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INPEAHUCJIOBHUE

HdaHHBIN CIPABOYHUK CONEPIKUT KAaK OCHOBHOM, TaK
¥ TOTOJHUTEJIbHBIH MaTepuas BCeX PasfesioB ITKOJb-
HOTO Kypca MaTeMaTuKU, usydaemoro B 5—11 riaccax:
MaTeMaTuuecKre MIOHATUSA, OIPeNeIeHNsI, TeOPEeMBI, hop-
MYJbI, CBOicTBa U T. . KpoMe TOr0o, B HEM UMeEeTCA JI0-
BOJIBHO MHOTO TIOJPOOHO Pa3o0paHHBIX IPUMEPOB U 3a-
Jlau; TIPYU UX PEIIeHNN 3aYacTyIO UCIIOJIb3yeTC He TOJTHLKO
MarepraJl TOro MyHKTa, K KOTOPOMY OTHOCUTCSI paccMaT-
pUBaeMBbIl IPUMED WUJIU 3ajlaua, HO M MaTepuajl JPyTrux
pasznenoB. Bmecre ¢ Tem, TO0Ka3aTeILCTBA TEOPEM B CIIpa-
BOYHUKE He MPUBOAATCA — HTU JOKA3aTeJIbCTBA MOKHO
HaWTHU B IMIKOJbHBIX YUEOHMKAX IO MaTeMaTHKe.

Becy marepuan, orHOCAIuMiicd K TOMY WJIN UHOMY
MOHATUIO, TOMEITeH KOMIIAKTHO (B IITKOJBHBIX ITOCOOMAX
ATO He Bcerjia ObIBaeT TaK), UTO IMO3BOJUT BaM OBLICTPO
TMOJIYYUTh BCe HEOOXOAUMbIE CBeJEeHUS 00 MHTepecyio-
I[eM BacC IIOHATHUMU.

W3noxxeHHbll B CIIPABOUHUKE MaTepuaj pasouT Ha
paszensl, pa3nenabl — Ha naparpadsl, a maparpadsl — Ha
IIOBOJILHO MeJIKHeE IIYHKTHI (TaKk BaM OymeT yanoOHee OThIC-
KaTb HYyKHYIO nHopmanuio). Hymepanua pasmesnos, ma-
parpad)0B ¥ TyHKTOB — CKBO3HAs IO BCeil KHUTe, a HY-
Mepanusa IPUMEpPOB — CaMOCTOATENbHAA BHYTPU KaiK-
Ioro nyHkKTa. TeopeMbl HyMepyIOTCS AByMs Itudpamu:
mepBasd W3 HUX O3HAUaeT HOMepP pasfesia, B KOTOPOM
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ITpegucnoBue

chopMyIMpPOBaHA JTaHHAS TeOpeMa, a BTopas — IIOPSIIKO-
BBIII HOMEDP TeopeMbl B aToM paszaene. Hampumep, T.4.6
03HAYaeT, YTO peub uaeT o TeopeMme 6 u3 pasmena IV. B
KHHUTEe IPUHATHI CAEAYIOIIMe 0003HAUEeHHSA: HAUYaJIO U
KOHeIl pellleHus IpuMepa OTMEeUYaloTCs COOTBETCTBEHHO
sHakavu d u W,

st ynoOcTBa MOJb30BAHUSA CIPABOYHUKOM B KOHIIE
ero IOMeIlleHbl CIUCKU OCHOBHBIX (POPMYJI ¥ OCHOBHBIX
o0o3HaUeHUIT, a TaKKe IIPeIMeTHbIN YKasaTe/lb.

CopaBOYHUK ITOMOKET BaM:

— OBICTPO HAWITHU HYMKHYIO NH(GOPMAIINIO O TOM UJIN
WHOM MOHATUM, OIIPeIeJIEHNN, CBOHICTBE, O TOM MU MHOUN
Qopmye, TeopeMe;

— IIOBTOPUTH COOTBETCTBYIOIINI MaTepuaJ Ipu IMojI-
TFOTOBKE K YPOKY, K TECTUPOBAHIIO, K KOHTPOJIbHOI pabo-
Te, K 9K3aMeHy;

— BCIIOMHMUTDBH, KaK PEIIarTCA TUIIOBbIE IIPMMEPHLI 1
3aJauy IIKOJBHOTO Kypca MaTeMAaTUKH;

— IIOAT'OTOBUTBHCA K BCTYIIMTEJIbHOMY 9K3aMeHy 1IN
cobecel0BaHUIO 10 MATeMAaTUKe IPU IIOCTYIIJIEHUHN B BY3
UIu Apyroe yueGHOe 3aBejieHUE.



AJITEBPA

Pa3zoen 1
YUCJIA

§ 1. HarypaabHble uncia

1. 3anuce HaTypaabHbIX uucea. Yucaa 1, 2, 3, 4,
5, ..., HCIOJIB3YIOLIXEeCA AJs CUeTa IPeaMeTOB UIU AJIs
YKasaHUA IOPASKOBOr0 HOMEpPA TOr0 WJIM HMHOTO IIpe.-
MeTa cpeau ONHOPOAHBIX IPEIMETOB, HA3LIBAIOTCSI HA-
mypaavroimu. Jlroboe HaTypasbHOE YUCJIO B AECATUY-
HOM CcHCTEeME CUMCJECHUS 3aIlMChIBAETCS C IIOMOII[BLIO
yupp0,1, 2, 3,4,5,6, 7,8, 9. Hanpuwmep, 3anuce 2457
o3Hauaer, uro 2 — mnudpa Teicad, 4 — mudpa coTeH,
5 — nudpa gecaTkos u 7 — nudpa eSUHUI, T. €.

2457=2-1000+4-100 +5-10 + 7.

Boobiie, ecaiu a — mudpa TeicAY, b — mudpa corew,
¢ — nudpa gecATKoB u d — nudpa equHUI], TO UMEeM

a-1000+b-100+c-10 +d.

Hcnoabayercsa Tak:ke coOKpallleHHas 3anuch abed (Ha-
nucaTth abcd Hesb3s1, TOCKOJLKY TaKasd 3aliCh 03HAYAET
IpousBeieHre yuces a, b, ¢, d).

B obureit ¢popme 11 m-3HAYHOTO YUCTIA 4, CIIPaBe]-
JIUBA 3alUCh

Am =c1-10™ 40y 10™ 2 4t ey g 10+,



AJITEBPA

Paszden I. YNUCJIA

Ay = €1€9...Cp_1Cm
rme

€15C95evesCpy_15Cppy — LHUQPHL.

2. Apudmernueckue necTBUA HAJ HATYPAJIBHBI-
MM 4YucJIaMu. Pe3ynbTaToM CJHIOMKEHUSA NI YMHOMKE-
HUAd ABYX HaATypaJbHBIX 4UHMCeJI BCerjga dABJIAeTCA HaTy-
pajibHOEe YMCJIO: eCIu M, N — HaTypaJbHbIe UKCIa, TO
p = m + n TakKe HaTypaJbHOE UUCJIO, M U N — CAA2a-
emvle, p — CYmma; p = mMn TakKe HATypaJIbHOE YHCJIIO,
m, n — MHOM¥UMenu, p — npoudgederue.

CopaBeyiuBhI CJaenYIOIIUE CBOMCTBA:

19 a + b = b + a (nepemecmumenwvrnoe ceoticmeo
cnolMcenus);

20, (@a+b)+c=a+ b+ c)(covemamenvroe céoii-
CMeEo Cnol)ceHus);

30, ab = ba (nepemecmumenvroe ceoticmeo ym-
HOJXMCEeHUA);

49, (ab) ¢ = a (bc) (couemamenvroe ceoticmeo ym-
HOJXMCEeHUA);

50. a (b + ¢) = ab + ac (pacnpederumenvroe ceoii-
CM6E0 YMHONCEHUA OMHOCUMENAbHO CLONHCEHU).

B pes3yJjbTaTe BBIUMTaHUA WNJIN JE€JI€eHUA HaTypaJb-
HBIX UMCeJ He BCerja II0JIydYaeTcs HaTypaJbHOe YHCJIO.

Ecnu m, n, k — HaTypaabHBIE YHUCIa, TO NPU M — N =
= k TOBOpAT, UTO M — YyMeHbULAeMOe, I — Gbliumae-
moe, B — pasnocmv; Ipu m : n = k TOBOPAT, YTO M —
denumoe, n — dearumensv, kK — wacmmuoe; 4ucjao m Ha-
3BIBAIOT TAKIKE KPAMHbBLM UUCIIA 1, & YUCIO0 N — Oenu-
menem uucia m. Eciu m — KpaTHOe uucja n, To CyIIe-
CTBYeT HaTypaJibHOe YHCJo k TaKoe, UTo m = kn.

W3 uncesn ¢ IOMOIIbIO0 3HAKOB apuMETUUECKUX Ieii-
CTBUI M CKOOOK COCTABJIAIOT YUCNOBble GbLPANCCHUSA.
ECJ'II/I B YMCJIOBOM BBIPDAXE€HWM BBIIIOJIHUTH YKa3aHHbIE
JIeHCTBUA, COOMIONAA IPUHATHIA IMTOPAIOK, TO ITOJYUUTCS
YHCJI0, KOTOPOE HABLIBAETCA 3HAUEHUEM GbLPANCEHU.
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AJITEBPA

§ 1. HarypanbHble umcia

Hanmomuum nopanok apudmernyecKux neHcTBUN B
UMCJIOBOM BBIDAKEHUU: IIPEIK/€ BCETO BBITIONHSIIOT JIeii-
CTBUSA B CKOOKAaXxX; BHYTPHU JIIOOBIX CKOOOK CHAUasa BhI-
IIOJIHAIOT YMHOMKEHVe U JleJleHre, a 3aTeM CJIOYKeHVe U
BrlunTaHue. Hampumep, ecau HY:XHO HalTH 3HaUYeHUE
BBIPAKEHUA

(28 - 93 + (1927 — 1873) - 31) : 6 — 710,
TO IMOPANOK AeHCTBUY TaKOB:
1 4 2 3 5 6
(28 - 93 + (1927 — 1873) - 31) : 6 — 710.

3. llenenue ¢ ocrarkoMm. Eciu HaTypajibHOE UHCIO
m He AeJUTCA HA HATypaJbHOE YUCJO 1, T. €. He CyIIe-
CTBYeT TaKoro HaTypaJbHOI'o uucyga k, uro m = nk, To
paccMaTpuBaioT denenue ¢ ocmamkom. Hanmpumep, npu
Ienenuu yucia 43 Ha ymucao 18 B yaCTHOM IOJIydyaeTcsa
2 uBocrarke 7, T. e. 43 =18 - 2 + 7. B ob1em ciyuae,
ecau m — Odeaumoe, n — derumend (m > n), p — uac-
mHnoe u r — ocCmamox, To

m=np + r, 1)

rge r < n. 3gecs m, n, p, r — HaTypajJbHBIe uncaa (uc-
KJIIOUEHMEe COCTaBJIAET Clydail, Korja m OeJUTCA Ha I
6e3 ocratka u r = 0). Hanpumep, eciun =3, ar =2, 1o
m = 3p + 2. 3ro popmyJia ymces, KOTOPbIE IIPU AeJIEHUN
Ha 3 IaioT B ocTaTkKe 2.
II p u m e p. HatiTu yacTHOe U OCTATOK OT JAeJIEHUSA
yucaa 36 421 ma umcsuo 25.
O BbImoJHUM JejeHue «yTJIOM»:
36421 |25
25 1456
114
100

_1
1

|
HHNA
Ov ~q|OT N
O =

[\
—



AJITEBPA

Paszden I. YNUCJIA

HNrak, yactuoe 1456, a ocratox 21. BocmoJsn3oBa-
BIIVCH paBeHCTBOM (1), MokeM 3amucaThb:

36 421 = 25 - 1456 + 21.

3aMeTUM, UTO STOT IPUMEDP MOYKHO PEIIUTD U IO-APY-
TOMYy, He HCIOJIb3yd OeJiIeHue «yIJOM», a HeIocpes-
CTBeHHO ucnojab3yda ¢opmyny (1). Umeem 36 421 =
=36 400 + 21 = 25 - 1456 + 21. 3gauur, 1456 — uacrt-
HOe, a 21 — ocraTok. B

4. Pa3imoskeHne HATYpPAJbHOIO UHMCJIA HA IPOCTHIE
MHOKUTEaH. Ecay 4Ymciio MmMeeT TOJBKO [Ba JeJuTe-
Jg — caMo cebs U eIWHUIYy, TO OHO Ha3bIBaeTCA MPO-
cmblm; ecad YHCIO0 mMeeT Oojiee OIBYX IOeIUTeleli, TO
OHO HAa3bLIBAETCA COCMABHBLM; UNCJIO 1 He OTHOCAT HU K
MIPOCTBIM, HU K cOCTaBHBIM. TakK, unciio 37 IpocToe, OHO
HMeeT TOJIbKO aBa meauteins: 1 u 37; uucio 36 cocras-
HOe, OHO uMeeT OoJiee AByX menmreneii: 1, 2, 3,4, 6,9, 12, 18,
36. IIpocToe uncio 37 MOKHO IIPEICTABUTL B BUE IPO-
u3BegeHud IBYyX HATYPaAJIbHBIX YKCeJI TOJIBKO OOHUM CIIO-
coboMm (ecau He YUYUTHIBATH IOPSIAOK MHOMKHUTeJeir):
37 =1+ 37; cocraBHOe uncyo 36 MOKHO IPEACTABUTDL B
BHU[Ie IIPOM3BEIEeHNs JBYX HATYPAJIbHBIX UKCe] 0oJiee ueM
onguuM cmocobom: 36 =1-36=2-18=3-12 u r. 1.
OgHaxko B BuIe IPOU3BEIEHHUS IIPOCTBIX MHOKUTeIei
COCTaBHOE YUCJIO0 36 MOYKHO IPECTABUTD TOJbKO OJHUM
crocobom: 36 =2 -2 -3 - 3.

T.1.1. JIt060e cocmasroe wUCaO MOMCHO PAZLOH UMD HA
npocmauie MHONUMELU, NPUYEM MOJLbKO 00HUM CILOCO-
oom.

Ecnu B pasnosxenuu uucia Ha IPOCThble MHOMKUTEIN

OIVH U TOT K€ MHOXKUTEJb @ BCTpedyaeTcsa n pas, TO 3a-

HICBIBAIOT KPATKO: a” ,T.e. a-a-...-a=a’ . Belpaxe-
%,—/

n



AJITEBPA

§ 1. HarypanbHble umcia

Hue a" HA3BIBAIOT CMENneHbvlo, & — OCHOBAHUEM CMme-
neHu, n — nokasamenem cmenenu.
IToaTomMy MOKHO 3ammcaThb:

360=2-2-2-3-3-5=23-32-5,

5. Hau6oapmuii o0IMil JeJIUTeIh HECKOJIBKMX Ha-
TypaabHbIxX yucesa. IIycts gansr yuciaa 72 u 96. Beinu-
IIeM Bce JeJuTeJu yucaa 72:

1,2,3,4,6,8,9,12, 18, 24, 36, 72.
Brinuiem Bce peautenu umcaa 96:
1,2,3,4,6,8,12,16, 24, 32, 48, 96.
Cpenu BBIMMCAHHBIX UHCEJ €CTh OAUHAKOBLIE:
1,2,3,4,6,8,12, 24.

Bce sty umcia HaswpIBaIOT o0wjumu Oderumensamu
uyncena 72 u 96, a HanboJIbIllee U3 HUX — HAUbORbULUM
obwum Odenumenem.

s mo0bIX 3ajJaHHBIX HATyPaJbHBIX umcel a U b
MOKHO HAWTU HanMOOJBIINHA oOmuil geautenb. OH 000-
sgauaerca D (a, b) (uuraerca: «D ot a, b»). Eciu uncia
a u b TakoBsI, uTo D (a, b) = 1, To OHM HA3BIBAIOTCA 63a-
UMHO MPOCMBLMU.

Hanpumep, B3aUMHO OPOCTHIMU SABJIAIOTCA YUCIa 72
u 35 (X0Td Ka)kJI0oe U3 HUX — COCTABHOE UMCJO).

dmobv. Hallmu Hauboabwuil obwuil deaumenv He-
CKONbKUX HUces, Ha00 PA3A0H UMb SMU YUCAA HA NPO-
cmole MHOMCUMELU U HAUMU npoudgedenue o0uux npo-
cmulx MHOMCUMEeEll, 8318 KANCObLIL U3 HUX C HAUMEHD-
wum (U3 umernuwuxcsa) noxkazameJsem.

II p u m e p. Hatitu D (3780, 7056).

O HMwmeem 3780 =22-383-5-7, 7056 =24-32 - 72,
Torza D (3780, 7056) = 22 - 32 - 7 = 252; B3ATHI Te
IIPOCThIE MHOYKUTEJIN, KOTOPhIE BXOAAT U B PA3JIOJKEeHUE
yncaa 3780, u B pasynoxkeHue yucaa 7056. B



AJITEBPA

Paszden I. YNUCJIA

6. Haumensbiiiee 001jee KpaTHOE HECKOJbKUX HATY-
paasnbix uucena. Ilyers mamer umena 12 u 18. Beimn-
II1eM HeCKOJIbKO YHCceJ, KPaTHBIX yucay 12:

12, 24, 36, 48, 60, 72, ... .
Beinmuinem umcia, KpaTubie 18:
18, 36, 54,72, ... .
Cpenu BBIMMCAHHBIX UHCEJI €CTh OAUHAKOBLIE:
36, 72, ....

Taxkue uncia Ha3BIBAIOT OOWUMU KPAMHBLLMU YU-
cesx 12 u 18, a HauMeHbIee u3 HUX (unciao 36) — Hau-
MEeHbUWUM 00U UM KPAMHBLM.

AmanoruuHo omnpenensgercd HauMeHbIlee 00Iee
KpaTHOe IPOU3BOJIbHBLIX UKCe] @ U b, OHO 0003HaUaeTCsA
K (a, b) (uuraercs: «K ot a, b»). JIro6oe ob11iee KpaTHOE
yucea a u b genurcsa Ha K (a, b).

Ymobb. Hallmu HauMeHbUlee o0ujee KpamHoe He-
CKONbKUX HUces, Ha00 PA3A0H UMb IMU YUCLA HA NPO-
cmule MHOXMCUMeAU U Hallmu npouigederue 6cex NOLYy-
YUBULUXCS NPOCMbBLYX MHONCUMeell, 836 KaHObLil U3 HUX
¢ Hauboavwum (U3 UMEIWUXCA) noKasameJem.

II p u m e p. Haiitu K (3780, 7056).

O Mmeem 3780 =22-33-5-7; 7056 = 24-32. 72
(cm. 1. 5). Torma K (3780, 7056) = 24 - 33 - 5 - 72,
T. €. B3ATHI BCE TPOCTHIE MHOKUTEJIN, KOTOPhIE BXOJAT B
pasioxenue xoTd Obl ogHoro ma umcea 3780 u 7056.
Uraxk, K (3780, 7056) =24-33-5-72=105 840. ®

JJa n00bIX HATYpPaJbHBIX YHMCEJ @ U b CIIpaBeIJInBO
DPaBEHCTBO

D (a, b) - K (a, b) = ab.

Ecau, B wacTtHOCTHM, umcyia @ U b B3amMHO IIPOCTHIE,
T.e. D (a, b) =1, o K (a, b) = ab. 9Tro 3HaUUT, UTO
HauMmeHbUee obusee KpamHuoe 08YxX 63aUMHO NPOCMbLY
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AJITEBPA

§ 1. HarypanbHble umcia

uucej pasHo npou3eeaeﬂum amux ducel. HanpnMep,
K (15, 16) = 15 - 16 = 240.

7. IIpusHaku meamMocTH. B HEKOTODPBIX CJIydasx,
He BBIIOJIHAA JeJeHUs HaTypaJabHOrO YKcjaa 7 Ha HATY-
paJibHOE UKCJIO d, MOYXHO OTBETUTDL Ha BOIIPOC, MEIUTCS
J n Ha a 0e3 ocTaTKa WJIU HET. ITO JOCTUTAETCA C
IIOMOIIIBIO PA3JIMYHBIX IIPM3HAKOB OEJIMMOCTH.

Wuorma yno6HO I0Ib30BATHCA COKPAIIEHHON 3aIINChI0

n:a, 03HAUAIOIIEH, UTO HATYPAJIbHOE UMCJIO 7l JeJIUTCS
Ha HaTypaJibHOe uucjo a (6e3 octaTka).

T.1.2. Ecau 6 cymme HamMypaibHblX duces Kaxdoe cia-
zaemoe Oeaumces HA HAMYPAILbHOE YUCLO G, MO U 8C5
cymma Oerumcsa HA qucao a (meopema o derumoc-
mu cymmot).

Kparko aTo mo:xHO 3anmcaTs Tak:

eciu m:a, nia, kia, rou (m+n+k)a.

OpHaKo He caemyeT CUUTaTh, UTO €CJAU KayKaoe cJa-
raeMoe CyMMBbI He JeJIUTCA Ha KaK0oe-TO YMCJO0, TO U CYyM-
Ma He JeJuTcsa Ha 3To umcao. Hampumep, cymma
37 + 19 mesnurca ua 4, xora Hu 37, Hu 19 He ABIAIOTCA
KpaTHbIMU umciaa 4. BmecTe ¢ Tem, 3aMeTUM, UTO €CJIU
BCe caraemMbie, KpoMe OJHOT0, AEJISATCS Ha HEKOTOPOEe UKC-
JIO, TO CyMMa He JeJIUTCA Ha 3TO UUCJIO.

T.1.3. Ecau 6 npousgedenuu xomas 0b. 00UH U3 MHOMCU-
meJieil Oeiumces Ha HeKomopoe wucao, mo u npoussge-
Odenue deaumcsa Ha amo yucno (meopema o denumo-
cmu npou3éedenus).

Hanpuwmep, He BEIIOJHAA YMHOMKEHUA, MOXKHO yTBEP-

JKJaTh, uTo npousBegenue 105 - 48 - 93 - 54 mesurcsa Ha

5, rak xak 105 geaurcsa Ha 5.

T.1.4. Hamypaavroe uwucno Oerumcsa Ha 2 mozda u
moJavko mozda, Kozda ezo nocnednss yugppa deaumcs
Ha 2 (npu3nak deaumocmu nHa 2).

11



AJITEBPA

Paszden I. YNUCJIA

T.1.5. HamypanvHoe uucno derumcsa Ha 5 mozda u
moavko mozda, kozda ezo nocaednsas yugppa auoo 0,
aubo 5 (npusnax derumocmu Ha 5).

T.1.6. Hamypaavroe wucno Oeaumcsa Ha 10 mozda u
moavko mozda, Kozda ezo nocrnednas yugpa 0 (npu-
3nax deaumocmu na 10).

T.1.7. Hamypanvroe uucno, codepicaujee He MeHee mpex
uugp, deaumcs Ha 4 mozda u moavko mozda, Kozda
denumces Ha 4 d8y3HauHOe YUCLO, 00PA30BAHHOE NOC-
AeOHuUMU 08yma yuppamnu 3a0annozo wucaa (npusHak
deaumocmu na 4).

Hanpuwmep, 4724 nenurca Ha 4, Tak KaK JBY3SHAYHOE
yucio 24 neaurcs Ha 4; 4318 He neauTcsa Ha 4, IIOCKOJIb-

Ky IBy3HauHOe uucJyo 18 He menuTcda Ha 4.

T.1.8. Hamypanvroe uucno, codepicauiee He MeHee mpex
yugp, deaumcesa Ha 25 mozda u moavko moezda, kKozda
deaumcea Ha 25 08Yy3HauHOe YUCLO, 00PAI06AHHOE NOC-
AeOHuUMU 08yma yuppamnu 3a0annozo wucaa (npusnHak
dearumocmu na 25).

T.1.9. HamypanvHoe uucno derumcsa Ha 3 mozda u
moavko mozda, kozda cymma ezo yudp deaumcsa Ha 3
(npusnax deaumocmu nHa 3).

Hanpuwmep, 27 426 nenurcsa Ha 3, IOCKOJIBKY cyMMa
ero mudp, T. e. uuciyo 21, geaurca Ha 3. B To :Ke BpeMs
17 945 ue menuTcsa Ha 3, TaK Kak cymMMma ero mudp, T. €.
ypcJio 26, He JeauTcd Ha 3.

T.1.10. Hamypaavroe yucno deaumcsa Ha 9 mozda u
moavko mozda, kozda cymma ezo yugp deaumcs Ha 9
(npusnax deaumocmu nHa 9).

T.1.11. Ecau HamypanbHoe YUCAO0 N umeem c60oumu Oe-
AUMeRAMU HucAa a u b, mo ono deaumca u HA UX
HaumeHbvUlee KpamHoe.

II p u m e p. He BoimostHAA [eseHUsA, YCTAHOBUTD,

Jenurca qu 26 775 ma 225.
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AJITEBPA

§ 2. PamumoHanbHble umcaa

O Haiigem cymmy nmudp uncaa 26 775. Ona paBHa
27. Tax xKax 27:9, To mo Teopeme 1.10 u 26 775:9.

Hanee, Tak Kak 75:25 1o o Teopeme 1.8 u 26 775:25.
Haxomner, Tak xak yucaa 9 u 25 B3auMHO IIPOCTHIE, TO
K (9, 25) =9 25 = 225 (cm. 1.6), a mo Teopeme 1.11
samauHoe umncyo 26 775 nenures va K (a, b), T. e. Ha 225. &

8. Ymorpeonenue O0yxkB B aareope. IlepemeHHsbIe.
B anrebpe uacTo KOHKPETHBIE CBOMCTBA YKCEJ 3aIIUCHI-
BaOT ¢ moMoIbio 0yKB. Hampumep, mepemMecTuTeIbHOE
CBOMCTBO CJIOKEHUA 3aINChIBAIOT Tak: a + b = b + a, rae
BMECTO a 1 b MOXXHO IOJCTABUTE JIO0bIe uncaa: 3 + 5 =
=5 + 3; 100 + 3501 = 3501 + 100 u . x. Yuco,
TOJICTaBJsIeMOEe BMECTO OYKBbI, HA3hIBAIOT €€ 3HAYEeHU-
em. B HEKOTODPHIX ciyyaax (HampuMep, B YPABHEHUAX)
BMECTO OYKBBI MOJKHO IIOJICTABUTH TOJHKO OIIPEIeeH-
HBIE YncJia, t-IT06I>I HaIllrCaHHOE€ PaBE€HCTBO 6BIJIO BEPHBLIM.
Hanpuwmep, 7 + x = 10 obGparijaeTcsa B BepHOe PABEHCTBO
JUuIb npu x = 3. Yuorpebasemblie B aaredpe GYKBHI
Ha3bIBAIOT NepPeMeHHbLMU; CMBICJ TAKOIO HAa3BAHUSA
COCTOUT B TOM, UTO UKCJIOBOE 3HaUEHUE OYKBBI MOKHO
U3MEHUTh: HaIIpuMep, B paBeHCTBe a + b = b + a MOXKHO
HOJIOXKUThL a4 = 3, b=5,amoxuEoa =7,b=19 ur. g. —
BO BCeX cJIyuasX paBeHCTBO OymeT BepHO. B paBeHcTBe
7 + x = 10 MOXHO HOJOMKHUTb X = 3, & MOXKHO X = D;
pasHUIla B TOM, YTO B IIEPBOM CJIyUyae MOJyUaeTcsA Bep-
HO€e YKCJIOBOE PaBEHCTBO, & BO BTOPOM — HEBEPHOeE.

§ 2. PanumoHaJabHBIE YHCIA

9. OorikHOBeHHBbIe npo6u. IIpaBuiasHBIEe M Hempa-
BuabHBIE ApoOou. CMmemanubie uuciaa. O0blKHOGeHHAS

m
0po6b — 3TO UMCIO BUJA — , TIe M U N — HaTypaJb-
n

13
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12 15

HbIE YKCJIAa, HAIPUMEP —, — . JMCJIO M HA3hIBAIOT YUC-
17 8

aumenem npobu, n — 3HameHamenem. B wactHOCTH,

m
MOXKeT OBITh 1 = 1, B 9TOM cJiyuae Jpo0b UMeeT BUJ T ,

HO 4Yallle IHUIITYT IIPOCTO mni. Jro O3Ha4vaeT, YTO B8CAKO0e
HamypaJjavbHoe YUCL0 MOHCHO npeacmaeumb 8 sude 00vlLK-

. m
HOBeHHOU Opobu co 3Hamenamesem 1. 3anmcy — —
n

Ipyrofl BapuaHT 3aIlluCu M : M.
Cpenu OOBLIKHOBEHHBIX APO0ell pasMyaoT IPaBUIb-

m
Hble U HelpaBUJIbHBIE. [[p0Ob — HAa3bIBAETCA NPAGULL-
n

HOU, eclIU ee YUCIUTEeIb MeHbINle 3HAMeHAaTelsd, U He-
npaéunbHOU, €CIN ee YUCIUTENIb OOJIbIlle 3HAMEHATE I
WV PaBeH eMy.

Bcearywo Henpasubryio 0pobv MO*CHO npedcmasumy
6 ude CymmbL. HAMYPALLHOZ0 YUCAA U NPABULLHOL OpO-

m
6u (unu B BUJE HATYpPaAJbHOT'O UWCJA, €CJU APO0h —
n

TaKoBa, YTO M KPATHO ).

43 _39+4 _39 4 _, 4

- = = 4+~ =84 —
13 13 13 13 13

Hanpuwmep,

IIpurAaTro cymmy HaTypajabHOTO YWCJa U IPABUIb-

HOI Apo0u 3amrchIBaTh 0€3 3HAKA CIOMKEHUA, T. €. BMEC-
4 4

TO 3+ E MUAIITYT 3§ . Yucio, 3anucaHHoe B TAKOM

BUE, HasbIBaeTcsa cmeurarnnvim. OHO COCTOUT U3 OIBYX

14



AJITEBPA

§ 2. PamumoHanbHble umcaa

. . . 4
yacreii: yenou u dpobrou. Tak, nia umciaa 3 E meJas

4
yacTh paBHa 3, a ApoOHAs paBHA 3 Beakyio mHempa-

BUJIbHYIO [POOL MOYKHO 3alMCATh B BUJE CMEIIAHHOTO
ymcsa (Uau B BUJe HATypaJabHOTO yuciaa). BepHo u 06-
paTHoOe: BCAKOe CMeIllaHHOe WMJIM HaTypajbHOe UMCJIO
MOJKHO 3allicaTh B BUJle HENPaBUJIbHOM Apo6u. Hampu-
Mep,
41:4+1:£+125; 3:§.
3 3 3 3 3 1

10. PaBencrBo apoGeii. OcHOBHOE CBOICTBO IpO-
., a c
ou. Cokpamenue apooeii. [Ise npobu 3 u " cuuTa-

I0TCA paénbvLmu, ecau ad = bec. Hanpumep, paBHBIMU SB-

JSTIOTCA apobu § u i (rak kak 3 - 15=5+9), E u
5 15 7

% (mockoabky 12 -+ 14 = 7 - 24).
W3 onpenenenus paBeHCcTBa Apobeii caeayer, 4To Ipo-

a am

6u — m —— paBHBI, TaK Kak a (bm) = b (am), 3mechb
b bm

HCIOJIL30BAHBI COUETATEIHHOE U TI€PEMECTUTETLHOE CBOT-

CTBa YMHOYKEHUSA HATypaJbHBIX umcesa (cMm. m. 2). 3Ha-

a am
inuTr, —=—, T. €. eCJaU HUcJumeJlb U 3HameHameJlob

b bm
O0aHHOll Opobu YMHOMCUMb UAU pa3deiumsb HA 00HO U
mo JHce HamypaibHoe LUCLO0, MO NoLyYumcs 0pobv, pas-
Hasa 0aHHOl. ITO CBOMICTBO HABLIBAETCA OCHOGHBLM CEOU-
cmeom Opobu.

15
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IToap3ysick OCHOBHBIM CBOWCTBOM Apo0Ou, MHOTIA
MOKHO 3aMEHHUTD JAHHYIO IPO0b APYroil, paBHOM TaHHOI,
HO C MEHBLIIHM YHCJINUTEJeM M MEeHBIINM 3HaMeHaTe-
aem. Taxkyro saMeHy HAsBIBAIOT COKpaujeHuem 0Opoou.

45

15
Hanpumep, — = — (umcauteab U 3HaMeHATeJb MBI
60 20
pasmenmyjiu Ha OSHO W TO ’Ke YUCJIO 3); MOJIYUEHHYIO
IpO0b CHOBa MOYKHO COKPATUTh, PA3/[€JIUB YUCIUTEND U
15 3
3HaMeHaTeJIb Ha 5, T. e. — = —.
20 4
B o61ieM cayuae coxkpaiiieHre Ipodu BOSMOYKHO, eCIN
YUCJINTEJIb 1 3HaMEeHAaTeJIb — He B3aMMHO IIPDOCTHhIE YKCJia
(cM. 1. 5); ecyiu Ke UMCJIUTE]Th U 3HAMeHaTeJb — B3a-
WMHO IIDOCTHIE YHCJA, TO NPOObh HA3BIBAETCA HECOKpa-

mumoil: HalpuMep, 1 HecoKpaTuMmas 1poonb. OcHOB-

Hasd IIeJib COKpAIlleHusA Apo0u — 3aMeHa HAaHHOI Ipobu
paBHOI eil HeCOKPATUMOU IPOOBIO.

11. IlpuBenenue apodeil K 00IIeMy 3HAMEHATEJII0.

2 15
IIycTs namsr gpodu 3 u ik OHu UMeroT pasHble 3HA-

MeHaTeJu: 3 U 8, HO, BOCIIOJIL30BABIIINCH OCHOBHBIM CBOM-
crBoM npobu (cMm. m. 10), MOYKHO 3aMEHUTH 9TU NPOOU
ODPYTUMHU, PABHBIMU UM, IPUYEM TaKUMU, UTO y IOJY-
YeHHBIX Apo0eii OyAyT ogWHAKOBBLIE 3HamMeHaTeau. Ta-
KOe IIpeoOpasoBaHe HAa3bIBaeTCA npusedenuem dpobeti
K o0wemy 3HaMeHamenio.

IIpuBecTn npobu K 00IIeMy 3HAMEHATENI0 MOXKHO
MHOTHMU cIocobaMu, HO OOBIYHO CTApalOTCSA IPUBECTU
Ipo0u K HauMeHbulemy oOuwemy 3HamMeHamento, Ko-
TOPBLIN paBeH HAUMEHbIIEMY O0IleMy KPaTHOMY 3HaMe-
HaTeJiell JaHHBIX TPO0Oei.

16
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§ 2. PamumoHanbHble umcaa

II p u m e p. IlpuBecTu K HaMMeHBIIEMY OOIEMY
1
30

U Haiizem HaumMeHbIllee o0Iee KpaTHOe umncesa 24 u
30, . e. K (24, 30) = 120 (cm. m. 6). Imeem 120 : 24 =

7
3HAMeHAaTeJI0 Apodu o1 u

7
= 5, II09TOMY UTOOBI IPUBECTU IPOOH e K 3HaMeHAaTe-

a0 120, Hago ee YMCANTENb U 3HAMEHATENb YMHOMKUTD
7-5 35

Ha 5; 3HAUUT, — = ——— = ——.
24 24-5 120
Hanee umeem 120 : 30 = 4, mosToMy UTOOBI ITPUBEC-

11
T Ipo0h % K 3sHameHaTte o 120, Hazo ee YUCIUTEND 1

11 11-4
3HaMeHaTeJb YMHOMUTh Ha 4; Tormga — = —— =
30 30-4
44
= m.TaRHM o0pasoM, ApoOU IIPUBEAEHBLI K OOIIeMY
7 35 11 44
3HaMEeHATeJo: ;

24 120° 30 120

Yucna 5 u 4 HaA3BIBAIOT JONOAHUMENbHbLMU MHO-
Jjumenamu COOTBETCTBEHHO JJIA IIEPBOM 1 BTOPOH APO-
6u. NcnosbayeTca caenymoolnas 3aluch:

24 24 120730 30 120

7 1 35 11 11Y a4

Wrak, yToOBI IpUBECTU NPOOU K HAWUMEHBIIIEMY 00-
1eMy 3HaMeHaTeJII0, HyKHO:

1) HaliTu HauMeHbIlee 00IIlee KpaTHOe 3HAMeHAaTe-
Jei npobeii;

2) BBIYHUCJIUTH JOMOJHUTEIbHbIE MHOMKUTEIN, pase-

17
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JIUB HaWMMeHbIIee o0IIlee KpaTHOe Ha KaKIbIi 3HAMeHa-
TeJb;

3) YMHOMKHUTL YUCJUTEJh W 3HAMEHATENb KaKIOou
IpoOM Ha COOTBETCTBYIOIIUH MTOMOJHUTEIbHBIN MHOMKH-
TeJb.

12. Apudmernueckue neiicTBUA HaJ OOBIKHOBEH-
HbIMH Apoo6avu. Cro)keHne OOBIKHOBEHHBIX NPO6eii BbI-
TIOJTHSIOT TaK:

a) ecsiu 3HAMeHATeJn NPo0eil OMMHAKOBBI, TO K UMC-
JINTEJ0 IIePBOI Apobu MpUOABIAIOT YUCIUTENL BTOPOI
IpOOM M OCTaBJSAIOT TOT JKe 3HaMeHaTeJb, T. €.

a ¢ _a+c,

- T ’

b b b
0) eciu 3HAMeHaTeJu Apobelil pasaInuUYHbBl, TO CHAUaJIa
MIPUBOIAT ApPoOu K o0IIeMy 3HaMeHATeJ 0, IIPeaIIOUTH-
TeJIbHEee K HauMEeHbIIIeMYy, a 3aTeéM IIPMMEHAIT IIPDaBU-
JI0 a).
Hanpuwmep,

7.1 7 1 35 44 35444 79
24 30 24 30 120 120 120 120

BriunTanue 0ObIKHOBEHHBIX IP00eli BBIIOJIHSIOT CIe-
IYIOIIUM 00pasoM:
a) ecsi 3HaMeHaTe U APobei ONMHAKOBbI, TO

a c a-—-c,

_——— = 5

b b b
0) ecaiy 3HAMEHATeJNN Pa3JNUHbI, TO CHaUaJa IIPUBO-
IAT Ipobu K 0o0IleMy 3HAMeHAaTeI0, a 3aTeM IIPUMEeHsI-
IOT IPaBUJIO a).
YmuoKeHre 00LIKHOBEHHBIX AP00eli BBITIOJTHAIOT TaK:
a ¢ ac

—_—— T — 9
b d bd
T. €. IePEeMHOKAIOT OTAENbHO YUCIUTENIH, OTAEJIbHO 3Ha-

18



AJITEBPA

§ 2. PamumoHanbHble umcaa

MeHaTeJU, IlepBoe IIPOU3BeJeHUe JeJIaloT YUCIUTeeM,
BTOpPOe — 3HaMeHaTeJeM.
2 3-2 6
Hanpumep, — — = ——=—.
711 v-11 77

eJieHre OOBIKHOBEHHLIX AP00el BBIMOJIHAIOT TaK:
a_ c ad
—_— . — = — 9
b d be

a d
T. €. JeJInuMoe Y YMHOKAIOT HA Apo0b — , 00pPaTHYIO 1Ie-
c

c
JUTENI0 — .
d

2 7 210 2-10 20
Hanpumep, —: — = — - —="—"—="—,
3 10 3 7 3-7 21
II puwmep 1. HaliTu 3HaueHMe UMCIOBOTO BhIpa-
JKeHus

412,75 11
9 5 86 30
a 1 EE = ﬂ CokpaTuB YMCIAUTENh U 3HA-
9 5 9-5

MeHaTeJ b Ha 3 (9TO MOJIE3HO CHAEJIaTh N0 BBIMTOJHEHUSA
YMHOMKEHUSI B UYKCJUTEJe U 3HaAMeHaTese), IOJYyUYUM

4.4 16 4 12 16

—— ,T.e. —. 3HAUUT, — — = —.

3.5 15 9 5 15
g 7.5 7:6_173 21
8 6 8-5 5 20

16
3) Ilpu HaxOXIeHWV 3HAUEHUS BLIPAKEHUSA EJF

19
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21

—— — —— CJIOKEeHUe U BhIUUTaHe MOXHO BBIIIOJIHATH
20 30
onHoBpeMeHHO. HamMeHBIIUM OOIIUM KPAaTHBIM YH-
cen 15, 20, 30 asnserca uucao 60. IIpuBegem Bce Tpu
Ipobu K sHameHaTed0 60, MCIOIL30BAB NOIOJHUTED-
Hble MHOXKUTEJNU: JJs IepBoii apobu 4, mjad BTOpOu 3,
nia Tpetbedt 2. Ilomyuum

4 3
16U+21U 11@ 64 63 22 64+63- 22

15 20 30 60 60 60 60
105 7 _ lé. -
60 4 4

Il pumep 2. Beimonuuts feficTBud:

a) 21+3E; 0) 1E~21.
7 3 5 7
O a) OOparum cHauajga Kaykjoe M3 TaHHBIX CMe-
IIaHHBIX YHKCeJI B HEIIPDABUJIBHYIO ﬂpOGb, a 3aTeM BBIIIOJI-

HHUM CJIOKeHue:
gl _o, 1 14 1 15,2 5. 2 9 2 11,
T 7 7 71°°3 3 3 3 3

15+11 15é 117 45 77 122

7373212121'

122
O0paTuM Teneph HEIPABUJILHYIO IPOOHL 21 B cMe-

IITaHHOEe UYUCJIO:
122 _105+17 _105 17 . 17 .17
21 21 21 21 21 21°

6) B cayuae yMHOMKEHUS M JeJeHUSA CMEIIaHHBIX
YuceJ BCerja MepexoAT K HeNpPaBUJIBHBIM IPOOSIM:

20
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=E.8Haqm'r,12 2121 15 7'_15:3..

]__:Z; 21
5 7 7 5 7 5 7 5.7

5

13. Oecaruunsie npodu. B Bune decamuunoi dpo-
6u MOJKHO 3aIMCATh IPABUJILHYIO IPo0Ob, 3HAMEHATEJD
Kortopoii pasex 10, 100, 1000 u BooG1e 10”. Hanpuwmep,

3 _03; 2 _048 21 _0,021.Taxum xe obpa-

10 100 1000

30M MOJKHO BaIMcaTh CMENIAHHOE YWCJIO WJIM Helpa-

BUJIbHYIO IPOOb C YKAa3aHHBIM BBIIIIe 3HAMeHaTeJeM (IIpe-

BpaTUB ee IpeIBapUTEJbHO B cMellaHHoe uucyo). Ha-
3 317 17

ep, 2—=2,3; —=3—=3,17. B» c a-
HPIMER: 270 100 °100 TR IR

SX IeJIYI0O YaCTh CMEIIIaHHOTO YKCJIa OTAENAIOT 3aIATON
OT UMCIAUTEJsA APOOHOM YacTu. 3HAUUT, JECATHUHAST
Ipobb — BTO, IIO CYIIECTBY, Apyras )opMa 3alucu IPo-
0u co 3HameHartegem 107,

B Bume mgecaTuuyHON ApoOM MOMKHO IIPEICTAaBUTH
J1100yI0 OOBIKHOBEHHYIO APO0Ob, 3HAMEHATEeIb KOTOPOil
SIBJISIETCS NeJUTeJIeM HeKOTOpo# cremeHu uucaa 10.
Hanpuwmep, 125 — genurens umcaa 1000, mosTomy

196 .
Ipo0b E MOJKHO TIIPEJICTaBUTh B BUJE AECATUYHON:

196 196-8 1568

125 125-8 1000

OO61Iuil BLIBOJ O IIPEICTABICHNY O0OLIKHOBEHHO IpO-

01 B BUe AECATUYHON TAKOB: eCAU 8 PA3L0NCHUU 3HA-
MmeHameJsss Opobu HA NPocMble MHONCUMEAU coOdeprcam-
cs MOoJabKo 0680UKU U namepKu, mo amy 0pobb MOHIHO
3anucamv 6 8ude decamuuHoil; ecau e Opobb Hecok-
pamuma u 8 pasJnodxceHue ee 3HaAMeHAmeNs Ha NpocmuylLe
MHOMCUMeNU 6xX00am, Kpome 060eK U namepok, dpyzue

1,568.
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npocmule MHONCUMENU, MO Imy 0poOb Helb3s 3anucams
8 sude decamuuHoil.
PaccmoTpum gecartuunyio apods 7,234. Mmeem

7o34_7. 234 5 20043044 . 200 30 .
1000 1000 1000 1000
4 2 3 4

+—=T+t—+—+—.
1000 10 100 1000
JasHy0 1po0bh MOXKHO 3aIIUCAThH TaK:

234 7 2340 4 23400

1000 10000 100000

7,234 =17

Ho 7& = 17,2340, a 7% =17,23400. 3uauur,
10000 100000

7,234 = 7,2340 = 7,23400. Takum obpasom, ecau k de-
caAMuU4HOl 0pobu npunucams Cnpasa Hyib ULl HEeCKOJLb-
KO HYyJell, mo noayyumcs pasHas eii dpobv. Ecau decs-
muuHas 0po6v okaHyusaemcs OOHUM UAU HECKOJbKU-
MU HYJAMU, MO IMU HYJLU MOHHO OMOPOCUMb — NOAY-
yumeces pasHas eil 0podv.

st mecATUYHBIX Opo0eii BBOAUTCS IIOHATHE 3HAUA-
medl mudpsl uncia. JHALAWUMU Yudpamu ducia Ha-
3BIBAIOT BCe ero Iudpel, KpoMe HyJeil, CTOAIUX B HaUa-
ne. Hampumep, B uucie 23,4009 mrects 3Havamux mudp;
B uucie 0,1023 uersipe 3Hauamux mudpst: 1, 0, 2, 3; B
yucye 0,0004 ogna sHauamiasa mudpa: 4.

