMO KOPHSI Sp HIMEET €Il JIBa KOPHI S; U Sp, IPUUEM S; < Sp < S,.
3amerum, uto INSy/sy=Ina<-e ®ynkuus Yy(S)=Ins/s mono-
TOHHO Bo3pactaer Ha uHTepBaie (0, 1), npuyem 3HaueHHEe —e JIOC-
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THraeTcs mpu S=€ -. IT0CKONbKY y(sy) < y(e™), o S < e,

T.e. Insy <—1. Orciona cienyer, uro In?sy >1. Takum o6pasom,

JIEUCTBUTEIBHO,

1 1
1_

-1= -1<0.
Ina-s5-Insy In?s,

0'(s) =

YnpaxHeHue 2

[okaxute no MHAYKUMKU, YTO NOANOCNenoBaTeNbHOCTb X2, YObIBAET U
orpaHuYeHa CHU3Y YUCNOM S. [JokaxkuTe, 4TO MoarocrefoBaTerb-
HOCTb X251 BO3pacTaeT W orpaHUYeHa CBepXxy YucriomM S;. Tem cambim
OyneT AokasaHo, YTo nocrefoBaTenbHOCTb X, He uMeem npedena.

IMoasenem utoru. Ilpu 1<a< e'/® nocnenoarensHOCTD Xp CXOJIHT-
¢ K MeHbIIIeMy U3 JByX KopHeil ypaBrenus (4.21). Ilpu e *<a<1
MOCJIE/IOBATENBHOCTh X, CXOIHTCS K €AWHCTBEHHOMY KOPHIO ypaB-
HeHus (4.21). TIpu ocTaibHBIX 3HAYCHHSX & MOCICA0BATEIBHOCTE X,
HE UMEET Mpejiena.

3apayum onsi cCaMoCTOATENIbHOro peweHuns

3apauya 1. Ha mapaGone y = X? B3ATHI TOUKA A(-1; 1) u Touka B(2; 4).

Haiimure Ha myre AB mapabonsl Takyto Touky C, 9TOOBI IUTOIIAIb
tpeyronbarka ABC Obuta Haubosbiei.

3agaua 2. Haiimure f’(2), roe
f(x) = (x—2)-(3\/x2 +2X +(x=2)-4x° + x\/;)

3agaua 3. M3BectHo, uTo B Touke X =0 KacarejbHble K TpaduKam
oynxmmit f(X), g(x) u h(x) = f(x)/g(x) nepecekaroT och adcrmcce
TOJT OZHUM | TeM e yriioM. Haiimure nanbomnsinee 3nadenue f (0).
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3amaya 4. CKoJIbKO KOpPHEH B 3aBHCHMOCTH OT TapaMeTpa & UMEIOT
ypaBHeHus: a) € =ax®> +1+a;6) eX =ax?

3anaua 5. [Ipu Kakux 3HAYEHHAX TTapaMeTpa a ypaBHeHHe € = Sin X
MIMeeT OJIMH KOpeHb Ha unrepsaie |0, 7] ?

3anaua 6. [Ipu kakux 3HAUCHHSX MMapaMeTpa a ypaBHEHHUE | In x| = ax
MMEET POBHO TPU KOPHSA?

3amaya 7. CKOJBKO TOJOKUATEIBHBIX KOPHEH WMeEeT ypaBHCHHE
n* = x"? (N — HarypanpHOE YMCII0 GONBIIIE eIMHHIIEI).

3agaya 8. Haiith MakCUManbHBI UYICH IOCIEIOBATEIBHOCTH
X, =n?/11".

3agaua 9. Ha okpyxuHoctu pamuycom 1 B3sita Touka A. Ha xakom
PacCTOSHUM OT TOYKM A HyXHO mpoBecTH xopay BC mapamienbHO
KacaTelIbHOW B TOouke A, 4TOOBI muromanb TpeyronpHuka ABC Oplia
HauOOoJIbIIeH?

3agaua 10. B crmepyromux ypaBHeHusx Beipaxenus f_ (X), comep-

Kane OeCKOHEYHOe YMCIIO ONepaluid, clielyeT MOHUMATh Kak Ipe-
aen nocneposatensHoctd f,(X) mpu N— co. B kakmoi U3 mpeana-

raeMpIX 3aJad HY)XHO TIPOBECTH HCCIICIOBAaHHE. OIPECIHTh
¢ynkmmio f(X), 3aTem HaiiTu Bce "monO3pHUTENbHBIC” 3HAYCHUS X U

J0Ka3aTh CyIIECTBOBAHUC IIPEACIIA.

XXX+ X =1

XX =3
XXX =2
VP 3 3 =6
J24x2+x/2+ - =14
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