14. ApudMmeTuuecKkue OeHCTBMA HAM TEeCATHUHBI-
mu apo6samvu. IIpu ciokeHny necATUYHBIX ApPob6eit Ha0
3amucaTh WX OOHY IIOJ APYIo¥l Tak, 4YTOOBI OMMHAKOBbBIE
paspsanbl ObLIN APYT IOL APYTOM, a 3alsaTas — IIOM 3a-
IIATO, U CJIOMKUTH JPOOH TaK, KAK CKJIAALIBAIOT HATYPAJIb-
uele unciaa. Ciroxum, Hampumep, apoou 12,7 u 3,442.
ITepBas npobb comep:XUT OAHY IIU(PPY MOCJe 3aIlATol, a
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BTOpPasd — TpU. YTOOBI BEIIOJHUTE CJIOKEHHUE, IIpeodpa-
3yeM IIepBYIO Ap00b TaK, UTOOBI IIOCJIe 3aIlATOM OBLIO TPU
mudpsi: 12,7 = 12,700, Torma

n 12,700
8,442
16,142
AHaJIoTUYHO BBINIOJIHAETCS BHIUNTaHNE NeCATUYHBIX

Ipobeii.
IIpu yMHOMXEHUN NECATHUUYHBIX AP0O0eil ZOCTATOUHO
MIePEMHOKUTD 3alaHHbIe YKCJa, He o0palasa BHUMAaHUA

Ha 3amAaTbie (KaK HaTypaJbHbIE UKCJA), a 3aTeM B pe-
3yJbTaTE CIIPaBa OTAEJUTH 3AIATON CTOIBKO TGP, CKOIb-
KO UX CTOUT IIOCJIe 3aIATON B 000UX MHOYKUTEISAX CYM-
MapHoO.

Hanpuwmep, ymuoxkum 2,7 Ha 1,3. UMeem 27 - 13 =
= 351. Orpenum 3amaToil cupaBa ABe nudphl (cyMMa
nudp y MHOXKUTeJeil mocje 3amATod paBHa AByM). B
urore moayuaem 2,7 - 1,3 = 3,51.

Eciu B mpousBeneHUM IOJydaeTcsi MeHbIe 1mudp,
yeM HaJ0 OTHEJUTDH 3allsITOM, TO BIIEpedu MUIITYT HeIO-
crarolue HyJu, HAalIpUMep:

(2,12 « 3,43
0,13 0,0002
636 0,000686
212
0,2756

Paccmorpum yMHOKeHMe fecaTuuHOM npobu Ha 10,
100, 1000 u 7. 1. ITycTs HYKHO YMHOXKUTH APobb 12,733
Ha 10. Umeem 12 733 - 10 = 127 330. Orzgenus 3amnsa-
TOM cripaBa Tpu nudpsl, moayuum 12,733 - 10 = 127,330.
Ho 127,330 = 127,33. 3uauur, 12,733 - 10 = 127,33.
Takum 00pas3oM, YMHOKEHUE MecATUUYHOI mpobu Ha 10
CBOIUTCS K IIePEHOCY 3aIATON Ha ogHy Hudpy BIPaBo.
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Boobiie, umobuvt ymuomcume decamuuinyr 0pobv HaA
10, 100, 1000, rado 6 amoii pobu neperecmu 3ANAMYIO
Ha o0ny, 06e, mpu yu@dpsv. 6npaso (npunucaé 6 ciyiae
Heobxo0umocmu K OpoOu cnpasa onpedesenHoe KoOLude-
cmeo nyaeil). Hampumep, 1,47 - 10 000 = 14 700.

[eneHue necaTHYHOH po6u HA HATYpaJbHOE UUCJIO
BBIIIOJTHAETCS TAK 2Ke, KaK JeJleHre HaTypaJbHOr0 YKcyIa
Ha HATYPaJIbHOE, & 3aIIATYI0 B YACTHOM CTABAT IIOCJE TOTO,
KaK 3aKOHUYEHO JIeJieHue mesoi yactu. IlycTs Hamo pas-
meautb 22,1 Ha 13; numeem

22,1 13

13 1,7
— 91
91
0

Ecin 1esas 4acTh AeJIMMOr0 MeHBIIIe JeJIUTeNsA, TO B
OTBeTe MOJIyYaeTcs: HyJIb IeJbIX; Tak, 0,221 : 13 =0,017.

PaccmoTpum Temneps gesneHUe NecATUYHON npobu Ha
necartnunyio. IIlycts Hy:KHO pasgenauts 2,576 ma 1,12.
151 TOr0 U B IeJIMMOM, U B [eJINTEJIe IIePeHeceM 3alls-
TYIO BIIPABO Ha CTOJIBKO (PP, CKOJIBKO UX MMEETC II0C-
Jie 3amATOH B AenuTesie (B JaHHOM cjJydae — Ha JBe).
WNupiMu cioBaMu, YMHOMKHM JeJNMOe W JeJuTeab Ha
100 — or aTOro uacTHoe He M3MeHUTCA. Torga HY'KHO
pasmeauTh Apobk 257,6 Ha HaTypasbHOe uncao 112, T. e.
3aJjaya CBOOUTCA K yiKe PACCMOTPEHHOMY CJIyYaro:

_257,6] 112
224 2,3

_ 336
336
0

Imobvt pazferumsv decamuinyio dpoods Ha 10", nado
6 amoii 0pobu neperHecmu 3ansamyio HA N yupp 6.1e60
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(npu amom 6 cayuae HeoOx00UMOCMU CAeEA NPUNUCHL-
eaemcsa HYyxwcHOe yucao Hyaeil). Tak, 27,344 : 104 =
= 0,0027344.

Henmenne qecATUYHBLIX Apo0eil, KaK U JejieHue HATY-
PaJIBHBIX 4YHCeJI, HEe BCerga BBIIIOJIHMMO. HyCTB HYXHO
pasgeauts 2,8 Ha 0,09. Umeem 280 : 9 = 31,11... . B
pesyJbTaTe IMOJy4YaeTcs TaK HasblBaeMas 0eCKOHeUHas
IecATuYHAas Apobb (cM. m. 16). B Takux ciayuasax, Kak
IIPaBUJIO, MIEPEXONAT K OOLIKHOBEHHLIM Apo0am. Hampu-
mep,

28, 9 28100 280 . 1
10 100 10-9 9 9

2,8:0,09=

15. IIpouenTtsi. Cpenu JecATUUYHBLIX IP00eil ocoben-
HO YacTo Ha MPaKTHKe MCHOJb3YyIT Apobds 0,01, KoTO-
pasa Ha3bIBaeTca npoyeHmom u obosHauaerca 1%.
Taxk, 1% = 0,01, 2% = 0,02, 45% = 0,45, 350% = 3,5
uT. IO

IIpuwmep 1. PaGouwuii foakeH ObLI N3TOTOBUTH 3a
cvmeny 80 meraseii. Ilo okoHuanuu pabouero AHsS OKasa-
JIOCh, UTO OH BEIIMOJHII 150% cmenuoro 3agauusa. CKoJb-
KO JeTaJieil m3roTOBUJ paboumii?

O Tax xkax 150% = 1,5, To paboumnii nsrorosua 80 x
x 1,5 =120 (zeraseii). ®

IIpuwmep 2. Pabouwmii k 12 wacam usroroBua 55
Jeraneii, uro cocraBuyo 68,75% cmeHHOro 3amaHMs.
CKOJIBKO JeTaJjiell OH JOJIJKeH M3rOTOBUTH 34 CMEHy?

0 O6o3HaYMM KOJIMUYECTBO JeTaaeil, COCTABISIOIX
CMeHHOe 3ajgaHue, ueped x. M3 ycioBUsS CIemyeT, UTO

68,75% - x = b5, T. e. 4TO M-x:&i, OTKyIa
100 -

X = —00 55 =80 (merameii). W
68,75
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16. O6pamenue OOBIKHOBEHHOII APOOH B OeCKOHEU-
HYIO0 JIeCATHYHYIO MePHOTUUYEcKyI0 npoos. IIycts mama
mecaTuuHas apobp 2,73. Ee smauenme He M3MEHUTCS,
ecJIiu CIIpaBa IPUIINCATh JiI00oe urciao uHyJei (cm. m.13):
2,73 =2,730=2,7300 = ... = 2,73000...0. TomyckaioT
Tak:Ke 3aluch Apodu 2,73 B Bumge OeCATUUYHON APoOU C
0eCKOHEUHBIM MHOMKECTBOM HYyJei#, T. e. 2,73 =
= 2,73000... . 3mecs mocJje 3aIsaTOi COMEP:KUTCA OECKO-
HEUHO MHOIO AeCATHYHBLIX 3HaKoB. Takas gecaTuuHasd
IpoObL HA3LIBAETCS OecKOHeuHOoU Odecamuinol 0pobvro.

T.1.12. JI106y10 00bikHOBeHHYIO Opo0Ob MONMCHO npedcma-
eumv 6 eude OecKoHeuHOl decamuiHoi Opoou.

3
BoabpmeMm, HamrpuMep, YuCI0 ﬁ u OyZeM IeJTUTh YHC-

JINTEJIb Ha SHaMeHaTeJIb, IIOCTEIIEHHO I10JIiyuad JeCATUY-
HbI€e 3HAKHU:

_ 3,00000000... | 14
28 0,214285714...
~20
14
60
96 _
40
28
120
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Takum obpasom, % =0,214285714... .

Beimuimem IIocJjenoBaTeJIbHO OCTaTKM, KOTOPbIE IIO-
JIYUUJINCH IIPU BBIINIOJIHEHMWHU OIlepalluM OeJIeHnA:

2,6,4,12,8,10,2,6,....

Bce st ocTaTKU MeHbIIe [eIUTENA, T. €. MEHbIIIE YNC-
Jga 14. 9To 3HAUUT, UTO HAa KAaKOM-TO IIare JgeJIeHUS
IOJIJKeH Hen30eKHO MOABUTHCS CHOBA TaKOM OCTATOK,
KOTOPBIA yiKe BcTpeuasica paHee. Tak, Ha ceIbMOM
miare MOSBUJICA OCTATOK 2, KOTODPHIY OBLI HA II€PBOM
mare. Kpome Toro, sScHO, 4YTO KaK TOJBKO ITOSIBUTCS OC-
TaTOK, KOTOPHIY yiKe BCTpeuascs, 3a HUM IOUAYT OC-
TATKW B TOH JKe IOCJeA0BaTeJIbHOCTH, KOTOpas ObLiIa
paHee.

ITepuonuuecKky MOBTOPSIONINECS T'PYIIBI OCTATKOB
NPUBENYT K MEePUOAUYECKU MOBTOPAIMOINEHCA TIpymIe
nudp B AeCATUYHOMN 3alMCU YUCJIA:

2 = 0,2142857142857142857....

ITocnegoBaTe/ibHO IIOBTOPAMOINASACA IpyIma Iudp
(MUHUMAaJIbHAS) B 3anICU 0€CKOHEUHOM JeCATUIHOMN IPO-
0u mocie 3anATON Ha3bIBaeTCA nepuodom, a OecKoHEU-
Hasd gecaTHUYHAA APOo0b, MMeIoIasa TaKOM mepuos B CBO-
ell sanucu, HaspIBaeTcA nepuoduieckoli. [lnsa KpaTxoc-
TH IPUHSATO IIEPUOJ 3alNChIBATH OAWH pas, 3aKJouas
ero B KPYIJble CKOOKMU:

0,2142857142857142857... = 0,2(142857).

Ecau mepuon HaumHaeTcsa cpasy IOCJe 3alsaToi, TO
Ipo0Ob HA3BIBAETCA YUCMOU nepuoduieckol; eciIu Ke
MeJKIy 3alATON M IIEePUOLOM €CTh APYyrue NeCATUYHBIE
3HAKM, TO JPOOb HA3LIBAETCA CMEULAHHOU nepuoduiec-
rotu. Tak, 2,(23) = 2,2323232323... — uucrasa mepuo-
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Iuueckas apobn; 2,73 = 2,73666... = 2,73(6) — cme-
IIaHHAas MepuogudYecKas Ipoob.

17. O6paineHnue O€CKOHEUHON AEeCATHUYHOM Iepuo-
OIUYECKOH Tpo0H B OOBIKHOBEHHYIO Hpo0b. UT0OBI Gec-
KOHEUHYIO IeCATUUHYIO P00k yMHOKUTH Ha 10, 100, 1000
H T. JI., IOCTATOYHO, KAK ¥ B KOHEUHOII IeCATUYHOMH IPO-
0u, IepeHecTy 3aMATYIO Ha OUH, BA, TPU U T. . 3HAKA
Bupaso. Taxk, 0,1(23) - 100 = 0,1232323... x
x100 =12,323232... = 12,(32).

II p u m e p. OGpaTuTh B OOBIKHOBEHHYIO APOOH YHUC-
qo: a) 0,(13); 6) 0,2(54).

Q a) ITomosxxum x = 0,(13) = 0,131313... .YmHo-
JKUM 3Ty UYHUCTYIO NEPUOJMUYECKYIO0 APOOhL X Ha Takoe
YMCJIO, YTOOBI BanATasi IepeMeCcTIIach POBHO HA TIEPUO/T
BupaBo. [IocKoabKY B mepuofie ABe MudPHI, HANO Tepe-
HECTH 3aIATYIO Ha JBe 1uGphl BIPABO, a AJSI 9TOTO IOC-
TATOYHO YMHOMUTH uucygo x Ha 100, Torma 100x =
=0,131313... - 100=13,1313... = 13,(13). Teneps BbIU-
Tem x u3 100x, momyuum 100x — x = 13,(13) — 0,(13).

3Hauut, 99x = 13, oTKyZa HAXOIUM X = %

6) ITonmoxxkum x = 0,2(54). IlepeHecem B 3TO# cMme-
IIaHO¥ EePUOAMNUECKOHN APOOU 3alATYIO BIIPABO TaK, YTO-
OBI ITOJIyUMJIaCh UMCTasA mepuoanyeckas Apodb. s aTo-
ro JMOCTATOYHO X YMHOXXUTL Ha 10, moayumm 10x =
= 2,(54).

ITonoxxkum y = 2,(54) u obpaTuM 3Ty YUCTYIO IIEpPU-
OUYEeCKYIO Ipo0b B OOBIKHOBEHHYIO TaK, KaK MBI 3TO Je-
nanu panee. Nmeem

100y = 254,(54); 100y — y = 254,(54) — 2,(54);

252 28
99y = 252; y = 222 _ 28
Y Y99 " 11
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28 14

3uaunt, 10x = ﬁ, OTKyJla X = ——— = —.
11 11-10 55
18. Koopaunatnaa mpsamasa. [IpoBegem mpamyio [,
OTMEeTUM Ha Hell TouKy O, KOTOPYIO IPUMEM 3a HadyaJyio
oTcueTa, BbIOepeM HaIpaBJeHUE U eJUHUYHBLIA OTPE30K
[0, 1] (puc. 1).

B A o J A B _
Puc. 1

B srom ciyuae roBopar, uTo 3amaHa Koopdunam-
Haa npaman. KaxxaoMy HaTypajJlbHOMY YUCIY UIU APO-
6m cooTBeTcTByeT onHa Touka npamoit [. Ilycrs,
Hanmpumep, gaHo yucyao 3. Ormoxkum or Touku O B 3a-
JaHHOM HaIpaBJIEHNU eJUHUYHBIN OTPE30K TPU pasa, IIo-
JIYYUM TOUKY A — OHa W COOTBETCTBYET Uucay 3. AHa-
JIOTUYHO, €CJU JAaHO uunciio 4,2, To oTi0KuB oT Touku O B
3aJJaHHOM HAIPaBJIEHUV eIUHUYHBLIA OTPE30K YeThIpe
pasa, a sateMm erle 0,2 gacTu 3TOro OTpe3Ka, IOJIYyUUM
TouKky B — oHa m coorBeTcTByeT uucay 4,2.

Ecau Touka M npamoi [ COOTBETCTBYET HEKOTOPOMY
YHCIY I, TO 9TO YUCJIO HA3HIBAIOT KOOpOuHAmMoi mou-
xu u nuinyt M (r). Tak, nia rouek J, A, B (puc. 1) Mmoxx-
HO yKasaTh ux KoopauHatsi: J (1), A (3), B (4,2). Koop-
auHaTOM TOuKM O CUMTAETCSA YMCJIO HYJb.

OTa0XUM Tenephb TPU pasa eIUHUYHBIN OTPE30K OT
Touky O B HaIpaBJIEHUU, IPOTUBOIIOJJOKHOM 3aJIaHHO-

my. Ilosmyuum TouKy A', CHMMETPUUYHYIO TOUKY A OT-
HocuTeJbHO Hauana orcuera O. Koopamuaroit Touku A
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SIBJIAETCSA YMCJIO 3, a KOOPAMHATY TOUKU A’ 3amumchiBa-
0T —3 ¥ YUTAIOT: «MUHYC 3». AHAJIOTUYHO, KOOPAWHATA

TouKu B', cumMmeTrpuuHoii Touke B (puc. 1), ecTh uucio
—4,2. Yucna 3 u -3, 4,2 u — 4,2 Ha3BIBAIOT N POMUEONO-
noxcrnovtmu. Yrcaa, KOTOPHIM COOTBETCTBYIOT TOUKM, Pac-
MMOJIOJKEHHbIE HAa KOOPAUWHATHON IPSAMON B 3aJaHHOM
HapaBJIEHNU, HA3LIBAIOT NONOHUMENbHbLMU; TAK, 1, 3,
4,2 — mosokuTENbHBIE UKca. ducia, KOTOPHIM COOT-
BETCTBYIOT TOUKM, PACIIOJIOKE€HHBIEe Ha KOOPAMHATHOMN
MIPAMOM B HAIIPABJIEHUY, IIPOTUBOIIOIOXKHOM 3aJaHHOMY,
Ha3bIBAIOT ompuyamenrbHbLMU; Tak, —3, —4,2 — oTpura-
TeJbHBIEe yncaa. Yucao 0 He cUMTAETCS HU TOJIOMKUTEb-
HBIM, HU OTpUIlaTeJIbHbIM.

3amanHOe HaIpaBJieHVMe Ha KOOPAWHATHOU IIPAMON
HA3LIBAIOT Noodcumenvrhovim (OOBIYHO OHO HIET BIpa-
BO), a HallpaBJeHNe, IIPOTUBOIIOJIOKHOE 3aJaHHOMY, —
ompuyamenbHbLM.

19. MHoO:KecTBO palMOHAJBHBIX uyMcel. HaTypain-
Hble uncaa 1, 2, 3, 4, 5,... Ha3bIBAIOT TaKJKe II0JIOKUTEIb-
HBIMHU IeJbIMHU yncaamu. Yucaa—1,-2,-3,—-4, -5, ...,
IIPOTUBOIIOJIOMKHBIEC HATYPAJIbHBIM, Ha3bIBAalOT OTPUIIATEIb-
HBIMU IIeJbIMH unciaaMu. ducuao 0 Tak:ke cUMUTAIOT Iie-
JBIM ymciioM. MTak, yenvle wucaa — 310 HATypaIbHbIE
qyucJia, 4mcja, IPOTUBOIIOJIOKHBIE HATYPAJIbHBIM, 11 YHC-
a0 0.

ITenbie uncaa u Apobu (IOIOKUTENTHHBIE U OTPUILA-
TeJbHBIE) COCTABJAIOT BMECTe MHOKECTBO PAYUOHALb-
HbLX 4Yucen.

3amMeTuM, UTO Ji000€ pAIlMOHAIBLHOE UKMCJI0 MOXKHO

m
IIPeICTABUTh B BUJe OTHOIIEHUSI — , TIe m — IieJoe,
n

a n — HaTypaJIbHOE YMCJIO, IPUUYEeM OJHO U TO JKe UUC-
JIO MOKHO 3aIlucaThb B B € OTHOIIIEeHMWA MHOT'MH CIIO-
cobamu.
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Hanpuwmep:

_o9_—4_-6_ ~100, _3 _
272 "3 50 03

Cpenu npobeii, 0003HAYAIOIINX JaHHOE PAI[OHAIBLHOE
YKCJI0, UMEETCS OHA U TOJBKO OJJHA HECOKPATUMAas APO0b.
Jsa menbrx uucea — 9TO ApoOb co 3HamMeHaTesneM 1.

§ 3. JleiicTBUTEJbHBIE YHCIA

20. UppanuoHaiabsHble Yuciaa. [[J1s maMepeHUs WuC-
MMOJIb3YIOTCA He TOJIbKO palroHaIbHbIe YKCJIa, HO U YKC-
Jla UHOM IIPUPOXLI, T. €. He SBJISIOI[MEeCS IeJbLIMU WU
IpoOHBIMU. Bce Takme uucia Ha3bIBAIOTCA UPPAYUO-
Haavhbimu. Hampumep, AJIWHA qUaroHAJIU KBajapara co
cTopoHoit 1 (puc. 2, a) oJKHA BEIPAXKATHCA HEKOTOPHIM
[IOJIOKUTENbHBIM YHCJIOM F, TaKuM, uto r2 = 12 +
+ 12 (mo Teopeme ITudaropa, cm. m. 275), T. e. TaKuM,
uro r2 = 2. Yucyio r He MOMKeT OBITH IIeJIBIM, TAK Kak
12=1;22=4; 32 =9 u r. 1. Yncso r He MOKeT OBITH U

m
IPOOHBIM: ecJUu r = — — HecOKpaTumas Ipo0b, Tie
n
2
2 m
n=l,T0 r° = —;~ — TaK’Ke HECOKPATHMA Ipo0b, rae
n

2
n“ #1; sHauur, He SBJISeTCS IeJIbIM YKMCJIOM, a II0-
n
TOMY He MOXKeT ObITh paBHBIM 2. IlosTomy miamHa mmaro-

HaJIX KBaJgpaTa BbIparKaeTCda nppanroHaJbHbBIM YNCJIOM,

KOTOpoe 00o3HauaeTcs \/E (uuTaercs: «KBaJpaTHBLIN KO-
peHb U3 AByx»). Ha puc. 2, 6 usobpaxeHa KOOpAUHAT-
Hada npamasda [, OABJ — kBagpat, OC = OB = OD. Tornma

KoopamHaToii TouKu C ABJISIETCS YHUCJIO \/E , a4 Koopau-
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A B

a) 6)
Puc. 2

HaTOoM Touku D — umcno — V2 . O6e Ttouku C u D umeroT
UppalnoHaJIbHble KOOPIUHATEIL.

Tak xak Ja1000€ paloHAJbLHOE YKUCJIO0 MOYKHO 3allu-
caThb B BUJle 0€CKOHEUHOMH AeCATUYHOMN apodu (cM. . 16)
¥ B CBOIO ouepej b Jirobasd OecKoOHeUHas JeCATUYHAS Te-
puoguuecKas Opo0b MpeacTaBaseT co00ii parnoHAIbHOe
ymucso (cm. 1. 17), To Kaxdoe uppayuoHaLbHOe YUCIO
MONMCHO 3anucamv 8 s8ude GecKOHeuHOoil OecamuyHoil
Opobu u 6 ceoio ouepedv awbas GeckoHeyHas Oecamuy-
Has Henepuoduueckas 0po6b ecmb UPPAYUOHALbHOE
yucao.

21. MHOKeCTBO JeiiCTBUTEIbHBIX unce]a. UncaoBasa
npaMasna. PamuonanbHble U UPPAIMOHATIbHBIE UNCJIA CO-
CTABJAIOT BMECTe MHOKECTBO 0OelicmeumenbHblx 4il-
cen. Raxxnomy neificTBUTEIbHOMY YUCJIY COOTBETCTBYET
eIVUHCTBEHHAs TOYKA KoopAamHaTHON mpamoi. Kaxmgas
TOYKA KOOPAMHATHOI MIPAMOM COOTBETCTBYET €UHCTBEH-
HOMY JefiICTBUTEJIBHOMY YMCIY (ZOCTATOUHO HAUTHU pac-
CTOSTHUE JIO 9TO¥ TOUYKM OT HAYajaa OTCUYETa U IMOCTABUTH
nepes HaliIeHHBIM YMCJIOM 3HAK «+» WJIU «—» B 3aBU-
CUMOCTHU OT TOTO, CIIpaBa WJIW CJieBa OT Havajia OTcueTa
HaxXOOUTCA 3aJaHHaA TOUKA).

MnuosxecTBO HeiCTBUTENBHBIX YKUCEJ HA3BIBAIOT TaK-
Ke wucnoeoi npamoi. I'eomerprueckoil MozeIbIo YucC-
JIOBOY IPAMOM CIYIKUT KOOPAUHATHAA IIpsAMad.
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22. Yucaosasga maockocts. IIpsamMoyroasHas mexap-
TOBA CHCTE€Ma KOOPAUHAT HA ILIOCKOCTH U B IIPOCTPaAH-
crBe. Ilox napoil wucen o0OBIYHO IOHUMAIOT ABA YMCIA,
KOTOpBIE PACCMATPUBAIOTCA B OIPENEJIEHHOM IIOPAIKE
(ymopsamouenHasa napa). MHOMKeCTBO Bcex Iap AeiCcTBU-
TeJILHBIX UMCEJ HA3BIBAIOT YUCA080U NAOCKOCMbBIO.

Kak nna MHOMKECTBa BCeX MeHCTBUTENLHBIX UncesT (UaIu
YHCJIOBOl IPAMOH) eCcTh reoMeTpuuecKas MOJAEJb —
KoopauHaTHas npamasa (cm. nm. 18 u 21), Tak u giaa
MHOJK€eCTBa BCeX IIap MeMCTBUTENbHBIX Uuces (UUCJIO-
BO IIJIOCKOCTU) €CTh reoMeTpUYecKas MOAedb — KOop-
JUHATHAA IJIOCKOCTb. Koopdunamuasa naockocmb
xOy omnpenenseTcs NBYyMs B3aWUMHO IEPIEHIUKYJIAD-
HBIMU IPAMBIME ¢ 001muM HavyasoM O M OJMHAKOBBLIM
maciitabom (puc. 3). Touka O Ha3LIBaeTCa HAYALOM
Koopdunam. I'opusoHTaNlbHAA OPAMAasA HA3BIBAETCH
ocvio abcyuce unu ocbio Ox, BEPTHKAJIbHAA — OCHIO
opdunam unu ocbio Oy. I'oBopaT, uTo 3TH Oocu 06pasy-
0T NPAMOY20abHYI0 Oekapmosy cucmemy Koopou-
Ham HAa NA0CKOCMU.

Kasxknoit Touke miockoctu xOy COOTBETCTBYET mapa
Yrces — KOOPAUHAT dTOH TOUKU OTHOCUTEJHLHO TaHHOM
KOOOPAMHATHOM CUCTeMbI. PACCMOTPUM IPAMOYTOJIbHBIE
npoekniuy Touku M Ha ocu Ox u Oy (puc. 3); cOOTBeT-

YA
M (x; y)
My p-------- *
(=) +;+) !
1
m 9 i M X
(=) (+5 )
Puc. 3
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cTBylomue Toukum Ha ocaAx Ox u Oy obozHaue-
ubl uepes M, u M .Touka M, mMeeT KOODAWHATY
(abcyuccy) x, Toura My — koopzuHaty (opdunamy)
Y. 9T IBa YucJia, 3alKMCAHHBIE B YKA3aHHOM MOPA-
Ke, Ha3bIBAIOT KoopOduHamamu TOYKM M u numyr
M (x; y).

Ocu KOOpAUHAT AeJISAT KOOPAUHATHYIO IIJIOCKOCTH Ha
YeThIpe KOOPOUHAmMHble Lemeepmu (k6adparnmut), KO-
TOpBIe HyMepPYIOTCsa puMcCKuMu nudpamu (cM. puc. 3).
3HaKM KOOPAWHAT TOUKU B 3aBUCUMOCTHU OT TOTO, B Ka-
KOM KBaJ[paHTe OHA JIEJKUT, YKa3aHbl HA PUC. 3.

Toukwu, mexxarniue Ha ocu Ox, UMEIOT OPAUHATY Y, PaB-
HYI0 HYJII0; TOYKU Ha ocu Oy — abciuccy X, PaBHYIO
HYJIIO.

AHaJOTUYHO BBOIZUTCA NPAMOY20NbHAAR Oexapmo-
6éa cucmema Koopduram é npocmpancmeée. Ilisa sro-
Ir'o BO3BMEM TPU IIONAPHO IEePIeHAUKYIAPHBbIE IIPAMBIE
¢ obmum HavasoMm O M OMMHAKOBBIM MaciiTaboMm (puc.
4, a). IIpoBemeM uepes KaKAYIO Mapy STUX MIPAMBIX
IJIOCKOCTB. IlJT0CKOCTD, IpoxoaAiasa uepesd npambie Ox
u Oy, Ha3bIBaeTcA IJIOCKOCThIO xOy, a IBe Apyrue —
nnockoctamu xOz u yOz. Touxka O Ha3pIBaeTcAd HAUA-
aom koopdunam, npamsele Ox, Oy, n Oz — Koopduram-
HBlMU ocamu, a miaockoctu xOy, xOz u yOz — kKoopou-
Hamubimu naockocmamu. IIpu atom ock Ox Ha3bIBa-
ercs ocvio abeyuce, ocb Oy— ocwvto opdunam, a oc Oz —
ocv0 annaukam.

BosbmeMm mpoumsBosibHYI0 TOUKYy M m mpoBeneM de-
pe3 Hee IJOCKOCTh, HapaJlieJbHYI0 miockoctu yOz
(puc. 4, 6); Torza TOCTPOEHHAA IJIOCKOCTH IIEPEeCceUeT 0Ch
Ox B Touke M .

Koopaunatoi#t x Touku M ABJIAETCSA YUCJIO, PABHOE IO
MOAyI0 AunuHe oTpeska OM , (OHO MOJIOKUTENBHO, eCIn
M, nexuUT HA MONOMKUATENBHOM IT0JIyOCH, U OTPULIATENb-
HO, ecau M JIeXUT Ha OTPULIATENbHON moayocu). AHa-
JIOTUYHO ONPEeJATCS KOOPAWHATHI § U 2 TOUKu M.
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A | z
> .
G2 Yo% | .
,’ T 1
A7 0l UL !
Y 1
i x0y. g y COTTTT
x - M,
a) * 6)
Puc. 4

Toury M c kKoopawHaTamMu X, Yy, 2 OyJleM 3alUCHIBATH
Tak: M (x; y; 2), Ipu4YeM X Has3bIBaeTCs abcyuccol, y —
opduHamoil, a z — annauxKamou.

WUrak, kammoit Touke M B IPOCTPAHCTBE COOTBETCT-
BYIOT TPU YHUCJIA, B3SATHIE B OIIPEeIeIeHHOM MMOpsaaKe, —
KoopOunambur Touku M B mpocTpaHCTBe.

23. Ilonapuasa cucreMa KoopauHart. IlonoxeHne Tou-
KU Ha IJIOCKOCTY MOYKHO 3aJlaTh He TOJLKO ee eKapTo-
BBIMU IIPAMOYTOJIBHBIMU KOOPAUHATAMU X, I, HO ¥ IPYTU-
mu criocobamu. CoenvHmM, HanmpuMep, TOUKy M ¢ Haua-
aom O (puc. 5) u paccMOTPUM CJIEAVIOIITUE IBa YMCIAa:
muHy orpeska OM = r u yroj (¢p HaKJIOHA 3TOTO OTPe3Ka
K IOJIOXKUTEJIBFHOMY HampasyeHuio ocu Ox (3TOT yron
CUMTAETCS TMOJOKUTETBHBIM, €CJI IIOBOPOT OT ocu Ox 1o
ee coBMeleHuA ¢ HanpaBieHueM OM TIPOUCXOIUT IIPO-
THUB tIaCOBOI'-/'I CTPEJIKHN, 1 OTPpUIATEJIBHBIM B IIPDOTHMBHOM
cayudae). Orpesok r = OM HasbIBaeTCA NOAAPHbIM Pa-
duycom Touku M, yroa ¢ — ee NOAAPHBLM Y210M, TIapa
qucel (7; ¢) — ee NOAAPHbLMU KOOPOUHAMAMU, TOUKA
O — nonrwcom, ocb Ox — nonapuou ocvro. Taras cuc-
TeMa KOOPAWHAT HABHIBAETCA NOAAPHOU.
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Ha puc. 5 n3o6pasKkeHbI TOUKH, 3aJaHHbIE ITOJIAPHBIMI

roopausaTamu: A(1;0), B §; -z , C l; 3 , D §; .
5 2 2 4 5

3Had MOJSAPHBIE KOOPAUHATHI TOYKU, MOYKHO HaWTU
ee IeKapTOBBLI KOOPAMHATEL 10 hopMyIaM

X =rcosg, y =rsing, (1)

HEIIOCPE/ICTBEHHO BBITEKAIOIIUM W3 OIpEeIeJeHUs TPU-
roHomeTpuueckux Qynknuii (cm. n. 118). Haobopor, eciu
M3BECTHHI eKaPTOBLI KOOPAMHATEI TOUKU, TO €€ MOJIAP-
Hble KOOPAMHATEI HAXOAATCS 10 (popmyaam

r:\/x2+y2,

x x .
cos = —-——o Sln(PZE—L- (2)

V2 + 42’ r x2 +y?
II p u m e p. Haiitu monapHble KOOPpAMHATEL TOUKU M
(—4; 43).
0 Hcooapsysa mepByio u3 (opmya (2), Haxoqum

r= \/(—4)2 + (4\/5)2 =416 + 48 = 8. [amee, coOrJiacHO

. o -4 1
BTOpOI U TpeTheil opmynam (2), uMeeM cosp = — = —,

8 2
21
sin ¢ = % = @ OTKyJa CJeLyeT, YTo ¢ = ? Uraxk,

2n
M| 8 —|.
( 3]'
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Puc. 5

24. O603HaUYeHUS HEKOTOPHIX YNCJIOBHIX MHOKECTB.
OCHOBHBIe IIOHATUA, CBA3aHHbBIEC C MHOKECTBAMM. HpI/I-
BeJeM O0O3HAUEHMS YACTO BCTPEUAIOIIMXCS UYKUCJIOBBIX
MHOJKECTB!

N — MHOXKeCTBO HATypPaJbHBIX YUCEJ;

Z — MHOYKEeCTBO IIeJIbIX UWCEeJ;

@ — MHOXKECTBO PaIMOHAJIbHBIX UUCEJI;

I — MHOXeCTBO UPPAIIMOHAJNLHBIX UMCEJ;

R — MHOKeCTBO NeHCTBUTEJbHBIX UICEJI;

C — MHOKEeCTBO KOMILIEKCHBIX umces (cM. 1. 45).

Ecnu a aBisiercs sieMeHTOM MHOMKecTBa A, TO T'OBO-
PAT, 4TO @ IPUHAJIEIKUT MHOYKECTBY A U TUIITYT a € A
(e — 3Hax npunadnexmcrnocmu). B npoTuBHOM ciyuae,
T. €. €CJIU @ He SBJAETCSA DJIEMEHTOM MHOKeCTBa A,

numyr a ¢ A. Tak, manpumep, 5e N, a 0¢N;

-beZ, a 1,4$Z;§EQ, a \/EQQ,
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MuosKecTBO, He cofepskalilee HU OJHOTO 3JIE€MEHTa,
HaswIBaeTca nycmuim (obosnauenue: ). Hanpuwmep, my-
CTBHIM SIBJISETCS MHOKECTBO TOUEK IIepeceueHus ABYX ma-
palJIeJIbHBIX IIPAMBIX UJIXM MHOMECTBO rZ[eI.;‘ICTBI/ITeJIbHI)IX
KopHeil ypaBHeHusa x2 + 1 = 0.

MuokecTBO B Ha3bIBaeTCsi NOOMHONCECME0M MHO-
JKecTBa A, ecyii JI000M sJIeMeHT MHOKecTBa B mpuHa-
JIeKUT MHOMKecTBYy A. B srom ciayuae numyr B c A
(c — 3nax eéxnrouenusa). Hanmpumep, N =« Z, Z — R.

O6%sedunenuem MHOKeCTB A u B Ha3bIBaeTcsa MHO-
JKEeCTBO, COCTOSIIEe U3 TeX M TOJHKO TeX 3JIEMEHTOB, KO-
TOpbIE IPUHAAJIEIKAT XOTA ObI OMHOMY M3 MHOMKECTB A 1

B. B srom cayuae mumyt: AU B (U — 3nax o6sedu-
nenusa). Hanpumep, NUZ =Z,QUI =R.
Ilepeceuenuem mHOXecTB A 1 B HaspIBaeTcsa MHO-

JKeCTBO, COCTOdAIlee N3 BCeX TeX U TOJBKO TeX 9JIEMEH-
TOB, KOTODPBIE€ IIPDHHAAJEXAT KaKIOMY U3 MHOMECTB

A u B. B stom cayuae numyt: A\ B () — 3nak ne-
peceuenus). Hanpumep, N(N1Z =N, QNI =¢.

25. CpaBHeHHNe AEICTBUTENBHBIX YuCed. [ Jio-
OBbIX HEPABHBIX AeHCTBUTEJBHBIX YKCeN @ U b MOXKHO CKa-
3aTh, KaKoe 00JIbIle, a KAKOe MEeHbIIIe.

ToBopsaT, uTo uncsio a 6oavbute uncaa b, u ouiryT a > b,
ecJau PasHOCTh @ — b — TOJOKUTEJHLHOE YUCJIO; eCJin
PasHOCTb a — b — OTPHUIATEIHHOE YNCJIO, TO TOBOPAT, UTO
YKUCJIO0 @& MeHbuwe uucyaa b, u numyrt a < b. CorysacHo
3TOMY OIPeJIeIEHUIO JIF000€E TTOJIOKUTEIHHOE YNCIIO 60JIb-
11e HyJs, JII000e OTPUITATEIbHOE UMCJIO MEHbIIe HYJIA U
MeHbIIle JI00T0 MMOJOMXKUTENLHOT0 uyucia. g Jro0bix
3aIaHHBIX YWCEJ @ U b BEepHO OJHO U TOJBKO OJHO W3
cooTHOIleHur a > b, a <b,a =b.
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T'eomerpuuecku HepaBerncTBO a < b (a > b) o3Hauaer,
YTO TOUKA @ PACIOJIOXKEHAa Ha KOOPAMHATHON MPAMOM
JeBee (IIpaBee) TOUKH b.

SHaku < , > Has3bIBAIOTCA 3HAKAMU CMPO2UX Hepa-
6encme. MIHOTla UCIIONIB3YIOTCA 3HAKU Hecmpozux He-
pasencmeé =,<; 3anuch a < b o3HayaeT, YTO BEPHO OJHO
U3 IBYX: WJIY YUCJIO @ MEHbIlle umciaa b, Uam 4ucjio a
paBHO umcay b. Hanpumep, 3 <5, 5> 5 — BepHbIe He-
paBenctBa. HepaBenctsa a > b u ¢ > d Ha3bpIBAIOTCA
HepaseHcmeéamu 00H020 3HAKA; HEPABEHCTBA @ > b u
¢ < d Ha3BIBAIOTCA HEPAGEHCMEAMU TLPOMUEONOLO0HC-
Hblx 3Hakoe. Eciu uucnaa a, b, ¢ TaKOBBI, 4TO @ < b u
b < ¢, ToO UCTIONB3YIOT 3anUCh @ < b < ¢, KOTOPYIO Ha3bIBa-
I0T 060UHBLM HepPABeHCMEoM.

26. CpoiicTBa YHMCJOBBIX HEPaBEHCTB. [lJis JIFOOBIX
JIEeUCTBUTENbHBIX YUCEN @, b, ¢, d BLITIOJTHAIOTCS CIeIyIO-
Iye CBOICTBA:

10, Eciza > b, T0 b < a.

20, Ectua > bu b > ¢, To a > ¢ (céoticmeo mpansu-
muenocmu).

3. Ectma>b,roa+c>b+ec.

49, Ecau a > b u ¢ — mosnoxureabHoe gucio (¢ > 0),
TO ac > be (ecau obe wacmu 6epHO20 HepABEHCMEA YM-
HOMCUMb HA 00HO U MO Jce NOSOHCUMETLbHOEe YUCTO, MO
NoRYy4UmMeca 6epHOe HepaBeHcme0).

59. Ecau a > b u ¢ — orpunareasHoe uncio (¢ < 0), To
ac < bc (ecau obe yacmu 6epH0z0 HepaseHCMEa YMHO-
JHUMb HA 00HO U MO Jce OMPUYyamesbHoe YUCTO U U3Me-
HUMb 3HAK UCXO00H020 HEePABEeHCMEA HA NPOMUBONOLONC-
Hblil, MO NOAYHUUMCA 6ePHOE HEePABEHCME0).

6. Ecru a > buc >d,0a +c>b+ d (ecau
NOUNEHHO CA0H UMb 084 BEPHbLLX HEPABEeHCMEa 00H020
3HAKQ, MO NOLYHUMCS 8ePHOE HePABeHCME0).
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70, Ecaut a, b, ¢, d — TOJIOKUTEJbHBIE UUCIA, mpu-
yeM a > b uc > d, To ac > bd (ecau novsieHHO nepemHo-
JCUMb 6ePHbLE HepaseHCcmea 00H020 3HAKA, Jle6ble U Npa-
6ble Lacmu KOmopulX NOJ0NUMEeNbHble YUCAA, MO NOo-
AYLUMCS 8epHOE HepaBeHCm60).

80. Ecrma>buc<d,Toa—c>b-d.

9% Ecima > b >0, o l<l
a b

109. Eciz @ > b > 0, To a™ > b" gua n060TO HATy-
paIbHOTO YMCIA 7.

27. Yucaossie mpomekyTku. BosbMmem ABa ywucia
a u b rakue, uTo a < b, ¥ OTMETHUM Ha KOOPAMHATHOI
MPAMOM COOTBETCTBYIOIIME MM TOUKU.

Mmuo:kecTBO Bcex Uuces X, yAOBJIETBOPSAIONINX Hepa-
BeHCTBaM a < x < b, o6osuauaioT (a, b) 1 HA3LIBAIOT UH-
mepeanom.

MnosxecTBO Bcex yuces1 x, KajKI0e U3 KOTOPBIX yIOB-

JIeTBOpseT HepaBeHCTBaM a < x < b, obosHauaior [a, D]
U Ha3bIBAIOT OMpPE3KOM.

WNuTepBan m oTpe30OK — 5TO KOHEYHbLe YUCLOEbLe
npomexcymru. VIMeloTcss KOHeUHbIe YHUCJIOBbIE IIpOMe-
JKYTKU eIlle IBYX BUIOB: [a, b) — 9TO MHOYKECTBO UU-
cell X, yIOBJIETBOPAMIINX HEPaBeHCTBAM g < x < b,
u (a, b] — 9T0 MHOKECTBO YHUCEJ X, YIOBJIETBOPAIOITNX
HepaBeHCTBaM @ < X < b. 9ru IIPOMEXKYTKH Ha3bIBAIOT
noryunmepeanamu.

CyuecTByIOT U OeCKOHeYHble LUCTO6ble NpOMe-
scymru. MHOXKeCTBO BCexX YUCeJ X, YAOBJIETBOPAIONIUX
HepaBeHCTBY X > a, 0003HAuaioT [a, + ©) ¥ HA3BEIBAIOT
AYywom, a MHOKECTBO BCEX YHUCeJI X, YAOBIETBOPAIOIINX

HepaBeHCTBY X > a, 0003HauaoT (@, + %) U HA3BEIBAIOT
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omKpoimbLm AYwom. SHAK « +0 » UUTAETCH : «ILIIOC
0ECKOHEUHOCTE» .

Amnanormuso, paccMaTpuBaloT Jy4 Buga (—oo, b] (uuc-
Jia, YOOBJIETBOPAIOIIIIE HEPABEHCTBY X < b ) ¥ OTKPBITHIH

ayu Buga (—o, b) (umcia, yAOBIETBOPAIOIINE HepaBeH-
cTBY X < b). 3HAK « —c0 » UHUTAETCS: «MUHYC OECKOHEU-
HOCTBb».

B npusenenHoil HuKe Tabaulle AJA KayKIOro BUIA
YHCJIOBOTO IPOMEKYTKaA AAHBLI €ro reoMeTpUUYecKoe
uns3obpaskeHune, 0003HAUEHUEe U 3aIlMCh C IOMOIIBLIO He-
PaBEHCTB.

Bug uncimoBoro |Teomerpuueckoe| O6ozua- 3anuch

IIPOMEKYTKA n306pasKeHme E— f{:};’xzﬁé’;‘;
WaTepBan —Z/M/g% (a,b) a<x<b
OTrpesox —(‘Z'/M‘b% [a,b] a<x<b
MorynaTepBaT _&‘/M/?)% (a,b] a<x<b
TloryunTepBan —a‘M/g% [a, b) a<x<b

Jlyu a £4 [a, + ) x=a

Ty /_/zzzzzzzﬁ (— o, b] x<b

OTKDBITEIN JIyd < 44 (a, + ) x>a

OTKDBITHIA JIyY /AZZ&Zﬁ%b S| (— o, b) x<b
Ypcnosas mpamas | LS |(— oo, + 00) —o0 <x<+ o0
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Ha npaxTuke He Bcerza UCIOJIb3YIOT TEPMUHBI «HUH-
TEPBAJ», «<OTPEBOK », «IIOJIYUHTEPBAII», «JIyd», 3aMEHAA UX
o0IIM Ha3BaHUEM YUCA060U NPOMeNYmokK.

28. Moxyap geiicTBuTeIbHOTO uncia. Modynem (a6-
CONIOMHOU 6enUHUHOL) TEeUCTBUTEJIHLHOTO YMcjaa @ Ha-

3BIBAETCSA CAMO BTO UMCIO, ecau @ > 0, 1 IpOTHUBOIIOION -
HOe 4Ymuciio — a, ecau a < 0. Moxyas unciia a obo3Haua-

. Uraxk,

eTcda |a

| a, ecmm a =0,
al =
—a, ectd a < 0.

Hanpuwmep: |7t—3|=7t—3,TaK Kak n—-3>0(n=

=3,14...); |-3,7=—(-3,7) = 3,7, rak rax -3,7 < 0.

FeOMeTpI/I‘-IeCRI/I |a| O3HaYaeT pacCTodHME Ha KOOD-

JIUHATHOU IPAMO# TouKu a oT Touku O (puc. 6).
OTMeTUM CBOIICTBA MOJYJeIi:

10. |a| > 0. 40.3=||a_|,b¢0.
20, a|—|—a. 50. a|2 =ad?.
30, ab|:|a|~b.

29. ®opmyna paccTOAHUA MEKIY ABYMS TOUKAMU
KOOpPAUHATHOM mpamoi. Ecau a u b — aBe TOYKH KO-
OPAMHATHON NPAMOIM, TO PACCTOAHNE MEXIYy HUMU

p (a; b) BeIpaskaerca dopmysoii p (a; b) = a — b (puc. 7).
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lal p(a;b)=|a—b|
/. S — S
0' a le) b

Puc. 6 Puc. 7

fcuo, uro p (a; b) = p (b; a). Taxk, p (—2; 5) = |—2 —5| =
= |-7l=-(¢1n=".
II p u m e p. HaliTu Bce TaKue TOUKU X, KOTOPbIE

YIOBJIETBOPAIOT: a) YPaBHEHUIO |x - 1| = 3; 0) HepaBeH-

CTBY |x + 1| < 2; B) HepaBEHCTBY |x + 1| > 2.

O a) [lauHOMY ypaBHEHUIO YAOBJETBOPAIOT TaKue
TOUKHU X, PACCTOSHME KOTOPBLIX OT TOUKHU 1 paBHo 3. ITO
Touku —2 u 4 (puc. 8). 3HauuT, ypaBHEHNE NMeeT OBa
KopHsa: —2; 4.

0) [laHHOMY HEepaBEHCTBY VIOBJIETBOPSAIOT TAKKE TOU-
KM X, KOTOpBbIe yJaJleHbI OT TOYKH —1 Ha paccros-
HUe, MeHbIlee UJIU PaBHOe 2. OTO TOUKM OTpPe3Ka
[-3, 1] (puc. 9).

B) JlaHHOMY HEPAaBEHCTBY YIOBJIETBOPAIOT TOUKHU X,
yaaJeHHbIe OT TOUKY —1 Ha paccTrosaHue, 6oiabiinee 2. ATO
TOUYKHU OIBYX OTKPBITHIX Jyuei: oT —oo m0 —3 u oT 1 10

+00 (ma puc. 9 9TH Jy4YM 3AIITPUXOBaHBI). Mcmoab3ys

p(=2;1)=p(1;4)=3 2 2
— NN _ /—H—H, o
-2 01 4 -3 -10 1
Puc. 8 Puc. 9
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3HAK 00'beIMHEeHUS MHOKECTB (cM. I. 24), OTBET MOYKHO
sammecarth Tak: (—o, —3)UJ (1, +00). B

30. IIpaBuaa meiicTBUI HaJ HEHCTBUTEILHBIMHU YHC-
mavu. CyMMa JBYX YMCeJ OJHOTO 3HAKA €CTh UKMCJIO TOr0
JKe 3HaKa; YTOOBI HANTH MOAYJIb TAKON CyMMBI, HAJO CJIO-
JKUTh MOAyJu ciaraembix. Hampumep, (+12) + (+8) =
= +20; (-12) + (-8) = -20.

CyMMa IByX umceJl C PasHbIMU 3HAKAMU €CThb YHCJIIO,
KOTOpOEe MMeeT TOT »Ke 3HAK, UTO U cjaraemMoe ¢ 0OJIbIINM
MOZYJIEM; UTOOBI HANTH MOZYJIb 3TOM CYMMBI, HAJ0 U3 00JIb-
II1ero MOAyJid BbluecTh MeHbInuii. Hampumep, (+12) +
+(-8)=+(12-8)=4; (-12) + (+8) = - (12 - 8) = —4.

Yr1o06bl M3 OJHOTO UKCJIA BBIYECTH APYroe, HAI0 K
YMEHBIIIAeMOMY IPUOABUTHL UYMCJIO, IIPOTHBOIOJIOMKHOE
BelunTaemomy. Hampumep, 12 — (—=8) = 12 + (+8) = 20;
12 -(+8) =12 + (- 8) = 4.

IIpousBenenne (YacTHOE) ABYX UMCEJ OJHOI'O 3HAKA
€CTb UICJIO IMOJIOXKUTEIbHOE, a IpousBeeHue (YacTHOe)
IBYX UCeJ PA3HBIX 3HAKOB €CTh UMCJIO OTPHUIATEIHLHOE;
uTOOBl HAUTH MOLYJb IPOM3BeNeHuA (YacTHOIO0), HAIO
IIEePEMHOKUTE (Pasme/inTh) MOLYIN HAHHBIX unces. Ha-
npumep, (—12) - (-8) = +12 - 8 = 96; (-24) : (+3) =

= -24:3=-8.

31. CpoiicTBa apudMeTHYECKNX TEHCTBUI HAM Iei-
CTBUTEJILHBIMU YMCIAMHU.

1%a+b=>b+a. 69. (ab) ¢ = a (be).
20 a+b)+c=a+B+c) Ta@®+c)=ab+ac.
3%.a+0=a. 80.a-1=a.

49, ¢ + (—a) = 0. 9. 4.1 1 4z0.
50. ab = ba. a
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ITH CBOMCTBA HA3LIBAIOT MHOTLA OCHOBHbLMU 3AKO-
Hamu anzebput, npuyem ceoiicrBa 19 u 5% BEIpaskaior
nepemecmumendbhbll 3G4KOH CQOTBETCTBEHHO CaLOdce-
HUA VI Y MHONCEHU, CBOI/ICTBa 20 4 60 — couemamens-
Holll 3aK0H, a cBoiicTBo 70 — pacnpedenumenvroli
30KOH YMHONCEHUS OMHOCUMELbHO CAONCEHUS.

32. IIponopuuu. Ilycrs a, b, ¢, d — gelicTBUTEIbLHEIE
4Yuycia, OTJINYHBIE OT HyJA, U IYCTh IMeeT MeCTO PaBeH-
CTBO @ : b = ¢ : d. ITO PAaBEHCTBO HA3LIBAIOT nponopyuell,
yucsaa @ u d — KpatuHuMu wieHamu, a ducaa b u ¢ —
cpedHumu wiaenamu upomopuuu. ias mpomopruu

a c
UCTIONB3YIOT U 3AIACH - = 4
Hanpumep, us uncen 2,5; —4; —5 u 8 M0OKHO cocTa-
25 -5
BUTH IIPOIOPIIAIO: ==,
-4 8

T.1.13. IIpoussedenue KpailHux 41eH06 NPONOPULU PA6-
HO npou3eedenulo ee cpeOHUX UJeHO8.

T.1.14. Kpailnue uneHbl nponopuuu MOIHO NOMEHIMb

a c¢ d c
Mmecmamu, m. e. ecau —=—, mo — =—, CpedHnue
b d b a
YjleHbl NPONOPUUL MAKHCEe MOHCHO NOMEHAMb MeCma-
a c a b
MU, m.e.ecil —=—, T0 — = —,
b c d

IIpousBogHbIe IPOMOPIIUN:

a*tb c*xd a*xb_c=xd,
b d ' a c ’

a*xc _b*xd atb_c+t+d
c d a-b c—-d’
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33. lHenas yacts uncaa. [[podHasa yacth uncaa. IIyctb
x — JelicTBuTenbHOe uncio. Ero yenoid wacmwvro Ha3bI-
BaeTcsI HamboJIbIIIee IeJI0e YNCJIO, He IPEBOCXOAAIIEE X.
ITenmas gyacTh umcaa x obosHadaercs [x].

I po6noii wacmwvio umcia X HA3BIBAETCSA PAa3HOCTH
MeJKJIy CaMUM YKCJIOM U ero IIeJIOH YacThio, T. €. X —
— [x]. OpoOHuasa yacTs umcaa x o0o3HaUaeTcs {x}.

3uauur, {x} = x —[x].

Hampuwmep,

[3,47] = 3; {3,47} = 0,47;

[-2,3] = -3; {-2,3} = -2,3 - (-3) = 0,7;
[15] = 15; {15} = 0.

34. CremeHsb ¢ HATYpaJbHBIM MoKa3aTeixeM. IIycTb
a — [efiCTBATEeIbHOE YNCIIO, 4 I — HATypPaJbHOE YMUCIIO,
GoJIbIllee QUHUIILI; N-I CMenensio Yucia 4 HA3LIBAIOT
[IPOU3BEJeHNe 1L MHOMKUTENEH, KAXKABINA N3 KOTOPLIX pa-
BeH a, T. €.

a*=a-a-...-a.
—_——
7. MHOXKHTEJICH

YHuciyio a — ocHosaHue cmenenu, n — noxKa3amendv

1
cmenenu. Eciu n = 1, TO IIoJlararoT a = a.

4

Hanpuwmep, l :llll:i

3 3 3 3 81
CupaBeIJIBLI CJIeAYIOIe CBOMCTBA:
10, o" -ak = an+k‘ 49, a" .bp" = (ab)n
20. a® :ak _ an—k, . "
ecau n > k. 50.a_: a ,b#0.
30 (an)k — ank- bn
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Hampuwmep,
27 23 8

5 53 125
35. Crenens ¢ HyleBbIM mHokKasarteaem. CtemeHsb C

OoTpUIaATEeJbHBIM IIOKa3aTeJIeM. ITonararoT 1Mo o1rpene-

nenuio: ecau a # 0, mo a® = 1. Hanpuwmep, (2,7)° = 1;
(-5)0 = 1. Hynesas cmenens wucaa 0 ne umeem cmvicaa.

ITonmararor mmo OIIpenesyIeHUuI0: ecau a # 0 un— Ha-

mypaavhoe wucao, mo a” " = L
an
Hanpumep, 53 = = = L; (-2)72 = 1 _1
53 125 -2? 4
CripaBeAJIuBO PaBeHCTBO
a)” _(aY
b a

36. CraHmapTHBIN BHUI IOJOKUTEIBLHOrO HeiiCTBH-
TeJBHOI0 UMcia. JIr000e MOJIOMUTEeIHLHOe UNCIO G MOMK-

HO IIPeJICTaBUTH B BUJE a4 -10™, rme 1< ay <10,an —
1ejaoe uyncijao. Ecau moaoKuTeIbHOe YNCIIO IIpeaAcTaBIe-
HO YKa3aHHBIM 00pa30oM, TO TOBOPSAT, UTO YMCJIO 4 3aIIH-
caHO B cmandapmuom 6ude; IIPU STOM IIOKAa3aTesb N
Ha3BIBAIOT NOPAJKOM HUCLA.

I1s1 TOrO YTOOBI IIOJIOKUTEIbHOE UMCJIO @ IIpeacTa-
BUTH B CTAHAAPTHOM BHUE, HYXKHO IIOCTABUTDL 3aIISATYIO
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TaK, 4TOOBI B IEJIOM YacTH OKAa3ajJach OJHA 3HAJaIas
mudpa (cMm. 1. 13), ¥ YMHOKUTE MOJYUYEHHOE UYNCJIO Ha
10" Tak, 4TOOLI B pe3yJbTaTe YMHOMKEHUs 3aIlsaTas1 Bep-
HyJIaCh Ha TO MECTO, KOTOPOe OHA 3aHMMAJIa B YKCJE d.

Il p u M e p. 3anucarh B CTAHJAPTHOM BHE YUCJIO:
a)a = 395;0)a =4,13; B) a = 0,0023.

U a) Ormenus B umcie 395 mepByio 3Havaryo mud-
py, moayuuM 3,95; 4TOOBI BEPHYTHCS K MCXOMAHOMY UMC-
JIy, HafO 3aIIATYIO IePeABUHYTh Ha ABe (Pl BIPABO —
9TO PaBHOCHMJIBHO yMHOXXeHMIo Ha 102. Buauur, 395=
=3,95-10%, 1. e.a,=3,95un=2.

0) 3mech ogHa 3HauUarad nudpa yxe oTae/eHa 3aIs-
Toit, moasromy 4,13 = 4,13 - 109, T. e. a; = 4,13; u
n=20.

B) OrgenuB samsToii B uucie 0,0023 mepByio 3Ha-
yamyo nudpy, moayuum 2,3; 4yToObl BEPHYTLCA K HC-
XOIHOMY UMCJY, HAIO 3allATYI0 IEepeJBUHYTh HA TPU
I(PHI BIEBO — 9TO PABHOCHUJIBHO JeseHuo Ha 103 mwim
yMHOKeHnIo Ha 1073, Urak, 0,0023 = 2,3 - 1073, 1. €.
a;,=23un=-3. 1

37. Onpenenenue apugmernueckoro Kopua. Cpoii-
cTBa apudMeTHuecKuX KopHeil. Eciu a>0 u n —
HaTypaJIbHOE UKCJI0, 00JIbIlee 1, TO CYIIIeCTBYET, 1 TOJIBLKO
OJIHO, HEOTPHUIIATEJILHOE UKNCJIO X TAKOE, YTO BBIIOJIHAET-
€5 PAaBEHCTBO X" = @. ITO YMCJIO X HAa3LIBAETCA apugme-

o

muiecKkum KOpHeMm 1n-u CTelleHN N3 HeOTPUIaTeJIbHO-
ro umcjaa a U o603HaAYaeTCs % Yuciio a HasbIBaeTcs
noaxopennum wucaom, n — noxa3ameniem KOPHA.
Ecau n = 2, TO OOBIYHO IIUIITYT \/z 1 Ha3bIBAIOT 3TO BbI-

pakeHue kKeadpamuwvim KopHem. JacTo BMecTo Tep-
MUHA «KOPEHb» YIIOTPEOJIAI0T TePMUH «PamguKall».
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n
Wrak, corimacHo ompenesieHUIO 3aluck Va4 = X, rae
a > 0 ,03HauaeT, BO-IIEPBLIX, 4YTO X > 0 ¥, BO-BTOPLIX, UTO

n
x"=a,T. €. (%] =a.
Hanpuwmep, \/E =1, 3\/12 =95, 1% =0.

Eciu a>0 u b >0, To cipaBemuBbI CIEAYIOIINE
CBOICTBA:

10, Yab = "VaVb. 40, ”\/%:”’i/;.

n
T AR

30, (”\/Z]k Iy

CaoiicTBo 19 pacmpocrpamseTca Ha IpousBeleHUe
Joboro urciaa MHo:KuTeseli. Haopumep,

¥s-27-125 = ¥8-327.%125 =235 = 30.
Il pu M e p. YIIPOCTUTE:

2 315 6)(5\/_j;s)4%-r)‘i/a_4.

a a \/ 19 \/243 E1/243:%;

32 32 3/39
3
0) (W] = 5\/(112)3 = Yab ) 4\/% =*3a =
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r) 6,/ at = 3,/ a2 (moKasaTenu KOPHA U MIOJKOPEHHOI'O
BBIpAXKeHUA pasfennntu Ha 2). B

38. KopeHb HeueTHOI CTeNEeHH U3 OTPULIATEJIHHOTO
yucaa. ITycrs a < 0, a n — HaTypaJbHOE YKCIIO, 6OJbIiIee
1. Ecau n — deTHOe dYHCIO, TO pPaBEHCTBO
x"™ = g He BBINOJHAETCSI HU IIPU KAKOM JEMCTBUTE]D-
HOM 3HAYEHWHU X. ITO 3HAYUT, YTO B OGJIACTU AEHCTBU-
TeJIbHBIX UKCEJI HeJlb3sA OMPeNeIUTh KOPeHb UYEeTHON cTe-
[IeHU U3 OTPULATEILHOTO uncia. Eciu ke n — HeueTHOe
YKCJIO, TO CYIIIECTBYET OJHO U TOJIBKO OIHO AEMCTBUTEIb-
HOe YMCJIO X TaKoe, uTo X" = @. ITO YMCI0 0603HAUAIOT

n o~
Va4 U Ha3bIBAaIOT KOpHeM HeYiemHOU cmeneHu n u3
ompuyamenvHo2o wucaa a.

HaanMep,Sv—8:_2, rak kak (—2)3 = -8;

3= 243 = -3, tak xax (—3)5 =-243.

B ciyuae HeueTHBIX IOKasaTeJiell KOPHEH CBOMCTBA
PaIuKaIoB, CIpaBeIJINBLIE IJIs HEOTPUIIATEIbLHBIX 3HAUE-
HUI MOJAKOPEHHBIX BhIpasKeHuil (cM. 1. 37), BepHbI 1 IJId
OTPUIATENbHBIX 3HAUCHUHN MOAKOPEHHBIX BEIPAKEHUI.

Hampuwmep, 3\/ab = % . % IJs JI00BIX a 1 b.

39. Crenmenp ¢ apoOHBIM MOKaszaTeaeMm. Ilosjaraior
o ompegenenuo: ecau a >0 u m, n — HamypabHbLe
m
n _ m
yucaa, 22, mo a™ =+Va™; ecau a > 0, mo
m

1
a " =——. Heyenasa cmenenb ompuyamenbHozo 4uc-
m

a n
Ja He umeem CcMmvlcala.
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1 3
Hanpuwmep: 83 = 35/8 = 2; 814 = 4\/813 = 4\/(34)3 =

4
=312 =33 =27, 4705 =—;5 L1
4?

40. CpoiicTBa cTelleHel ¢ PaIMOHAJIbHBIMM IOKA-
3areaamu. [[jid 0000 Urcaa a ompeaeseHa omepamus
BO3BEJeHUs B HATYPAJbHYIO CTelleHb (cM. II. 34); misa
Jgro0oro unciaa a # 0 ompemeseHa onepanusa BO3BeAeHUs
B HYJIEBYIO U IIEJIYIO OTPUIIATEJIbHYIO CTeIIeHb (CM. 1I1.35);
nna aoboro a > 0 ompenenena omepamnus BO3BeLeHUS
B MIOJIOKUTEJIbHYIO IPOOHYIO cTeneHb (cM. 1. 39), u, Ha-
KOHeIl, nJdA Jgroboro uncaa a > 0 ompezeneHa omepa-

1A BO3BEJEHUS B OTPUILATENLHYIO IPOOHYIO CTEIEeHb
(cm. m. 39).

II p u m e p. Beruuciaurs

(6,25)%° - (i

0,25 L 0
16) —(-4)"1.(0,343)°.

o052 [25 5 (1%
O Fmeem (6,25)%5 = |22 |2 = 22 _ 2. [_j -
4 4 2716

1

(L gL Ly Li0343)0 -1
16 16 2 4

B urore moayuaem él— —l -1:§.l
2 2 2
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Ecima > 0,b>0 ur, s — mobble pallioHaJIbHEIE
4mcsa, TO:

10, a" -a® =a""s. 40, a”" -b" = (ab)".
20 a" :a =a" 5. 59, £: gr.
b" b

80. (@) =a”.

41. IIpuban:xeHHbIe 3HAUYCHUS YuceJ. AGCOTIOTHAS
M OTHOCHUTEJBHAS morpemrHoctu. IIpu oxkpyrieHuu me-
CATUYHON APOOU [0 KAKOro-HUOYIL paspsana Bee CIeny-
IOIEe 34 STHUM PaspsagoM Iu@pLl 3aMEeHAIT HYJISIMH,
a ecJId OHU CTOAT IIOCJIE 3aIlATOI, TO X OTOPACHIBAIOT.
Eciu mepBas ciemyoolias 3a 5TUM paspAnoM mudpa
00JIbIlIe WM PAaBHA 5, TO IMOCJIEHIOI OCTABIIYIOCS IIId-
py yBeanumBaroT Ha 1. Eciu ke mepsas ciaenyromnias 3a
STUM paspanoM udpa MeHbIIe 5, TO HOCIESHIOK OC-
TaBIIyIoCcA IUPPY HE M3MEHSIOT.

IIpumepl. Okpyriaurs uucio o = 2471,05624
C TOYHOCTBIO JO: ) NeCATKOB; 0) eUHUII; B) HECATHIX;
T') COTBIX; /) THICTYHBIX.

O a) Hudpa emuHwuil, ciemymoimasa 3a paspsamoM
JIeCSATKOB, paBHA 1, T. e. MeHbIIIe 5. SHAUYUT, OKPYIJIUB 10
IeCATKOB, nMeeM O ~ 2470. 3Hark ~ HaA3bLIBAIOT 3HAKOM
npubLUHCEHHO20 PABEHCMEA.

0) ITudppa gecarvix paBHa 0, 3HAUNT, OKPYIJIHUB IO
eIUHNIl, uMeeM o =~ 2471.

B) ITudpa coTeIxX paBHA 5, 3HAUUT, OKPYIJIUB [0 JeCs-
THIX, UMeeM o =~ 247L1.

r) ITudpa TeICAYHLIX paBHA 6, 3HAYUT, OKPYIJIUB 10
COTBIX, UMeeM o ~ 2471,06.

1) Tudpa gecATUTHICAYHBLIX PaBHA 2, 3HAUNUT, OKPYT-
JUB 0 THICAYHBLIX, UMeeM o ~ 2471,056. B
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Bcee HaﬁﬂeHHBIe 3HaAYEeHUd Ha3bIBaIlOTCA npu6ﬂumeu—

HblMU 3HAYeHuamu uduciaa o ~ 2471,05624.
IIycTh @ — npubam:xeHHoe sHaueHme umesaa o. Tor-

, Ha3bIBa-

Aa MOAYJIb pa3HOCTH YHcCceJs o 1 a, T. €. |OL —-a

erca abconOMHOlU NOzZPewHOCMbl0 IPUOINKEHHOTO
3HAUEHMs YMCJA O, a OTHOIIIeHNe aOCOJIOTHOM IIOrperr-
HOCTU K MOAYJIIO0 IPUOJIMKEHHOI0 3HAUCHN A Ha3bIBaeT-
Ccd OMHOCUMENbHOU NOZPeULHOCMbI0 IIPUOIVIKEHHO-
ro 3HaueHusa. OTHOCUTEJIbHYIO IOIPEIIIHOCTh OOBIUHO BhI-
paxaioT B IPOIlEHTaX.

II pu m e p 2. B3Becun gerannb, Macca KOTOPOMH
pasua 54,12705 r, Ha Becax C IeHOI JeJIeHUs IIMTKAaJIbI
0,1 r, monyunau MpuoOIMMKeHHOe 3HaueHne Macce! 54,1 .
HaiiTu abGCONMIOTHYI0O M OTHOCUTEJILHYIO IIOTPEIIHOCTH
STOro MPUOJIMIKEHHOI'0 3HAUESHU.

O AOGcosroTHas IIOTpeIIHOCTL paBHa 54,12705 —
-54,1 = 0,02705; oTHOCHUTEIbHAS HOTPEIIHOCTh PaBHA

0,02705
54,1
Ecnu abcosioTHasA HOTPENIHOCTb HPUOJIUKEHHOTO

3Ha4YeHud a, HaﬁﬂeHHOI"O AJId MHTEepeCYIoIIero Hac 4mc-
Jia O, He ITPeBOCXOAUT HEKOTOPOI'0 YmcJja h, TO IINIIIYT

-100% = 0,05%. m

o = a + h; TOBOPAT, UTO @ — NPUOIMIKEHHOe 3HAUCHUe
ympesa o, ¢ mOYHOCmbIo 10 .

II pumep 3. HaliTu npuban:keHHOe 3HAUeHUE
ypcyaa o = 2471,05624 ¢ Tounoctsio mo 0,01.

U Oxpyrams 4mcJo o A0 COTBIX (cM. mpumep 1, r),
moanyuuM o = 2471,06. AOGconoTHAA IOTPEIIHOCTD
STOr0 IMPUOJIMMKEHHOro 3Hauenus paBHa |2471,05624 —
- 2471,06| = |0,00376]| < 0,01. Buaunr, 2471,06 —
NpubIMKEeHHOe 3HAUYEeHMEe YMCJIA O C TOYHOCTBHIO IO
0,01. m

53



AJITEBPA

Paszden I. YUCJIIA

42, JlecaTUYHBIE NMPUOIMKEHUS NEeHCTBUTEJIHHOTO
Yycjaa Mo HEeTOCTATKy U IO M30BITKY. BosbMmeM wmppa-

IINOHAJIbHOE YMCJIO \/E

Nmeem:

12 <2< 22 1<v2 <2

1,42 <2<1,5% 1,4<+2 <15
1,412 < 2 < 1,422, 1,41 < /2 < 1,42

1,4142 < 2<1,415%; 1,414 <42 < 1,415
1,4142% < 2 <1,41432; 1,4142 < /2 < 1,4143.

Yucia 1; 1,4; 1,41; 1,414; 1,4142 uaspiBatorcsa de-

CAMUYHBLMU TNLPUGLUNCCHUAMU LUCTA \/E no Hedo-
cmamyy ¢ TOYHOCTHIO cOOTBeTcTBeHHO 10 1, no 0,1, mo
0,01, mo 0,001, mo 0,0001. Yucua 2; 1,5; 1,42; 1,415;
1,4143 maspIBaloTCa 0ecAMUULHbILMU NPUOAUNCCHUA-

MU Hucia 2 no u36btm1cy COOTBETCTBEHHO C TOH Ke
TOYHOCTBIO.

,HJIH yucga 42 MCIOJb3YIOT IIpelcTaBJieHle B BUle

0EeCKOHEUHOM JeCATUYHON Apo0u: \/5 =1,4142... .
Boob6ite, n1060e OeiicmaeumenvHoe Yucao npedcma-
8uMo 8 sude 6eckoHeuHoll decamuuHoil Opobu, npuiem
nepuoduueckoil, ecaiu Yucao payuoraavHoe (cM. m. 16), u
Henepuoouueckoil, ecau 4ucio UppayuoHaiLbHoe.

Hanpuwmep,

1; = 0,2(54) = 0,2545454... (cm. m. 17).
14
Hecarnunoe npubiuxeHne duciaa =5 C TOYHOCTBIO IO
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0,001 mo mHemocraTKy pasuo 0,254, a 110 U30LITKY PaBHO
0,255.

43. IlonATHE O CTEIleHH C MPPAIMOHAJBHBIM IOKA-
3arenxem. Ilycth o0 — wmppalnuoHaabHOe umcyao. Kaxoit
CMBICJI BKJIaAbIBae€TCA B 3aIllICh aa , I'1e a — IIOJIOKHU-
TeabHOe uwmciao? Pacecmorpum Tpu ciayuas: a = 1,
a>1,0<a<1.

1) Eciu a = 0, To nosarator 1% =1.
2) IIycth a > 1. BosbMeM J11060€ parinoHaJIbHOE YHC-
J0 ry < a u J11000e paluoHaIbHOE YHUCIO I'y > a. Torna

Iy T
ry<ry u a'<a?’.Boarom ciryuae mof a® moHMMalOT
YHCJI0, KOTOPOEe 3aKJIIOUEHO MEXIY gl U q'? mjas Jo-

OBIX pPaliliOHAJBbHBIX YHCEJI I'y U I'y TAKUX, YTO I’y <a,a

ro > a. JIokazaHo, 4TO TaKOe YKCJIO CYIIeCTBYeT U eUH-
CTBEHHO [AJIs J000ro a > 1 u J1060r0 NpparuoHaILHOTO
ypeaa o.

3) IIycte 0 < a < 1. BosbmeM J11000€ PAITMOHAILHOE
YKCIIOo ry < o U J000€e PalMoHAIbHOe YUCIIO I'y > . Tor-

ma r;<ry,u a"t >qa".BoroM ciydae mox a” MOHMMAIOT
TAaKOe YMCJIO0, KOTOPOe BaKJIIOUeHO MeXAY a'? M a'! miud

JIFOOBIX PalMOHAJIBHBIX YMCEJ I'y U Iy, YAOBJIETBODAOIMNX

HepaBeHCTBY 71 < A < TIy. ,I[orcasaﬂo, YTO TaKO€ 4YMCJIO CY-

IIIeCTBYeT ¥ eMUHCTBEHHO JIJId JIFOOOr0 Umcja @ U3 WHTEP-
Basia (0, 1) u 1:060T0 MPPAIIMOHATBEHOTO YKUCIA O

44. CpoiicTBa CTeneHel ¢ HeiiCTBUTEIBHBIMHU I10-
kasareaamu. Ecim a > 0 , b > 0 u x, y — Jio0nie
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IeficTBUTEJbHBIEC UKCJIa, TO CIIPABEAJNBEI CIEAYIOIIe
CBOMCTBA:

10, a* -a¥ = a™"Y, 40, a® -b” = (ab)”.
20, g% :a¥ =a* 7Y, a* (a *
30, (@*)Y =a™. 5%. p* b

§ 4. KoMmiekcHbie uncja

45. Tlonarue o KoMmiiekcHoM uyuciae. IIpormecc pac-
MIUPeHNs IMOHATUS YKCIa OT HATYPAJIbHBIX K IeHCTBU-
TeJLHBIM OBLJI CBSI3aH KaK C IOTPEOHOCTIMU IPAKTUKH,
TaK U ¢ Hy:KIAaMu MaTemMatTuku. CHauaia I cueTra Ipe-
MEeTOB KCII0JIb30BAJINCH HATYPAJbHbIE YKCJIa. 3aTeM He-
00XO0IMMOCTD BBITIOJTHEHUS JeJIeHUs IIPUBeJa K IIOHATUIO
IPOOHBIX MOJOMKUTEIbHBIX UKMCeJI; Tajiee, He00X0IUMOCTD
BBITIOJIHEHUA BBIUUTAHUSI — K IMOHATUAM HYJSA U OTPU-
IaTeJbHBIX YMCEJ; HaKOHell, Heo0OXOANMOCTL M3BJIeue-
HUSA KOPHell 13 MOJOXKUTENbLHBIX YUCeJI — K IOHATHUIO
UppaIlOHAJIbHBIX UKceJ. Bece mepeunciieHHbIe Oepann
BBITIOJTHUMBI Ha MHOJKECTBe IeHCTBUTEJNLHBIX YMCEJ.
OmHako OCTAINCh M HEBBLIIOJHMMEIE HA 3TOM MHOMKe-
CTBe omepaluy, HaIpuMep H3BJIeUeHHe KBaJIpPaTHOTrO
KOPHSA U3 OTPUIATEJIbHOTO YKcaa. SHAUUT, UMEeTCs II0-
TpeOHOCTh B HAaJbHEHIIIeM PACIHIMPEeHUU MMOHATHUA UNC-
Ja, B IOSABJIEHUU HOBBIX YKCEJ, OTJIUYHBIX OT HeHCTBU-
TeJIbHBIX.

T'eomeTpuuecKku geficTBUTEIbHEIE YKCIa U300pasKka-
IOTCSA TOUYKAMHU HAa KOOPAMHATHOU mpsaMoii. BosHUKaeT
IPeIoJOKeHre O TOM, YTO TeoMeTpUUecKue o0pasnl
HOBBIX UYMCeJ] HaJOo MCKATh yiKe He Ha IPSIMOii, a Ha
niaockocTu. Tak Kak KasKayio TOUKY M KOOpAMHATHOMI
mwiockocTu xOy MOKHO OTOMKAECTBUTH C KOOPAUHATA-
MU 9TOH TOYKHM, TO €CTeCTBEHHO B KAaueCcTBe HOBBIX
YuceJl BBECTHU YIIOPALOUEeHHbBIE IIapbl JeHCTBUTEIbHBIX
qyuce.
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Komnnexcuvim wucniom Ha3bIBaeTCAd BCAKAA YIIO-
pAnouenHas mapa (a; b) meficTBUTeNbHBIX Uuces a u b.
IBa KoMILTeKCHBIX umucia (a; b) u (¢; d) Ha3BIBaOT-

Cid paéHsvlmu TOrga W TOJBKO TOorma, Korga a = Cc u
b=d.

46. ApudMeTnuyeckmne onepanmny HaJx KOMILIEKCHBI-
mu unciamu. Cymmot kKomnaexcholx wucen z = (a; b)
u w = (c¢; d) HasbpIBaeTcA KOMILJIEKCHOe unco (a + ¢; b +
+ d).

Hamnpuwmep, (2; 7) +(3; —4) = (2 + 3; 7 —4) = (5; 3).

Komnnexcnotm nynem cuurapoTr napy (0;0). Yuc-
JIOM, NPOMUBONONOKHHBLM YuCcTy 2 = (a; b), cuuraoT
yucyo (—a; —b); ero o603HaYAOT —2.

Pa3nocmuvto komnaekcHovlx ucen z M W HA3HIBAIOT
TaKOe YMCJIO U, UYTO 2 = w + u. CipaBeAInBO CIaeyIoIiee
IPaBUJIO BHIUMTAHUA KOMILJIEKCHBIX uwmcein: (a; b) —
—(c;d)y=(a—c;b—4d).

Hampumep, (9; 10) — (8; 12) = (9 — 8; 10 —12) =
= (1; —-2).

IIpouseedenuem romnaexcrhovix wucen z = (a; b) u
w = (c¢; d) HasbIBaeTCAa KOMILIeKCcHoe uucio (ac — bd; ad +
+ be).

Hamnpuwmep, ecau z = (2; 5), w = (3; 1), To

zw=(2:-3-5-1;2-1+5-3)=(1;17).
Ilyets 2z = (a; b), w = (c; d) # (0; 0). Torza cyme-

CTBYET, ¥ TOJHKO OJHO, KOMILJIEKCHOe Yucao U = (X; V)

Takoe, 4TO 2 = UW. ATO YMCJIO U HA3BIBAIOT YACMHbLM OT
JAeJIEHUdA 2 Ha W. Mosxuo AJOKa3aTh, 4TO CIIpaBeaJIMBO CJie-
AyroIgee IIpaBHUJIO [eJleHMdAd KOMIIJIEKCHBIX YMCeJI:

(a; b) _[ac+bd. bc—adj

ecau (c; d) = (0; 0), TO = ;
(d) \2+d? 2+d?
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Bupouewm, Ipu JeJIeHUN KOMILIEKCHBIX YKMCeJ UCIIOIb3Y-
0T He YKa3aHHY GOPMYJY, 8 YMHOMKAIOT YUCIUTENb U
3HaMeHAaTeJb IPO0U Ha YMCJIO, COMPAKEeHHOe 3HaMeHaTe-
a0 (cMm. 1m.48).

ApudpmernyecKkue omepanuu HaJ KOMILJIEKCHBIMU
ympcaaMu 00/I1aJaloT TeMU Ke CBOMcTBaMu, uTo u apud-
MeTHUUYecKue OIlepaliuy Haj JeHCTBUTEJNLHBIMHU UYMCJIA-
mu (cm. m. 31).

47. Aareopanueckasa (popMa KOMILIEKCHOTO 4YHC-
aa. Ucnoabays BBeleHHBIE B II. 46 ompemeieHus CIOMe-
HUS U YMHOMKEHNA KOMILIEKCHBLIX UMCeJ, JEeTKO IIOJY-
YUTH CJEAYIOI[NEe PABEHCTBA:

0;1)-(0;1)=(-1;0), 1)
(a; b) = (a; 0) + (b5 0) - (0; 1), (2
(a; 0) + (b; 0) = (a + b; 0), 3)
(a; 0) - (b; 0) = (ab; 0). 4)

YcamoBumes BMecTo (a; 0) mucaTh IPOCTO @, a KOMILIEKC-
Hoe umcJo (0; 1) obosHauaTh OYKBOM i 1 HA3LIBATH MHU-
mot edunuyeii. Tormga paBeHcTBO (1) mIpUHUMAaeT BuUJ

i-i=-1, T.e.

i% =1, (5)
a paBeHCTBO (2) — BUJ

(a; b) = a + bi. (6)

Sanuch a + bi HaspIBaeTca anzebpauueckoi gop-
Mol Komnnexcrnozo wucna z = (a; b); Ipu 9TOM UYHCJIO
a Ha3bIBaeTcAd OelicmeumenbHOl 1acmblo KOMILIEKC-
HoOro uncia z (obosuauenue: Re z), uuciao b — ero mHu-
mou wacmoio (o6osHauerue: Im z).
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Hampuwmep,
2=(2; —-4)=2-4i; Rez=2, Imz=-4.

Ecin MHuMMAas 4JacTh KOMILIEKCHOro umciaa a + bi
OTJIMYHA OT HYJIS, TO TAKOE YKCJIO HA3hIBACTCS MHUMBLM;
ecau npu stom a = 0, T. e. yucygo umeeTr Buj bi, To OHO
HAa3bIBAETCA YUCMO MHUMbBLM; HAKOHEIl, €CJU Y KOMII-
JIEKCHOT'O Umcja a + bi MHMMAs YacTh paBHA HYJIO, TO
moJyuaercsa geificTBUTeNbHOe umcyio a.KoMIlieKkcHbIe
yucaa a + bi u a — bi, geficTBUTEIbHBIE YACTH KOTOPBIX
PaBHBI, 8 MHIMBbIE IIPOTHUBOIIOIOMKHEI 110 3HAKY, HA3HIBAIOT
conpascennvimu. Yrciao, COnpsAKeHHOEe C YUCIOM 2,

obo3HauawoT yepes z, T. €. ecJau 2 = a + bi, To
z = a — bi. CymmMa U mpousBeJleHIE ABYX COIPSIKEH-
HBIX YHCeJ SBJISIOTCS JeHCTBUTENbLHBIMU UHCIAMMU:

z+2z=2a, 2z = a® + b2,

Modynem roMILIEKCHOTO Yucyia a + bi HasbIBaeTCsa

gucio Va® +b? (o6o3HaUeHUE: |z| WIu r).

COIIpH?ReHHBIe KOMILJIEKCHBIEe 4YlCJjia MMEIT OJVH U

TOT K€ MOOYJb: |a + bi| = |a — bi|.

48. JleiicTBUA HAA KOMILIEKCHBIMH YHMCIaAMH, 3a-
IaHHBIMHM B ajaredopamueckoin dopme. Han xommniekc-
HBIMU YWCJIAMU, 3aIMCAHHBIMU B ajredpandecKoii op-
Me, MOKHO OCYII[eCTBJISATEH BCe apudMeTHUUYeCKre oIepa-
UM KaK HaJ OOBIYHBIMU JBYUJI€HAMU, VUUTHIBAS JIUIID,

9
uyro i = —1. YUTo6kI Ipeo6pa3oBaTh B KOMILIEKCHOE YKC-

a+bi
JIO I[p06b BUga —d', HYXHO 1 YHNCJINTEJIb, 1 SHaAMeEHa-
c+di

TeJIb APOOW YMHOMKUTH Ha YUCIO C — di, COIPSAKEHHOe
3HaAMeHAaTeJo.
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II puwmep 1. Halitu melficTBUTeJbHBIE UKCIA X U
Y TaKue, YTO BBITIOJIHIETCS PABEHCTBO

(2x — Byi) (2x + 3yi) + 4xi = 97 + 8i.

O Mmeem (2x — 3yi) (2x + 3yi) = 4x% — 9y%i% = 4x? +
+ 9y2 Tor,zxa 3aJaHHOe PpaBEeHCTBO MOMHO IIepelirucarb B
BUE

4x? +9y? + 4xi = 97 + 8i.

Tark Kax KOMILIEKCHBIe uncaa a + bi u ¢ + di paBHBI
Torga u TOJIBKO TOorga, Korga paBHbI UX rZ[eI‘?'ICTBI/IT(-BJH:HBIG
vacTu (@ = ¢) 1 Ko3(hPHUIIMEHTHI IIPY MEUMbIX YacTax (b =
= d), TO IPUXOIUM K CHCTeMe YpPaBHEeHUH

4x? + 9y? = 97,
4x = 8,

OTKyZa HaXODUM X1 =2, Y1 =3; X9 =2, Yo =-3.1

3+ 2i
IIpumep 2. Boruucaurs (1+ 2i)i — 1+ L

—1
O 1) QA+2)i=i+2%=-2+i;
3+2i (B+2i))A+i) 3+ 2i + 3i + 2i° _

2
) 1-i a-i) @+i) 1-2
3+5i—-2 1+56i 1 b5,
= = =—+—1;
1+1 2 2 2

1 5 5 3
2+i)-|—+—=i|l=——=—-—i.n

3) ( ) (2 2) 2 2

YT06BI BO3BECTU KOMILJIEKCHOE YKCJIO B CTEIIEeHb C Ha-
TYPAJLHLIM IIOKAa3aTeIeM, UCIIOAb3YVIOT (hOPMYJILI KBAI-
paTta cyMMbl, Ky0a cyMMEI (cM. II. 56) u 6oJsiee oOIITyIO
dopmyny 6umoma Huioroma (cm. m. 62 mam m. 203).
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IIpu sTOM yIOOHO MOJIB30BATHLCA OOIIMM IIPABUJIOM IJIS
BO3BEJIeHUS MHUMOI eJUHUIIEI [ B JJI00YI0 HATYPAJIbHYIO

cremens. Tak Kax il = i, i2 = -1, i3 = —i, it = 1, To

i4n+1 =i, i4n+2 =1, i4n+3 =i, i4n =1,neN.

O IOpuwmep 3. Boruucanrs (1 + 2i)5.
Corsnacuo dopmyse 6uHoma HeroToHa, nmeem

1+2)%=15+ct-15.2i+c2 1% @) +
+cg13.@d+cd 12 @t+cd 1.2 +2)° =

=1+12i+15-4i%2 +20-8i%3 +15-16i* + 6-32i° + 64i% =
=1+12i-60-160i+240+192 —64 =117+ 44i. m

49. TeomeTpuueckoe H300pakeHNe KOMILIEKCHBIX
yucea. Tpuronomerpudyeckad (GhopMa KOMILIEKCHOTO
yucaa. Kommiexkcuoe uucio z = a + bi Ha KoopauHAT-
HoM ockoctu xOy nsobparkaercsa ToUuKoit M ¢ Koopau-
"Hatamu a u b. Ilpu sTom ocs Ox Ha3bIBAIOT delicmeu-
menvHoU 0cvbl0, a ocb Oy — MHUMOU OCHIO.

HeficTBUTeIbHBIE YMCJa M300paKaioTCA TOUKAMU
IeHCTBUTEJNbHOII OCH, a YMCTO MHMMbIE UKCJIa — TOUYKA-
MH MHUMOHU OCH.

Ha puc. 10 mocTpoeHbI M300pakeHnsa KOMILIEKCHBIX
uncen z; =2 +1i,29=3,23=2i,2,=-1+1i, 2y, =-2,5,
2g=-1-1i,2;,=-3i, 2g= 3 — 2i. 3amMeTUM, UTO CONPAKEH-
HbIe KOMILJIEKCHBIE YHCJIa N300PakaioTcsa TOUKaMU, CM-
MEeTPUYHBIMUA OTHOCUTENbHO ocu Ox (TOYKHU 2z, U Zg HA
puc. 10).

W3BecTHO, UTO IOJIOKEHIE TOUKHY Ha ILJIOCKOCTH MOYKHO
3a1aBaTh TaKiKe ee MOJSAPHBIMU KOODAWHATAMU I' U
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(cm. m. 23). U3 puc. 11 sacHo, uto r = OM = a? +b?
SIBJISIETCS MOAYJIEM KOMILIeKCHOro uucaa z = a + bi. Ilo-
JIIPHBIN YTOJ () HA3LIBAIOT AP2YMEeHmMOM KOMILIEKCHOTO
yucJia, n3006paKaeMoro 9Toi TOUKON. APryMeHT KOMILIEK-
CHOT'O YHCJIa OIIpe/esieH HeOJHO3HAUHO: eCoU (¢ — apry-

MEHT 4ucJa 2, To ¢ + 27Tk — TaKske apryMeHT 5TOr'0 YuC-
Ja mpu Jo6oM 1eaoM k. A ONHO3HAUHOCTH OIIpeje-

JIEHUS apryMeHTa ero BLIOUPAIOT B IIpefieyiax —T < ¢ < 7T

u obo3HAdYaIOT arg z; TaKoe 3HaUYeHHe apryMeHTa Ha-
3BIBAIOT 21A6HbLM. B JanbHeidIleM IoJ apryMeHTOM
KOMILIEKCHOTO 4ucjaa OyneM IOHHUMATh ero IJIaBHOE
3HaUeHUe.

Tpuzonomempuueckoi popmol KOMNILEKCHOZO
wucna z = a + bi Ha3pIBaeTCA ero 3aIlCh B BHUJE

z =r(cos@ +ising), (1)

rae r =Va® +b> — moxyns, a () — apryMeHT YucJia 2.

LY
‘23
247__ _____ <1
5 L 72,
z, L9 Iox
24 !
________ L
8
27
Puc. 10 Puc. 11
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IIpu sTOM aprymeHT ¢ cBsiZ3aH ¢ @ u b hopmysramu

a . b
CoOsS(p = ————, sing =

—_— (2)
a’ + b2 v a® + b2
II p u M e p. BanucaTh B TPUTOHOMETPHUUYECKOH (op-

Me uucia: a) —2\/§+2i; 6) -3i; B) 1—\/5.
O a) Cmavasa HaxXoAWMM MOAYJIb 4YHUCIA: I' =

= \/(—2\/5 )2 +22 = 4. Tanee, cornacuo dopmyram (2),
23 _ 43

3 . 1
uMeeM cosQp =———= ———, singp = — =—. 3Hauwur,
4 2 4 2
5
arg.z:(p:—n. Hrak, z =4 cosﬁ+isin5—n .
6 6 6

T
6)3mecbr=3, ¢ = _E (Touka, nsobparKaroIas JaH-

HO€ 4YHMCJIO, IIPMHAOJEeKHNT OTpI/ILIaTeJII:HOﬁ JyacTu MHH-

moit ocu). IloaTomy z = 3 [cos (_ gj +i sin[— gD

B) 3mechbr = \/g—l, ¢ = 1. 3HAYUT, 2 = \/g—l(cosn+

+isinm). B

50. MeiicTBMA HAA KOMILIEKCHBIMH 4YHCJIAMH, 3a-
JAHHBIMHU B TpUTOHOMeTpuueckoii ¢opme. IlycTh
21 =ri(cospy +isingy), 29 = ry(cos@g +isineg) — KOMII-
JIeKCHBIe YlCJia, 3afaHHbIe B TPUTOHOMETPUYECKOMH (hop-
me. Torma Iyia MxX IpPOUBBENEHUST 2129 U YACTHOTO 2L

22
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CIpaBeIIUBLI (DOPMYJIBI

2129 = nra(cos(g + ¢g) +isin(@; + @9)), (1)
4 & ..

L =L (cos(pq - 92) +isin(e; - 92)), (2)
22 I

T. €. npu YymHoxuceHuu (OesleHuU) KOMNIECKCHbLX YUCel,
3a0aHHbLX 8 MPU2ZOHOMeMPUYeCKOll opme, ux modyau
nepemnoxcaiomces (Oensmes), a apzymenmuvl CKAA0bLEA-
tomcesa (8bluumaiomecs).

IIpumep 1. BeIDogHUTE OeficTBUA:

6) 32 cosz—n+isin2—n : 8i.
3 3

U a) Ucmoawsys popmyay (1), Haxogum

4 T 2% .. (T 2m
—|cos|] ——— |+isin| ——— || =
10 6 3 6 3

6) Crauaja mpeacTaBUM YMCJIO 8i B TPUTOHOMETPHU-
. T .. T
vecKoii dopme; moayuyuMm 8| cos— +isin— |. Temepsn
2 2

BOCIIOJIb3yeMcA opmysioi (2):

32 2n © .. (2 9w T .. T
—|cos| ———|+isin| ———||=4|cos—+isin— |=
8 3 2 3 2 6 6

—2J3+2. m
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HpI/I BO3BeIEeHNUN KOMIIJIEKCHOI'O 4YHCJa <2 =

=r(cos@ +isin@) B HATYpPaILHYIO CTEIIeHb 7l BEITOIHS-
eTcs PAaBEHCTBO

2" =r"(cosno+isinng), 3)

T. €. M0O0yab OAHHO20 YLUCLA 803600UMCA 6 CeNnels n,
apeymenm YMHOMCAeMCs HA NoKa3amesv cmeneHu.
IIpu r = 1 cooTHoIienue (3) IPUHUMAET BU

(cos@ +ising)” = cosng +isinne 4)
u HasbIiBaeTca ¢opmynoi Myaepa.

IIpumep 2. BosBecTu B CTEleHb:

U Hcmoabays popmyay (3), a TakKe IEPUOIUIYHOCTD
cuHyca u Kocunyca (cM. . 121), moayuum

27| cos __217c +isin __217: =
4 4
= 128[cos (— % + 67:} +isin(—%+ GTCD =

—128 [cos%“ +i sin%j — _64Y2 + 64421
| |

PaCCMOTpI/IM, HaKOHeIl, 3aJa4vy H3BJIeUeHNA KOPHA
HaTypaJIBHOfI CTelleHn n N3 KOMIIJIEKCHOI'O 4YmMcCJia Z2.

MosxHO JOKa3aTb, 4YTO KOPEeHb n-il cmeneHu u3 KOMnNJex-
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CHO20 HuCLa z = r(cos@ +isin @) umeem n pasiuiHbLx

3HAYeHUll, Komopble HAX00amcs no opmye

TV; = W[costnk +isin LGkj, (5)
n n

20ek=0,1,2,...,n—1.

IIpumep 3. Pemurs ypaBHerue z2 + 4 = 0.

a ROpHHMI/I AJAHHOI'O yYpaBHEHHUA ABJIAIOTCA BCe

3HAUeHUs +— 4. Hiaa uucna —4 umeem r = 4, @ =T,
Cornacuo opmy.e (5), Haxogum

V=4 =2 cosLmJ’_isian , I‘Hek:O, 1.
2 2
Ecmu k=0, To wy = 2[cos%+isingj: 2i.

Ecim k=1, 10 wy = 2[cos%+isin3—;j: —-2i.

WUrak, ypaBHeHUE 22 +4=0 umeer IBa KopHa: 2i
u -2i.

3 3
IIpumep 4. Haiiru V- 64i.

U Huaa umcaa —64i umeem 1 =64, (p:—g.
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Ucnonw3ysa dopmyay (5), moaydum

, T onk T onk
—64i = 4| cos 23 +isin 23 , k=0,1,2.

IIpu =0, 1, 2 cOOTBETCTBEHHO HAXOJAUM

w1:4[cos( gj—i-lﬁn( D 243 — 2i;

Wy = 4(cos%+lsm2j 4i;

S

3 :4(cos%+lsm—j:—2\/_ 2i.m



Pasden II
BBIPAKEHUSA

§ 5. OcHOBHBIEC MOHATHA

51. Buasl aaredpanvyecKux BbIpaskeHuii. V3 uucen
¥ IIepeMeHHBIX C IIOMOIIIbIO 3HAKOB CJIOMKEeHUsI, BEIUUTA-
HUsA, VMHOMEHUs, NeJIeHns, BO3BeJeHUA B PAIlOHAIL-
HYIO CTeleHb U U3BJIEUEHUs KOPHSA, a TAKMKe C IIOMOIILIO
CKOOOK COCTaBJIAIOT anzebpauieckue 6blpAHEHUSA.

IIpumepsl anrebpamuyecKmUX BbIPAKEHUH:

2
1) 202 - 3ab2(a +b);2) a+b+S; 3) S *F3a*l
5 a-1
1 1 ) 33
4) |+ =<5 5) Ja+rb; 6) A2 - 0% 7) a? —b2.
a

Eciu anredbpandeckoe BLIpaKeHue He COLEeP:KUT Je-
JIeHNUsA Ha IepeMeHHbIe 1 M3BJIeUYeHUS KOPHA U3 IIepe-
MEHHBIX (B YaCTHOCTHU, BO3BEJEHUSA B CTEIEHb C APO0-
HBIM IIOKasaTejieM), TO OHO HasbIBaeTcd yerwvim. U3
HAIIMCAHHLIX BBIIIE I[EJBIMHI SBIAIOTCA BhIpaXKeHud 1,
2 u 6.

Eciu anrebpamueckoe BBIpakeHMEe COCTABJIEHO U3
4YyceJl U IIePeMeHHBIX C IIOMOIILIO JeACTBUH CIOMKEHNS,
BLIUMTAHNUSA, YMHOMXKEHNS, BO3BEJEHUA B CTEIIeHDb C HATY-
PAJLHBIM IOKAasaTejleM U JeJIeHHsA, HPUUYEeM MCIIOIb3Y-
eTcs JejleHNe Ha BLIPAMKEHUA C INepPeMEeHHBLIMU, TO OHO
HasbIBaeTcs: dpobHuim. Tak, u3 HAIMCAHHBIX BHIIIE JPOO-
HBIMU SABJAIOTCS BbIpasKeHUsa 3 u 4.

Ilesnble 1 ApOOHBIe BBHIpAYKeHUS HA3BIBAIOT PAYUO-
HAAbHbLMU BhIpaKeHuaMu. Hanpumep, n3 HalucaH-
HBIX BBINIE PAlMOHAJBHBIMUA SBJIAITCA BBIPAKEHUA
1,2,3,4u6.
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Ecnu B anrebpanyecKoM BBIPAXKEHUU KCIIOJIb3YeTCS
W3BJeUEeHNEe KOPHS M3 IIepeMeHHBIX (WX BO3BeIeHNe
IIepeMEeHHBIX B JPOOHYIO CTEIeHb), TO TaKoe ajaredpau-
YyecKoe BBIpajKeHUE HA3BIBAETCSA UPPAYUOHALLHBLM.
Tak, 13 HAMMCAHHBIX BBIIIE UPPALMOHATLHBEIMU ABJIS-
IOTCS BBIpasKeHUsa 5 u 7.

Urak, anredpanyecKkre BbIPAXKEHUSA MOTYT OBITH pa-
UOHAJBHBIMA UM HPPAIMOHAIBHLIMU. PalroHaIbHBIE
BBIPAKEHU, B CBOIO OUepelb, Pase/A0TCs Ha Iejble U
IPOOHEIE.

52. Momyctumsble 3HaueHus: nepeMeHHbIX. Q6aacTs
omnpeneIeHUs aJIredpanuecKoro BeIpaskeHuss. SHaAaUeHU
IIepeMEeHHBIX, IPU KOTOPBLIX ajiredpandyecKoe BhIpajke-
HUe “MeeT CMBICJ, HA3bIBAIOT JONYCmMumMolMuU 3HAYEHU-
amu nepemennblx. MHOKECTBO BCeX HOIYCTUMBIX 3HA-
yeHUil TepeMeHHBIX HAa3hIBAIOT 061acmbio onpedenenus
anze6pauieckKozo GvLPANCEHU.

ITesioe BeIpaXKeHre UMeeT CMBIC IIPHU JIOOBIX 3HAUYe-
HUAX BXONAIMX B HEro mepeMeHHbIX. Tak, mpu JIIOOBIX
3HAUEHUAX IIE€PEeMEHHBIX MMEIOT CMBICJ IeJible BhIpasKe-
Hual, 2, 6 uz . 51.

HpoOHble BBIPAKEHUS HE HMEIOT CMBICJIA IPU TeX
3HAUEHHUIX IIePeMEeHHBIX, KOTOPhIe 00paIaT 3HaMeHa-
TeJb B HyJab. Hampumep, npoOHOe BhIpakeHue 3 13 II.
51 umeeT cMBICI IIpU BCeX @, KpoMe a = 1, a ApoGHOe
BoIpasKeHue 4 — Ipu Bcex a, b, ¢, KpoMe 3HAUEHUIT
a=0,b=0.

WppainoHalbHOE BEIPpAXKEHIE He NIMeeT CMbICIA IIPHU
TeX 3HAUEHUAX IIePeMEeHHBIX, KOTOPbIe 00paIalT B OT-
pUIIATEJILHOE YKCJIO BBhIpAsKEHME, COAepsKalleecsd IIOf
3HAKOM KODHS UYETHOM CTeNeH! HJHU I[OJ 3HAKOM BO3-
BeleHUs B APOOHYIO cTemeHb. Tak, MppaluoOHAILHOE
BBIpajKeHUe 5 MMeeT CMBICJI TOJbKO IPHU TeX @, b, mpu

KOTOPBIX a+b >0, a mppanmoHaJIbHOE BHIPAXKEHNE
7 — Tonprko mpu a >0 u b >0 (cm. m. 51).
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Eciau B aJII‘eraI/I‘IeCROM BbIDaX€HHNU IIepeMeHHBbIM
IIpuaAaTh OOIIYCTHMMbI€ 3HaUEHUA, TO IIOJIYUYHUTCA YHKCJIIO-
BO€ BBIPDaXeHue; ero SHaueHle Ha3blBaeTCd 3HaAYeHuUem
aﬂze6pauuecxozo 6pra9[t’eHu}l Ipu BLIGpaHHBIX 3Ha-
YeHUuAX IIepeMeHHBbIX.

K a®+b

Hanpumep, 3HaueHue BbIpAKeHUS e npu
a_

a = 5, b = 2 HalifeM DOACTAHOBKOH HAHHBIX 3HAUEHUI
3 3
52+2 V27 3
2.5-2 10-2 8’
53. IloHsATHE TOKAECTBEHHOTO MPE0OPaA30BaAHUS BhI-
paxkenus. Toxgecrso. PaccMoTpuM OBa BbIpaKeHUS

f(x)=x2 - 2x u g(x) = 4x — 5. Ilpu x = 2 umeem f(2) =

=22-2.2=-0; g(2)=4-2-5=3. Yucna 0 u 3 HasbHI-
BalOTCA coomeemcmeeéHHuIMU 3HAYEeHUAMU 6pra.’)IL'e-

IIepeMEeHHbIX B 9TO BBIPaKEHUe:

nuii x2 - 2xu 4x-5 mpu x = 2.
HaiimeMm coOTBeTCTBEHHBIEC 3HAUEHUS TeX K€ BbIpa-
JKeHH# mpu x = 1:
fy=1%-2.1=-1 g)=4-1-5=-1

npu x = 0:

f(0)=02-2.0=0; g(0)=4-0-5=-5.
COOTBeTCTBeHHBIe 3Ha4YeHusda IOBYX BBIpa)ReHI/Iﬁ MO-
I'yT OBITH PABHBIMU APYT APYTy (TaK, B pACCMOTPEHHOM

mpuMepe BeinosHAeTcA paBeHcTBO f(1) = g(1)), a MmoryT
¥ OTJINYATHCA APYT OT Apyra (B PACCMOTPEHHOM IIpUMe-

pe f(2) # g(2); f(0) = g(0)).
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Ecnu cooTBeTCTBeHHEBIE 3HAUEHU JBYX BBIPAKEHUI,
coZlepKallliX ONHHU U Te Ke IlepeMeHHEbIe, COBIALAIOT IIPU
BCeX NONYCTHMMBIX 3HAUEHUAX IIepeMeHHBIX, TO BbIPa-
JKeHUsS Ha3bIBAIOTCS mosxcdecméenno pasnvimu.T osxc-
decmeéom HA3BLIBAIOT PABEHCTBO, BEPHOE IIPU BCeX JOIIy-
CTUMBIX 3HAUEHUSX BXOAAIIUX B HEro IepeMeHHBIX.

Tak, TOKIECTBEHHO PABHBI BhIpaskeHusa x° m x?- x3,
a+b+c u c+b+a, (Zab)2 u 4a’b>.

IIpumeps! ToxgecTB: a+b=b+a,a+0=a, (a +

+b)c=ac+bc, a-1=a, x® = x2 . x3.

2a 10a
IIpomopuus (cm. m. 32) -1 = 5a-1)

IIeCTBO IIPK BCeX 3HAUEHUAX d, KPpoMe a = 1, IOCKOJIbKY
npu a = 1 3HaMeHaTeJu ApPobeil obpalaiTcsa B HYJIb,
T. €. Ipo0U He MMEIOT CMbICJAa. 3aMeHA BBIPAMKEHUI

€CTh TOMXK-

ac a
— BBIpAYKEHHEM Y (COKpaTUIN HA C) €CTh TOMKEeCTBEH-
be

ac
HOe IIpeo0pas3oBaHye BBIPAKEHNA — IIPU OTPAHNYEHU-
be

ac a
ax b =0, ¢ # 0. 3Hauwur, b_ = z — TOXKIECTBO IIPU BCeX
c

3HAUEHUAX IepeMeHHBIX, Kpome b =0, ¢ = 0. Bepuble
YHCJIOBbIE PABEHCTBA TaKiKe HA3LIBAIOT TOXKIECTBAMMU.

3aMeHa OJHOTO BHIPAYKEHUA APYTUM, TOXKIECTBEHHO
PaBHBIM €My, Has3bIBaeTCSa moddecmeeHHbLm npeodbpa-
306aHueM 6bLPANCCHUSA.

§ 6. ITeanle panMOHAJBHBIE BBIPAKEHUS

54. OgHousieHbI U omepanuu Hag HUMH. O0HouNLe-
HOM HA3BLIBAIOT TAaKOe BBIPAKEHUEe, KOTOPOe COLEePXKUT
4mclia, HaTypajbHbIe CTEIIeHU IIePeMeHHbBIX U UX IIPOU3-
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BeleHUs 1 He CONePKUT HUKAKUX APYTIUX MeHCTBUH HaT

ypcjJaMu U nepeMeHHbIMH. Hampumep, 3a-(2,5a3),

(5ab?) - (0,4c%d), x%y - (-22) - 0,85 — OXHOUJEHEI, TOTZA

ab
KaK BBIDAXKEHUS a +b, — He ABJIAITCA OLHOYICHAMMH.
c

JI:060%i OfHOUYJIEH MOXKHO IIPUBECTU K CmaHdapm-
HOMmY 6udy, T. e. IPEJCTABUTH B BHUIE IIPOU3BEJEHUS
YHCJIOBOI'O MHOXKHUTEJISI, CTOAIIETO HAa IIePBOM MecTe, U
cTelleHell PasJINYHBIX IIepeMEeHHBIX. UMCIOBOM MHOMKHU-
TeJIb OJHOUYJIEHA, 3aIINCAHHOTO B CTAHJAPTHOM BH/J€, Ha-
3BIBAIOT KO3Puyuenmom odnounerna. Cymmy IOKa-
3aTejyiell cTeneHell BceX IIePEeMEHHBIX Ha3BhIBAIOT cmerne-
H®10 00HOUeHa. Eciu Mexay IByMd OJHOUYJIEHAMY II0-
CTaBUTH 3HAK YMHOKEHUS, TO IIOJYINTCA OJHOUJIEH, Ha-
3BIBA€MbBI npou3éedeHueMm HUCXONHBIX OJHOUJIEHOB.
IIpr BO3BemeHWM OJHOUJIEHA B HATYpPaJIbHYIO CTEIleHb
TaKKe II0Jy4YaeTcd OfHOUYJIeH. PesynabraT 00BIYHO IIpU-
BOJAT K CTAHJAPTHOMY BULY.

IIpuBeneHme ofHOUYIEHA K CTAHAZAPTHOMY BULY, YM-
HOKEHVEe OJHOUYJIEHOB — TOXKJEeCTBeHHbIe IIpeo0pasoBa-
HuA.

IIpumep 1. IIpuBectu ogHouneH 3a - (2,5a3) K
CTAHZAPTHOMY BHUIY.

Q 3a¢-(25a%)=(3-2,5)-(a-a®)=7,5a*. 1
IIpumep 2. YMHOXUTL OJHOUJIEHEI 24ab%cd® u
0,3a%b3c.
QO 24ab’cd?® - (0,3a%b3¢) =
=(24-0,3)-(a-a?)-®% b3 -(c-¢)-d® =7,2a°b°c?%d%. m
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Il pu m e p 3. BosBecTu ogHOUJIEH (—3abzc3) B
YeTBEPTYIO CTEIEHb.

QO (-3ab%c®)* = (=3)* - a* - (v%)* - (c®)* = 81a*pBc!%. W

OnmHOUWIeHbl, IPUBEJEHHbIE K CTAHIAPTHOMY BHUIY,
Ha3bIBAIOTCS NOOOGHbLMU, €CJIV OHU OTJINYAIOTCSA TOJb-
KO K09hGdUIMEeHTaMU HJU COBCEM HEe OTJINYAIOTCS.
Ilomo6HBIE OMHOUIEHBI MOKHO CKJIABIBATH U BEIYUTATD,
B pe3yJIbTaTe 4ero CHOBA IOJIYUYaeTCsA OJHOUJIeH, [M0100-
HBIM umcxomubIM (mHOorma moJayuaerca 0). Cioxxenue
U BBIUMTAHUE NMONOOHBIX OJAHOUJIEHOB HA3HIBAIOT npuée-
denuem nodoOOHBLX UNEHOE.

IIpume p 4. Croxurno 5x2y23 u —8x2y23.
O 5x2yz® + (—8x%yz3) = (5 + (—8)) x%yz® = —3x%yz%. A

55. Muorounensl. IIpuBegeHe MHOTOYJIEHOB K
craHgaptHoMy BuAY. MHO2041eHOM HA3BIBAIOT CYMMY
onHousaeHoB. Eciu Bce ujieHbl MHOrOUYJeHa 3alHCATh B
craugapTHoM Bume (cM. . 54) u mpuUBecTH IIOLOOHBIE
YWIEHBI, TO IIOJIYYUTCA MHOZ0ULEH CMaHdapmHozo 6uda.

Besaxkoe 1esioe BhIpaykeHne MOMKHO IIpeo0pa3oBaTh B
MHOI'OYJIEH CTAHZAPTHOI'O BIJA — B 9TOM COCTOMT IIeJIb
mpeobpasoBaHuii (YIPOIIEHUIT) ITeJIbIX BhIPAKEHUI.

II p u M e p. IIpuBecT K MHOTOUJIEHY CTaHIAPTHO-
ro BHUIA 3aJaHHOE BHIPAKeHUE:

a) 3a-5b+3ab+2a-(-4b)+b - b;
6) (3a +5b —2c) + (2a - b + 4c);

B) (5a%b + ab?) — (3a%b — 4ab?);
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) 4x%(x - 0,5x2 + 3);
) (2x%y + 3xy%) (2x + 3y +1).
U a) CHauasa mpuBegeM K CTaHZAPTHOMY BHUIY dJIe-

HBI MHOrowieHa: 15ab + 3ab — 8ab +b>. IIpuBens mo-
IOOHBIE WIeHBI, IOJYYXNM MHOTOUWIEH CTAHIAPTHOTO BUAA

10ab + b2,

0) Tax Kak IepeJ CKOOKaMu CTOUT 3HAK «+», TO CKOO-
KU MOXXHO OIIYCTUTDh, COXPAHUB 3HAKHU BCEX CIaraeMbIX,
3aKJII0UYEHHBIX B CKOOKHU. Torga moaydumm

3a+5b—2c+2a—-b+4c =(3a+2a)+ (5b —b) +
+(—2¢ + 4¢) = 5a + 4b + 2¢c.

B) Tak Kak mepen CKOOKaMM CTOUT 3HAK «—», TO CKOO-
KM MOJKHO OIIYCTUTH, NU3MEHUB 3HAKM BCEX CJaraeMbIX,
3aKJIIOUEHHBIX B CKOOKMu. Torma moayuum

5a2b + ab® — 3a%b + 4ab?® =
= (5a%b — 3a%b) + (ab® + 4ab?) = 2a%b + 5ab>.

r) IIpousBeneHre OMHOUICHA I MHOTOUJIEHA COTJIACHO
pacupemenuTeIbHOMY 3aKOHY PaBHO CyMMe IIPOU3Be-
IeHUui 9TOro OJHOUJIeHa U KaKAOT0 UJieHa MHOIOUJIeHA:

4x(x— 0,502 +3) = 4x? - x — 42?0522 + 422 -3 =
= 4x® - 2x* +12x2.
n) 2x%y(2x +3y +1) + 3xy%(2x + 3y + 1) =
= (4x3y + 6x%y2 + 2x%y) + (6x%y? + 9xy® + 3xy?) =

= 4x3y + 6x2y2 + 2x2y + 6x2y2 + 9xy3 + 3xy2.
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Ocraercsa IMpUBEeCTH IMOLOOHBIE UWieHBl (OHM IIOgUYep-
KHyTBI). [Tomyuum

4x3y +12x%y% + 2x%y + 3xy® + 9xy>. W

56. @opMmMyabl COKPAIIEHHOTO0 YMHO:KeHuA. B HeKo-
TOPLIX CAYyYasaX IPUBEJEHNE [eJ0T0 BEIPAMKEHNA K CTaH-
JapTHOMY BHIY MHOTOUYJIEHA OCYII[ECTBIIAETCS C UCIIOJIb-
30BaHUEM TOMKIECTB:

(a+b)(a-b)=a®-b> (1)
(a+b)? =a? +2ab+ b2, 2)
(a-b)% =a® - 2ab + b2, (3)

(a+b)(@® -ab+b%)=a® +b3, (4)
(a-b)(a® +ab+b%) =a® b3, (5)
(a+b)%=a® +3a% + 3ab? + b3, (6)
(a-b)3=a® - 3a% +3ab® —b3. (7

OTH TOXKAeCTBa HASBIBAIOT POPMYLAMU COKPAULEH-
HO20 ymHodceHusn; Gopmyny (1) — pasnocmuro kead-
pamoea, dopmyusl (2) u (3) — COOTBETCTBEHHO K6a0pa-
mom cymmov, U k6adpamom pasnocmu, GopmMyas! (4)
u (5) — cymmoil ky6oeé 1 pa3nocmsvio kY606, a hopmy-
asl (6) u (7) — kybom cymmouL u Kyb6om pa3Hocmu.

Il p u M e p. IIpuBecTH K MHOrOUJIEHY CTaHAAPTHO-
ro BHUJa 3aJaHHOe BBIPAKeHUeE:

a) (Sx2 + 4y3)(3x2 - 4y3);
6) (3a2 —5b%)%;
B) (3a + 1)(9a2 - 3a +1).
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U a) Ucmonssya popmyry (1), moayuum

(8x%)% — (4y3)% = 9x* —16y°5.
6) Corsacuo dopmy.ie (3), HaXO0IUM

(8a%)? —2-3a® -5b% + (5b%)? = 9a* - 30a%p> + 25b°.
B) BocmosibzoBasIiuch opmyoi (4), umeem

Ba)®+1=27a%+1.m

57. PasioskeHne MHOTOYJEHOB HA MHOSKHTEJIH.
HMHorza MOMKHO IIpeo0pa3oBaTh MHOI'OUJIEH B IIPOU3BE-
JleHe HeCKOJIBbKHX MHOMXHTeJell — MHOI'OUYJIEeHOB WJIN
omHOuYIeHOB. Taxoe TOXIeCTBEHHOE IIPeo0pa3oBaHue Ha-
3bIBAETCS PA3NOHCEHUEM MHO2Z0UNLEHA HA MHONCUMe-
au. B 5TOM ciiydae roBopsT, YTO MHOT'OUJIEH AEJUTCA Ha
KaXKIBbIH 13 3THUX MHOMKUTEJIEH.

PaccMoTpuM HEKOTOPEBIE CIIOCOOBI PA3JIOMKEHNII MHO-
TO4JIEHOB HA MHOXXUTEJIU.

1. BuiHeceHue 00u,e20 MHOMCUMELL 34 CKOOKU. ITO
npeoOpasoBaHNe ABJISIETCA HEIOCPEeICTBEHHELIM CJe]-
CTBHEM pACIIpPeNeJUTeIbHOr0 3aKoHa (IJIA HATJIALHOC-
TH HYKHO JIAIIL IIePeHNUCcATh 9TOT 3aK0H «CIIpaBa HaJe-

BO»):ac +bc =c(a +0b).
IIpumep 1. Paznoxurh Ha MHOMKUTEIN

28x3 — 35x%.

O 28x% -35x% =7x% - 4-7x% 5x =Tx34 -5x).1

OOBLIUHO IIPY BEIHECEHNH OOIIEro MHOMKHUTEJIA 34 CKOO-
KU KayKIyI0 IEPEMEHHYI0, BXOAAIIYIO BO BCE YWICHBI MHO-
rouJieHa, BEIHOCAT C HAMMEHBIIINM II0KAa3aTejieM, KOTO-
PBII OHA MMeeT B JaHHOM MHorouaeHe. Eciu Bce Koad-
(pUIMEeHTE MHOIOUJIEHA — I[eJIble YKCJIa, TO B KauecTBe
Koo duiimeHTa 00Iero MHOKUTEIA 0epyT Hanbo AL
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IO MOIyJII0O OOINUiI genuTesNb Bcex KOd(hMUIIMEHTOB
MHOTOUYJIEHA.

2. Hcnonv3osarnue opmyn coOKpauLeHH0z0 YmHom;ce-
Hus. Popmyas (1)— (7) us . 56, Oyayuu IpoYnTaAHHBI-
MU «CIIpaBa HAJEeBO», BO MHOTUX CJyYasiX OKa3bIBAIOTCA
MMOJIe3HBIMU [IJISI PA3JIOKeHUS MHOTOUJIEHOB Ha MHOMKU-
TeJn.

IIpumep 2. PazioxuTb Ha MHOMKUTEJIN:

a) x% —1; 6) 4a*p® +16a%v* + 164%p°.

U a) Umeem K -1= (x3)2 —12. Ilpumenus dopmy-

JTy PasHOCTH KBaAparoB, momyumm (x° +1) (x5 —1). Ila-
Jiee, UCTOIB3YA (POPMYJIBI CyMMBI Ky0OB 1 PA3HOCTH KY-

608, maxozuMm (x+1)(x%-x+1) (x-1)(x?+x+1).
Hrax,

-1+ DE-DE2-x+ D% +x+1).

6) CHauaja BbIHECEM 3a CKOOKHU OOIIHI MHOMKUTENb.
s sToro HaiigeM HAmMOOJBINUN OOIIMUII JeIUTENh KO-
s punuenTos 4, 16, 16 1 HanMeHbIIINE TOKA3aTeJIN CTe-
meHeii, ¢ KOTOPLIMU IIepeMeHHbIe @ 1 b BXOIAT B COCTAB-
JA0NMEe NAHHBIM MHOTOYJIeH ofHOouJeHbl. Iloayuymm

4a2b3(a2+4ab+4b2). Ho mo ¢dopmyne (2) umeem

a® +4ab + 4b% = (a + 2b)2, IIOATOMY OKOHUYATEJIBhHO IIO-
JIy4yaem

4a*b® +16a%p* +16a%0° = 4a%b3(a + 20)2. W
3. Cnocob zpynnuposku. OH OCHOBAH HA TOM, UTO IIe-
PEMECTUTENbHBIA U COUEeTATEIbHLIN 3aKOHEI CIIOMKEHUA
IIO3BOJISIOT IPYNINAPOBATH YIEHLI MHOI'OUJIEHA Pa3jInd-
HBIMH crmocobamu. MHorga yzaercs Taxkas I'PYIIIIHPOB-
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Ka, YTO II0CJIe BBIHECEHUS 3a CKOOKM OOIIMX MHOMKHUTE-
Jell B KasKIOU rpyIlle B CKOOKaX OCTaeTCsa OAUH U TOT
JKe MHOTOYJIeH, KOTODBIIi B CBOIO ouepelb KaK OOIIumit
MHOKUTEJIbh MOKeT ObITh BLIHECEH 3a CKOOKH.
IIpumep 3. PasnrokuTh Ha MHOMKUTEJIN:

a) x® —3x% + 5x — 15

6) 20x2 + 3yz — 15xy — 4xz;

B) a® - Tab +12b%;

r) x*+ 4y4.

U a) ITpoussesemM IpynnupOBKY CJIELYIOIINM 00pa-
30M: (x3 - 3x2) + (5x — 15). B mepsoii rpymnie BrIHECEM
3a CKOOKM OOIIMII MHOYKUTEJIb x2, BO BTOPOIT — oOIuMii
mHOxuTeab 5. IMomyumm x2(x — 8) + 5(x — 8). Temeps

MHoTouwIeH (x — 3) Kak oOIIuil MHOMKUTEIb BEIHECEM 3a
CKOOKH: (x — 3) (x2 + 5). Takum obGpasom,

x% - 8x2 +5x—15=(x - 3) (x? +5).
5) 20x2 + 3yz — 15xy — 4xz = (20x2 — 15xy) +

+(3yz — 4xz) = Sx(4x — 3y) — 2(4x — 3y) =

= (4x — 3y) (5x — 2).

B) 3Iech HUKaKada IPYNIUPOBKA He IpUBeHeT K IIO-
ABJEHMUIO BO BCeX TIPYIIIax OJHOTO M TOrO »Ke MHOTO-
yjeHa. B TaKuX caydyasx MHOTIA OKal3bIBaeTCs I10JIe3-
HBIM IIPEACTABUTh KAKOM-JIM00 YJeH MHOTOYJeHa B
BUJle HEKOTOPOM CYMMBI, IIOCJIE Uero IIoIpodoBaTh IIPH-
MEHHUTh CIOoCO0 I'PYIINIHPOBKH. B gaHHOM mIpuMepe
npexncrasuMm — 7ab B Bume — 3ab — 4ab. Torma monyumm

a® —Tab+12b% = a® — 3ab — 4ab + 122 =
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= (a® — 3ab) - (4ab—-12b%) = a(a - 3b) — 4b(a — 3b) =
= (a — 3b) (a — 4b).
r) IIpu6aBuUM M BBIUTEM OJHOUJIEH 4x° y2 :
a1yt = (x* +4x?y? + ay?) - ax%y? = (6% + 29%)° -

—(2xy)? = (2% + 292 - 2xy) (% + 2y® + 2xy). W

58. MHOTOUYJIeHbI OT OHOI IIepeMeHHoi. MHorouIeH

ax + b, roe a, b — uncna (a #0), a x — mepemeHHasd,
HA3BIBAETCA MHOZOUNEHOM NEPEOol CmeneHu; MHOrOo-

wieH ax® +bx +c¢, tae a, b, ¢ — uncaa (a #0),a x —

IIepeMeHHasd, Ha3blBaeTCd MHOZ20U/IEHOM smopmi cme-
nenu (I/IJII/I nea&pamnum mpexlmenom); MHOI'O4YJIEH

ax® +bx? +cx+d, rnea, b, cd —uucna (a#0), ax
— IIepeMeHHad, Ha3bIBaeTCad MHO204/1€EHOM mpembeli
cmeneHu.

Boobe, ecnt a, b, ¢, ..., l, m —uucaa(a #0),ax —
IepeMeHHas, TO MHOI'OUJIeH

n-1 2

ax” +bx" T +ex" . +lx+m

HA3BIBAETCA MHOZOUNEHOM 1 -l cmenenu (OTHOCHUTEND-
HO x); ax",bx""1,...,lx,m — wnenvbL MHOTOWIEHA; d, b, ¢,

.y I, m — roappuyuenmot; ax™ — cmapwuil wien
MHO204IeHa; @ — KO3((PUIMEHT IPHU CTapIIeM UJeHe;
m — c60000HbLL uneH mHozounenHa. OOBIYHO MHOI'O-
YjieH 3alMCLIBAIOT IO YOBLIBAIOIIIMM CTEIeHSIM IepeMeH-
HOI, T. €. CTEIIeH! IIePEeMEeHHON X IIOCTEeNeHHO YMeHbIIIa-
oTca (B YaCTHOCTH, Ha II€PBOM MECTE CTOUT CTAPIIIHiT
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uJieH, Ha HOCJeSHeM — CBOOOMHBIN UJIeH) M HA3BIBAIOT

9Ty 3anuch cmandapmHubim 6udom mHozounena. Cme-

NneHb MHOZOY/EeHa — BTO CTEeIleHb CTAPIIero 4JjeHa.
Hamopumep, 5x° — 2x% +3x2 +1 — MHOrOUJIeH If-

TO cTemeHW, B KOTOPOM 5xd — crapmuii uieH, 1 —
CBOOOMHBIN UJIeH MHOTOUJIeHA.

Kopnem mnozounena P (x) Ha3pIBAIOT TaKOe 3HAYe-
HUe X, IPX KOTOPOM MHOTOUJIeH oOpalliaeTcsa B HYJIb.
Hanpumep, umcio 2 ABAAeTCA KOPHEM MHOTOUJIeHAa

P(x)=x3+2x2—7x—2, TaKKaRP(2)=23+2'22—
-7-2-2=0.

59. Jlenenne muorouwirenos. Cxema I'opuepa. Teo-
pema Besy. MHOrouJIeHbI MOYKHO CKJIAABIBATD, BEIUNTATD,

VYMHOMXAaTh 1 BO3SBOIUTH B HATYPAJIbHYIO CTEII€Hb. Wuor-
Aa BBIIIOJIHMMO M JOeJIeHNe MHOI'0OYJIeHa Ha MHOI'OYJIEH.

A mMeHHO, ecJU CYII[eCTBYeT TaKoi MHorouyeH S (x),
uto P(x) = @ (x) S (x), To roBOPAT, UTO MHOrOUJIEeH P (X)
IenuTcs HA MHorowineH @ (x) u HaswiBaioT P (x) denu-
moim, Q(x) — denumenem, a S(x) — wacmuoLm.

Hanpumep, mHOrounes P(x)= x% -3x% +5x-15
NeJUTCA HA MHOTOWIEH @ (x) = x> + 5, TMOCKOJLKY x3 -

~3x% +5x-15= (x2 +5)(x — 3); 3mech B YaCTHOM IIO-
Jydaerca MHorouyneH S (x)=x-—3.

Ecnu »xe mHOrOUNMEeH P (X) He menmrTca Ha MHOTOYJIEH
@ (x), To paccmaTpuBaioT dereHue ¢ ocmamkom. Bos-
MOKHOCTH TAKOTO JeJeHUA BBITEKAeT U3 CJIEeAYIONIEro
cBoiicTBa: 014 1100bLx 08Yyx mHozouaen08 P (x) u Q(x)
maxux, umo cmenenv P (x) He menvue cmenenu @ (x),
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cywecmayem 00HA U MOALKO 00HA NAPA MHOZOYJEHO8
S(x) u R(x) marxux, umo cnpagediuso moxdecmao

P(x) =Q(x) S(x)+ R(x), 1)

npuiem cmeneHv MHOZ04JeHa R(x) MEeHdbWe cmenerHu

MmHozouseHa @ (x) (mHOTOuUNEeH R (X) HA3LIBAIOT ocmam-
Kom).

IIpu meneHMU MHOTOYJIEHOB, IPUBENEHHBIX K CTaH-
JapTHOMY BUAY, UCIIOJB3YIOT IPABUJIO AEJEHUS «yTJIIOM» ,
aHAJIOTUYHOE NIPABUJIY JeJeHUS MHOTO3HAYHBIX YKCEN
(cm. m. 3).

Il pumep 1. Pasgenurs P(x):3x4+2x3+
+70x% +8x -4 na Q(x):x2+5x+1.

U Beimogsum neJieHnue <«yrJIoOM»:

_3x4+ 2x3 +70x%2 +3x -4 |x2+5x+1
3x* +152% + 3x | 322 ~13x +132
_ —13x% +67x% + 3x — 4
~13x3 —65x% —13x
~ 182x% +16x -4
132x2 + 660x + 132

—-644x —136
Hrak, S(x) = 3x% —18x +132 — uacrHoe, R (x) =
=—-644x —136 — ocrarok. IIpu sTOM BBIIIOJHAETCS
TOMECTBO

3xt +2x% +70x2 +8x-4=
P(x)
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=(x% +5x +1)(8x? —13x +132) + (-644x —136). m
Q(x) S (x) R(x)

PaCCMOTpI/IM IIpomecc AgejqieHrMsaA MHOI'OYJIEHa n-u

cTemeHu, uMmenI(ero Bui P,(x)=agx" +ayx" !+

+...+a,, Ha JuHelHBIN ABy4neH X —d. Torga meie-

HUe MOKHO IIPOU3BOAUTH II0 CIIeITaIbHON cXeMe, Ha3bl-
Baemol cxemot I'opHepa.

B sTom cayuae ToxxmectBo (1) mpumer BuUJ

n-1 T

agx" +ayx veeta, =

=(x-a)box" L +bx" 2.4k, )+, (2)

rlie YyacTHOe MMeeT cTemeHb 7 —1, a ocTaToK — HyJie-
BYIO CTEIeHb, T. €. ABJSAETCS IIPOCTO umcaoM. Tak Kak
MHOTOUYJIEHBI B JIEBOII M IPaBO dacTAX ToxKAecTBa (2)
COBIIAJIAIOT, TO, PACKPHIB CKOOKM, IOJYYNM PAaBEHCTBA,
BRIpA’KAIOIIEe COBIajfeHre Ko3(hUIIMEeHTOB NMPU OIU-
HAKOBBIX CTEIEHAX X:

aO = bo, T. €. bO = ao,
aq Z—(Xbo +b1, T. €. bl =a1+ocb0,

as =—ob; +by, T.e.

&
[

as + aby,
a,_1=—0o bn_2 + bn—l’ T. €. bn—l =a,1 + (an_2,

a, =—-ob, 1 +r, T.e.r=a, +ab,_y.
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OObIUYHO BBIUKCIEHNE KOd(P(PUIIMEHTOB YACTHOTO U
OCTaTKa pacliojiaraioT B CJeVIOoIIeil TabJuile:

ap ay as .. a,_q a,

Qfag =by|aby +ar|oby+ag |+ |ab, y+a, ; |ab, 1+a,=r

BepxHIOI0 CTPOKY TAOJIUIILI 3aIOJIHSAIOT CPasy; HUMK-
HIOIO CTPOKY, I'ie IIOMeIlleHbl KO9(MUIINEeHTEHI YaCTHOTO
¥ OCTaTOK, 3allOJHSIOT IIOCTEIIEHHO, JBUTrasich CJIeBa Ha-
mpaBo. B Kakoii KJIeTKe HUKHEH CTPOKHU 3aIllMCHIBAIOT
cyMMy Koa(dduiimenTa us BepxHeil CTPOKU C YMHOMKEH-
HBIM Ha o YHCJIOM, IOJYYeHHBIM B coceqHell cjeBa
KJIeTKe HUKHEH CTPOKH.

IIpumep 2. Ucnoawssysa cxemy I'opHepa, pasnme-
aure x3 +4x% —3x+5 Ha x — 2.
O CocraBumMm TabanILy:
1| 4(-3|5
211|692
2

3HAUNUT, YACTHOE PABHO X
BeH 23. W

3aMeTuM, UTO OCTATOK OT JeJIeHUs MHOTI'OUYJIeHa Ha
IBYWJIEH X — O MOXHO HAiTH, He BBIIOJHAA NeJIeHU.
A ummeHHO, cHpaBeAJMBO CleAyIOIlee CBOMCTBO: ocma-

+6x +9, a ocTaTok pa-

mok om denenus muozounena P(x) na 0syunen x —a

pasen 3HAYEHUI0 MHOZOWJAeHA npu X =0 (meopema
Besy).

Tak, B mpumepe 2 umeem P (2) = 23 +4.22-3.2+
+5 = 23.
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Pasden 1I. BEBIPAYKEHUS

W3 Teopemsr Besy BeiTekaer, uTo MHOozoYen P (x)
OJeaumcs Ha 08yuseH X —0 mozda u moavko mozoa,
K020a O. — KOpeHb 3Moz0 MHOZOUJEHA.

IIpumep 3.Ilpuy KaKoM 3HAUEHUHU A MHOTOUJIEH

P(x)= x* +6x% + Ax + 6 genurca Ha gByuTeH x + 22
U ass Toro 4ToOBI BBHIMOJHAJIOCH YKasaHHOE Tpe-

0oBaHMe, HEOOXOAMMO U JOCTATOYHO, UTOOLI UMCIO —2

ObLIO KopHeM MHorouwneHa. Mmeem P(-2) = 16 + 24 —

—2A+6 =46 -2\, 1. e. MHOrowter P (x) pasgmemurcsa Ha

x + 2 npu ycaosum A =23. W

60. PaszmoskeHne KBaapaTHOTO TpexujeHa Ha JIH-
HeiiHble MHOKUTeM. Eciu x, U X, — KOPHM KBajpart-

2
HOTO TpexujeHa ax” +bx +c¢ (T. e. KOpHU ypaBHEHUS

ax2+bx+c:0), TO

ax2+bx+c:a(x—x1)(x—x2).

9T0 — hopmyna pa3noicenus K6adpamnozo mpex-
Yiena Ha MHOMCUmMenu.

II p u M e p. PasznoxuTs Ha MHOMKUTEIN
6x2 — x — 2.
O IIpumenus popMysy KOPHEH KBaJPaTHOI'O ypaB-
HeHud (cM. 1. 141) K ypaBHEHUIO 6x>—x—2= 0, Haxo-

1 2
ouM, x| = —3 X9 = 3 3Hauur,

el o3l ) ofe-3)-

=2x+1)(3x—2).m
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§ 6. Ilesble pamUOHAIbHBIE BHIPAMKEHUA

61. Pa3yio:xxeHne HA MHOKMTEJIH IBYYIEeHA X" — a".
HNaBecTHO, uTO

x? —a? =(x—-a)(x+a), (1)

x3—a3:(x—a)(x2+xa+a2). 2)

IlepeMHOKIB MHOTOWIEHBL X — @ B X° + x2a + xa® +
+a3, IIOJIYYUM

xt—at = (x - a)(x3 +x%a +xa® + a3). 3)

Oo6o6mmenuem Gopmya (1), (2), (3) apuasaerca popmy-
JIa Pas3oKeHUs Ha MHOXKHUTEeIN JBydaeHa x" —a' :
x" —a" =

n-2 n—3a2 T

=(x-a)x"T+x" 2a+x

vt xa™ 2 40",

Tax, x' —1=(x-1) (x5 +x° +x* + x® + x2 + x + 1).

62. Bo3BeJeHne IByUYJieHA B HATYPAJbHYIO CTEIIEHb
(dpopmyna ounoma HeroToHna). B aToM IyHKTE peub UIET
0 TOM, KaK JAByuJieH (niu OMHOM) ¢ + b BO3BECTH B JIO-
0yI0 HaTYpPaJIbHYIO CTEIEeHb.

Eciu n=1, To (a+b)1 =a+b.
Eciu n =2, to (a+b)2 =a? + 2ab + b2,
Ecnu n = 3,T0 (a+b)3 =a® +3a% + 3ab® + b3.

BocmoabsoBasinuck Tem, 4ro (a + b)4 =(a+ b)3 X

x(a +b), MOXKHO BBIBECTH (POPMYIY
(a+b)* =a* + 4a% + 6a%b? + 4ab® + b*.
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Pasden II. BBIPAYKEHUS

Boobirie, cupasemiusa opMy.ia
(@a+b)" =a™ +Cla" b+ C2a™ %2 + ...

e+ Chgm R e gy
HasblBaeMasa popmynou 6urnoma Hviomona.

-1
31ech C,?,C}L =n, Cﬁ :%,...,
ch _ nn-1)(n-2)...n—-k+1)
. 1-2-3...k

crl=p,cl =1 — GuuomMmambubie KodhDdUIH-
eHTHI (Yucja COUeTaHUH U3 7l 3JIEMEHTOB 110 HYJII0, Of-
HOMY, IBYM,..., R,...,n —1, n snemenTam (cMm. nm.202,
203).

Hampumep,

(a+b)% =a® +6a% + 65 42,654 33,

1-2 1-2-3

6543 94 6-5-4-3-2
20ROt 22202
1-2.3-4 1.2.3-4-5

= a% +6a%b + 15a*b2 + 20a%p2 + 15a%b* + 6ab® + bE.

ab® + b8 =

§ 7. IpoOHBIe palMOHAJbHBIE BBHIPAKEHHA

63. PanimonanpHada Ipo0b M ee OCHOBHOE CBONMCTBO.
JIo60e mpobGHOe anrebpanuyeckoe Beipaxkenue (cM. 1. 51)

P
MOJKHO 3aIMcaTh B BUje —, rae P u @ — palnuoHalb-
Hble BBIpA)KEHUdA, HpuueM (@ 00s3aTelIbHO COAEPIKUT
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nepemenHsble. Takyio ApoOb HA3BEIBAIOT PAYUOHANLBLHOU
0pobvro.

IIpuMepsl panroHaJIbHBLIX APOOeii:
a, c
x+1 (x+2)(x?-3) d
1’ a+20+5c ~ a-b’
3

Ocno6noe c80licméo payuorHanrvHol dpobu BBIpa-

P PR
JKAeTCsa TOXIEeCTBOM — = ——

@ QR
yeaoBusax R#0 u @ #0; 3gecs R — 1enoe paiuo-
HaJILHOE BhIpaXKeHue. ITO 3HAUUT, YTO YUCIUTENIb U 3Ha-
MeHaTeJIb PAllOHAJLHON APOOM MOMKHO YMHOMUTEL WA
pas3nesuTh Ha OLHO U TO Xe OTJIMYHOEe OT HyJId YHCJIO,
ofHOUJIeH uiau MHorouneH. Tak,

1312 4 12(1x3 L, +1j
2 3 2

2x —

, CIIpaBeOJINBBIM IIDpH

3 _ _

1 9.1 1 1, 1 1)

—xt+x+ = = —x+=

1 6 5 12(436 +6x+2j
_ 4x® —6x% +12

3x2 1+ 2x+6
OCHOBHoe CBOI>'ICTBO L[pO6I/I MOHO HCIIOJBb30BATh OJIA
IIepeMeHBbl 3HAKOB Y YJIEHOB /:[p061/1. ECJII/I YHUCJINTEJIb 1

P
3HAMeHaTeJb Ipoou 5 YMHOKUTHL HA — 1, TO IOJY-

P
ynMm — = ——. Takum obpasom, 3HaueHue Opobu He

UusamerHumecs, ecju 00H06p€M€HHO U3meHumsv sHaAKuU 41uc-
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Pasden II. BBIPAKEHUS

aumeas u 3namenamens. Ecau e usmenumsv 3Hak
MOJbKO Yucaumens Uil moJabKo 3HAMeHameas, mo u
0po0b u3meHum c6oil 3HAK:

,__P P __P

Q R -@ @Q

P -P P
Orcioga ciaenyer, 4To — = ——— = ———.
Q Q -Q
Hampmmep, 3x —2 _ -(Bx-2) _ 2-3x .
+4 3x +4 3x +4

64. Cokpamienue panumoHaJdbHBIX apooOeii. Coxpa-
TUTBH APO0b — 5TO 3HAYUT Pa3JeJIUTh YNCAUTE]Ib U 3HAa-
MeHaTeJab APOo0K Ha OOI[Ui MHOXKHUTENb. BO3MOMKHOCTH
TAKOI'0 COKPAIleHNs 00yCJIOBIeHa OCHOBHBIM CBOMCTBOM
apoou.

st Toro 4To0bI COKPATUTh PAIIMOHAJIBHYIO IPO0H,
HYKHO YHCJINUTE]Ib U 3HAMEHATEJb PA3JIOKUTh HA MHO-
sxkutenu. Eciu oxaskercs, UTO YMCJIUTE]Ib W 3HAMEHA-
TeJb UMEIOT OOIIe MHOMXUTEIN, TO JPO0b MOYKHO CO-
KpaTuTsb. Eciiu xKe o0IUX MHOMKUTEJIe HeT, TO Ipeod-
pasoBaHue APOOU C IMOMOIIBIO COKPAIEHN HeBO3MOMK-
HO.

x? - 3xy

9y2 —x?

II pum™mep. Cokparurs Apobh

O Hwmeem x2 - 3xy = x(x —3y);
9y? - x% = —(x® - 9y®) = ~(x - 3y) (x + 3y).

x? -3xy x (x — 3y) B x

3Hauur, 3 5 = =— .
9y° —x* —(x-3y)(x+3y) x+3y
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§ 7. IpoGHBIE paMOHAIbHbLIE BHIPAMKEHUA

3aMeTuM, YTO COKpallieHue Apo0u BBIIIOJHEHO IPU yC-
jgoBuu x—3y 0. W

65. IIpuBeneHne panoOHAJBHBIX TPO0eil K 00IeMy
3HaMeHaTex0. Obwum 3HameHamenem HEeCKOJIbKUX
paloHaJbLHBIX APO0Oeli HashIBAETCS Ilejioe PallMOHAJb-
HOe BBIpasKeHue, KOTOPoe JeJIUTCA Ha 3HaMeHaTe b KaK-
moit mpobu (cMm. 1m. 57). OObIuHO GepyT TaKOM OOIIUit
3HaMeHaTeJ b, YTO JII00OI APyroil oOIUi 3HAMEHATEJb
menuTcs Ha BbIOpamubIii. Tak, oOHIMM 3HaMeHAaTeIeM

Ipobeit u 3x-1 CIIY»KUT MHOTOWIEH (x + 2)(x — 2).
x+2 x—2
Nmeem
x  x(x-2)  3x-1 @Bx-1(x+2)

x+2 (x+2(x-2) x-2 (x+2(x-2)°

IIpusBegenue JaHHBIX Apo0Oell K o0InmeMy 3HaMeHAa-
TEJIO JOCTUTHYTO YMHOMKEHHEM YMCIUTe]IsaA W 3HaMe-
HaTeJd IepBOM Apo0u HA X — 2, a UMCIUTE]IA U 3HAMe-
HaTeJsa BTOPOH Apodbu — Ha x + 2. MHoOroujeHsl x — 2
U x + 2 Ha3LIBAIOTCA 0ONONAHUMENLbHbLMU MHONCUMeE-
aamu.

YT00bI IPUBECTH HECKOJILKO PAIlMOHAJIBHBIX APO0ei
K 00IIeMy 3HaMeHATeIl0, HYKHO:

1) pasoKuUTh 3HAMeHAaTe b KaKI0l 1po6u Ha MHO-
SKUTEJIN;

2) cocTaBUTH OOIUI 3HaMeHATeb, BKIIOUNUB B HETO
BCe MHOMKHUTEJU MOJYUYEHHLIX B I. 1 pasjoxeHuii; ecian
HEKOTOPBIA MHOMKUTEJIb NMEETCS B HeCKOJLKHUX PasJjio-
JKeHUAX, TO OH 0OepeTcsa C IIOKasaTejleM CTelleHU, PaB-
HBIM HaMOOJILIIIEMY M3 MMEIOIUXCH;

3) HalTH NOMOJHUTE/JbHbIE MHOMKUTEIU IJIA KaiK-
Ioit ua mapobeii (mass 9TOro OOIIUITI 3HAMEHATEJb OEJIAT
Ha 3HaMeHaTeJb Ipobu);
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Pasden II. BBIPAYKEHUS

4) DOMHOXKWB UYHCJINUTEJIb W 3HAMEHATEJNb KaKIOoi
Ipo0U HA TOMOJHUTEJIbHBI MHOMKUTEIb, IPUBECTH IPO-
O0u K o0IieMy 3HaMeHaTeJo.

II p u m e p. IIpuBectu K 00ILIEMYy 3HAMEHATEJIIO
apobu

a . b . a+b
12a2 — 1262 1843 +18a% 2442 — 24ab

D Pasznoxum 3HaMeHaTeIW HAa MHOMXKUTEJIN:
1242 —12b% =12(a - b) (a + b);

184 +18a%b = 1842 (a + b); 24a® — 24ab = 24a (a - b).
B o6miuii 3HamMeHaTesJb HAAO BKJIIOUYUTH CJIENYIOIINE
muo:kurenu: (a-—b),(a+0b), a’® ¥ HaumMeHbIee ob1riee
Kparuoe umcen 12, 18, 24, t. e. K (12, 18, 24) = 72. Uraxk,
0o0IIMiI 3HaMeHaTeJ b paBeH 7 24> (a — b)(a + b).

Haiigem nqomoaHUTEIbLHBIE MHOMKUTENN: OJIS IIEPBOM
Ipobu 642, mus BTOpO# 4 (a —b), nua rperbeir 3a (a + b).
3Hauur,
6a’ 6a3

a~

122 1262  72a%(a-b)(a +b)

preh 4b(a-b)
1843 +18a% 72a%(a-b)(a +b)
a+b3@D  3g(a+b)?

2402 —24ab  T2a%(a-b)(a +b)

66. Cio:xxeHne M BHIYUTAHUE PAIMOHAJIBHBIX IPO-
oeii. Cymma aByX (1 BOOGIIE JTI0O0TO KOHEYHOTO YKCJIA)
PAIMOHAJBLHBIX AP0o6eil ¢ ONVMHAKOBLIMU 3HAMEHATEJIA-
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e
bx

5

MM TOXIOECTBEHHO paBHa I[p06I/I C TeM e 3HaMeHaTe-
JIeM 1 C YHNCJIuTeJIeM, paBHbBIM CyMMe ‘:[I/ICJII/ITeJIeﬁ CKJ1a-
AbIBA€MBbIX ﬂp06eﬁ:

R B P+ P

Q' @ @
AHaJIOTUYHO OOCTOUT JIeJIO B CJIydae PASHOCTH IPO6eii ¢
OIVMHAKOBBIMU 3HaMeHaTeJAMMN:

P P P-B

EJIH CJIOKEeHU A WMJIN BhIYMTAaHNA PAITMOHAJBHBIX OPO-

0eil ¢ pasHLIMM 3HAMeHATEeNAMU HY:KHO IIpPeXKIe BCero
MIpUBECTU APOOU K 00IleMy 3HAMEHATeJIO, a 3aTeM BbI-
MMOJIHUTH OIlepalluy Hal MOJYUYEeHHBIMU APOOAMU C OIU-
HAKOBBIMU 3HaMEHATEeJISIMU.
II p u Mm e p. YIOpocTuTh BhIpaKeHUE

3 2x -1 2

2 Ty T

2x°+2x x°-1 X
OUWmeem 2x2 + 2x = 2x (x + 1); 2% —1 = (x - 1)(x +1).

O6muit sHamMeHaTesab paBeH 2x (x +1)(x —1); smauur,

3 2x -1 2 3x-1 2x — 1%
+ +

2x2 1 2x xP-1 x 2x(x+1) (x-D(x+1)
22 V@D g(x 1)+ 2020 —1)—4(x—1)(x+1)

Cx 2% (x —1)(x +1)
x+1 1

Tor Dl D

67. YMHOKEHNE U JleJIeHUe PAIMOHAJIBHBIX IPO0eii.
IIpousBenenue nByx (1 BoOOIIE JI000T0 KOHEUHOI'O UHC-
JIa) PAIlMOHAJBHBIX AP00eil TOKIeCTBEHHO PAaBHO APOo0H,

91



P AJITEBPA

b

Pasden II. BBIPAKEHUS

YHCJIUTENb KOTOPOI paBeH MPOU3BEIeHUI0 UNCIUTENel,
a 3sHaMeHaTe/Jb — MPOM3BEIEHUIO 3HaMeHaTesel Iepe-
MHOKaeMbIX Ipobeii:

Pk B _A-B
Q @ @-Q

YHacTHOE OT JeJIeHNA IBYX pPallMOHAJBbHBIX gQO6efI
TOXOECTBEHHO paBHO I,I[pO6I/I, YUCJINTEJb ROTOpOfI pa-

BeH IIPOM3BEIEHUIO UUCJIUTE/S IepBoi Npobu Ha 3Ha-
MeHAaTeJb BTOPOM Apobu, a 3HAMEHATeJlb — IIPOU3Be-
IeHUI0 3HaAMEeHATeJ s IIePBOM APOo0U Ha YMCIUTENDb BTO-
poit mpobm:

B B PG
QT @ QB

YuuThiBasgd BO3MOYKHOCTb COKpPAIEHUS PallMOHAL-
HOIT 1po0u, MOJYyUYEeHHOH B pe3yIbTaTe YMHOMKEHUSI WU
IeJeHusa paluoHaJbLHBIX Ipo6eil, OOLIYHO CTPEMATCS IO
BBIIIOJIHEHUS STUX OIlepaluii pasjoKUTh HA MHOMKUTE-
JIA YUCJIUTEJN W 3HAMEHAaTeN! MCXOTHBIX IpoGeil.

II p u M e p. BeImoJIHUTE AelicTBUA:

a x2+2x+1. 9x? ; 6) a3—2a2_ a® -4
18x® %21 3a+3 " 34216a+3
0 Nmeem
r2x+1 (x+1)2 9xt  gxt
18x3 183  x%-1 (x-D(x+1)
Hcnoap3ya NpaBuUio YMHOMXKEHUA Apobeii, moayda-
eM
x®+2c+1 9x* (x+1%-9x* x(x+1)

18x3  x2-1 18x3(x+1)(x-1) 2@x-1°
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6) Nmeem
a®-2a%2 d®@-2) da®-4  (a-2)(a+2)

3a+3  3(a+1)  3a2+6a+3  3(a+1)?
Wcnonb3ysa OpaBUiIo AejieHusa gpobeil, HaxXoIuM

a® -2  a®’-4  d’@-2)-3(a+1)?
3¢+3 3a2+6a+3 3(a+l(a-2)(a+2)

_d%(a+1)
a+2

68. BosBemeHue paMoHAJBHON IPOOH B IIEJIYIO CTe-

p
nenb. UToOBI BO3BECTH DAIIMOHANBHYIO Apo0b ~ B Ha-

Q

TYPaAJBbHYIO CTEIIE€Hb 1 , HYXHO BO3BECTH B 3Ty CTEII€Hb
OTAEeJIbHO YHCJINTEJIb WM 3HaMeHaTeJlb I[pO6I/I; IIepBoe
BbIPDaXeHne — YHCJINTeJIb, a BTOPOE BEIPpAKEHNEe — 3Ha-

MeHaTeJIb pe3yJbTaTa: - = —.
Q R"

IIpumep 1. IIpeoGpasoBaTh B ApPOOL CTEIIEHb

3
2x2y3
32°
3
a {2x2y3] _ (2x2y3)3 _ 8x6y9
32°

(329 27215
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Pasden II. BBIPAYKEHUS

IIpu BO3BemeHUU OPOOU B IENYI0O OTPHUIATEILHYIO
—-n Q n
CTeIleHb HCIIOJb3YeTCAd TOKIECTBO 6 = 7

CIIPaBeAJIMBOE MPU BCEX 3HAUEHUAX II€PEMEeHHBIX, IIPU
KoTopeix P#0 u @ = 0.

II pu m e p 2. IIpeobpasoBaThk B Jpo0L BhIpaKeHUIE

@+b)2@—b3 )"
(a + 2b)* '

o (@eo@-v?)" (_@rmt Y
(a + 2b)* (a+b)%(a-b)3

_ (a+ 2)20
(@+b)°@-p®"

69. IIpeoGpa3oBaHNe PAIlMOHAJIBHBIX BBIPAKEHUI.
IIpeoGpasoBanue J1000r0 ParMOHAJILHOIO BBEIPAXKEHU
CBOJUTCS K CJIOKEHUIO, BEIUNTAHUIO, YMHOMKEHUIO U Je-
JIEHUIO PaIMOHAJBHEIX Ap0o0eil, a TaKKe K BO3BeJeHUIO
Ipo0KM B HATYPAJLHYIO CTeleHb. BCAKOe paluoHaNb-
HOe BBIPAKEHME MOKHO Ipeo0pasoBaTb B ApO0b, UKC-
JINTEJIb ¥ 3HAMEHATEeJb KOTOPO — IleJible PAIlMOHAJIb-
HbIe BBIPDAXKEHUS; B 9TOM, KaK IPABUJIO, COCTOUT IleJb
TOKJECTBEHHBIX ITPE00PA30BAHUI PAIMOHAIBHBIX BhI-
pasKeHUit.

II p u M e p. YIOpocTUTL BhIpaKeHUE

2a 4d® 2a 1 V' 8a?
- . + .
20+b 402 +4ab+b2 ) \ 442 —p2 b-2a 2a+b
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a1 a 44> _Za@_tb_ 44 B
2a+b 442 +dab+b> 2a+b  (2a +b)?

_ 2a(2a +b) —4a® 2ab

©ab)?  2ard)?

2a 1 2a 12a+b

5 2 - - -
4?2 b2 b-2a (2a-b)2a+b) 2a-b

_ 2a-2a-b -b .
(2a-b)(2a+b) (2a-b)(2a+b)’

NE b T @a-b)@a+b).
(2a-b)(2a+b)) b ’

4 2ab (_ (2a - b) (2a +b)j _
(2a + b)? b

_ 2ab(2a-b)(2a+b) 2a(b—2a) 2ab-4a®

b(2a + b)? 2a +b 2a+b

2ab — 4a> . 8a?  2ab +4a®
2a+0b 2a+b 2a +0b

5)

_ 2a(2a +b)
2a +b

=2a.1
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Pasden II. BBIPAYKEHUS

§ 8. HppanuoHaibHble BHIPAKEHHA

70. IIpocreiimue nmpeodpa3oBaHud apupmMeTHUec-
KuX KopHeli (pagukamao). Ilpu mpeobpaszoBanuu
apuMeTHUYEeCKNX KOPHEH NCII0JIb3YIOTCA UX CBOMCTBA
1° — 5%(em. m. 37).

II p u Mm e p. YIOPOCTUTH BBEIPpAKEHUE:
5
3 4 30
a) V4545 ; 0) (\/azj 5 B) x23\/;; r) v2?;

5 5 3 6
I) \/;- \/a2; e) \/;- \/; (Bce mepeMeHHBIE CUUTAIOTCS

IIPMHUMAKIIMNMNI TOJIBKO HeOTpUuIiaTeJbHbIE 3Ha‘{eHI/I&I).

U a) Ucmonbsysa cBoiicTBo 1°, momyuum

4545 = 9a* - 50 = V9 -va* - V5a = 3a2V5a.

Taxoe npe06pasoBaHI/Ie Ha3bIBaeTCA 6blHeceHuem MHO-
aumena u3-nod 3Haxa KOpHA.

5
3
6) CorzacHo cBoiicTBy 3°, uMmeeM (\/ a® j = 3\/ (a2 )5 =

3/
= alo . prOCTI/IM IIOAKOPEeHHOEe BhIpaKeHue, 4Jid 4ero

3/
BbIHECEM MHOMHTEJIb 3a 3HAK KODPHA. Tor/:[a alo =

~%a? . a =?§/a—9-%=a3%-

3
B) IIpeoOpasyem BbIpaikeHue x2 \/;, IJIsT 4ero BOC-
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§ 8. HppamnuoHaabHble BEIPAXKEHU

IIOJIB3YyEeMCS 6HeceHUuem MHOoM3cumensa nod 3Hax KOpHA:

3 3 3 3 3 3 3
«2Vx = \/(x2)3~\/x: 18 Vx = Vab x = Va'.
o 4/3 12
CoruacHo cBoiicTBy 4°, nMeeM 1y \/x7 = Vx.

r) B cuny ceoiicrsa 5° mokasarens KOpHS 1 IIOKa3aTeNlb
CTelleH! TIOJKOPEHHOI'0 BRIPAYKEHUSA MOYKHO pasmesUuTh Ha
ONHO U TO ’Ke HaTypaJibHOe uucjo. PasmennB yKasaHHBIE

30 10 —
moxasaresnu Ha 3, momyunm 22 = 423 = 1%.

1) CormacHo cBoiicTBy 1°, mis mepeMHOMKEHUA KOP-
Hel OJHOU U TOM sKe CTeIleHU JOCTATOYHO IIePEMHOMKUTD
IMOJKOPEHHbIe BBIPAXKEHUSA U U3 IMOJYUYECHHOTO PEe3yJIb-
Tara M3BJeYb KOPEHb TOM JKe CTeNeHH. SHAUUT,

5 5/ 5/ 5/
\/;- a2: a-a2: a3.

e) IIpe:xae Bcero Hy:KHO IIPUBECTU PAAUKAJLI K Of-
HOMY mokKasareao. CorjacHo cBOMCTBY 5°, MBI MOMKeM
IMOoKas3aTeJib KOPHA U IIOKa3aTe/Ib CTeIIeHU HOTKOPEHHO-
IO BBIPAKEeHUS YMHOKUTh HA OJHO M TO K€ HaTypalb-

6 6
HOe yucyao. IToaTomy 3\/_ = a?. Hanee umeem 42 x

6 6/ 3
X = a” . PaS,[[eJII/IB Tellepb IIOKa3aTeJIM KOPHA U CTe-

6/
IIeHHU IIOJKOPEHHOI'O0 BBIPaAMXKEeHNdA Ha 3, IIOJIYUYNM a3 =

=Ja. m

Ha nmpaxTuke nmpu BBIDOJHEHUU AelCTBUHM HaH pa-
IWKaJaMi JOBOJBLHO YACTO IIEPeXOnsaT K APOOHBIM IIO-
KaszaTtensam. Hampuwmep,

3 7 23

3 7
8 12 T
Vad - VxT = x8 . x12 = 8 12 = 24 _ 723

97



AJITEBPA

Pasden II. BBIPAYKEHUS

71. Tosaecrso Va2 =|a|. Vipocrum Bripaskerme Va?2.

31ech BO3MOMKHBI JBa cayuasa: a >0 wmiu a < 0. Ecan
Va2 = o [ 2
a>0, to Va© =a; ecau xe a <0, To Va® = —a.

3HauurT,
[ o a,ecaua >0,
a =
—-a,ecaua <0.

Ho Touno Tak :xe olpeneJsisgeTcsa MOOYyJIb ,lIefICTBPI-

TenbHOTO uncaa (M. m. 28). Urak, va? = |a|.

Hampuwmep, \/3_2 =3/ = 3; V(-5 =|- 5| = ~(-5) = 5.

Boo06ie, eciiu n — 4yeTHOe YHCJIO, T. €. N = 2k, TO
2k
a®* = .

II pu Mm e p. YIOIPOCTUTH

\/x2—6x+9+\/2—x+x—3.

O Mweem yx?—6x+9 = y(x - 3)2 =|x -8 Tax

KaK 3aJaHHO€ BbIPpaXXeHNne COAEPKUT cjaaraemoe « 2— X,

to 2-x20, orkyza Haxomum, urto x < 2. 3HaAUHUT,
x — 3 < 0, a moromy |x—3|:—(x—3) =3 -x. Hraxk,

\/x2 —-6x+9 =3—x, U MBI TIOJIy4yaeM
Vx2—6x+9+v2—x +x-38=
=3-x+v2-x+x-3=y2-x. W
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§ 8. HppamnuoHaabHble BEIPAXKEHU

72. TIpeoOpa3oBaHNe UPPANUOHAJIBHBIX BBIPaiKe-
Huii. {1 npeoOGpasoBaHUs MPPaANMOHAIBHBIX BBIpA-
JKeHU# MCHOJIB3YIOT CBOMCTBA pamukaaoB (cMm. m. 37)
U CBOMCTBA CTEMEHU C PAIMOHAJBLHBIM IIOKasaTeseM

(cm. m. 40).
II pu Mm e p. YIOpocTuTh BI:IpaJ‘KeHI/Ie

4\/— 4\/_ 1+vx [xo 2 +x_1j_;
1-vx Vx '
4\/— Vx 4\/_(\/— 1) _
1-+x 1-+x
_Ve(x -1 4
e = —Vx;
_4x+1+\/;:—‘§/;-%/;+1+\/; _
T v
_- x+1+\/;: 1
Vx U’

f(x) =

3){LT: 11
V=) do? V=
4)x0+%+x_1:1+ﬁ+%:
:x+2\/;+1:(\/;+1)2

X

X
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Pasden II. BBIPAYKEHUS

1 1
Wx+1)2) 2 x )2
5y (WXL Ty X
x Wx +1)2
[ Wx
Wr+1%2  VJr+1
6 L. Jx 1
Ve Jr+1 Jxs1
O6I)I‘-IHO crTaparnTcd 3anmucaTb OTBET Tak, ‘-ITOGI:I B 3Ha-

MeHaTeJie He coJepixaJjiaCh HMPPannoOHAJIBbHOCTB. ,I[JIH
n30aBJIEHUS OT HNPppanuoOHaAJIBHOCTH B 3HaMeHaTeJie Ipo-

1
oM — VYMHOMXHUM U YHCJINTEJIb, 1 3HaAMEHAaTeJIb Ha

\/;-i-l

vx —1 — 9TO BhIpaKeHNe Ha3bIBaeTCs conpaienHovlm

IS BBIpa)KeHUdA +x + 1. Iomyuum

1 Jx -1 Ve-1  Wx-1 g

Jril (x+DWr-1) @x?-12 x-1°

§ 9. IlpeoGpasoBaHue BHIpAKEHUIl, comepsKalIUX
nmepeMeHHYI0 IoJ[ 3HAKOM Jiorapudma

73. IlonaTue TpaHCIEHAEHTHOTO BhIpaxkeHus. T panc-
yeHOdeHmHbLM HAa3BIBAETCS BRIPAYKEHUE, COLepIKaIIee Ie-
peMeHHbIe IO 3HAKOM MPAHCYeHOeHmHOU (PYHKUUU,
T.e. IIOJ 3HAKOM IIOKAa3aTeJLHOM, JIorapu(pMuIecKoii, Tpu-
TOHOMETPUYECKUX MJIN OOPATHBIX TPUTOHOMETPUYECKMX
dyurmuit (cm. omo. 114, 116, 118, 126-128).
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Vashx
ik

§ 9. IIpeo6pasoBauue sorapuM. BHIPAKEHUI

IIpumeps! TpaHCIIEHAEHTHBIX BRIPAKeHUI: logy a + log, b;
sino - cosf - cosy; arcsin (Jc2 - X).

74. Onpegenxenue dorapudgma MOJI0KNTEILHOTO YHC-
Jla M0 JAaHHOMY OCHOBaHUIO. Jlozapugmom mONIOXKM-
TeJILHOT'O UMcJia X 110 ocHoBaHUIO a(a > 0, a # 1) HasbI-

BaeTcCsd IIoKa3aTeJlb CTeII€eH, B KOTOPYIO HYyX¥HO BO3BeC-
TN 4YM1CJIO a, YTOOBI IIOJIYYUTDH YUHMCJIO X:

al%8a® = .
Pasenctso log, x = y osmauaer, uto a’ = x.
Hanpumep, logg38l=4, Tak EKak 34 = 81;

logy 0,001 = —3, mockombKy 1072 = 0,001 logg 5 /2 =

=-0,5, rak xak (0,5) % =205 = V2.
B zanucu log, x uucio a — ocnoeanue nozapugma,

X — Jnozapu@mupyemoe “LUCNO.
W3 onpenenenus Jorapu@)Ma BbITEKAIOT CIeIYIOIITE
Ba’KHBIE PaBeHCTBA:

log,1=0, log, a=1.

0
IlepBoe ciexyer u3 Toro, uro @ =1, a BTopoe — u3
1

TOrO, YTO a = a. BoobIllle, mMeeT MeCTO PaBEHCTBO
ro_
log,a” =r.
75. CpoiicTBa Jorapu(Mos.
1°. Ecau x; >0 u x5 >0, TO

log, (xx5) = log, x; +log, x4
(nozapugm npousgedenus pasen cymme n02aPUPMOE
MHOMCUmMeJell).
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Pasden 1I. BBIPAJKEHUS

Taxk, logg15 =logz(3-5) = logg3 + logg 5 =1+ 1logg 5.
20 Ecau x; >0 u x9 >0, ToO

X
log, - log, %1 —log, %o
X2
(nozapugm wacmmuoz0 pager pasHOCMU 102apupmos de-
AUMO20 U Oenumens).

Taxk, Ing 1,25 = Ing % = Ing 5— Ing 4= Ing 5-2.

Ecau e x1 <0 m x9 <0, To cmpaBeniuBbl pa-
BEHCTBA

log,(x1x9) = loga|x1| + loga|x2

b

x
log, —L = loga|x1| - loga|x2|.
X2
3°. Eciim x > 0, To0
log, x" =rlog, x

(nozapugm cmenenu pageH npouséedeHUI0 noKaA3ames
cmenenu HA J102apu@m O0CHOBAHUS).

Hanpumep, logs 81 =logy 34 = 4logs 3; logg \/E =
=logz 2%% = 0,510g5 2.
CrpaBefiuBo clIefyiolliee yTBep:KIeHue: ecau k —

yeTHOE YuCo, To log, xF = klog, |x| nns moboro x # 0.

Hanpumep, logs xt = 410g2|x

; logs x? = 210g3|x|.
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CHpaBe,Z[JII/IBbI cJIeayrolire aBa CBOfICTBa, IIO3BOJIAIO-

II¥e IepPedTH K HOBOMY OCHOBAHHIO Jorapudma:
logy, x

4°. Ecmu x > 0,710 log, x = O8p
log, a

(popmyna nepexoda ¥ HO60MY OCHOEAHUIO).

Hampumep,
10g5 3 .
10g5 2 ’

_ logb b _ 1
logba logba )

log, 3 = log, b

a

5° Ecau x > 0, T0

log, x = logak x*.

Taxk, logs 5 = log,s 53 = log\/g \/g

Il pu M e p. Boruucaurs logy 6, ecoim logs 3 =a,
logy 10 = 0.

Q Ilepeiizem B logs 6 K ocmoBamuio 2. Bocmoabso-
BaBIIUCH cBoMcTBOM 4°, moayuum

logo 6 loge(2-3) logg2+logy3 1+a

log, 5 10&% " logy10-1logy2 b-1

10g5 6 =

76. JlorapudMmupoBaHue U MoTeHIHpoBaHue. Eciau
HEKOTOpOe BEHIpa:keHue A COCTABJIEHO M3 IOJOMKUTEIb-
HBIX YKCeJI C IIOMOIIIBIO ONepanuii YMHOMKEeHUS, JeJIeHI
¥ BO3BEJeHUs B CTEIIeHb, TO, UCII0JIb3ys CBOMCTBA JoTa-
pu(pMOB, MOXKHO BHIPA3uUTL log, A uepes Jorapu@mol
BXOIAINMUX B BhIpakenume A umucei. Taxoe nmpeob6pasoBa-
HUEe HA3BIBAETCH N02apPUPMUPOEAHUEM.
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Pasden 1I. BBIPAJKEHUS

IIpuwmep 1. IIpomorapudmMupoBaTh IO OCHOBA-

125a°%p2

- = b
Je
TeJbHbIE UKCJIA.
U Mcnoussysa ceoiicTea Jorapudmos (cM. 1. 75), mo-
JIyYM

HUIO 5 BhIpaskKeHUe rge a, b, ¢ — IOJOXKU-

log 125a3p2
,1e2a 0
Je

=logy 125 + logj ad + logy b? - logy %

= logs (125a%b2) — logs Ve

5

=3+ 3log5a+2loggb—-0,5logsc. W
YacTo mpuXoAUTCA pellaTh 00paTHYIO 3agauy: Ha-
XOIUTH BhIpasKeHue 1o ero Jorapupmy. Taxoe mpeob-
pasoBaHUE HA3BIBAETCA NOMEHUUPOGAHUEM.
IIpumep 2. Hafitu x, eciau
logg x = 2log3 5+ 0,510og3 8 — 3logs 10.
U Nmeem

logg x = logg 25 + logg 805 _ logs 103 =

25-2\/5_1 V2

°8377000 83790

V2

W3 paBencrsa logs x = logs 2—(2) HAXOJUM X = 50" u

77. Necartuunbrii jJorapudm. XapakKTepucTuka u
MAaHTHCCA JecATHYHOro Jjiorapudma. Eciau ocHoBamue
Jgorapudma pasHo 10, To sorapmdM HasLIBaeTCs decs-

muynbLm. BmecTo 3amicu loglo X IIpUHATAa 3alluChb lg' X.
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B YaCTHOCTHU, OJIA OEeCATHUYHBIX JIOI"apI/I(bMOB CIIpa-
BeJINBblI paBEHCTBA:

10'8% = g;
lg1=0; lg0,1=-1;
lg10=1; 10,01 = -2;
12100 = 2; 10,001 = -8;
121000 = 3; 1g 0,0001 = —4;
1g10" =n.

IIycTs HOJIOMKUTEIBHOE YKCIIO @ IIPEJCTaBIeHO B CTaH-
naprHom Buze (cm. m. 36): a=a;-10", rge

1<a,; <10, n € Z (n — nopaznok uuciaa a). Ilposora-

pudMuUpyeM UucJI0 @ 0 ocHoBaHUO 10, BOCIIOIbL30BAB-
minuch cpoiicTBamMu Jiorapu@moB (cMm. m. 75). Mmeem

lga =1g(a; -10™) =1ga; +1g10" =1ga; + n. Urax,
lga=1ga; +n. 1)
Taxk kak 1<a; <10, to lgl<lga; <1g10, r.e.

0 <lga; <1. Ilosromy us paBernctsa (1) ciaexyer, 4To n
ecTb HamOoJIbIIIee IeJI0e YMCJIO, He IPEeBOCXOIsIIee Ync-
Jo 1ga, nHaye TOBOPSA, N €CTh IeJiasg YacTh yucia lga,

t. e. n =[lga] (cm. u. 33). Cnaraemoe 1ga; ects npob-
Had yacTh uuciaa lga, t.e. lga; ={lga} (cm. m. 33).
Ienas gacts unciaa lga, T.e. IOPANOK YUCIa @, HABHI-
BaeTcs xapakmepucmukoi 1g a, a gpoGHas YacTh UuciIa

lga — ero manmuccoii.
HMeeT MecTo cienymollee YTBEPKIACHHIE: eClU YUCIO

a>0 ymHomums Ha 10k, 20e k — uesoe yucno, mo
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maHmucca JlOdeu@JVla He uameHumcs, THbIMHU CJIOBaMU,

Iga ulg (a-lOk) UMEeIOT ONMHAKOBble MAHTUCCHIL.

§ 10. ®opmyabl TPUTOHOMETPUU U HUX
HCIOJIB30BaHNE NJIS IPeoOopa3oBaHUS
TPUTOHOMETPUUYECKHNX BBIPAKEeHUI

78. TpuronomerpuuecKkue BeIpaskeHud. Briparkenue,
B KOTOPOM IIePEeMEHHAsA CONEPKUTCS 0] 3HAKAMU TPHU-
TOHOMeTPHUYEeCKUX (PYHKIIUIT, HA3bIBAIOT MPUZOHOMEMm-
puieckum. [171a npeobpasoBaHus TPUTOHOMETPUUECKUX
BBIPAYKEHUI WCIIOJb3YIOT CBOMCTBA TPUIOHOMETPUYEC-
Kux pyHKIU, orMeuenHble B i1, 120—-125 u ¢popmy.isl
TPUTOHOMETPUH, YKa3aHHbIe B ImII. 719—87.

79. ®opMysBI CHOKEHUS M BHIYUTAHUA apryMeH-
TOB. [[1151 JIIOGBIX JeiCTBUTENbHBIX YUCEJT o W [§ CIIpa-
BEIJIUBBI (DOPMYJIBI

cos (o + [3) = cosacosP —sinasinf, 1)
cos(a —B) = cosacosP + sinasinf, (2)
sin(a + B) = sina cosf + cosasinf, 3)
sin (o —PB) = sina cosf — cos asinf, (4)
_ tga+tgP 5

te(asp) = 2L (5)

_Ry = tgo —tgP
tg (a—P) Titgotep’ (6)

KOTOphbIE€ HA3bBIBAIOTCHA (popmynamu CllOX}NCeHUA U 6bl-
wumaHua apeymenmaoas.
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®opmysna (5) BepHa mpu «, B, o+ [, OTIHMYHBIX OT

%+ nk, k€ Z, a popmyna (6) — mpu o, B, a —p, or-
i1
JINYHBIX OT E +nk, ke Z.

IIpumep 1. Bemuucaure sin75°.

O Umeem sin75° =sin(30° + 45°). Bocmosb3oBas-
muck Gopmyaioii (3) mpu o = 30°, B = 45°, moxyuum

sin(80° +45°) = sin30° cos 45° + cos 30° sin45°.

V2

WsBecTHO, uTo sin30° = l, cos45° =sin45° = -

b

o 3
cos 30" = - (cm. m. 118). 3uauwur,

2 2 2 2 4
o T 3
IIpumep 2. Hafitu tg[z+ocj, eciu tga = Z

U Bocmobsyemest (popmy.ioit (5) 1 reM, 9To tgg =1.

HNmeem
tg£+tga 1+§
tg[£+aj: 4 :1+:ga: §:7.l
T —tga
1-tg—tga 1-—
g4 g 4
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Paszden II. BBIPAYKEHUSA

80. ®opmyasl npusenennd. Ilox ¢gopmynamu npu-
6edenus TOHUMAIOT OOBIYHO (IOPMYJIBI, ITO3BOJISIOLIIIIE
CBECTH 3HAYEHVE TPUTOHOMETPHYECKON (PYHKIUU apry-

nn
MeHTa BUja — + o, n € Z, K QyHKIIUU apryMeHTa O.
2

. (m
IIycTh, HampuMep, HYKHO BBIUKMCJIUTH Sin (E-l‘ ocj.

HNmeem
. (= . T T .
sin| —+ o |=sin—cosa + cos—sina =
2 2 2
=1-cosa+0-sina = cosa.

ITomoGHBIM Ke 00pasoM BBIBOAATCA U OCTAJbHBIE
(hopMyJILI IPUBENEHNS, KOTOPBIE JaHbI B CIEAYIOIIel Tao-
Jure:

AprymeHrT t
DyHKIUA

b b 3n 3n

——o | —+a | T-—a|n+o |—-a |[—+o|2n-a

2 2 2 2
sint coso | cosa sina |—-sina|-cosa [-cosa [—sino
cost sina | —sina |—cosoa|—-cosa| —sino | sino | cosa
tgt ctga | —ctga [-tga | tga ctga |-ctga | —-tga
ctgt tga | —tga |-ctga| ctga | tga | -tgo [—ctga
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Ins1 oberyeHns 3arlOMUHAHUA (pOpPMYJI IPUBENeHUI A
HUCIOJB3YIOT CJeAyiolliee IIPaBUJIO:
1. B opaBoii uactu (popMyJILI CTABAT TOT 3HAK, KOTO-

. i
pBIi uMesa OblI JIeBad dacTh npu yeaosuu 0 < a < 3

. T
2. Eciiz B JeBoii uacTu (hOPMYJIbI YTOJ PaBeH — + q
2

3n
UiIn o> + 0, TO CHMHYC 3aMEHSIOT Ha KOCUHYC, TAHI'€HC —

Ha KOTaHI'€HC U Haoﬁopo'r; eCcJIn Ke yIroJl paBeH T ta
i 21 — O, TO 3aM€HBbI He IITPOMCXOIUT.

81. CooTHOLIEHUA MeE:KAY TPUTOHOMETPUUECKUMU
(GyHKIUAMY OTHOIO M TOTO ke aprymenta. Eciu B dop-

myJie (2) u3 m. 79 MONOKUTE o =3 =¢, TO MOJYIUM

cos® t +sin’t = 1, 1)
OTKYJZa B CBOIO ouepelb HAXOMUM
1

1+tg2t:—2, (2)
cos“t
9 1
1+ ctg®t = ——. ®)
sin“ ¢

T
ToxmectBo (2) crupaBeniuBo mpu t # E +wn,neZ, a

ToKIAecTBO (3) — mpu t # ©n, n € Z.
Pagsenctsa (1), (2), (3) cBA3BIBAIOT MEXKIY COO0M pas-
JINUHBIE TPUTOHOMeTpHUUecKre GYHKIIUYA OJHOTO U TOrO
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JKe apryMeHTa. VI3BeCTHRI ellle [Ba PABEHCTBA, CBA3bIBA-
oIe MeKAy CO00M pasiMuYHbIe TPUTOHOMETPHUUECKUe

(YHKIIUK OJHOTO U TOTO Ke apryMeHTa:

sint cost
tgt= , ctgt=
cost

sint
IlepeMHOas 5T paBeHCTBAa, MOJydyaeM COOTHOIIIEHIE
tgt-ctgt =1, 4)

nk
CIpaBeIINBOe IIpU t # 35 keZ.
. 3
Il p u m e p. UsBecTHO, uTO SINt = —g, OpuYeM

n<t< % Hatitu cost, tgt, ctgt.
U U3 dopmyasr (1) caegyer, uTo cos®t=1-sin?t

HO,Z[CTaBI/IB BMecTO Sint ero 3Ha4YeHue, IoJIydymmM

2
cos®t=1- —E :1_i:E.
5 25 25

Tax Kak cosztzg, TO JaubO costzg, aubo

4 3n
cost = —g. ITo ycimoBuio, m<t < 7, T.e. apr'yMeHT ¢

npuHagiae:xut III uersepru. Ho B III ueTBepTu KOocuHyC
OTpHUITATEJIeH, IIOATOMY M3 IBYX YKA3aHHBLIX BBIIIE BO3-

. 4 .
MOXKHOCTElH BhIOUpaeM OOHY: COSt = w5 Suag sint u

cost, HaxoouM tgt u ctgt:
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w | i~

4 3
WUrak, cost =——, tgt =—, ctgt =
5 & 4 &

82. ®opmyast apoitHoro yriaa. Ecaiu B dopmysrax

(3), (1), (5) u3 . 79 momoxxuUTL O = ¢, B = ¢, TO HOTYUUM
cJIeIyIOIe TOYKIeCTBa:

sin 2t = 2sintcost, 1)
cos 2t = cos® ¢ — sin® t, 2)
tg 2t = 2t—g;. (3)
1-tg“t
nk

dopmya (3) BepHa mpu ¢t # % + o5 ke Z.

Coornomernusd (1), (2) u (3) Ha3bIBAIOT opmyramu
06011020 yzaa. C UX IMOMOIILI0 CUHYC, KOCUHYC, TaH-
reHc J000ro aprymMeHTa MOKHO BBIPA3UTh Yepes TPUTro-
HOMeTpuUuecKre (GYHKIIMK BABOE MEHBIIIEro apryMeHTa.
Hampumep, cupaBeinBbl paBeHCTBA

. . bt 5t .
sin bt = 2smE cos?, cos 8t = cos? 4t — sin? 4.

B page cayuaeB IOJIE3HBIM OKAa3bIBA€TCSA MCIIOJIb30-
BaHUe IIOJIyUYeHHBIX (pOpMYJI «CIpaBa HaJieBO», T.e. 3a-

MeHa BhIpasKeHus 2sintcost BeIpaskenueM Sin2t, BbI-
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Pasden 1I. BBIPAJKEHUS

pakeHus cos®t —sin? ¢ BEIpasKeHHeM CcOS2f u, HaKo-

Hell, BLIPAKeHUs BeIpaKeHueMm tg 2t.

1- 1:g2 t
II p u M e p. YopocTuTh BeIpaskenme tgt—ctgt.

sint cost sin? ¢ — cos? ¢ _

Q tgt-ctgt= e
cost sint sintcost
2 2
cos“t —sin“t cos 2t
Esin2t sin 2t

83. ®opMyasl MOHUKEHHMA CTemeHH. 3Hasd, UTO
cos?t+sin?¢ =1 (cm. m. 81), a cos® t —sin? t = cos 2t

(cm. 1. 82), HaxomAUM

cos2 t= #. 1)
AHAJOrMYHO HAXOIUM
sin?t = —1 — c2os 2 . (2)

@opmynsl (1) u (2) Ha3BIBAIOTCA QOpMYAaMU NOHUINCE-

-2
Hua cmenenu. OHU IIO3BOJIAIOT IIpeobpasoBaTh Sin” i
u cos’t B BBIPAKEHUS, COAEpIKAaIle IIEPBYI0 CTeIeHb
KOCHHYCa IBOMHOro aprymenTa. Hampumep, cirpaBenim-

BbI paBEHCTBA o
1+ cos ? + 200

. 2x 1-cosx of W
sin® —=————, cos®| —+a|=
2 2 3 2
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Dopmyasl (1) u (2) UCIOAB3YIOTCA U «CIIpaBa HaJle-
BO» IJIs mpeobpasoBanusa cymMMm 1+ cos2t, 1—cos2t B
npousBenenusi. Hampumep, BepHbI paBeHCTBA

25%, 1—cos(oc+[3):2sin2 o

1+ cosbx =2cos
IIpumep 1. ][oKkasaTb TOMKIECTBO

t sint
tg—=—-—.
2 1+cost
U SzamenareJs MpaBoii yacTu mpeodpasyem 1o (op-
myJie (1), a yncauTenas — 1mo opMyJe CuHyca JBOMHOTO
yraa (cm. 1. 82). ITonryuuMm paBeHCTBO

.t t .t
2sin—cos—  sin—

sint _ 2 2 _ 2 _ tgi -
1+cost 9 9t t 2’
cos” — COSE

CIpaBeIINBOe IIpu Bcex ¢ # m+ 21k, k € Z.

s 4 4
IIpumep 2. Boluncaurs sin” x + cos™ x, ecau

M3BECTHO, UTO COS 2x = E

U Bocmosnb30BaBIINCE TEM, UTO sin* x = (sin2 x)2 u

cos* x = (cos2 x)2 , HIprMeHUM (popMyJIbl MOHUMKEHUA

CTeIleHNn:

sin* x + cos* x = (sin2 x)2 + (cos2 x)2 =

1-cos2x 2+ 1+ cos2x 2_2+2c0s22x
2 2 4
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1 25
:1+cos22x: +169:97‘.
2 2 169

it
84. Beipaxkenue sint, cost m tgt uepes th.

. .t t t
Ucnonabsys Toxgecrsa sint = 2 s1n§ COSE u cos® 3 +

9t

+ sin 3 =1 (cm. . 82 u 81), sanuiem

2 sini cos L3
2 2

. .t
sint = 2smEcos—:

t . ot
cos? = +sin? =
2 2

PaBI[eJII/IM YHUCJINUTEJb N 3HaMeHaTeJlb IIOCJIeI[HeI';I

2t
Ipo0H1 IMOYJIEHHO Ha COS E:
2tg£
sint = —2t 1)
1+tg2 %
& 2

Hamnee, yuutbiBasd, 4YTO B cuiay Gopmyiabl (2) m. 82

t . t
cost = cos2 E — s1n2 E , Q@HAJOTUYHO MOJYyYUM
t
1- tg2 —
cost = —? 2
1+ tg2 —
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tgt=— 2 3)

-
1-tg2 >
€y

®opmyasl (1) — (3) cupasegause: npu t # (2n + )7,
neZ.

Il puwmep. Haiitu M, ecin tgiz—g.
4-5sint 2 3
U Corsacuo gpopmyaam (1) u (2), umeem
of -2 14
. 3 12 9 5
sint=———+—=———, COSt=——=—,
9)\2 13 1.4 138
1+-2 o
9
-3
5, 15
2+3cost “T713 41
TRV Y hsint 60 112
sin 4+E

85. IIpeoGpasoBanne CyMMbI TPUTOHOMETPHUYECKHUX
¢dyHKIIMIT B Tpou3BeneHue. MIMeOT MeCcTO CjaeayroInue
(QOpMYyJIbI:

sina+sinB:2sina+Bcosa;B, 1)

. . .- o+p

sina —sinf = 2sin cos , (2)
2 2

cosa+cosB:2cosa;Bcosa2B, (3)
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cosoc—cosB:—2sin(x+Bsina_B, 4)
2 2
tga”ggzw, (5)
cosa cosf
tga_th:M. (6)
cosacosf

®opmynsl (5) u (6) BepHBI IPU o ¥ 3, OTIUYHBIX OT
L nk, ke Z.
2

II pu m e p. IIpeoGpasoBaTh B Mpou3BeeHIE

cos48° —cos12°.
Q IIpumeHus GopMyay Pa3HOCTH KOCHHYCOB (4) Ipu

o =48, B =12°, noxyuum
48° +12° . 48° -12°
sin 5 =

cos48° —cos12° = —2sin

=-2sin30° sin18°.
Tak xKak sin30° = 0,5, TO OKOHYATEJHHO IIOJYINM
cos48° —c0s12° = -sin18°. m

86. IIpeoOopaszoBaHue HpoU3BEedeHHMA TPUTOHOMET-
puueckux pyHxmuii B cymmy. CrpaBenjuBbI CJIEAYIO-

e QOPMyJIbl:

sinacosfP = sin(a—B);sin(a+[3), (1)
sinasinf = cos(a—P) ; cos(a +B) , @)
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cos (o — ) + cos(a + )
5 .

II p u m e p. IIpeoGpasoBaTs B CyMMY

cosa.cosfP =

sin48° cos19°.

U Bocmoabsosasiuck Gopmyiaoi (1) mpu o = 43°,
B =19°, noxyuum

sin(43° —19°) + sin (43° +19°) _
2

sin43° cos19° =

= %(sin 24° +sin62°). m

87. IlpeoOpasoBanue BhIpaskenusa acost +bsint
K Bugy Asin (1 + o). JIro6oe BuIipaxkeHue Buga a COSt +

+bsint MOXHO IpencTaBuTh B Buje Asin(f+ o). Hasa

2 2
STOr0 BHIHECEM 34 CKOOKM BhIpakeHume vVa“ +b“ wu mo-
JIYYUM

acost+bsint =

[ a b .
—vVa® +b? cost + sint |.

\/a2+b2 \/a2+b2

2 2
a b

+
° \/a2+b2 \/a2+b2

H =1. 9ro 3HAYHUT, UTO
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a

b
n
\/ a’ + b2 \/ a® + b2
Ha eIWHUYHOI OKPYsKHOCTH, IIOSTOMY CYIIIECTBYET Ta-
Koe o, 4YTO

TOYKa C KoOOpAMHaTaMu JIEIKUT

a . b
= sin o, ———— = cosa.

a’® + b2 a® + b2

0O003HaAUYMB \/az + b2 yepes A, umeeM

acost+bsint = A(sinacost + cosasint).

IIpuMeHUB K BRIPaAKEeHHUIO B CKOOKax dopmyay (3) us
n. 79, moayuum

acost+bsint = Asin(t + o).

Yucaa a, b, A, o0 cBA3aHbLI APYr C JPYTOM COOTHOIIIE-
HUSAMU

a=Asino, b = Acosa, A:\/a2+b2,

. a b
sinot = ———, cosa =

a® +b2 v a® + b2
Hampumep,

3sin 2t + 4 cos 2t = 5sin(2t + o),
. 4 3
rge sino=—, coso = —.
5 5
88. IIpeoOpas3oBaHue BBIpaKeHHUi, COmepKaAIIUX

o0paTHBIe TpUTOHOMeTpuueckue (QyHKmuu. 1 mpe-
oOpasoBaHUuA BBIPpAXKEHUI, comep:Kalux oOpaTHBIEe
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TPUTOHOMETPUUYeCKre (DYHKINU, UCIOIb3YIOT OIIpeaese-
HUA 9TuX QyHKIui (cM. omn. 126—128) u popmMyas! Tpu-
TOHOMETPUMH.

IIpumep 1. YupocTuTh BeIpaskeHue sin(arccos x),

rme -1<x<1.
U Ilonosxum y =arccosx. Torma cosy =x, rae

0 <y < . HyxHo HaiiTu siny. WUsBecTHO, UTO sin® Y=
= l—coszy, TIO3TOMY sinzy =1-x% Ho 0< y<m a

Ha orpeske [0, T] cuHyc mpuHEMMAaeT TOILKO HEOTPUILA-

TeJIbHBbIe 3HAaueHHA. TakuMm ob6pasoM, siny =vV1- x2,

T. e. sin(arccosx) = V1 - xZ. .

IIpumep 2. Bouucaure tg (0,5 arccos (- 0,6)).

U IIyers o = arccos (—0,6). Torma cosa = —0,6, roe
n/2 < o < n. Hysxso Beraucauts tg (o /2). Mmeem (cMm.
o. 83) cosz(oc/2) =0,5(1+cosa)=0,5(1-0,6) =0,2.

Hainee, Tak Kax 1+ tgz(oc/2) = ; (cm. m. 81),

cosz(oc/2)
TO 1+tg2(oc/2)=5, OTKYyIa tgz(oc/2)=4, T. €.
tg (o / 2)=2wnm tg(a/2) =-2.
Ilo ycioBuo, n/2<a<m, T.e. 1/4<0/2<m/2,
a B uHTepBase (n/4, ©/2) umeem tg(o/2) > 0. Urax,

tg(a/2)=2, 7. e. tg(0,5arccos(-0,6))=2. W



Paszden I11
OYHRKIIUU A TPAOURHA

§ 11. CpoiicTBa byHKIHMII

89. Onpenenenne dynxuuu. Jucnosoi gynryueil
¢ obacThio onpesiesieHnsa D HA3BIBAIOT COOTBETCTBUE, IIPU
KOTOPOM KaiKJOMYy YHCJy X U3 MHOXKecTBa D comocTas-
JISIeTCS TI0 HEKOTOPOMY IIPaBUJIY YKCJIO Y, 3aBUCHIIEE OT
x. IlepemMeHHYI0O X Ha3BIBAIOT He3A6UCUMOL nepemen-
HoOU (unu apzymenmom). Hucnao y, cOOTBETCTBYIOIIEE
YUCIy X, HA3bIBAIOT 3HAYeHUuem QyHKyuu f 6 moike x
u obosHauawT f (x) (uuTaroT: «3¢ oT uMKc»). Byksoii f
obosHauaercsa 3afaHHad GyHKINUA, T.e. GYHKIIMOHAIbLHASA
3aBUCUMOCTb MEK]JY IIePEMEHHBIMU X U Y, U UCIOJb3Y-
erca 3anuck Yy = f (x). ToBopar Takike, uro f (x) ecThb
3HaueHne PyHKIUMU f B TOUKe X.

Bce 3HaueHWA, KOTOpPhle NPUHUMAaET He3aBHCUMASA
ImepeMeHHasd, 00pasyioT o6iacmb onpedenenus QYHk-
yuu, ee obosravaoT D (f).

Bce snauenus, KoTopble IpuHUMaeT GyHKIuA f (x) (pu
X, IPUHAJIE}KAIIINX 00JIACTY ee OIIpelesIeHNsT), 00pas3yioT
MHOYNCeCme60 3Havenull pyHxkyuu, ero obosnayvaior E (f).

WwmeroTca u gpyrue IMOAXOALI K BBENEHUIO IOHATUSA
(yHKIVYM, HapuMep TAKOH: IlepeMeHHAasd y Ha3bIBAETCSA
dyHKYuell IepeMeHHOH X, ecJI 3a/1aHa TaKas 3aBUCUMOCTD
MEKy 9TUMU IIEPEMEHHBIMU, KOTOPAas MO3BOJIAET 1A KaXK-
JIOTO 3HAUYEHUS X OJAHO3HAYHO OIPENESIUTH 3HAUEHUE Y.

Paccmorpum ¢dyHKOUIO Y = xz, rone 1<x<3.

9Ta 3amuch 0O3HAYAET, UTO 3aJaHa ciaenyioiias GpyH-
KIUA: KaXKIOMY YMCIy X u3 oTpeska [1, 3] craBurca B
COOTBETCTBHE KBaJapaT dTOro umcjga. Hampuwmep,
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f=12=1, 72 =22=4, f2,3)=232=529 ur. 1
3amnuch f(4) B 9TOM ciyuae JHUIlleHa CMBICJIa, TaK Kak
yucao 4 He mpuHALIEeXKUT oTpe3Ky [1, 3]. OTpesox
[1, 8] — obsacTh ompemeneHus QYHKIINN.

90. Ananutnueckoe 3aganue pyHrmuu. YTobs! 3a-
IaTh PYHKIINIO, HYXXHO YKa3aTh CIIOCO0, ITO3BOJIAIOIIA
IS KaXKIOT0 3HAYEHUA apryMeHTa HAalTH COOTBETCTBY-
oilee 3HaueHne GpyHKuuu. Hawmbosee ymoTpeOUTENb-
HBIM SABJISIETCA CIOCO0 3amaHus (PYHKIUU C IIOMOIIILIO
dbopmyasr y=f(x), roe f(x) — HeKOTOpPOEe BHIpAYKEHUE C
nmepeMeHHOH x. B TakoM ciaydae roBOpsAT, YTO PYHKI[UA
s3agana GOpPMYyJION MM UTO PYHKIUS 3aJaHA AGHALU-
muuecku.

Ilycts, Hanpumep, y = x2 +5x - 1, roe x>0. O06-
JacTh onpenesieHUs 9To¥ GyHKnuum — ayu [0, + o).

Yro0nI HATH 3HAUYeHUe (PYHKIIUHU B J1000# TouKke X > 0,
IOCTATOYHO HAWTH YHCJIOBOE 3HAUEHMHEe BBIPAKeHUS

x2+5x-18B BBIOPAHHOI TOUKe.

s aHAIUTUYECKN 3aJaHHON (PYHKIIMM HHOTAA He
YKasbIBAIOT ABHO 00JIACTh OIlpeneseHuA (PyHKIuu. B
TAKOM CJIy4yae IOApasyMeBaloT, UTO 00JIACTh OIpejese-

Hus Gyurnuu y = f(x) coBmamaer ¢ 06JacThIO OIpe/e-
JieHus BeIpaskeHus f(x), T.e. C MHOKECTBOM TeX 3HaUe-

HU# X, IPU KOTOPBIX BEIpasKeHUe f(x) mMeeT CMBICJ.

II p u m e p. HaliTu oGsacTh ompegeneHus PyHK-

1
muu: a) Y = ; 6) y=vx—1.

x+2°
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O a) Bripaxkenue

oIrpegeJsieHo IIpu BCeX X,
x+2

KpoMe TOr'o 3HaUeHUs, KOTopoe o0palllaeT 3HaMeHaTe b
B HYJb, T.e. 3HaueHus x = —2. [TosTomy o6J1acTh ompeze-
JIeHUs (DYHKIIMKU COCTOUT U3 BCeX Uuces, Kpome x = —2.

6) Bripaskenue 4x —1 oIpefesieHO IPU TeX X, IIPU
KOTOpBIX x —1> 0, T.e. mpu x > 1. 3HauUT, 06JIACTH OTI-

penenenusa QpyHxmuu — ayu [1, + ). B

Wuorma QyHKIINA 3aJaeTcsd Ha Pa3JIUYHBIX IIPOMe-
JKYTKaX PasJnuYHbIMU (OpMyJIaMU, HAIIPUMeED:

2x+3,ecmm —1<x<0,
f(x) =

x+2, eecmu 0 <x<1.

9ra QyHKIUS omperneseHa Ha orpeske [—1, 1]. duaa
BBIUMCJIEHUS 3HAYEHUN (PYHKIUM HYIKHO JIUIIbL TOYHO
OIIpeeINTh, KaKOl (DOPMYJIOH CJIeAyeT BOCIIOJIb30BATh-
cA IS 3aJaHHOI'O0 KOHKPETHOI'O0 3HAUYEHWUS apryMeHTA.
Tak, ecau HYy:KHO Beiuucauth f(0,5), To Bocmoab3yemes
paBeHcTBOM f(x)=x+2 u moayuum f(0,5)=2,5. Eciu xe
HY:KHO BbIumcauth f(—0,5), To BocmojbayemMcsa paBeH-
crBoM f(x)=2x+3 u moamyuum f(—0,5)=2.

91. Ta6auuHoe 3amanue (PpyHruuu. Ha mpakTuxe
YaCTO MCIIOJb3YeTCA MabaAuwHbLl cocob 3amanus PyH-
kruu. Ilpu sToM crmocobe IpuBOAUTCA TA0IUIA, YKA3hI-
BamoIlad 3HAUYEHUSA (QYHKIUM AJIA UMEIOIUXCA B Tab-
JIWIle 3HAUEHU aprymenTa. IIpuMepamMu TaGIudYHOTO 3a-
JaHus QYHKIUYU ABIAIOTCA TabINIbI KBaAPaTOB, Ky0OB,
KBAJPATHLIX KOPHEH U T..I.

92. I'pachuueckoe 3amanue pyHxuun. BosbMem mps-
MOYTOJIbHYIO AeKapTOBY cuUCTeMy KoopamHaT xOy
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(cMm.1m.22); oTMETUB HAa KOODPAMHATHOM IIJIOCKOCTH BCe
TOUKHU C a0CIICCOH X = @, IMOJYUNM IPAMYIO, IapajLiesb-
myio ocu Oy (puc. 12); ToBOPAT, UTO X = @ — ypaBHEHUE
9TOM NpPsAMOIi, B uacTHOoCcTH, X = 0 — ypaBHeHHe camMoii
ocu Oy. AHAJIOTMYHO, OTMETUB Ha KOOPAWHATHOH IJIOC-
KOCTHU BCE TOYKU C OPJUHATOH J = b, MOJIyUUM IPAMYIO,
napajuienbHyio ocu Ox (puc. 12); roBopdar, ytoy = b —
ypaBHEHUE dTOH IPAMOI, B YaCTHOCTH, iy = 0 — ypaBHe-
Hue camoii ocu Ox.

ITogmuOkKecTBO F TOUEK KOOPAMHATHOU ILJIOCKOCTH
ABJIAETCA 2pAdUKOM HEKOTOPOH (QYHKIVM, eCJIU OHO
umMeeT He 0ojiee OJHON 0OIIell TOUKM C JIF00O# IpsaMOii,
napasiensHoM ocu Oy. Tak, Ha puc.13, a nzobpasxkeHo
IIOMHOKECTBO, ABJAIOIIEeCs rpad KoM HEKOTOPOI (pyH-
KIIuu, a Ha puc. 13, 6 — IIOAMHOKEeCTBO, He ABJISIOIIeecs
rpaduKOM HUKAKON (PDYHKIIWU.

Ecau mamo mogMHOMKecTBO F, sBasAmIieecsa rpadpu-
KOM HEKOTOPOH (PYHKIIMU, TO FTOBOPSAT, UYTO PYHKIIUA
3amana zpaguuecku. O0sracThio OIpeseeHNA TaAKOU
byuKIIUY ABAsSeTcA HIpoeKiusa D MHoMKecTBa F Ha oCh

Ox. Eciu B3ATb TOUKY X € D, TO, 4TOOBI HAfITH COOT-

YA x=a Y y
y=>b
19) x Ol a b'x Ol a b'x
a) 0)
Puc. 12 Puc. 13
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BETCTBYIOIllee BBIOPAHHOMY 3HAUEHUIO X 3HAUEHUE
byHKIINM, HYKHO Uepe3 TOUKY X IPOBECTU IPSIMYIO,
napajienabHyio ocu Oy, 1o mepeceueHUus ¢ rpadmuKOM
F B Touke M. Opaunara Touku M U eCcTh 3HauUeHUe
GyHKIIIM B TOUKE X.

93. I'pacduk pyHKIMHN, 3aJaHHOH AHAJIUTUYECKH.
Ilycty (pyHKIMS 3amaHa aHaIUTHYECKH (GOPMYJI0it
y = f(x). Torma ee zpagurom HasbpIBaeTCI MHOKe-
CTBO BCeX TOYeK (X; ) KOOPAUHATHOM MJIOCKOCTH, T1e
y =f(x), a x «<upobGeraeT» BCIO 00JaCTh OIpeeIeHN
dyurmuu f. Hanpumep, rpadurom QyHKIUU y = X
SIBJISIETCSI MHOXKECTBO TOUEK BHza (X; X), T.e. TOUEK, MMe-
IOIIUX ONVUHAKOBBIE KOOPAUHATHEI. OTO MHOXKECTBO TO-

yeK ecTh OmccexkTpuca I m III KoopAMHATHBIX YIJIOB
(puc. 14).
2

Iloctpoum Tenepp rpadpur QyHKROIUN y = X°.

YA

QY

R /

|
ot
|
L4
Q
=
o

Puc. 14 Puc. 15
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CocTaBuM TAOGIUIy HEKOTOPBLIX 3HAUCHUIN (PDYHKITHAN:

x | -2]-11[-0,5] 0 0,5 |1 2

y 4 1 /025 0 |0,25] 1 | 4

Ormerum Touku (0; 0); (0,5; 0,25); (-0,5; 0,25); (1; 1);
(-1; 1); (2; 4); (—2; 4) Ha KOOPOUHATHOMN IIJIOCKOCTHU U
COeIMHUB UX IIJIaBHOM JIMHUEH, IOJIyYnM rpaduk (a Tou-
Hee, 9CKU3 rpadpukra) GyHKIUU Yy = x2 (puc. 15). 9ra
JINHUA HasbIBaeTcd napabonoi. Boobie, napa6osoi aB-

adgercda rpadukr 000l QyHKOIUM BUAa Y = ax?, rne
a#0 (cm. m. 131).

94. YerHsie u HeueTHble (PYHKIuH. PyHKIUA

y = f(x) HaspIBaeTCa YemHOl, ecay AJd JIOO0r0 X U3
o0sacTu oIpeAeJeHuss (PYHKIIUM BBIMOJHAETCS PaBEH-

crBo [(=x) = f(x).

Dyurnua y = f(x) Ha3bIBaETCA HewemHoll, eCIu Il
JI000T0 X 13 00JIaCTHU OIpeNeJeHNaA PYHKIIUYU BhIIOJIHI-
ercsa paBeHCTBO [(—x) = —f(x).

Hanpumep, y=x2, y=x* y=x% — uernse, a

y= x3, y= x5, y= X" HeueTHbIe QPYHKIIUU.

Ecnu dyuxuua y = f(x) Takosa, 4TO XOTs OBI IJIs
ONHOM Imapbl 3HAYEHHH X M —X OKAa3ajJocCh, UTO

f(-x) # f(x), u xoTa OBI AJIA OMHOI mapHI 3HAYEHUN X U

—X 0Kasajoch, uTo f(—x) # —f(x), TO PyHKIUA He ABJI-
eTcd HI YeTHOM, H HeUeTHOM.
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O6iacTh onpenenennsa X Kak YETHOM, TaKk M HeUyeT-
HOM (PYHKIIMM OOJIKHA 00JIaJaTh CJEAVIOIIMM CBOM-

ctBoM: ecimt x € X, Tou —x € X, T.e. X — cuMMer-
puunoe (oTHOocuTe bHO O) MHOKECTBO.
Il pu M e p. HccaemoBaTh HA YeTHOCTh (QDYHKIIUN:

x—4
; ) y=x'3 B)y= .
Y x2-9
Q a) Umeem f(x) = x20 f(-x) = (—x)20 = 2. 3Bma-
autT, f(-x) = f(x) Ana Bcex x. DYHKIUA YeTHAS.
6) Umeem f(x)=x'3, f(-x) = (x)13 = —x13. Bma-
autT, f(-x) = —f(x) AnA Bcex x. DYHKIUA HeueTHAS.

20

a)y=x

B) Uwmeem f(x)= 362_4 , f(—x):L;I:
x -9 (-x)® -9
=_ xz+4 . Tax rak f(-x) # f(x) u f(-x) = —f(-x), TO
x° -9

(bYHKIIUA He ABJseTCA HU YeTHOM, Hu1 HeueTHO. B

95. I'paduku yeTHOl U HeueTHOU (pyHKumil. I'pa-
(UKHN YeTHON M HeueTHON (PYHKIUI 00JaJai0T CJIeLYIO-
IUMUA OCOOEHHOCTSIMMU:

Ecau ¢pynryus seasemcs yemuoil, mo ee zpauk
cummempuyeH OMHOCUMENbHO OCU OpOuHam.

Ecau pynruyusa seasemcs HeuemHuoil, mo ee zpauk
cummempuyeH OMHOCUMENbHO HAYALAd KOOpOUHAMm.

II p u m e p. IlocTpoutrh rpapur GyHKIUHU:

a) y:|x; 0) y=x|x|

O a) 3gecs f(—x) = |— x| = |x| = f(x). 3mauur, PyHK-
U YeTHA, a IOTOMY ee rpa)MK CUMMETPHUUYEH OTHOCH-
TEeJILHO OCH OPAUHAT.
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Eciu x>0, ToO |x|:x, T.e. mpu x >0 umeeMm

y = x. 'padpukom pyHrmuu ¥y =x nopu x >0 ciayxur
6uccekTpuca I Koopauuaruoro yriaa. OTo6pasuB ee CUM-
MEeTPUYHO OTHOCUTENLHO ocu Oy, moayuyuM rpaduk GhyH-

KIUu Yy = |x| (puc. 16).

6) Umeem f(—x)=(—x) |— x| =-x |x| =-f(x). 3Ha-
uynT, QYHKINUA HEeUeTHa, a IOTOMY ee rpapuK CHMMeT-
pUUYEeH OTHOCHUTE/JIbHO Hauaja KOOPAUHAT.

Ecau x >0, To |x| =x, a f(x):x~|x|:x~x:x2.

2
Takum obpasom, mpu x > 0 monyuaem y = x°. I'padu-
KOM sIBJIeTCA BeTBb mapaboJinl. IIpeoGpasoBas ee cuM-
METPUYHO OTHOCHUTEJIbHO Hauvajia KOOPAMHAT, IIOJYUYUM

rpadpuk QyHKIUNA Y = x|x| (puc. 17).1

YA YA
y=Ix] y=x]x
o % 5 %

Puc. 16 Puc. 17
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96. Ilepuongnueckue GpyHrmuu. Pyuxnusa y = f(x)
Ha3bIBAETCSA Nepuoduieckoli, eciau CyIIecTByeT TaKoe
OTJIMYHOE OT HyJs yuciio T, uro misa awboro x us objac-
TH OIpeJesieHUs (PYHKIMKM CIpPaBeAJUBBEI DaBEHCTBA

flx+T)=f(x)=f(x-T).

Yucno T HaswiBaeTcs nepuodom pyurnunu y = f(x).

W3 ompenenenus ciaenyer, YTO y IEePUOAUUYECKOM
GyHKIIIY 6eCKOHEUHO MHOTO ImepuojoB. Eciau, Hampu-
mep, T — mepuon GyHKIUMU, TO U uncjgo Buga kT, rage
k — ur000e IieI0e UMCJI0, TaKiKe SABJIAETCS IIePHUOIOM
QPYHKIINU.

Yarre Bcero (HO He Bcerga) cpeau MHOMKECTBA IIOJIO-
JKUTEJbHBIX IIEPUOA0B (PYHKIIUN MOMKHO HAUTH HANMEHb-
muii. Ero Ha3EIBAIOT OCHOG6HBLM Mepuodom.

OOBLIYHO pacCMATPUBAIOT TOJILKO OCHOBHOM IIepUOJ, 1,
KaK IPaBUJIO, TOBOPAT IIPOCTO «IIEPUOI» .

IIpumepsl mepuogmueckux GyHKIUIN (¢ yKasaHueM
OCHOBHOT'O IIepHOIa):

y ={x} — mepuoxz T =1 (cm. m. 113);
y=sinx — mepuox T =2n (cm. m. 122);
y=tgx — mepuox T =n (cm. m. 124);

T.3.1. Ecau ¢pyrryus f nepuoduueckas u umeem nepu-
00 T, mo ¢pyuryus Af(kx +0b), 20e A, k ub — nocmo-

AHHble, a k # 0, makxixce nepuoduueckas, npuiem ee

nepuod pagen T /|k|

Hanpumep, nmepuosoM (GpYHKIUUA 2sin[3x—%)
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b

2n
ABIdeTCI YHCIO0 ——  a mepuosoM QYHKIUU
3

x

tg ALY YmeJao 3.
3 4

97. Bospacrawmue u yObIBalomue (PyHKI[UH.

dyrknua f(x) HasplBaeTCcA 603pacmarowell Ha

npomexcymre X, ecnm Oad JIOOBIX X1 U X9 u3 X

TaKHUX, YTO X; < X9, BBINOJHSAETCSI HepaBEeHCTBO
f(x1) < f(x9) (ropoue: x; < x9 = f(x1) < f(x3) ). Py=H-
knus f(x) HasblBaercA y6uiéaroueli Ha npPomexncym-
ke X, ecnm nya JnOOBIX X; M X9 m3 X TaKHX, 4YTO
X; < X9, BBIIIOJIHAETCA HepaBeHCTBO f(x1) > f(x9) (Kopoue:

xX; < X9 = f(x1) > f(x9) ). NHBIMU clOBaMu, QYHKUUA
eo3pacmaem (yobvieaem ) Ha npomexymre X, ecau, Ka-
Kue O0b. 08a 3HAUEHUS apzymeHma, npuradnedxcauiue
2MOMY NpoMeIYmKY, HU 831Mb, 00LblUleMYy 3HALEHUIO
apzymenma coomeemcmayem 6onvliee (MeHbULee) 3HA-
Yenue QYHKuyuu.

IIpu pBUMKEeHUM BROJB OCH abCI[UCC CJIeBa HAIPAaBO
opauHaTta rpadmuKa Bo3pacTraiolleil QyHKIUN yBeJIUUn-
Baercsa (puc. 18, a), a opauHaTa rpadura yonIBaroIei
dyHKIIUT yMeHbItaeTca (puc. 18, 6).

Bospacraroiue u yopiBatomue QyHKIIUN 00beIUHA-
I0TCSI TEPMUHOM MOHOMOHHbBLE QPYHKUYUU.

II pu me p. HcecnemoraTh Ha MOHOTOHHOCTD (hYHK-

nuio Yy =2x% + 3.
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YA YA
Y, Y
Yy Y
Y, :
rY y3
> Xa
7 x| x; xs X4 X X1 X0 % g
Y
a) 0)
Puc. 18

U ITyers x; < x9. Torma, corsacHO cBOIiCTBAM YHC-
JIOBBIX HepaBeHCTB (cM. . 26) umeeM

3 3 3 3 3 3
x] < xy, 2x1<2x2,2x1+3<2x2 + 3,

T. e. f(x]) < f(x,).

Hrar, x; < x9 = f(x1) < f(x9), a 2TO 3HAYUT, UTO
bysKIUEA Y = 2x% +3 BO3pacTaeT Ha BCEH UYMCJIOBOM
npsamoii.®

§ 12. Buasl (pyHKIuUI

98. Ilocroannaa ¢pyuxuua. ITocmoannol HasbLIBa-
erca pyHKIUA, 3agaHHad GopmyJoi y = b, roe b — He-
KOTOpOE YHCJIO.

I'padukom mocrossHHOM (QYyHKIUM Yy =b dABJIgETCA
nmpsaMas, ImapaJjieabHas ocu a0bCIIUCC U IPOXOAAIasa ue-

pes Touky (0; b) Ha ocu opauuar (cMm. puc. 12).
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99. IIpamasa NPONMOPHHUOHAIBHOCTHL. ['0BOPAT, UTO
[epeMeHHbIe X U J CBSI3AHBI NPAMOU NPONOPYUUOHALL-
HOU 3a6UcuMOCcmbio, €CIU UX OTHOIIEHNE IOCTOSHHO:

y/x=~k, T.6. y=kx. IIpamoi nponopyuonanvroc-
mbto HasbIBaeTca PyHKIUA, 3aJaHHad PopmyIoit y = kX,

roe k # 0. Hucno k HaspIBaeTcs K03 duyuenmom npo-
nopyuoHaibHOCMU.

Ilepeuncaum cBoiicTBa PyHKIUU Y = kX :

1°, Ob0snacTe ompeneeHna — MHOXKecTBO R.

20, dynrnusa HeueTHass, TaK Kak [(—x) = k(-x) =
= —kx = —f(x).

3% Ilpu k>0 QyHKIUA Bo3pacTaeT, a upu k<0
yOBbIBaeT Ha BCEH YMCJIOBOM IIPIMOI.

T.3.2. I'pagurom npsamoii nponopuuoHaibHocmu Y = kx
ABNSCMCS NPAMASL, NPOXOOAULAS Yepe3 HAUAL0 KOOPOUHAM.

Ha puc. 19 nszobpakensl rpaduru GQyHKIUU y = kx
nmpu k> 0u k <0.
II pu M e p. Iloctpouts rpadpukr GyHKIUN Yy = 2x.

U 151 moCTpOeHMs NCKOMOI IIPSIMOM OCTATOUYHO HAii-
T OOHY ee TOUKY, OTJMYHYIO OT Hauajla KOOPAWHAT, U
IIPOBECTHU IPAMYIO Uepe3 Hauajao KOOPAWHAT U HalgeH-
HYI0 TOUKY. B KauecTBe TaKoOil TOUKM BBLIOEPEM TOUKY

(1; 2) (ecmiu x =1, To y =2-1=2) I'padpur GyHKIUU

y = 2x usobpakeH Ha puc. 20.H

100. JIuneiinas dyarnusa. Junelnol ¢pynryuell Ha-
3pIBaeTca GpyHKIUA, 3afanHad GopMyIol y = kx + b, Tae
k 1 b — pelicTBUTeNbHBIE uncaa. Ecam, B 4acTHOCTH,
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RY

Puc. 19 Puc.20

k = 0, To mosyuyaeM MOCTOAHHYIO QyHKIUIO y = b; ecau
b =0, To moayuyaeM IPAMYIO MPOIOPIIMOHAJIBLHOCTD
y = kx.

Ilepeuncnum cBoiicTBa JUHEWHON GYyHKIMU y = kx +
+b pu B #0,b#0:

1°. OGmacTs ompejeleHnss — MHOKECTBO R.

20, @yHKIUA HY YeTHAsA, HU HeyeTHasd.

3% Ilpu k>0 dyuKIus Bo3pacTaer, a upu k< 0
yOBbIBaeT Ha BCEH YMCJIOBOM IIPIMOI.
T.3.3. I'pagurom auneitnoit pyurkyuu y = kx +b saeas-

emcs NpAMas.

Ha pwuc. 21 wusobpaxen rpapur QGYHKIUN

y = kx + b. Iro npamasi, napajieabHasd IPIMOM, CIyKa-

mell rpadukoM (QPYyHKINU Yy = kX, U IPOXOLAIIad de-
pes Toury (0; b) HA ocu opAUHAT.
Yucsno k HaA3BIBAETCA Y2a08blM KOIPPUUUEHmOMm

npamoil, OHO PABHO TAHTEHCY yIJIa O MEXIY IPAMON 1
MIOJIOXKUTENBHBIM Jy4oM ocu Ox, T.e. k =tgo.
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II p u m e p. IlocTpoutrs rpad@uk QyHKIIUU
y =—-0,5x + 4.

U I'padpuxom IuHEAHON (QYHKIUUA ABJIAETCA IIPIA-
Masd, a IJIs ee IIOCTPOEHUS JOCTATOUHO 3HATH ABEe TOUKU
9TOI IPAMOIA.

IIpu x = 0 umeem y = 4, a ipu x = 4 moxyyum y = 2.
OTMeTHB Ha KOOpAMHATHOI miaockoctu Touku (0; 4) u
(4; 2), npoBegeM uepes HUX IpaAMYyo (puc. 22).H

YA yA4
y=—0,5x+4

i 4

QS
'
sY

Puc.21 Puc.22

101. BzaumHoe pacmojio:xeHue rpadukoB JMHe-
HbIX (yHkuuii. I[IycTh mambl ABe JuHeHBbIe (QYHKIINU

Y =Fkx+b uy=kyx +bg. IX rpadpmKamMu CIyKaT MpaA-
mbie (cMm. m. 100). 9ty mpsaMble nepecexkawmcs, eciu
ki # ky (puc. 23, a). llpaMble napannenrvhbl, ecau

ky = ky. Ilocnemuuii cayuaii, B CBOIO ouepelb, MOYKHO
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pasbuThs Ha ABa: eciu ky =ky u by = by, TO mpsAMEBIe

cosnadawm; ecau kB =ky u by # by, TO mpsamMble na-
panneavHuvl U He cosnadaom (puc. 23, 0).

Puc.23

102. O6paTHAd MPOMOPIIMOHAIBHOCTb. ['OBOPSAT, UTO
IlepeMeHHBIE X ¥ Y CBA3aHBI 06pamuoi nponopyuo-
HANBbHOU 3A6UCUMOCMbIO, €CIU WX TPOU3BEJEHUE II0-
CTOAHHO: XY = k, T.e. y = k/x. O6pamnoil nponopyuo-
HANBbHOCMbI0 HA3BIBAIOT QYHKIIUIO, 3aaHHYI0 (hopMy-

Jgoit y = k/x, rne k # 0. Hucio k Ha3BIBAIOT KOIPPuUyU-
enmom o6pamnoli nPonopPYUOHALLHOCTIU.

Ilepeuncaum cBoiicTBa pyHKIUU Yy = R/X:

1°. OGmacTs ompeeneHnss — MHOKeCTBO R 0e3 Tou-
Kku x = 0.

20, dyHKIUa HeYeTHAsd, IOCKOJIBKY [ (— x) = k/(-x) =

=~ k/x=—[(2).
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3°. Ecam k > 0, To pyHKIUA yObIBaET Ha (— oo, (0) U Ha
(0,+ ). Ecau k < 0, To pyHKIINA Bo3pacTaeT HA (— oo, 0)

u Ha (0,+ ).

4°, Ocu KoOpAuWHAT, T. e. npamble X = 0 u y = 0, ABA-
IOTCA BePTUKAJIBHON ¥ TOPHU3OHTAJIBHON aCHMIITOTAMU
rpaduka pyaxmuu (cMm. nm. 215 u 218).

9To o3HAaUaeT, UTO BeTBU rpaduKa HeorpaHUUYEHHO
(aCUMIITOTHYECKHN) IPUOIMKAIOTCA K OCAM KOOPAMHAT.

IToctpoum rpadpur Qyurnum y = 1/x. Haa atoro
cHauaJjia IIOCTPOUM BeTBb rpadumKa Ha IPOMEKYTKe

(0, + ), cocraBuB Tabiuly 3HaAUYEHUN GYHKIUU:
x=1/4, y=4 x=1/2, y=2; x=1, y=1 x = 2,
y=1/2; x=4, y=1/4. Hanecem nosryueHHbIE TOUKU
Ha KOODAWHATHYIO IIJIOCKOCTH U COEJUHUM HX ILIaBHOH
KpuBoii. ITO BeTBb rpaduka pyurnuu y =1/x Ha mpo-
mexyTre (0, + ).

Bocnons3yeMca HeueTHOCTBIO GyHKIUU y =1/x u

K IIOCTPOEHHO# BeTBU J00ABUM BETBb, CUMMETPUUHYIO
el OTHOCUTEJILHO Havuayia KoopauHat. [loayuum rpaduk

dbysrnuum y=1/x (puc. 24).

Ananoruunplii Bujg mMeeT rpadpuk QpyHKIUU
y =k /x upu mobom mosoxxkutenbHoM k. Ha puc. 25
nzobpakeH rpapux GQyHKIUU y =2/ x.

Ecau k <0, To BeTBU rpadumka o0paTHOI IPOIOP-
IMHUOHAJBbHOCTU pacmoJo:keHbl He B I u III Koopauuar-
HBIX YeTBEPTAX, KaK B cayuae, korga k> 0, aBo Il u IV
yeTBepTAX. Ha puc. 26 mzobpakeHbl rpapuKu QpyHK-

muit Yy =-1/x, y=-2/x.
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—

Puc.24 Puc.25

I'papur obpaTHOI NIPOIOPIMOHANBHOCTU Yy =Fk/x
Ha3BIBAIOT 2unepbonoii.

103. ®dynkuua y = x2. Tlepeuncaum cBoiicTBa QyH-

KU y=x2 :

1°. OGJsiacTh OIpeseeHnss — BCS YKUCJIOBAsS IPAMas.
20, dyurnua yernad: f(—x) = (—Jc)2 =x2 = f(x).
3% Ha mpomexyrre [0, + ) QyHKIHSI BO3pacraer.

4°, Ha npomesxxyTre (—oo, 0] ¢pyHKIUNS yOBIBAET.

I'padpurom pyHKIIUYM Y = x? sBnserca mapaboJia (cM.

m. 93). 9tor rpaduK n3o0pakeH Ha puc. 15.

104. ®dyukuug y = x3. Ilepeuncaum cBoiicTBa GyH-

KIUU Y = x3:
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Y A Y A

X

|
Ko
=
Il

ﬁ x [9) 1 Py
y=-x
Puc.26 Puc.27

1°. OGyacTh ompeeIeHnss — BCS YKUCJIOBAS IPAMAasd.

2°, dynkmma veverHasn: f(—x) = (—x)° = —x3 = —f(x).
3°. dyuKIuA Bo3pacTaeT Ha BCEH UYMCJIOBOMN IIPS-
MOH.

I'padpux GyurmumM y = x3 nsobpasken Ha puc.27. Ou
HasbIBaeTCA Kybuueckoi napa6onoi.

105. Crenennas ¢yHKIuS ¢ HATYPaJbHBIM IIOKa-

3areraem. ®yuKIuA Yy = X", Ie n — HATYpPAIbHOE YKC-
JIO, HA3BIBAETCA CMeEneHHOoU QYHKYuel ¢ Hamypans-
Hboim nokaszamenem. Ilpu n = 1 moaydaem PyHKI[UIO
Yy = X, ee CBOICTBa pacCMOTpeHs! B 1. 99, a rpaduk (Ips-
Masi) msobpaken Ha puc. 14. Ilpu n = 2 moaydaem

byHKRIIUIO Y = xz, ee cBoiicTBa paccMoTpeHbI B 1. 103,
a rpaduk (mapabosia) usobpasker Ha puc. 15. IIpu n =

= 3 moayuaeM (QPYHKIIUIO y:x3, ee cBoOlicTBa pac-
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cmoTrpensl B . 104, a rpadpuk (Kybudueckas mapaboJia)
usobpasken Ha puc. 27.

Ilycts n — MOPOM3BOJBHOE YETHOE HATypaJbHOE
yuco, 6oJabiiee 1Byx: n =4, 6, 8, ... . B aTom cayuae

byaknua y = x o6iagaer TeMu Ke CBOMNCTBAMHU, UTO

u GyHKOUA Y = x2. I'padpur Taxkoii PyHKIMH HAIO-

2

MuHaeT napaboay y = x“, TOJIbKO BeTBU rpaduka npu

|x| >1 TeM Kpyue MIYT BBepX, ueM OOJbIIE 7, a IIPU

|.X'| <1 Tem «TecHee IPpUXXHUMAIOTCA» K OCH Ox, yeM

6oubire n (puc. 28).
IIycts n — IpPOM3BOJILHOE HEYETHOE UMCJO, 00JIb-
mmiee Tpex, T.e. n=5,7, 9, ... . BoroMm cayuae GpyHKIIAI

y = x" obmajaer TeMu e CBOWCTBAMH, UTO U (DYHK-

Y A YA

6

y=x
4 3
y=x y=x

1
y=x* O 1 x
-10l 1 x
Puc. 28 Puc. 29
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ousa y = x3. I'paduk Taxkoit GyHKIUN HATIOMUHAET KY-

Ouueckyro mapaboJsy (TOJbKO BeTBU rpaduKa TeM KpPy-
ue UAYT BBEPX U BHU3, ueM Oojblie n; puc. 29). Orme-

TUM TaK’Ke, uTo Ha mpome:xkyTKe (0, 1) rpadur GyHK-

n
oy Yy =X TeM MeOJjieHHee OoTaJideTCda OT OCHu Ox c
pocTOM X, UeM 6oJIbIlIE 7.

106. CrenneHHast (PyHKIUA ¢ IeJIBIM OTPUIATEIBLHBIM

-n
nmokasaTteaeM. PaccmoTpuM (GyHKIHWIO Y =X , TOe

n — HarypajbHoe umucyo. [Ipu n = 1 nonyuaem y = x!

unu y =1/x. CBoiicTBa 9T0# PYHKIIMHU PACCMOTPEHEI
B 1. 102, a ee rpaduk (rumepbosa) nsobpakeH Ha puc.

24.

Ilycts n — HeuyeTHOE UYHCJO, 0OJIbIllee eNUHUIIBI:
n=3,5,17,.... Barom ciydae pyHKIMa Yy = X 0obIamaer
B OCHOBHOM TeMH K€ CBOCTBAMHU, YTO W (PYHKIIUA
y =1/ x. T'padpuk dyskuuu y = x " (n=3, 5, 7, ...) Ha1IO-
MuHaeT rpaduk dysknun y =1/x (puc. 30, a).

IIycts n — uweTHOe umciyio, Hampumep n = 2. Ilepe-
2

YHCJIUM HEKOTOpble CBOIiCTBA PyHKIUU y = X

1°. dyaknua onpegeneHa npu scex x = 0.
2°, dyHKnuA yeTHAd.

3. dyuknua yopiBaer Ha (0, + ©) 1 Bo3pacraeT Ha

(-, 0).

Temu e cBoiicTBaMHU 00JIagaloT JIIOObIe (DYHKIIUMK

BUJA Yy = X " IIPU YETHOM 71, GOJbIIEM ABYX.
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YA YA
y=x" y=x"
(n — HedeTHOE) (n — geTHOE)
1
ol 1 X -1 |01 x
a) 6)
Puc. 30

I'paduk GyHKIUU y = X ' IpU 4eTHOM n u300pa-
JKeH Ha puc. 30, 6.

107. ®ynknua y = \/; ITepeuncaum cBoiicTBa PyH-

Kiouu Y = \/; :
1°. O6aacts ompenenenus — ayd [0,+ o). ITo cie-

IyeT W3 TOTO, UYTO BHIPAKEHUE +X OIpPeHesieHO JIUIIb
opu x > 0.

20, @yHKIUA HU YeTHadA, HU HedeTHAasd.

3°. ®yuknua Bo3pacTaer Ha jayde [0,+ o).

s mocTpoeHus rpauKa COCTaBUM TAOJHUITy 3HAa-
venuit pyukmun: x=0,y=0;x=1,y=1;x=2,y=1,4;
x=4,y=2;x=9,y=3.
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UA YA
y=Vx y=\x
2 2
1 1
(0] 1 4 ; 01 8 ?c
a) 6)
Puc. 31

HaneceMm moJsiyueHHBIE TOYKH Ha KOOPAMHATHYIO
IJIOCKOCTh M COEIMHUM MX IJIABHOW KpuBoii. Ilomyumm

rpaduk GYHKIUU Y = \/; (puc. 31, a).

108. ®dyaxua y = 3\/; . Ilepeunciaum cBoiicTBa QyH-

KIUU Y = 3\/; :

1°. OGyacTh ompeeeHnss — BCS YKUCJIOBAS IPAMAasd.

20, dyHKIIMA HeyeTHAs, TaK KaK ?{/—_ =— 3\/;

3°. dyHKIIMA BO3pacTaeT Ha BCell YMCIOBOM IPAMOM.

s mocrpoenus BerBu rpadguxa npu x = 0 cocra-
BUM Tabsuny 3HaveHui QyHrnuu: x =0, y=0; x =1,
y=1L;x=4,y=1,6; x =8,y = 2.

HaneceMm moJsiyueHHBIE TOYKH Ha KOOPAMHATHYIO
IJIOCKOCTbL M COEAMHUM MX IIJIaBHOM KPHUBOM; 3aTeM K

IIOCTpOGHHOfI BeTBU IL[063.BI/IM Be€TBb, CHUMMETPUYHYIO e
OTHOCHTEJIbHO HadvaJia KOOpAHuHAT. HO.TIyT{I/IM rpapuk

byHKIUT Y = % (puc. 31, 6).
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109. dyukuua y = n\/;. IIpu yeTHOM n QYHKIUA
y= % obJyiafiaeT TeMHU Ke CBOMCTBAMM, UTO U (DYHK-
mua Yy = \/; (cm. m. 107), ee rpaduK HAIIOMUHAET r'pa-
buK QpyHKIUN Y = \/; (puc. 32, a). IIpu HeueTHOM N
byuruga y = '% obJiafiaeT TeMHu Ke CBOMCTBAMHU, UTO
u QyHKOUA y = % (cm. m. 108), a ee rpaduK HAIOMU-

HaeT rpadur GyHKIUUN Y = % (puc. 32, 6).
YA Yy

Y=z y=\x

-

y:%(n - Ils'rﬁoe)l W y="\/;(n — HeUeTHoe)
ol 1 x _40 1 ”
a) 0)

Puc. 32

110. CrenenHas (PyHKIUA C MOJOKUTEIBHBIM JPO0-

r
HBIM MMOKasartejeM. PaccMoTpuM GQYHKIIUIO Y = X', THOe
r — IOJIOMKUTEJNbHAsd HecOKpaTuMas Apo0b. Ilepeunc-
JIUM HEKOTOpbI€ CBOIICTBA ATON (PYHKITMU:

1°. O6macTts oupenmenenusa — jayd [0, + o).
20, dyHKIUA HU YeTHAS, HU HeueTHas.

30. dyuknua Bospacraer Ha [0, + ).
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A 5 A 2
1 1
_1
y=x 2
19) 1 1 o) 1 x
Puc. 33 Puc. 34

Ha puc. 33 uzobpaxkeH rpadpuk GyHKIUU Y = x%/2,

OH zakJOUeH MeXIy rpapuxaMu QyHKIUN Y = x? u

Y= x3, 3amaHHBIX Ha mpoMexyTike [0, + ). ITomoOHbII

BUJ UMeeT rpaduk JI060i QYHKIWMN BUAa Yy = X', Te
r>1.

Ha puc. 34 usobpasxeH rpapur QyHRINM Y = x2/3,
ITomoOHBIH Bug nMeeT rpaduK J000M CTEIIeHHOH (PYHK-

nuu yzxr, roe O0<r<1.

111. CreneHHas (pyHKIUA C OTPHUIIATEIbHBIM IPO0-

HBIM TIOKa3aTejeM. PaccMoTpuMm GyHKIHUI0O Y =X ',

rme r — IOJIOXKUTeJbHAsA HecoKpaTuMmas Apodb. Ilepe-
YUCJIUM CBOMCTBA 3TON (PYHKI[UN:

1°. O6aacTb ompeneneHusa — npomekyTorx (0, + o0).
2°, dyHKIUA HU YeTHAsA, HA HeYeTHasd.

3°. dyuxnua yoeisaer Ha (0, + ).
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Ha pwuc. 34 wusobpaxen rpapur QYyHKIUU

-1/2

y=x ITogo6ubrii Bug umeer rpaduk J1000i QyH-

Kiuy y = X', rhe r — oTpunareIbHas IPoGb.

112. dyukuua y = [x] Iloctpoum rpadur QyHK-
muu Y =[x](cm. m. 83). Ecoiu 0<x <1, To y =[x]=0;
ecaiu 1<x<2,roy=[x]=1 ecam-1<x<0, TO

y=[x]=-1 u r.n. I'padpux pyurmuu y =[x] usobpa-
JKeH Ha puc. 35.

113. ®ynxkuua y = {x}. Iloctpoum rpapuxr QpyHK-
muu y = {x} (cm. m. 33). 3amerum, UTO AJIA JHOGOTO X
BBIIIOJIHAETCSA IBOHHOe paBeHCTBO {x — 1} = {x} = {x + 1}.

DTo 3HAUUT, UTO Y = {X¥} — mepuogumdeckas PYHKINUA C
nepuogom T = 1.

Ecau 0<x«<«1, o [x]=0, a wmoromy
{x} = x —[x] = x. IlocTrpous rpadpur QyHKIUE Yy = {X}

Ha nnpoMmexyTke [0, 1) u mepeHecd ero napaJijieJIbHO Ha
paccTosuus n (n — HaTypaJbHOE UMCJIO) BJIE€BO U BIIpa-
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BO BHoab ocu Ox, moixyuum rpaduk QyHKIuM Yy = {x}
Ha Bceil uncIoBO# npamMoii (puc. 36).

114. Iloka3arexpHasa ¢ynkuua. Ilokazamenvnasn

dynryua sanaerca opmysont Yy = a*, tne a>0 u
a=l.

o X .
IepeuncauMm cBoiicTBa (GPyHKINKM Y = a” mpm @ > 1:
1°. OGyacTh ompeeIeHnss — BCS YKUCJIOBAS IPAMAasd.
2°. MuoxkecTBO 3HaueHU# — ay4d (0, + o).
3°. dyHKIUA He ABIAETCS HU YeTHOM, HY HEeUeTHOI.
—-X X —-X X
JTo ciaenyeT U3 TOTO, YTO 4@ ~ #a” WM a ~ #—a .
4%, OyHKIMA Bo3pacTaeT Ha BCEell YMCJIOBOI IPSAMOI.

5° Ocp Ox ABIAETCSA TOPU3OHTAJLHOM ACHUMIITOTON
rpapuka Oopu x — —oo.

T'padur pysruuy Yy = a” npu a > 1 BBIVISAWUT Tax,
KakK Imokasado Ha puc. 37, a. Haupumep, ma puc. 37, 6

usobpasken rpapur pysrmuum y = 2%,

yA Y A
y=a"; a>1 4 y=2"
2
1 1
__/ _’_’4: 05
) x 2 -1 0 1 2 x
a) 0)
Puc. 37
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y=a;0<a<l1

i Oﬁéﬁwi

2 -1 O 12

Puc. 38

Ilepeuucaum cBoiicTBa QyHKIUH y =a* 0pu

O<a<l:
1°. O6aacTh onpeseeHIsA — BCA YMUCJIOBAdA IIPAMAasd.

2°, MuoxxkecTBO 3HaueHuit — ay4 (0, + o).

30. ®yHKINA He ABIAETCA HU YETHOM, HY HeUYeTHOM.

4°, OyuKnusa yoOLIBaeT HA BCeil UMCJIOBOM IPAMOIA.

5% Ocp Ox sBIgeTCA IOPU3OHTAIBLHON ACHMIITOTOMR
rpaduka mpu X — +o0.

I'padur pysrmuu y =a” upu 0< a <1 BHITIAAAT
TaK, Kak II0Ka3auo Ha puc. 38, a. Hanpumep, ua puc. 38, 6

X
n3obpakeH rpaduK QYHKIUU y = (%j .

115. O6patnaa dpyuknua. I'pacdpux o6paTHOi (pyH-
kuuu. CpaBuHuM aBe QyHrmuum y=[f(x) u y= g(x).
Wx rpapuru msobpakeHsl Ha puc. 39, a u 6. O6e oHu
oIpe/ieIeHbI Ha oTpe3ke [a, b], a ©X MHOKEeCTBOM 3Ha-

yeHU# aABisgeTca oTPe3ok [c, d]. IlepBas pymknua ob6-
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JlagaeT CJJaeayIOIIHNM CBOMCTBOM: AL J1000T0 Yo U3 OT-

pe3Ka [C, d] €CTh TOJIbKO OTHO 3HAUEeHWe Xy K3 OTPEe3Ka

[a, b] Takoe, uTo f(xg) = yo. I'eomerpuuecku yrasan-

HOE CBOIICTBO O3Ha4vaeT, 4YTO Jr00as1 T'OpU30OHTAJIbHAA IIPA-
Masd, 1ImepecexKarInasa oCb Oy MeXAy TOUKaMu C 1 d, IIe-

pecekaer rpaduk QyHKIMU Y = f(X) TOABKO B OIHOI
TouKe. Bropas (GpyHKIIMA 5TUM CBOMCTBOM He obJiama-
eT: HallpUMep, IJd 3HAUeHUS Y IpsaMas Y = Yy Iepe-

cekaer rpaduk GyHKIUU Yy = g(X) B TpEX TOUYKAX. 3HA-
YUT, B IEePBOM CJyuae IIPU KaKIOM (PUKCHUPOBAHHOM
Yo us orpeska [c, d] ypaBHeHue f(x) =y, AMeeT TOJb-
KO OIUH KODEHb X, & BO BTOPOM CJIy4ae IPA HEKOTOPBIX
Y, HaIpuMep IpH Yy = y,, ypaBHeHMe £(X)=Yy; umeer
0oJiee OIHOTO KOPHA.

Ecau dyurnusa y = f(x) Takosa, 4To AJs JII060TO ee

3HaveHMdA Y, ypaBHeHHe [(X) =Yy MMeeT OTHOCHTENb-
HO X eIVHCTBEHHBI KOPEeHb, TO I'OBOPAT, YTO (PYHKIU |
obpamuma.

Tak, dyurknus y = f(x), rpadurk KoTopoii m3obpa-

JKeH Ha puc. 39, a, obpatuma, a QyHKIUA Yy = g(x), rpa-
UK KoTOpoOIi n300parkeHn Ha puc. 39, 6, HeoOpaTuMa.

Mo2KHO CKasaTh U TaK: PYHKIINIO, IPUHUMAIOIIYIO
KasKJoe CBOe 3HAUeHUe B eJUHCTBEHHOH! TOUKe 06JiacTu
oIpeJiesieHN A, HA3bIBAIOT 06pamumoi.

Ecnau ¢pyuxmus f odparuma, TO, BRIPA3UB X U3 (Op-
MyJabl Yy = f(X) u TOMEHSB 3aTeM X W J MECTaMu, II0Jy-
uyuM oOparuyio GyHxmuioo. Takum obpasom, ecau GyH-

knusa f sagana opmysaoit y = f(x), TO AJS HaXOMKme-
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YA YA
d g —
Y !

c \ c Y Y \
ol @« x, bx O a x, x, x,b %
a) 0)

Puc. 39

HUSA o0paTHON (GYHKINM HYKHO PEIIUTh ypaBHEHUe
f(x) = y oTHOCHUTENBHO X, & 3aT€M X U [ TOMEHATH MeC-
TaMu. 3aMETUM, YTO €CJU JJI HEKOTOPBIX Y U3 MHOMKe-
cTBa 3HaUeHUH (PYHKIUU f 3TO YpaBHeHUHEe UMeeT OoJiee
OIHOTO KOPHSA, TO 00paTHOM (PYHKIIUU HET.

CpasuuBas rpadpuku dyHEIui y = f(x)u y = g(x)

(cm. puc. 39, a u 6), 3ameuaem, uTo y = f(x) — Bo3pacra-
forras GyHKIus (1 y Hee ecTh obpaTHasd QPYHKIUA), TOT-

Ia Kak GyHKIus y = g(x) He sSBJIseTCS HU BO3pPacCTalo-
e, Hu yobIBaroleii (1 y Hee HeT 00paTHOI GYHKIIUN).
Bospacranue miu yObiBaHue (QPYHKIIUK O0eclieurBaeT
CyIIleCTBOBaHUE OOPATHON (PYyHKIIUH.

T.3.4. Ecau ¢pynrxyusa y = f(x) onpedenena u 8ospac-
maem (uau yovieaem) Ha npomexcymre X u MHONMCe-
CcmMeoM ee 3HAYeHUIL A8asemcs npomexymox Y, mo y
Hee cywecmeyem obpamHuas QYHKYUL, npuiem obpam-
Hasa yHKyus onpedesena u gospacmaem (uau youl-
eaem) Ha Y.

II p u m e p. Jokasars, uro pyHrIua y = 2x — 1
uMeeT 00paTHyIO, 1 HAUTHU ee.
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U ®dyuknus y = 2x — 1 Bo3pacraer Ha BCeil YMCIOBOM
MIPAMOM, 3HAYUT, ¥ Hee ecTh obparHad QyHKIusa. YToObI
HaWTH 3Ty 00paTHYIO (QYHKIIUIO, HAZO0 PEINTh YPaBHEHNe

2x — 1 = y orHocurenbuo x. Umeem x = 0,5(y +1). Ilo-

MeHAB X U y mecramu, nmoayuum y = 0,5(x+1). 910 u
ecTb ucKoMas oopaTHasa GpyHKiug. H

Ecnu Touka (x; y) npuHaniaexuT rpadury GyHKIUN
y = f(x), To Toura (y; x) npuHaIIeKUT rpadury o06-
patHoil pyHKIuu. ITosToMy rpadpux oOpaTHON PYHKITAN
noJsiyuaercs us rpadpuka Qyuxriuu y = f(x) ¢ momoisio
mpeobpasoBaHuA MI0CKOCTU X0y, IePEBOAAIIETO TOUKY
(x; y) B Touky (y; x). OTUM IpeoOPABOBAHUEM SIBJIAET-
CSl CUMMETPUSI OTHOCUTEJHHO MPAMOHN § = X.

Taxkum o6paszom, umobv. nOCMpPoumsv zpapur PyYHk-
yuu, obpamuoii pyuryuu y = f(x), Hado epapukr PyHk-

yuu y = f(x) npeobpasosambv cuMMemMPUYHO OMHOCU-
meavHo npamoil y = x (puc. 40, a).

YA ) N .
4 Vs
Y Ny
y=f(x) | y=N=
[9) x [9) ' x
a) 6)
Puc. 40
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Hanpuwmep, eciu y = x", rae x > 0, n — HaTypajb-

HOe, n >1, To x ='i/y. Ilomenss x u y MecramMmu, IOJIy-
n

yuM y = Vx. ['paduKu IByX B3aMHO 00paTHbIX QYHK-

o n
nuit y=x" ¥ y =X CUMMETPpUUYHBI OTHOCUTEIHHO
npamoit y = x (puc. 40, 0).

116. Jlorapudmuueckas ¢pynknusa. Ilokasarensb-
Hadg GyHKDua y = a”, rae a > 0, a # 1, obnagaer scemu
CBOIICTBAMU, KOTOPBIE rapaHTUPYIOT CYI[eCTBOBAHUE

obpaTHOU GyHKIUU (cM. Teopemy 3.4): 1) ob6sacTh om-
peneeHus — BCSA YKCJIOBAA MpaAMas; 2) MHOXECTBO

sHaueHUil — mpoMexkyTok (0, +); 3) yHKIuUA y = a*
Bo3pactaeT npu g > 0 u ybwiBaer mpu 0<a<1.

VrkasaHHbIe CBOIICTBA 00€CIIeUNBAIOT CYIIIeCTBOBaHIIE
GyHKIIIE, 00paTHON ITOKa3aTeaIbHOM, OIpeeIeHHON Ha

(0, + o0) u mMeroIIell B KaUeCTBE MHOYKECTBA CBOUX 3Ha-
YEeHUH BCIO UMCJIOBYIO IPAMYIO.
drta obparHas (PYHKIHMSI o003HAUaeTCA TaK: Y =

=log, x (umraercsi: «jorapudM Yucia X IO OCHOBA-
HUIO a»). UITtak, nozapudpmuieckas pyuryus y = log, x,

rme a >0 u a#1, — 9T0 QPyHKIIUSI, OOpaTHAA IOKa3a-

TeNbHOM QYHKIMEN Yy = a”.

Jlorapudmuyeckas Qpyurusa y = log, x obnagaer cie-
JYIOITUMU cBo¥cTBaMU (OHU BBITEKAIOT U3 TEOPEeMEI 3.4):
19. O6nacts oupenenenus — ay4d (0, + o).

20, MHOKeCTBO 3HAUYEHUII — BCA YMCJIOBAS IPAMAasd.
30. dyHKIUA HU YeTHAasl, HY HedyeTHasd.
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4°, dyuknusa Bospacraer Ha mpomesxkyTre (0, + o)

upu a > 1, yosiBaer Ha (0, +©) npu 0 < a < 1.
5%, Ocw Oy aBseTCS BEPTUKAIBHOM aCUMIITOTOM I'pa-

¢dura (ectm a>1, To y—> -0 mpu x —> 0, a ecan

O<a<1, To y > +o mpu x > 0).

7 S L YA

S y=a

AN %

Puc/31 /, ¥
£
1
1 .
d / o\ x
[9) / x
a) 0) y=log ,x(0<a<1)
Puc. 41

Tpadpur dyurnum y =log, ¥ MOMKHO MONYUUTH U3

rpaduka GyHKIUU y = a* ¢ IOMOIIbIO TPeobpa3oBaHus
CUMMEeTPUY OTHOCUTEJLHO IpAMOii y = x. Ha puc. 41, a
mocTpoeH rpadur jJgorapudmMuuecKoin GyHKIUU OJId

a>1, amapuc. 41,6 —gua O<a < 1.

X

117. Yucao e. Pyuruua y = e°. OyHruus
y = Inx. Cpenu mokasaTenbHBIX GYHKIUN y = a”, rme

a >1, ocobblil MHTEpeC N MAaTEeMATHUKN U ee IIPUJIO-
JKeHu#l mpeacTaBideT PYHKIIMA, o0Jamaioias Caeayio-
UM CBOMCTBOM: KacaTejlbHas K rpadury GpyHKIHUN
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(cm. m. 224) B rouke (0; 1) o6pasyer ¢ ocbro Ox yroa 45°
(puc. 42). OcHOBaHMe a TaKoil PyHKINKN y = a* IPUHATO

0603HaUaThL OYKBOIi e, T. e. y = ¢*. [logcuuTaHo, 4TO € =
= 2,7182818284590..., 1 ycTaHOBJIE€HO, UTO € — Hppa-
IIIOHAJIBHOE YHCJIO, KOTOPOE MOXKHO IIPEACTABUTD KAK CJIe-
AYIOIYI0 CYyMMY:

1 1 1

e:1+l+—+ Foit—m—mm+
1 1.2 1-2.3 1-2-3-...:n

Nmenno ¢ IIOMOIIIBIO 9TOT'O PAaBE€HCTBA M HAXOAAT 3HAUYe-
HUe YKCJIA e C JI000H TOUHOCTBIO.

@YHKIUIO y = ¢* WHOTJA HA3BLIBAIOT IKCILOHEHMOTL.
JlorapumMuuecKkyo QyHKIINIO, O0PATHYIO SKCIIOHEH-

Te y = €, T. e. pyHKIUIO Y = log, X, mpuHATO 0GO3HA-
yarb Yy =Ilnx (rme ln umraercsa: «namypanvroll nLO-

zapugm»). Tpapuru Gysruuit y = ¢* u y =Ilnx cum-
MEeTPUYHBI OTHOCUTEJIBHO IPAMOH y = x (puc. 43).

YA

QY
Q

™
=
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118. Onpegenenne TPUrOHOMETPUUECKUX (DYHKITUIL.
TpuronoMmerpuueckrne GyHKIUN OMPEAEIAIOTCSI C IIOMO-
IIBI0 KOOPAMHAT Bpalawineiicsa Touku. Paccmorpum Ha
KOOPAWHATHOH NJI0CKOCTH X0y eOUHULHYI0 OKPYdic-
HOCMb, T. €. OKPYKHOCTh €IUHNYHOr0 Paguyca ¢ I[eHT-
poM B Hayaje KoopauHat. OGosHauuMm uepes P TOuKy
eIUHUYHON OKpPY KHOCTHU ¢ KoopauHaramu (1; 0), aTy Tou-
Ky OyJeM Ha3bIBaTh HAYAAbHOU. Bo3bMeM IIPOM3BOJIb-

HOe umcJo { ¥ MOBEePHEeM HaYaJbHYI0 TOUYKY OTHOCH-
resbHO Touku O Ha yroxa t; mpu srom ecau >0, To
IIOBOPOT OCYIIECTBJISETCS B HAIPABJIEHUU IIPOTUB YaCO-
BOIi cTpenku (puc. 44, a), aecnau ¢t <0 — TO MO YacoBO

crpenke (puc. 44, 6).
B pesysabTaTe ITOBOPOTA MOJYYMM HA €IUHUYHON OK-

PYXHHOCTH TOUKY Pt . Ee opAnHaTa Ha3bIBA€TCSI CUHYCOM

wucna t u obosHauvaerca sint, a abcumcca — Kocuny-
com wucaa t (unu yriaa t) m o003HAUAETCSA COS .

Puc. 44
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Tanzencom uwucna t HasLIBA€TCA OTHOIIEHUE CHU-
Hyca umcjia ¢ K ero KOCHHYCY:

sint
tgt = .
cost
Komanzencom wucna t Has3nIBaeTCA OTHOIIIEHUE KO-

cCuHyca uucja t K ero CUHYCY:

cost
ctgt =——.
sint
IIpuBenem Tabuauily 3HAUEHUH cHUHyca, KOCHHYcCA,
TaHTeHCa U KOTaHTreHCa HEKOTOPBIX YIJIOB:

AprymeHT t
DYyHKIIUA
0°| 30 | 45" | 60°|90° | 180 |270°
sin ¢ o 3 % % 1| 0 | -1
cos ¢ 1 % % 1o |-1]o0
te ¢ 0| Bl 1|3 —]o0|—
ctg t — | V8 1 % 0| — 0

W3 ompejesieHuii cienyer, YTO He CYIIECTBYeT TaH-
reHC YIJIOB, KOCUHYC KOTOPBIX PaBeH HYJIIO, X KOTAHIeHC
YIJIOB, CHHYC KOTOPBIX PaBEeH HYJIIO.

T'oBops o cuHyCe, KOCUHYCE, TAHI'€HCE U KOTAHTEeHCe
ymeia, UCIHOJAb3YIOT KaK I'PAAyCHYIO, TAK U PATUAHHYIO
Mepy yria (cm. m. 254):
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Yy Y Yy
+ | + — | + — | +
ol _ Jx o 4 )= Lol _ x
3HAKU CUHYCA SHAKU SHAKU mMaHeeHca
KOCuHYyca U KOMAaHeeHca
Puc. 45
180° T
1 pag = ~ 57% 1°=—— paxg ~ 0,017 pan.
P T 180 P P
Hanpumep, sin4 ~ sin(4-57°) = sin228°,
cos 225° = cos| 225 - L cosﬂ.
180 4

dyHKOUU Yy =sinx, y=cosx, y =tgx, y =ctgx
Ha3BIBAIOT MPUZOHOMEMPULECKUMU QYHKYUAMU.

119. 3Haku TPUTOHOMETPUUYECKUX (PYHKI[UII IO YeT-

BepTAM. IToCKONBKY Sin f ¥ cos ¢ — BTO COOTBETCTBEH-
HO opAuWHAaTa ¥ abcIycca TOUYKU P, eTMHUYHON OKPYIK-
HOCTH C I[eHTPOM B Hauaje KoopauHar (cM. 1. 118), cu-
HYC IOJIOMKUTEIEH IJIA TOUeK, JeKalllnX Ha BepXHel II0-
JIYOKPY*KHOCTH, X OTPHUIATEJIEH IJIA TOUeK, JesKall[inX Ha
HIDKHEHN IO0JYyOKPYKHOCTH; KOCUHYC IIOJOMKUTEEH IJIA
TOYEK, JIeKAI[UX Ha IPaBOM IOJYOKPYKHOCTH, 1 OTPH-
IaTejieH — Ha JIEBOM IOJIYOKPYKHOCTH. SHAKU BCEX TPU-
TOHOMETPHUUYECKUX (PYHKIIMI II0 YeTBEPTAM eIUHUYHON
OKPY’KHOCTH YKasaHbI Ha puc. 45.

120. HccaenoBanne TPUTOHOMETPUUECKUX (PYHKIIUIA
Ha YeTHOCTh, HeueTHOCTb. Toukn P, m P, enuHU4YHOM
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OKDYKHOCTH MMEIOT OJMHAKOBYIO abCICCy U IIPOTUBO-
MOJIOKHBIE (OTJAMYAOIMEecsd APYr OT Apyra JIWIIL 3Ha-
KoM) opauHaTh! (puc. 46). 9To 3HAUUT, UTO cos (—t) =

=cost, sin (-t) = —sint¢, T. e. Yy =cosx — ueTHad, a
y = sin x — HeuerHaa ¢yHKRIUA. PyHKRIUU §y = tg X,
y = ctgx — HeueTHEIe.

121. IlepuogNIHOCTH TPUTOHOMETPUYECKUX (DYHKITHIA.
Takx Kax P, u P, , 350- — OJHA U Ta ke TOUKA eIVMHUYHON
okpyskHOCTH (cM. . 118), TO CHMHYCHI COOTBETCTBYIOIITUX
YTJIOB, a TaK:Ke UX KOCUHYCHI PABHBI. S3HAUUT,

sin (x + 360°) = sin x, cos (x + 360°) = cos x,

Bojee o0iuMu ABJIAIOTCA PaBEHCTBA

sin (x + 360°k) = sin x, cos (x + 360°k) = cos x,

rae k — mio6oe I1eoe Yuco.
Ecau aprymeHT x BhIpasKeH B paguaHax, TO

sin (x + 2nk) = sin x, cos (x + 2nk) =cos x, k € Z.

UA UA
1
P, B
t / \
Fy
[@] U x
C
O x
P,
Puc. 46 Puc. 47
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s dyaxknuit y =tg€x m y =ctgx cupaBeqimBbl

paBeHCTBa
tg(x + nk) = tg x, ctg(x + nk) = ctgx, k € Z.

Taxum obpaszom, J000e umciio Buma 2mk SABJISIETCA
nepuozoM (yHKIuUH Sinx, cosx, a umciao Buma mk —
nepuogoMm (QyHKmui tgx, ctgx. Ilpu stom 2n — oc-
HOBHOM Ilepuwof Sinx, cOSX, a T — OCHOBHOM Iepuoj
tgx, ctgx (cm. m. 96).

Wcnonb3ysa cBOMCTBA YETHOCTHU, HEUETHOCTHU, IIEPUO-
IUYHOCTH, MOKHO TPUTOHOMETPUUECKYIO (DYHKI[UIO MH-
TepecyIoIllero HaC yrja CBeCTH K TPUTOHOMETPUUECKON
(GYHKIIUK yria, 3aKJ0UYEHHOro B Ipeeaax OT 0 bifo) 180".

II p u m e p. Beruucautp sin 945°.

U Mmeem sin 945° = sin (720° + 225°) = sin (225° +
+ 360° + 2) = sin 225° = sin (225° — 360°) = sin (—135°) =
= —sin135°.

Hamee, sin 135° = sin (180° — 45°) = sin 45°

(cm. m. 80), HO Sin45° :—2 (cm. um. 118), suauwur,
sin 945° = —sin 135° = —sin 45° = — \/75 [ ]

122. CpoiictBa u rpaduk QyHKIUU Yy = sinx.

1°, Ob0sacTe ompeneeHna — MHOXKecTBO R.

2%, MHOKecTBO 3HAUeHU — oTpesok [—1, 1].

3°. dyHKIUA TepuogNYecKasi; OCHOBHOM Iepuo, pa-
BeH 2T .

4%, OyHKIUA HeYeTHAa.
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5°, @yHKmuA Bo3pacTaeT Ha IIPOMEXYTKaXxX

T T
{— E + 27n, E + 2nn} u yObIBaeT Ha MPOMEXKYTKaxX

E +2nn, 37“ + 2nn}, neZ (puc. 47).

Bsas kourpoasusie Tourku (0; 0), (n/6;1/2),
(n/2; 1), (n; 0), mocTpouM rpapur QyHKIUKA Yy = sin x

Ha orpeske [0, ©]. Tak kak QyHKIUA y = sin x HedyeTHAad,
TO, 0OTOOPA3UB IIOCTPOECHHLIH rpapuK CUMMETPUYHO OTHO-
CUTEJbHO Hauajla KOOPAWHAT, MOJyYUM Ipadui (pyHK-

nuu Ha orpeske [—m, m]. HakoHer, BOCIOIB30BaBIINCH

IIepUOANYHOCTHIO GYHKIMY Y = Sin X , MOYKHO IIOCTPOUTH
rpaduK Ha Bceli obsacTu ompeneneHus (puc. 48).

123. CsoiictBa u rpadur ¢yHKmUM y = cos x. Hc-
cienoBaHue QYHKIUYU y = COS X IIPOBOJUTCS aHAJIOTHUY-

y=sin x

5

\ T

7/

L
T 0 T 3 x
2 2
-4

Puc. 48

ol
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HO muccienoBanuio QyEKmum y = sinx (cm. m. 122). Ile-

peurcJIMM CBOMCTBA (PYHKIIUM Y = COS X :
1°. ObsacTe ompeneeHna — MHOXKecTBO R.
2%, MHOeCcTBO 3HAUeHU — oTpesok [—1, 1].
3°. OyHKIUA NepUOIUUYECKAasd C OCHOBHBIM II€PHO-

ToM 2T.
40, OyHKINa yeTHAA.

50, dyukIuA yObIBaeT Ha MPOMEXKYTKax [2nn, 7 +
+2nn] m BospacTaeT Ha MPOMEKYTKax [—n + 2nn, 2nn],

nel.
I'padux pyHKIUM Yy = cos x m3obOpakeH Ha puc. 49.

124. CsoiictBa u rpacdur dbyakmun y = tg x.

1°, O0sacTh ompefeeHUs: X # g +7k, ke Z.

20, MHOKXeCcTBO 3HAUEHHUII — BCsS YMCJIOBAA IIPA-
Masd.

3°. OyHKIMA MepUOAUYecKasi ¢ OCHOBHBIM IIePHUO-
IOM T.
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4°, OyHKIUA HeueTHAs.

5%, @yHKIUA BO3pacTaeT Ha IIPOMEXKYTKAX (— g + Tk,
% + nkj ,keZ.

T
6°. Ilpamble x = E +7nk, k€ Z — BepTUKaJbHBIE

aCUMIITOTHI.
BribpaB kouTposabHbie Touku (0; 0), (n/4; 1),

(n/3 \/g), cTpouM rpaduk pyHKIuUM y = tgx Ha Ipo-
MexyTEe [0, n/2). Janee, NCIOIb3ysa HEUYETHOCTD (PyH-
Kouu y=tgx, mocrpouM rpauk B HHTepBaie
(-m /2, n/2). HakoHell, BOCIOJIH30BaBIINCH IEPUOIUY-

HOCTBIO QyHKIUM Yy = tgx , moctpouM rpaduk Ha Bcel
obsactu oupenenenus (puc. 50).

A
Y y = tgx
_3n £V
2 L 2 -
iz o [T : x
) 3 3 T X
Puc. 50
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125. CpoiictBa u rpadur dbyHrmun y = ctg x.
1°. OGnacTs onpenenenusa: x # nk, ke Z.

20, MHOKeCTBO 3HAUEHHUII — BCsS YMCJIOBAA IIPA-
Masd.

3%, DyHKIUA HepUOIUUYECKas ¢ OCHOBHBIM IIEPHO-
IOM T
4%, dyHKIUA HeueTHAd.

5. dyukmus yosIiBaeT Ha IPOMEKYTKax (nk, m + ntk),
keZ.

6°. Ilpsameie x = nk, k € Z — BepTUKAJbHLIE aCHMII-
TOTEIL.

I'padur dyrrnum y = ctgx usobpakeH Ha puc. 51.

126. dysknua y = arcsin x. @ynrnua y =sinx

BO3pacTaeT Ha oTpeske [—7n/2, n/2] IpuHUMAaeT Ha HEM

7Y
y=ctg x
3T _I T
-7 o T 3% x
2
Puc. 51
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Bce sHauvenus oT —1 go 1 (cm. puc. 48). 3nauur, aid
bysrnum y =sinx, —-n/2<x <1/2, cymecrByer 00-
patHasa ¢yHKIUA (cM. m. 115). 9Ty QyHKIHIO 0003HA-
4aloT y = arcsinx (YUTaeTcA: «APKCUHYC X»).

I'paduk pyHKIIMY y = arcsinx MOKHO IIOJIYYUTDH U3
rpadpuka GyHKIUU y =sinx, -n/2<x < w/2, ¢ IOMO-
IIbI0 IIPe00pPa30BaHUA CUMMETPUU IIOCTIEIHEr0 OTHOCH-
TeJBbHO OpAMOi y = x (puc. 52).

Ilepeuncaum cBoiicTBa pyHKIUM y = arcsinx :

1°. O6sacTh ompegenenuss — orpesox [—1, 1].

20, MHoKecTBO 3HAUEHUN — OTpes3oK [-w/2, n/2].
3%, dyurIUA HeueTHAA: arcsin(—x) = —arcsinx.
4%, dyuknus Bospacrarolas.

YA Yy
A
T 7S
z 74 T p
I =arccos x )
_I
2 -1
2 7'5‘
n -1 /10 1 x
Yy =arcsinx 2 1
y=cosx
Puc. 52 Puc. 53
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3 cxazaHHOTO BBILlIe CJeJyeT, UTO 3alUCHU
y=arcsinx u x =siny, —n/2 <y < n/2, 5KBUBAJIEHT-
Hbl. ITofcTaBUB B PaBEHCTBO X = Siny BMECTO Y €T0 BBI-

paskeHUe, T. e. arcsinx, moiaydyuM x = sin(arcsinx).
CrnemoBaTenbHO, IJs Jo6oro x us [—1, 1] umeem

sin(arcsinx) = x, —n /2 < arcsinx < /2.

127. ®yuxknua y = arccos x. DPYHKIUA Y = COSX
ybbiBaeT Ha orpeske [0, ©], mMpuHUMaeT Ha HEM Bce 3Ha-
yenusd oT —1 go 1 (cm. puc. 49). 3HauuT, Aaa GyHKIIUU
Y = cos X , paccMaTpuBaemoit Ha orpeske [0, 1], cyiecTBy-
eT obparHasa pyuxnua. Oma o603HaUaeTcsa Y = arccos X
(uuTaerca: «apKKOCURHYC X»).

I'padur PyHKIUM Y = arccos X I0JydaeTcsa U3 I'pa-
duka pyarmumu Y =cosx, 0 < x < m, ¢ IOMOIILIO IIpe-

00pa30BaHUA CUMMETPUU OTHOCUTEJIBHO MPAMOM y = X
(puc. 53).
Ilepeuncium cBoiicTBa (YHKIMU Y = arccos X :
1°. OGaacTs ompeneneHusa — OTpesok [—1, 1].
2°, MHosecTBO 3HAUeHU — oTpe3ok [0, n].
3°. dyHKIUA He ABIAETCS HU YeTHOM, HY HEeUeTHOI.
40, OyuKus yobIBaIOMIA.

W3 cxkasaHHOTO BBIIIIE cjaenyer, 4To 3anucu Y =

=arccosx u x =cosy, 0 <y < m, skBuBaseHTHHbI. [Tox-
CTaBUB B PaBEHCTBO X = COSY BMECTO Y BBHIpaKeHUe

arccos X, mony4uuM cos (arccos x) = x . CiregoBaTenbHoO,
IJs1 II000T0 X 13 mpoMe:kyTKa [—1, 1] umeem

cos (arccosx) = x, 0 < arccos x < 7.
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128. dynknun y = arctg x, y = arcetg x. Pynk-
nusa y =tgx Bospacraer Ha uHTepBane (—n/2, n/2),
IpUHUMAaeT Ha HeM Bce sHauenus (cm. puc. 50). ITosro-

My Ha YKasaHHOM WHTepBaJye Ajs GyHKmuum Yy = tgx
cymiectsyer obparHas (pyuxmusa. OHa obGosHauaeTcs

y = arctgx (4UTaeTCA: «APKMAHZEHC X»).
I'padur pysrmum y = arctgx mIoaxydaercsa U3 rpa-

bukra pyurnum y =tgx, —n/2<x <1 /2, C IOMOIIHIO
Ipeo0pa3oBaHUsA CUMMETPUU OTHOCUTEJHHO TIPAMON Y =
= x (puc. 54).

Ilepeuncaum cBoiicTBa (pyHKIIMH Y = arctgx :

1°. OGaacTs ompegeaeHNsT — MHOMecTBO R.

2°, MHOKecTBO 3HaUeHUH — uHTepBaa (- /2, n/2).

3%, ®dyuknusa meuerHasa: arctg(—x) = —arctg x.

4°, OyHKIUA BO3pacTaOIas.

59, Tlpamseie y = n/2 u y = —1/2 — rOpU3OHTAJIbHbIE
ACUMIITOTHI COOTBETCTBEHHO IIPU X — +00 1 x — —0O0,

YA YA
$ T %
T V4
Ty & Y
22,
s
€
y=arctg x
o] x
y=tgx 0) P\ >
&
-Z o)
Puc. 54 Puc. 55
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W3 cxkasaHHOTO BBIIIIE ciaenyeT, 4TO 3allMcCHu Y =

=arctgx u x =tgy, —n/2<x <7m/2, 9KBUBAJIEHTHBHI.
s noboro x mMeem

tg(arctgx) =x, —n/2 < arctgx < /2.

@dynknua y = ctgx ybeiBaeT Ha uHTepBate (0, m),
MIpUHUMaeT Ha HeM Bce sHaueHudA (cMm. puc. 51). Ciaemo-
BaTeJIbHO, Ha TOM HHTepBale AJaA QYHKIUU y = ctgx
cymiectsyer obparHas (pyurxmusa. OHa obosHauaeTcs
y = arcctg x (UUTaeTCA: «APKKOMAHZEHC X»).

I'paduk dpyHKRIUM y = arcctgx moJsyuaeTcss us rpa-
¢pura pysrnuu y =ctgx, 0 < x < w, ¢ IOMOIIBIO IIpe-
00pa30BaHUA CUMMETPUU OTHOCUTEJIBHO MPAMOM y = X
(puc. 55).

Ilepeuncaum cBoiicTBa GyHKIIUM Y = arcctgx :

1°, ObsacTe ompeneeHna — MHOXKecTBO R.

2°, MHosxecTBO 3HaueHu — uaTepBay (0, 7).

3°. OyHKIMA He ABISAETCA HU YeTHOM, HU HEeYEeTHOM.

40, OyuKusa yobIBaIOIA.

59, Ilpsambie y = 0 U y = T — TOPUBOHTAILHBIE ACUM-
IITOTHI COOTBETCTBEHHO IPU X — +00 11 x — —00,

W3 ckasaHHOTO BEHIIIE CJelyeT, UTO 3aIlucu Y =
=arcctgx m x =ctgy, 0 < x < n, PKBUBaJIeHTHHI. [lia
JI1000T0 X UMeeM

ctg (arcctgx) = x, 0 < arcctgx < 7.

dyuknum y = arcsin x, y = arccos x, y = arctg x
u y = arcctg x HaA3LIBAIOTCA OOPAMHBLLMU MPUZOHO-
MempuuecKumu QYKHYUiMU.

129. ApxcuHyc, apKKOCHHYC, apKTaHT€HC M apPKKO-
taHreHc. OnpesiesieHUA U CBOMCTBa OOPATHBIX TPUTOHO-

MeTpuuecKux GyHKIui (cMm. mm. 126—128) mosBoasAo0T
HMCTOJKOBATh UX CJIEAYIOIINM 00pasoM:

165



AJITEBPA

Pasden I1I. PYHKIIUN U TPADPUKU

aprcunycom wucna a <[-1, 1] HasbIBaeTcA TaKoe
quciao o €[-n/2, n /2], cHHyc KOTOPOro PaBeH a:

arcsina = o, ecau sinao=a u —n/2<o<n/2

apkrkocunycom wucna a <[-1, 1] HaswpBaerca Ta-
koe uncyo o € [0, 1], KocuHyC KOTOPOTO paBeH a:

arccosa =a,ecau cosoo=a u 0<a<m

ApPKMAH2EHCOM HUCAA 4 HA3BbIBAeTCA TAaKOe UHCJIO
ae (-n/2, n/2), TaHreHC KOTOPOIr'o PaBeH a:

arctga=q, ecnum tgo=a u —-n/2<a<mn/2

APKKOMAaH2eHCcoM 4UcAa 4 HA3BIBAETCS TAaKOe UHC-
Jao a € (0, ©), KoTaHTeHC KOTOPOT'O PaBeH a:

arcctga = o, ecau ctga=a 1 0<a < m.

CrpaBeAJiuBhI CIEYIONIVE TOMKIECTBA:
arcsin(—a) = —arcsina, arccos(—a) =7 — arccosa,
arctg (—a) = —arctga, arcctg(—a)= - arcctga.

II p u m e p. Beruuciaurs:

a) arcsin(\/g/ 2); o) arcctg \/g;
0) arcsin(-1/2); e) arctg (-1);

B) arccos (\/5/2); k) arcctg 0;

) arccos (—\/5/2); 3) arcctg (—\/5).

U a) Ilo ompexenenwnto, o = arcsin (\/g/ 2) — aTo0
TaKoe YUCJ0, UYTO sina = \/5/2 n-n/2<a<n/2. Or-

clofia cienyeT, 4To o = /3, T. e. arcsin (\/5/2) =mn/3.
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0) Paccy:xmas anasoruuso, moayuyaem arcsin(l/2) =
=n/6. Ho arcsin (-1/2) = —arcsin(1/2), 3HaYur,
arcsin(-1/2)=-n/6.

B) Ilo ompenenenuio, o = arccos(\/§/2) — 3TO Ta-
KOe UMCJIO, UTO COS QL = \/5/ 2 1 0<qa<n Orcrona cie-
nyet, uto o = /4, T. e. arccos (\/5/2) =n/4.

r) Tax xak arccos(—a) = mw—arccosa, TO IOJIydaeM
arccos(—\/§/2) = n—arccos(\/§/2) =n—-n/4=3n/4.

) Ilo onpenenenuto, o = arctg\/g — 9TO TaKoe YlcC-
Jo, 4To tgo = \/g u-n/2<a<mn/2. Orcioga cienyer,

uro oo =7/3, T. €. arctg\/gz n/3.

e) Paccy:xnasa anamoruuso, noimydaem arctgl = /4.
Ho arctg(-1) = —arctg 1, smauur, arctg(-1) = —n /4.

sx) ITo ompenesnenuro, a = arcctg0 — sT0 TaKoe unc-
J0, 4To ctga =0 u 0<a<m OTrcioma cireayer, 4TO
a=mn/2, T.e. arcctg0=mn/2.

3) Paccykmaa aHAJOTMYHO, HAXOIUM arcctg\/_ =

=n/6. Tax xaxk arcctg(—a)=mn-arcctga, ToO

arcctg(—\/g) = n—arcctg\/g =n-n/6=5n/6. &

167



AJITEBPA

Pasden III. PYHKIIUN U TPADPUKU

§ 13. IIpeo6pas3oBanusa rpagukos

130. IToctpoenue rpadurka pyuxmuu y = mf(x).

3amaua 1. IToctpouts rpaduk dyuxkuun y = mf(x),
roge m >0, m # 1, 3uaa rpadpur pyHrmun Yy = f(x).

O Opaunare! Touek rpaduka GyHKIuu y = mf(x) mo-
JIy4aloTCA YMHOYKEHHEM Ha M COOTBETCTBYIOIIUX OPIHU-
HaT Touek rpaduka pyurnuu y = f(x). Takoe mpeobpa-
soBauue rpahura QyHKIUM Yy = f(Xx) HasbIBaeTCA €ro
pacmsscenuem ot ocu Ox ¢ K0dpDUIMEHTOM M, €CIU
m>1, ucawmamuem & ocu Ox,ecitu 0 <m < 1.1

Ha puc. 56 usobpaskenbl rpaduku pyHKIUHA

y=logax u y=0,5log, x.

YA YA
y=10%

A
.Y

y=-10

Puc. 56 Puc. 57

168



AJITEBPA

§ 13. IIpeoGpasoBaHus rpa@uKOB

3anaua II. TTocTpouts rpadur dyurnuu y = —f(x),

3Hasg rpadpuk QyHKmum y = f(x).

U Ilpu omHOM M TOM K€ 3HAUEHUM X OPAUHATHI
Touek rpaduko GyHKuuit y = f(x) u y = —f(x) orau-
YaTCA TOJBKO 3HAKaAMHM. SHAUUT, rpadux (QpyHKIMU
y = —f(x) MoxkHO mony4uuTh u3 rpadura y = f(x) npe-
o6pa3oéanuem cummempuu IMOCIEJHETO0 OTHOCH-
TeabHO ocu Ox. W

Ha puc. 57 uszobpaskensl rpabuku QyHKIUHA y =
=10*u y = —-10~.

3anaua III. IlocTpouts rpaduk dyurnun y = mf(x),
rone m <0, m # -1, suaa rpadur byarnuu y = f(x).

O Tax xkax mf(x) = —|m|f(x), TO rpapur QYHKIUAU
y = mf(X) MOHO IOIYUYNUTL PacCTaKeHHeM (CHKATHeM)
rpaburka dyurmuu y = f(x)
ot ocu Ox ¢ KoadpuImeHTOM
|m| ¥ IIOCJeNYIOIUM IIpeold-
pasoBaHuMeM CHMMETPUU OT- y=x
HOcuTenabHO ocu Ox (cM. 3a-
mauu I u II). W 1

Ha puc. 58 msobOpaskeHsl 0
rpaduky Gysrnui y = x4 u
y = —3x%. 1

YA

Yy

131. I'pacdmrcn bysrmii y =
= ax?, y = ax3. Tpadpurom
Gbyarnuu y = x? ABIAeTCA Ia-
pab6osaa. YToObI IIOCTPOUTH I'pa-
bUK QyHKIUU Y = ax?, Hy»KHO Puc. 58

y=—3x4
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OCYITIeCTBUTh pacTsKeHne (CsKaThe) mIapabossl y = x2 oT

ocu Ox ¢ KO9(PPUITTEHTOM |a; mpu stoMm ecau a < 0, To

rpaduK QYHKIUH Y = |a|x2 HYKHO eIle oToOpasuTh
CUMMETPUYHO OTHOcuTeabHO ocu Ox (cm. m. 130).

Ha puc. 59 usobpakeHbl rpad®uKku GyHKIUU y =
= ax? gnda 3HaueHHUi a, paBHBIX 1; —1; 3; — 0,5. Bce 3Tt
rpaduku HasbBalOT napaboramu. Ilpu a > 0 BeTBH
napaboJibl, CIysKaleil rpaduKoM QYyHKINHA y = ax?, Ha-
IIpaBJIeHbI BBePX, a 1pu a < 0 — BHUS.

Amnajoruuso, sHasa rpaduK QyHKIUA Yy = X3, MOXKHO
HOCTPOUTE rpaduk GyHKINE Buga y = axs. Ha puc. 60
1300paKeHbl 3TU rpadUKu IJid 3HAYEHUHN @, PaBHBIX 1;
-1; 3.
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132. Iloctpoenue rpadura dbyHrnun y = f(x — a) +
+b. Insa moctpoenusa rpadpura GpyHrkmum Yy = f(x)+b
HaJ0 mepeHecTy rpadur GyHKmuM Yy = f(x) Ha BeKTOp
(0; b) Boosb ocu opaunart. asee, QA MOCTPOEHUS I'pa-
dburka dyurnum y = f(x —a) HamO mepeHecTH rpaduk
dyuxnum y = f(x) Ha Bekrop (a; 0) BIOJIBL OCcH aberrucc.
Haxkouern, mjgs mocTpoeHus rpapmxa QyHKIUU Yy =
=f(x—a)+b HagO BBIIOJHUTH NAPALLELbHBLE Nepe-
Hoc rpaduka pyurnuu y= f(x) u Ha BexkTop (a; 0), u

ua BekTop (0; b), . e. B uTore Ha BexkTOp (a; b).
Ha npakTuke 3T0O IPaBMJO yAOGHO MCIOIbL30BATH B
craenymoiieil popmyanposke. YTo6LI IOCTPOUTH IPAPUK

byuxnuu y = f(x —a) + b, Hy:KHO:

YA Y A y=f(x)+3 YA

y=f(x) P
K
\@ \ 9

Puc. 61 Puc. 62
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1) BBIIIOJTHUTH HapaJIJIeJII:HBIfI IIepeHocC IIJIOCKOCTH,
BI:I6paB B KauecTBe HavaJja HOBOI CHUCTEMBI KoopAuHAaT

x'O'y' Tourky O’ (a; b);

2) B mwiockoctu x'O'y’ mocTpouTh rpaduK QyHKIIUN
y' = 1(x).

II p u m e p. IlocTpoutrs rpaduk QyHKIIUU

y=Nx—-2+4.

U 1) BelmosiHuM mapaJijieIbHbBIN IepPeHoC IIJIOCKOCTH,
IIOMECTHUB Hauvajo HOBOM cucTeMbl KoopauHat x'O'y’ B
TouKy Q' (2; 4).

2) B miockoctu x'O'y’ moctpoum rpadmk QyHKIUN
y' = \/; . 9To u ecTb TpedyeMblil rpaduk (puc. 61).H

Ha puc. 62, a nusobpakennl rpapuku QyHKIUN Y =
=f(x), y=f(x)-2, y = f(x) + 3, ana puc. 62, 6 — rpa-
durn pysrnuit y = f(x), y = f(x-2), y = f(x +3).

133. I'padurx kBagpatTwuHoii dyHrkuuu. Keadpa-
MuU4HOU HA3BIBAIOT PYHKIIMIO, KOTOPYIO MOXKHO 3a7aTh

dopmyoll BuUma y = ax?® +bx + ¢, Tme a, b, ¢ — mo-

Oble melicTBUTENbHBIE umesaa, npuueM g # 0. a4 mo-
CTpoeHUus rpaduKa 3Tol QPYHKINYU BHIIIOJHUM CJIEIYIO-
e npeobpasopauusa (HasblBaeMble gblderleHuem noJ-

H020 K6a0pama) KBaIPATHOI'O TPeXUJIeHa ax® +bx+c:

b
ax2+bx+c:a[x2+—x +c=
a
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Hrax,
2 2
b 4ac—-b
y:ax2+bx+c:a X+—| +——. 1)
2a 4a
)
y=ax+bx+c
YA (a>0) YA
o
O’ . /\
b > b »
(0] -5 x 0] - X
y=ax*+bx+c
(a<0)
a) 0)
Puc. 63
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s moctpoenns rpadpuka pyuxmuu (1) Hy:KHO BBI-
MIOJIHUTD TIapaJlIeIbHbIN ITepeHoC II0CKOoCTH (cM. 1. 132),

IIOMeCTUB Haudajao HOBOH cucTeMbl KoopguHat X'O'y' B
b 4ac -b>

TouKy O'| - —;———— |, u B mrockoctu x'O'y' moct-
2a 4a

pouts nmapa6oay — rpa@ux GyHKIun y' = a(x')2. IIpa-

b
Mad x = —2— Ha3bIBA€TCA 0CbIO cummempuu napa6o—
a

AbL, CIAy:KAaIllel rpad@uKkoM KBagpaTuuHoit pyurnun (1),
a TOUYKa, B KOTOPOI mapaboJjia IepecekaeTcsa ¢ ee OChio
CUMMETpUY, — 6ePUWUHOL napabonvl.

Ecau a > 0, To BeTBU apaboJIbl, CIy:KaIei rpauKoM
dyurnuu (1), HarpaBaeHbI BBepX (puc. 63, a); B 9TOM CIIy-

b
vyae QYHKIUA yObIBaeT Ha [— 00, " oa ¥ BO3pacTaeT Ha
a

b
{— 2— ,+ o |. Eciu ke a < 0, To BeTBU 11apaboJIbl HAIPaB-
a

JeHbl BHU3 (puc. 63, 6); B 9TOM ciyuyae (PyHKIINS Bo3pac-

b b
Taer Ha | — 0, —— | 1 yOBIBAeT HA | — —,+ © |.
2a 2a

134. Cmoco6b1 mocTpoeHusi rpad)uKa KBAAPaTUYHOM

dyuknuu. 'padurom QyHKNIuUM y = ax2 +bx +c, TOe
a # 0, gengerca napaboia (cM. 1. 133). Il ee mocTpoe-
HUS Ha MPAKTUKE UCIOJb3YIOTCS TPU CIIOCo0a, KOTOPHIE
MBI IPOUJLJIIOCTPUPYEM Ha CJIEAYIOIIEM IIpUMepe.
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II p u m e p. IlocTpoutrs rpadpur GyHKIIUN

y=—05x" —x+4.
O I cmocob: ombickanue KoopduHam 8epuiuHbl na-

b dac — b®
paboavt no Gopmyram Xz =——; Yg = ————.
2a 4a
3 ——0,5,b=-1,c=4.3 S
J1ech a ,D, ,C . 3HAUMHT, X, 2(-0.5)

=-1; Yo = 4¢05-4-1 =4,5. Urak, (-1; 4,5) —
4(-0,5)

BepIIrHA napadoJisl. 1 mocTpoeHusA rpaduKa Haligem

KOOPAUHATEI ellle HeCKOJIbKHUX TOUeK; Hampumep, (0; 4),

(1; 2,5), (2; 0). OTmeTuB BepLUINHY TapaboJIbl, IIOJyUeH-

HBIe TOUKU U TOYKU, CAMMETPUUYHLIE UM OTHOCHUTEJIHLHO

ocu mmapaboibl, CTpouM Tpedyemblii rpaduk (puc. 64).

o~ A0; 4)

y=0,5x"-x+4
\E(2;0)

(R

Puc. 64

»
>»>

8

II cmioco6: nocmpoerue napabosvl nO MOUKAM C Op-
JduHamoil, pagHoii c60000HOMY UYJeHY K8a0pammozo

mpexdJjieHna.
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Pasden I1I. PYHKIIUN U TPADPUKU

Haiigem Touku rpapuka, mMeIollie OpAUHATY, PaB-
HYI0 CBOOOJAHOMY YJIEHY KBaJApaTHOrO TpexuaeHa. s
5TOr0 PeIIMM ypaBHEHHE — 0,5352 —x+4=4, T. e.
0,5x%2 +x =0, otkyna x; =0, x5 = 2.

Urak, mbl Hamim ase Touku rpadura A (0; 4) u
B (- 2; 4).

Tak xak Touku A u B jexar Ha mapaboJie U IMeIoT
ONVHAKOBYIO OPAUHATY, TO OHA CUMMETPUYHELI OTHOCH-
TeJHLHO OCU CUMMETPUY HapaboJikl, a IOTOMY YKa3aHHad
OCh IIPOXOIUT MEPHEeHIUKYIAPHO OTPe3Ky AB uepes ero
cepenuny. Abciucca Touku A paBHa HYJI0, a abciucca
Touku B paBHa — 2, mosTOMY ypaBHeHNe OCH IapaboJIbl
umeet Bup x = —1. IlogcraBus 3HaueHue x = — 1 B pa-
BeuctBo y = — 0,5x% — x + 4, moayuyum y =
= 4,5. 3uauur, BepimnuHa C mapaboJbl, T. €. €IUHCTBEH-
Hafd TOUKA IapalboJibl, JiesKalnasda Ha ee OCU CUMMEeTPHUH,
uMeeT KoopAauHaThH X, = — 1, y, = 4,5. OTMeTus Ha KOOp-

IuHATHOM miaockoctu Touky C (— 1; 4,5), mocTpoum ma-
paboJiy, MPoXOoAAIyIo uepe3 Tpu Touku A, B, C. 9to u
ecTh UCKOMBIN rpaduk (puc. 64).

IIT ciocob6: nocmpoeHue napaboivbl o0 KOPHAM K8ao-
Pamnozo mpexuneHa.

N3 ypaBHeHusa - 0,53(:2 -x+4=0 HaxoguMm
x; =4, x9 = 2. TlosTOMy MBI 3HaeM JIBe TOUYKHU MCKOMOMH

napa6oasl: D (— 4; 0) u E (2; 0). Tak xak ocb CUMMeT-
puu napaboJibl HepHeHAUKYAApHa oTpesKy DE u mpo-
XOOUT uepes3 ero cepeiuHy, TO ypaBHeHUEe 3TON ocu
umeer Bug x = — 1. IlogcraBuB sHauenue x = — 1 B
PaBEHCTBO Y = —0,53{:2 —x+4, maxogum y = 4,5. Urax,
BepIInHO# mapabossl cay:kut Touxa C (—1; 4,5). ITo Tpem
ToukaMm D, E u C cTpouM UCKOMBIi rpadur  (puc. 64). W
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135. ITocTtpoenne rpadura dpyaxumuu y = f (kx).

3agaua I. ITocrpouts rpadpuxr pysrnuu y = f(kx),
roe k>0, k #1, 3Haa rpaduk dyHKIuUU Yy = f(x).

Q Ilycrs yq = f (xg). IlocraBum Bompoc: Kakoe 3Ha-

YyeHHNe apryMeHTa X HYMXHO B3dATb, YTOOB (QYHKIIUA
y = f (kx) npunana sHadeHue y,? SicHo, 4To 3TO 3HAUE-

HHUEe X OOJIZKHO YyAJOBJIETBOPATH YCJIOBHUIO kx = Xgp, T. €.

x = x¢ / k. Takum obpasom, TouKa (X,; y,), Jekainas Ha
rpaduke s3aganHoil GyHKNIUM y = f(x), OIpeobpasyeTcsa
B TOYKY (xq /k;yp), Jeaiyo Ha rpadure GyHKIUU
y = f (kx). 910 mpeobpasoBaHUe ecTh cacamue rpabdu-
ka y=1f(x) c kosppunuenrom k K ocu Oy (ecuau
0 < k<1, To paKkTHUYECKY IIOJIYyIAETCA PACMANHCEHUE OT

ocu Oy c kospdunuerTom 1/k). A
Ha puc. 65 msobparkenbl rpadpuku pyHKIUHA
Yy = arccosx U y = arccos 2x, a Ha puc. 66 — rpadpuru

byHKIM y:\/; uy=4x/3.

Sanaua II. IToctpouts rpadpur Gysrnuu y = f(—x),
3Had rpadux GyHKIUN Yy = f(x).

U IIycrs yo = f(xg). s Toro uro6sl GyHKIUA Y =

= f(—x) TpuUHANA 3HAYEHWE Y,, 3HAUEHUE X IOJIKHO
VIOBJIETBOPATD YCJIOBUIO X, = —X, T. €. X = —X,. Touka

(x,; y,) rpadura pyarnuu y = f(x) nmpeobpasyercs B
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Pasden III. PYHKIIUN U TPADPUKU

yA yA
s
y=arccos2x
y=Vx
1
¥=\arccos x y= /3 /3
-1 Of L1 Ty ol 1 3 x
Puc. 65 Puc. 66

TOUKY (—X,; Y,) rpadpuka GyHKnuu y = f(—x) . ITO 3Ha-
9HUT, YTO rpaduK QyHKIUN y = f(—x) MOYKHO IOJTYyIUTH

us rpadpura GyHKmuum y = f(x) npeobpa3oéanuem
cumMmempuu MOCIeTHEro OTHOCUTeNbHO ocu Oy. M
Ha puc. 67 msobpaskeHbl rpauxy QYHKIUHA Y =

=loggx u y =logs(—x).

Sanaua III. IToctpouts rpadpuk dyurnuu y = f (kx),
roe k<0, kB #—1, 3Hag rpadur pysrnun y = f(x).

Q Umeem f(kx) = f(_|k| x). Hosromy rpadux dyH-
knun y = f(kx) MOMKHO IOJYYUTBH CXKaTueM rpadura
dbysrnunm y = f(x) c KoaddunuerTOM |k| K ocu Oy un

cuMMeTpuel nojsydeHHOro rpadukra y = f(|k|x) OTHOCH-

TeabHO ocu Oy. B
Ha puc. 68 usobpasxeHs! rpaduru QyHKIUN i = x3/2
u y = (-2x)3/2.
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A
y L YA ,
8
| .
3 Y=
=(—2x)>
y=log,(x) |, y=log,x Y (Y
™~ ﬁl;
-3 1\ O/ 1 x
1
-2 o] 1 4%
Puc. 67 Puc. 68

136. Csxkatue u pacrsakeHue rpadmKoB TPUTOHO-
MeTpuuyecKkux (QpyHKIuil. 371eCh peub HAET O IIOCTPOe-

Huu rpadukoB QpyHKIuUN BUAa y=msinkx, Y=

=mcoskx, y=mtgkx, y=mctgkx.
II p u m e p. IlocTpoutrs rpadpur GyHKIIUN

y = —3 cos 2x.

U ITocTpouM OIHY IIOJYBOJHY rpaduka QyHKIUU
Yy = cos x. OcyiecTBuB ee cxkatue K ocu Oy ¢ Koahdu-

nueHToM 2, moJayuyum rpadur QYHKIUU ¥ = COs 2x.
Temepsb MPOM3BEAEM pPACTAMKEHUE IIOCTPOEHHOI'O I'pa-
dukra ot ocu Ox ¢ KosppunuertTom 3, a 3aTeM IPeood-
pasoBaHNWe CHMMeTpUHU OTHocuTeabHO ocu Ox. B pe-
3yJbraTe OymeT IIOCTPOeHa IIOJYyBOJHA rpadura QpyH-

knum y = —-3cos2x. Ha puc. 69, a noxasaHa ogHa mo-
JyBOJIHA MCKOMOTO Irpapuka, a Ha puc. 69, 6 — Bechb
rpauk. B
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Pasden III. PYHKIIUN U TPADPUKU

YA
y—cos x y=—3cos 2x
T L%
4 2 g
0 x
y=—3cos 2x
-3
a) 0)
Puc.69

137. I'pacuxk rapMoHHYECKOro KoJebaHUA Yy =
= Asin (ox + o). Tpuromomerpuueckue GYHKIHU KC-
MMOJIL3YIOTCA IJIS ONMCAHNUS K0Je0aTelbHBIX IIPOIECCOB.
OnuH u3 Hanbojiee BasKHBIX IIPOI[ECCOB TAKOrO POJA OIIH-
ceIBaeTcA (popmy.ioit

y = Asin(ox + o),

KOTOpas Ha3bIBaeTCA GOPMYnol 2apmonudeckux (Uiu
cunycoudanvhvlx) Konebanul. Besnuuna A HasbIBa-
erca amnaumyool KonebaHusn, OHA XapaKTepu3yeT pas-
Max Kojebamusd. BenwunHa 9 HasbIBaeTCS 4acmomou
konebanus. Yem Gosbiie ®, TeM OOJIbIIIE YHCJIO KOJe-
Oamuii 3a eguHUIy BpeMeHu. Hakomel, o HasbIBaeTcs
HAYanbHOU (Pa3ol KonebaHus.
II p u m e p. IlocTpouts rpadpur GyHKIIUU

X T
=2sin| ———|.
Y (3 6)
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O HNmeem y =2sin [% (x - gD ITocTpoenue rpa-

(pbKa BBIIIOJIHUM B HECKOJIBKO 9TAIIOB.

1. IlpoussemeM IapaJijieIbHBIA IEePEHOC CUCTEMbI
KOOpPAMHAT, BBIOPAB B KAUeCTBe HAUAJIAa HOBOIl CUCTEMBI
TOUKY 0’(7:/2; 0), B cucreme x'O'y’ Ham HY;KHO IIOCT-
pouts rpabukr pysknun y' =2sin(x’/3).

2. Crpoum rpadur GyHKIUM y' =sinx’.

3. Bruimosnus cxkartue rpadpura K ocu O'y’ ¢ Koad-
dumnuentom 1/3 (T. e. pacTakeHue ¢ KoahPUIIUEH-
ToM 3), MOJYyYUM rpadur GyHKIIUN y’ =sin(x'/3).

4. OcylecTBUM pacTsyKeHHne IIocjenHero rpadpuxa
or ocu QO'x’' ¢ Kosdpdumumenrom 2. ITomyueHHBIN Tpa-

bukr aBingerca rpaduroMm QyHKRIUU Yy = 2sin [% —%j

(puc. 70).1

<
»
>
>»

o
\

y=25in(%*%)

2n 3n\/x

—
ﬁ

|
(¢




Paszden IV
YPABHEHHUSA U CUCTEMbI YPABHEHUI

§ 14. YpaBHeHUSA ¢ OOHON IIepeMeHHOI

138. Omnpenenenue ypaBHenus. Kopau ypaBHeHus.
Pasencrso ¢ mepemenHoi f(x) = g(x) HaspIBaeTCa ypas-
HeHUuem ¢ 00HOU nepemeHHOU X, eclu IIOCTaBJIeHA 3a-
Jlaua HaNTH Bce TaKue 3HAUEHUSA ITIePEeMeHHON X, IpU KO-
TOPBIX BBIpaKeHUA f(x) U g(x) IPUHUMAIOT PABHbIE UUC-
JIoBble 3HaueHus. 'oBopAT Takske, uTo f(x) = g(x) —
ypaéHeHue ¢ 00HUM HeU36eCMHbLM X.

Bcakoe 3HaueHMe MepeMeHHOI, TPU KOTOPOM BhIpa-
KeHud f(x) u g(x) NIPUHUMAIOT PaBHBIE YHCJIOBbIE 3Ha-
YeHUS, HA3BIBAETCS KOpPHeMm (UJU peuleHuem) ypasHe-
Hus. Pemurh ypaBHeHUE — 9TO 3HAUUT HANTU BCE €r0
KOPHU WU YOEeJUTHCSI B TOM, UTO UX HET.

Tak, ypaBHeHune 3x + 2 = 8 umeeT eJUHCTBEHHBIN
KOPEHb X = 2, TOCKOJBKY TOJIBKO IIPU X = 2 MOJYyYaeTCs
BepHoe paBeHCTBO 8 = 8. YpaBuenue (x — 1) (x —3) =0
uMeer gBa KopHs: 1 u 3. Ypasaerue x° + 1= 0 He uMeer
IeICTBUTEJIbHBIX KOPHe.

3aMeTHM, UTO MOYKHO TOBOPUTH U O MHUMBIX KOPHAX
ypaBHeHuii. Hampumep, ypaBHeHTE x2 +4=0 umeer Ba
MHHMBIX KOpHS: X1 = 2i, X9 = —-2i (cm. m. 50). Berogy
HUJKE PeUYb UMIET TOJBKO O NEeMCTBUTEIbHBIX KOPHAX.

139. PaBHOCHIBPHOCTH yPABHEHUIA. Y DABHEHUS, Me-
IOI[ie OHU YW Te K€ KOPHU, HASBIBAIOTCI PAEHOCULL-
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Hblmu. PABHOCUIBHBIMY CUNTAIOTCA U YPABHEHUS, KaK-
Ioe U3 KOTOPLIX HE MMEeT KOPHEMH.

Hanpumep, ypaBHenusa x + 2 = 7u 2x + 1 = 11
PaBHOCUJIBHBI, TAK KAK KaXKI0€ U3 HUX NMeeT eINHCTBEH-
HBI KOpEeHb — YHCJO0 5. PABHOCHMJIBLHBI M ypaBHEHUS

x2+1=0u2x®>+3=1Hu OJTHO 13 HUX He MMeeT KOp-

Heil. Ypasuenus x — 6 = 0 u x2 =36 HEepPaBHOCUJIbHBI,
IIOCKOJIBKY II€PBOE MMEET TOJIBKO OJUH KOPeHb 6, BTopoe
uMeeT ABa KOpH:A: 6 u —6.

T.4.1. Ecau 6 ypasHeHuu kakoe-nuOydsv caazaemoe ne-
pernecmu u3 o0Holl uwacmu 8 Opyzyio, UIMEHUE €20
3HAK, MO NOAYLUMCA YPABHEHUE, PABHOCULbHOe 0aH-
HoOMY.

T.4.2. Ecnu o6e wacmu YpasHeHUs YMHOKUMb ULU PA3-
OJeaumbv Ha 00HO U MO Jice BbLPANCEHUE, UMeIOU,ee CMBLCL
npu 6écex X U HU Npu KAKUX X He obpawanuieecs 8
HYAb, MO NOAYLUMCA YPABHEHUe, DABHOCUNbHOe OaH-
HOMY .

T.4.3. Ecau o6e wacmu ypasHenus 6036ecmu 6 00HY U
my e HeYeMmHYI cmeneHb Uau u3 obeux uacmeil
YPasHeHUusA U36Jeib KOpeHb O0HOI U moil e Hevem-
HOIL cmeneHu, mo NoAYLUmMca ypasreHue, pPasHOCULL-
Hoe JdaHHOMY.

T.4.4. Ecau ofe uwacmu YpagHeHus HeOMPUUAMeNbHbl
npu 6cex x, mo noc.je ux 6036e0eHus 6 00HY U my e
YeMHYI0 cmeneHb NoLYYUMcsa YypasHerue, pa6HOCULb-
Hoe JaHHOMY.

140. JInneiinsie ypaBHeHUsA. Junelnvim ypasHe-
HUem ¢ 00HOU nepemeHHOU X Ha3BIBAIOT ypaBHEHUE

BUza ax =>b, roe a u b — JelicTBUTeJbHBIE YMCIA; O

Ha3BLIBAIOT KOIPPUUYUEHMOM Nnpu nepemeHHow, b —
C60000HbBLM YLEHOM.
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JJia JTuHeHOTO YpaBHEHUS aX = b BOBMOMKHBI TPU
caydas:

1) a # 0; xKopeHb ypaBHeHUs paBeH b/ a;
2) a=0,b=0; B 9TOM ciy4ae ypaBHeHHEe IPUHHU-

maet Buf 0 - x = 0, yTO BepHO IpHU JHO00M X, T. €. KOPEHb
ypaBHeHUs — J060e NeHCTBUTEJIbLHOE YHCJO;

3) a=0,b#0; B9TOM cilyuyae ypaBHeHHEe IPUHHU-
maet Buj 0 - x = b, OHO He ©MeeT KOpHeH.
II p u m e p. Pemmuth ypaBHeHUE

2 x 1-x bx
—+—+ =—-1
3 4 §] 12

U 970 ypaBHeHUe CBOAUTCA K JHUHEHHOMY. ¥YMHO-
JKUB 00e ero yactu Ha 12 (HauMeHbIIee o0Iliee KpaTHOE
3HaMeHareJsel 3, 4, 6, 12), moayuum

12( 242,127 g9 3% 4],
3 4 6 12

8+3x+2-2x=56x-12; 8+2+12=5x-3x+2x;
4x =22; x =5,5. &

141. KBagpaTHble ypaBHeHHs. Y DaBHEHUA BUAA
ax’+bx+c=0 1)
rme a,b,c — peiicTBUTeNbHBIE YMcia, npudeMm a # 0,

Ha3bIBAIOT nea&pamnum. Eciu a = 1, TO KBaJapaTHOe

ypaBHeHUEe HAa3LIBAIOT NpuéedeHHbim; ecam a =1 —
TO HenpuéedeHnwvim. Yucna a,b,c HOCAT ciemyloliye

3HAUEHUS: 4 — Nepavlii Koappuyuenm, b — emopoi
Koappuyuenm, ¢ — c60000HbBLE UneH.
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§ 14. YpaBHeHUA ¢ OZHON IIepeMeHHON

Kopuu kBagparuoro ypasuenus (1) HaxomgaT mo ¢op-
MyJie
~b+b% - dac @
2a )

Bripasxerue D = b2 — 4ac mHasbIBaIOT duckpumu-
HaHmoMm KBaJpaTHoro ypasHeHus (1).

X =

Ecau D <0, mo ypasrnernue (1) He umeem kopHeil;

ecaiu D =0, mo oHo umeem o00uH KopeHs, ecau D > 0,
mo OHO umeem 08a KOPHA.

B cayuae, korga D = (0, mHOrJa TOBOPAT, UTO K8a0-
pamHoe ypaeHeHue umeem 08a 00UHAKOBbLX KODHS.

Ucnonp3ysa obosHauenue D = b2 - 4ac, MOIKHO TIe-

—-bx+D
penucatb Gpopmyay (2) B Bume x = g "
a

Ecau b = 2k, To hopmysa (2) IpuHUMAET BUJ

2
_ b+ _
a 2

Dopmy.ia (3) ocobeHHO yao0HA B TeX Caydasx, Korjga
Koa(ddumnmesT b — dYeTHOe UYUCJIO.

II p u m e p. Pemiuth ypaBHeHUE:

a) 2x% —Bx+2=0;

6) x> -6x+9=0;

B) 2x% -3x+5=0.

U a) 3mecy a = 2, b=-5, c=2. Haxoqum nuck-

pumunadnT D = b2 - dac = (—5)2 -4.-2-2=9. Tak Kak

185



AJITEBPA

Pasden IV. YPABHEHUS

D > 0, To ypaBHeHHe HMeeT ABa KOPHs, KOTOPbIe HAli-
mem 1o dopmye (2):

_-bxyVD 5549 513

2 4

4
5 xzzﬂzo,& T.e. X, =21

5+3
=2
4
x, = 0,5 — KOpHU 3alaHHOTO YPaBHEHUS.

0) Bnecba=1, b =-6, ¢c = 9. Ilo popmyzne (3) Haxo-

M x=3149-9-1=383+0=3, T.e. x =3 — KoOpeHb
ypaBHEHUs.

Urak, x; =

B) Sxecb a = 2, b=-3, c=5. Haxonum D = -

—4ac=(-3)>-4-2-5=-31. Tak kak D < 0, TO ypas-
HeHNe He mMeeT KopHeii. B

142. HemosxHble KBaJpaTHbIe ypaBHeHusA. Eciu B
KBaJpaTHOM ypaBHEHUU ax? +bx+c=0 BTOpOI KO-
sddurnuenT b uiau cBoOOJHBIN UJEH ¢ PaBEeH HYJIO, TO
KBaJpaTHOe ypaBHeHWE Ha3LIBAIOT Henoanwvlm. [isa
OTBICKAHUS ero KOPpHell MOXKHO He IOJIb30BaThCcs Gop-
MyJI0li KOpHe#l KBaJpaTHOTO YpaBHEHUS — IIPOIIE pe-
IMIUTH ypaBHEHWE METOJOM DPAa3JIOKEHUS ero JeBOi
YacTU Ha MHOKUTEJHU.

II p u m e p. Pemurh ypaBHeHUE:
a) 2x2 —5x=0; 6) 4x2-81=0; B) 2x2 +5 = 0.
U a) Umeem x (2x — 5) = 0. Buauur x = 0, 160 2x —

-5=0,71. e x = 2,5. Urak, ypaBHeHHEe HMeeT IBa
kopusda: 0 u 2,5.
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§ 14. YpaBHeHUA ¢ OZHON IIepeMeHHON

6) PasgenuB obe uacTu ypaBHEHUA Ha 4, IOJIYyUYUM

-20,25=0, . e. (x + 4,5)(x — 4,5) = 0. 3uauur,
x,=—4,5u x,= 4,5 — KODHU yPaBHEHUA.
B) Hocrcom)}cy 2x + 5 > 0 pu J1100BIX X, JAHHOE YPaB-
HeHHe He uMeeT KopHei. M

143. Teopema Buera.

T.4.5. Ecau npugedenHoe Ke8adpamHoe YypasHeHUe

2
x° + px+q =0 umeem rKopnu x, u x,, mo

X; + X9 =—p, X1X9 =, 1)

T. €. UX CYMMA DABHA 6MOPOMY KOIPPuUYyUenRmy, 34mo-
MY € NPOMUBONOJLONHLM 3HAKOM, @ Npouiéedenue pas-
HO c60000HOMY UYseny (meopema Buema).

IIpumep 1. He pemas ypasuenue x2

Ha#UTHU: a) xf

+px+q=0,
+ x%; 0) leg + xg
U a) Ucooabays ¢opmyasl (1), moayuum
2 2 2 2
x{ +x5 =(x1+x9)° —2x1x9 = p° —q.

6) Wmeem xf +x§ = (21 +x3) (xF — %19 + x3) =
= (x + x2) ((x + 362)2 - 3x x ). BocnonbzoBaBuiuch
dopmynamu (1), moaydum xf +x2 = —p(p —-3q). |

CuopaBeninBa TeopeMa, oopaTHasa Teopeme Buera.
T.4.6. Ecau wucaa x, u x, marKosvt, ¥mo xj + X9 = —p,

X1X3 = ¢, Mo X, u X, — KOPHU K6a0pamHozo ypasHe-

HUs x2+px+q:0.
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IIpumep 2.PemursypaBHeHUE x2+8x-28=0.

U IMonpobyem HaiiTu Takue nBa Yucaa X, U X,, YTO-
OBl BBINIOJTHANNCE PaBeHCTBA X, + X, = —3, X, X, = —28.

HeTpyzaHo 3aMeTUTh, YTO TAKUMU YNCJIAMU SABJIAIOT-
ca—7u 4. Coraacuo Teopeme 4.6, OHU U CAYKAT KOPHSI-
MU 3aJaHHOrO ypaBHeHus. W

144. CucteMbl U COBOKYMHOCTU ypaBHeHHii. IlycTh
AAaHBI /1Ba YPABHEHUA fi(x) = g1(x) U fo(x) = g5(x). B
TOM cJyuae, KOrja Hy»KHO HaliTy SHAUEeHUS IepeMeHHOI,

YAOBJIETBOPAIOIIINIE ob6ouMm JaHHBIM YPaBHEHUWAM, I'OBO-
PAT, 4TO 3ajJaHa cucmema ypaenenuli 1 HCIIOJIB3YIOT

IS 3amucU (PUTYPHYIO CKOOKY:
fi(x) = g1(x),

fa(x) = g2(x).
IIpumep 1. Pemurs cucreMy ypaBHEHUH

(«*-1%=0,
(x-1(x-2)% =0.

U KopHAMU EepBOTr0 ypaBHEHUA CHAysKaT umeaa 1 u
-1, a KopuaMHU BTOpOoro — umeaa 1 u 2.

OO0IIUM KOpHEM SABJISIEeTCS YMcJo 1 — 3TOo U ecThb
pellleHre NaHHOU cucTeMbl. M

B ToM cayuae, Korga CTaBUTCS 3ajada HAWTHU Bce
TaKye 3HAYEHUSA IePEeMeHHOM, KaMJoe U3 KOTOPBIX SB-
JISeTCS KOPHEM XOTs Obl OTHOI'O W3 JAHHBIX YPABHEHWH,
TOBOPSAT, UTO 3aZaHa COGOKYMHOCMb YPAGHEHUI U HC-
MOJIL3YIOT [JIA 3alMCH KBAaIPATHYIO CKOOKY:

f]_(x) = g]_(x)’
(%) = g3(x).
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IIpumep 2. Pemurh COBOKYIHOCTL YPABHEHUI

x2-1=0,
(x-D(x+2)=0.
U KopHsSMM IEePBOTO yPaBHEHUS SBJAIOTCI YKCJIA
1 u —1, a KopuaAMU BTOporo — uwmcyaa 1 u —2. 3Hauur,

pellleHreM JAHHOM COBOKYIIHOCTH CJy»KaT umcia 1, —1
u-2.1

145. YpaBHeHHuda, coaep:kaiiue ImepeMeHHYIO IO
3HAKOM MOIYJId.
II p u m e p. Pemurh ypaBHeHUE:

a) [2x-7=3; 6) |2 — 8] = 3x + 1.

4 a) Ecan |a| =3, To aubo a = 3, mubo a = —3. ITO
3HAUHUT, YTO JAaHHOE YPaBHEHUE PABHOCHUJIBHO COBOKYII-
HOCTU ABYX ypaBHeHuii: 2x — 7 =3, 2x — 7 = -3. U3
IepBOTO ypaBHEHUS HAXOAUM X, = 5, U3 BTOPOTO
x, = 2.

0) 3mech HaJO paccMOTPeTh ABa caydasa: 2x —8 > 0,
2x — 8 < (0, IOCKOJBKY B KaKJAOM U3 HUX 3HAK MOJYJIA
PACKPBLIBAETCSA II0 CBOEMY IIPABUIY.

Ecau 2x -8 >0, To |2x - 8| = 2x — 8 u maHHOE ypas-

Henue npumer Bup 2x —8 = 3x + 1. Orcioma Haxogum

x =—9. Oguako npu x = —9 HepaBeHcTBo 2x — 8 > 0 me
BBIMIOJIHAETCA, 3HAUUT, X = — 9 He MOXKeT ObITh KOPHEM
IaHHOTI'O YPaBHEHUS.

Ecau 2x-8<0, 1O |2x - 8| =—(2x - 8) um mamnHoe

ypaBHeHMe nmpumer Bug 8 — 2x = 3x + 1. Orcroga Haxo-
ouMm x = 1,4. Hepasenctso 2 - 1,4 — 8 < 0 BepHO; 3Ha-
uur, x = 1,4 — KOpeHb JaHHOrO ypaBHeHus. B
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3aMeTuM, UYTO ypaBHEHUS BHA |x—a| =b MOKHO
peiiath u reomerpuuecku (cMm. m. 29).

146. ITonarue caeacTBud ypaBHeHua. Ilocroponnue
KopHu. IIycTh maHbl ABa ypaBHEHUS

fi(x) = g1(x), 1)
fa(x) = ga(x). (2)

Ecau kamxabiii KopeHb ypaBuenus (1) sBisercsa of-
HOBPEMEHHO U KOpHeM ypaBHeHus: (2), To ypasuenue (2)
HasbIBaeTcd credcmeuem ypasrnenus (1). 3amerum, 4To
PaBHOCUJIBHOCTh YPaBHEHUN O3HAYAET, UTO KaKIoe U3
YpaBHEHUH SABJIAETCS CJEINCTBUEM IPYroro.

B mporiecce pellieHusA ypaBHEHUSA YacTO MPUXOIUT-
cA IPUMEHATDH TaKue Ipeodpa3oBaHuA, KOTOPEIE IIPUBO-
IAT K yPaBHEHUIO, SBJSIONIEMYCSA CJIEICTBUEM KCXOI-
HOTO. YPaBHEHUIO-CJIEACTBUIO YIOBJIETBOPSAIOT BCE KOP-
HU MCXOTHOI'0 YPaBHEHUsI, HO, KPOMe HUX, YpaBHEHUe-CJIe]-
CTBUE MOJKET UMETh U TaKue PelleHus, KOTOpble He SIB-
JISTIOTCS KOPHSAMU MCXOAHOT0 YPaBHEHU A, 9TO TaK Ha3bI-
BaeMble LOCMOPOHHUE KOPHU. UTOOBI BBIABUTD U OTCe-
ATHh IIOCTOPOHHME KOPHU, OOBIYHO IIOCTYIIAIOT TaK: BCe
HalileHHble KOPHU YPaBHEHUS-CJIEICTBUS IIPOBEPAIOT
MMOCTAHOBKOM B MCXOJHOE YPaBHEHUE.

B ciyuae, Korga mpu pellieHnYN YpPaBHEHUS OHO OBLIO
3aMeHeHO eTr0 YpaBHEHUeM-CJIeCTBueM, YKasaHHaA IPo-
BepKa ABJIAETCS HEOTheMJIEMOII YacThio pelneHus. Ilo-
9TOMY Ba’KHO 3HATD, IIPU KaKKUX IIPeo0pa3oBaHUAX TaH-
HOe ypaBHEHUe IEePeXOIUT B CJeACTBUE.

Ecnu obe vacmu ypasHeHUS YMHON UMb HA Bblpa-
JHceHue, umeruiee CMbLCI NPU AH0bLX 3HAYEHUAX X, MO
noayiumcs ypasHeHue, agaswuLeecs ciedcmeuem uc-
X00HO020.
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Ecau obe wacmu ypasHenusa 6o3éecmu 6 keadpam
(u 8006UWe 6 1100Y10 YeMHYIO CMeNnerndb), Mo NOAYLUMC
ypasHeHnue, agaawueecs ciedcmeuem ucxodnozo. Bmec-
Te ¢ TeM, 6036ederue obeux wacmeil ypasHenua 6 00HY U
my Jce HewemHYI cmenenHv npueodum K YpagHeHUl,
PABHOCULLHOMY UCXOOHOMY .

147. YpaBHeHus ¢ mepeMeHHON B 3HaMeHaTexe. Pac-
CMOTPUM ypaBHEHHE BHA

p(x)
227 - 0. 1
q(x) ™

Pemenune ypaBuenus Buga (1) ocHOBaHO Ha clenyio-
IeM yTBep:KAeHUU: 0pobb pasHa HYy.sio mozda u moJib-
K0 mozoa, Koz0a ee wuCIUMELb PAGEH HYLI0, G 3HAMEHA-
meab omauvern om HYyas (Ha HYJb AEJUTH HEJIb3d).

ITosTomy perrenne ypasuenus (1) mpoBoauTcsa B 1Ba
aTama: cHauaja peraiTr ypaBHenue p (x) = 0, a sarem
IJIS KaXKJOTO KOPHSA BBIACHSIOT, oOpaliaeTcs JIM TPy Hai-

JeHHOM 3HAUeHUW IIepeMeHHOH x 3HaMmeHaTelb ¢(x) B
Hyab. Ecim q(x) # 0, To KopeHb ypaBHeHuA p (x) = 0

ABJsdeTca U KopHeM ypasBHeHud (1); ecau xe g(x) =0,
TO KOpeHb ypaBHeHus p (x) = 0 He ABAAETCA KOPHEM
ypaBuenus (1).

Taxum obpaszom, ypaBHenue p (x) = 0 aBaseTcs cien-
crBueM ypaBHeuus (1) (cm. m. 146). IIpu mepexozme oT
ypaBuenus (1) k ypasuenuio p (x) = 0 (sTOT IIepexon Ha-
3bIBAeTCA 0C6800603cIeHUem Oom 3HaAMeHamens) MOTYT
MMOSABUTHCSA ITOCTOPOHHME KOPHU. VX MOMKHO OTCEATDH C

IIOMOIIBIO ycIoBHuA ¢(x) # 0 MM HelloCpeACTBEHHOM IIOJ-

CTAHOBKOI KayKJ0T0 KOPHsA ypaBHeHus p (x) = 0 B ypaBHe-
uue (1).
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3x -6
II pu m e p. Pemmurs ypaBueame ——— = 0.
x°—-x-2
U0 U3 ypaBuHenusa 3x — 6 = 0 maxogum x = 2. Tax
Kak Ipu x = 2 sHaMeHaTeJb x> — x — 2 oOpaiaerca B
HYJIb, TO 3alaHHOE YpaBHEHUe He nMeeT KopHeii. W

148. O6nacTts onpenesieHnus: ypapaenus. O6racmovio
onpedenenusn ypasnenusn f(x)= g(x) Has3bBIBAIOT MHO-
’KeCTBO BCEX TeX 3HAUeHUI IIePeMeHHOI X, IPU KOTOPBIX
U BeIpaskeHHue f(x), u BbIpasKeHue g(x) MMEIOT CMBICII.
OGnacTb ompefesieHUd ypaBHEHUS HaA3bIBAIOT HMHOTAA
ob6racmvio donycmumvlx 3HAYEHUL.

IIpumep 1. HafiTu obiacTs onpejeaeHns ypas-
HEHUS:

a) x2 —5x =1+ 2x;

x 1
+

x-1 x-2 -
B) \/_— 4\/x—l = 6\/x—2;

r) logg(x - 3) = log3(5 - x).

6)

b

O a) BripaskeHus x2-bx um 1+2x olnpenpee-

HBI IIPKX BCEX X. 3Ha‘II/IT, 00J1aCTh oIIpeneJjieHnusa ypaBHe-
HHUA — BCA 4YHMCJIOBAd IIpAMad.

u
x—-1 X —
BeTcTBeHHO Ipu X = 1 u x = 2. ITosTomy 006J1acTh OIIpe-

0) Bripaskenus He oIlpeieJIeHbl COOT-

oeJleHUsd ypaBHEHUSd MOXKHO 33aTh YCJIOBUAMU: X # 1,

x # 2.
B) ROpeHB YETHOU CTeleHU MMeeT CMBICJI JIUIIE IIpn
HeoTpunaTeJbHbIX 3HAUEHUAX IIOJKOPEHHOI'O BBIpaMe-
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Husa. CiegoBaTebHO, OJHOBPEMEHHO [OJIKHEI BEIIIOJI-
HATBbCA yeaoBua: X 20, x—1>0 u x—2> 0. Bce st

HepaBeHCTBA CIPAaBeIJIUBLI Ipu X > 2, T. e. [2, + ©) —
o0J1acTh omIpeesieHs YpaBHEeHUA.

r) JlorapuhmM mMeeT CMBICI JHIIb B cJaydae II0JO-
JKUTEJBHOrO 4YKCJa IIOA 3HAKOM Jiorapudma. 3HAYUT,
IOJI2KHBI OTHOBPEMEHHO BBITIOJHATHCA IBa HEPABEHCTBA:

x—3>0, orkyma x>3, u 5—x>0, orkyma x <5.
Urak, (3, 5) — obsacThb onpemenenus ypapuenus. W

Eciau B mpollecce mpeoOpasoBaHWil ypaBHEHHUS €ro
00J1aCTh OIpeneeHus PaCIIuPUIACh, TO MOTYT IIOSIBUTE-
csA mocTopoHHUE KopHu. IlosToMy Bce HaliieHHBbIE 3HA-
YeHUs MepPeMEeHHON HaIo HPOBEPUTh IIOACTAHOBKOH B
HCXONHOe YPaBHEHUE UJIU C IIOMOIIBLIO 00JIACTH OIIpere-
JIeHUSI MCXOITHOTO YPaBHEHMUS.

IIpumep 2. Pemutrh ypaBHeHUe

lg(x-5)=1g(2x -9). 1)

U Tak kak lga = 1gb, TO B cIy MOHOTOHHOCTH JIOT'a-
pudmMuyecKoil pyHKINU uMeeM a = b (ecau a # b, Ha-

npumep a<b, To u lga #1gb, a umenno lga <lgbh).
3HAuuT, OT 3aJaHHOI0 YPABHEHNI MOKHO IIePeiTH K ypaB-
HEHUIO

x—-5=2x-9, (2)

orryna x = 4. IIpu nmepexoze ot ypaBsuenus (1) K ypas-
HeHUIo (2) 06JIacTh OIpenesieHNns PacIIuPUIach: B ypas-

Herauu (1) oHa 3amaeTcs HepaBEeHCTBOM X > D, a s
ypaBHeHUs (2) €10 CAYKUT BCA uncJoBad npsamas. Ilo-
9TOMY 3HaueHue X = 4, ABJAMIIeecad KOpHeM ypaBHe-
Hus (2), MOKeT OKasaTbCs MOCTOPOHHUM KODPHEM MIJIsd
ypaBHenus (1). B manHOM ciyuae MMEHHO 9TO U IIPO-
MCXOIUT, IIOCKOJBbKY X = 4 He YIOBJIETBOPAET HEPABEH-
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cTBY x > 5. Utak , x = 4 — MOCTOPOHHUI KOPEHB, T. €.
3aJaHHOE ypaBHEHHe He uMeeT KopHeii. W

149. PaimonapHble ypaBHeHHs. Y paBHeHUeE f(x) =
= g(x) HasbIBaeTCA PAYUOHAAbHBLM, ecaU f(x) u
g(x) — panuvonanbHbBle BeIpaskeHud. lIpm atom ecau

f(x) u g(x) — 1esble BHIPAXKEHUSI, TO YPaBHEHIE HA3bI-
BAETCS YenblM; €CIU Ke XOTsA Obl OLHO U3 BBHIPAKEHU

f(x), g(x) aBasgerca APoGHBIM, TO PAIMOHAJIBHOE YPaB-

Henue f(x)= g(x) HaswpIBaeTcsa OpPOOHbBLM.
Hampumep, IeabIMU ABIAIOTCA JUHEHHBIE U KBaj-
patuble ypaBHeHud (cMm. . 140 u 141).
II p u m e p. Pemmuth ypaBHeHUE
2 1 4

2-x 2 x@2-x)

O OGmuMm sHameHaTeseM apobeit apiaserca 2x (2 —
— x). Haifinem mOmOJTHUTENbHBIE MHOMKUTEIN IJIA KarK-
Ioi pobu M OCBOOOAMMCS OT 3HAMEHATeJIeH:

2x x(2 - x) 2
2> . 1— 4
2—-x 2 x(2-x)

dx+x(2—-x)=8;

’

x> —6x+8=0.

U3 ypaBueHus x> — 6x + 8=0 monyuum x, = 2, X, =
= 4. OcTaercs IPOBEPUTDH, 00pAIITAIOT JI HallIeHHbIe KOP-
HU B HYJIb BeIpaxkenue 2x (2 — x), T. e. IPOBEPUTDH BHI-
nonHenue ycaoBua 2x(2-—x) #0. 3amerum, uro 2 He
YIOBJIETBOPSET STOMY YCJIOBUIO, a 4 ymosierBopsier. Tak,
X = 4 — eIUHCTBEHHBIN KOpeHb ypaBHeHus. M
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150. Pemrenne ypaBaenus p (x) = 0 meromom pas-
JIOKEeHUA ero JeBoW yacTtu Ha MHO:kuteau. Cyte me-
moda pa3noiceHus HA MHO}CUMeAU COCTOUT B CJIELY-
omeM. [IycTs HyKHO pemuTh ypaBHeHue p(x) =0, rae
p (x) — mHOrOUNIEH creneHu 1. [IpeAmIonoKuM, 4TO HAM
yIOaloch Pas3jOKUTh MHOTOUJEH Ha MHOMHUTEJN:
p(x) = p1(x) - pa(x) - p3(x), rae pq(x), pa(x), pg(x) —
MHOTI'OUJIEHBI 00Jiee HU3KOM CcTelleHn, ueM 7. Torma BMme-
cto ypaBHeHusa p(x) =0 HYKHO PEIIUTh COBOKYIHOCTH
ypaBuernuii pi(x) =0, py(x) =0, ps(x)=0. Bce naii-
IeHHbIe KOPHU STUX YPABHEHWH, X TOJbKO OHU, OYIAYT
KopHAMU ypaBuHeHusa p(x) = 0.

IIpumep 1. Pemursh ypaBHeHue

x2+2x2 +3x+6=0.
D PaSJIOHCI/IM Ha MHOXHTeJIN JIeBYIO YaCThb ypaB-

Henusa. Umeem x2(x +2)+ 3(x+2)=0o0rryma (x+

+2) (x2 + 2) = 0. 3wauur, aubo x + 2 = 0, 1u60 2+
+ 8 = 0. I3 mepBOro ypaBHeH!A HAXOOAUM X = —2, BTO-
poe ypaBHeHUe He nmMeeT KopHeii. W

Mero pasyoKeHHs Ha MHOMKUTEIU IPUMEHAM K
JI00bIM ypaBHeHUAM Buga p(x)=0, rge p(x) — He-
00s13aTEJIbHO MHOT'OUJIEH.

IIpumep 2. Pemurh ypaBHeHUe

x> x—9\/_:0.

U Nwmeem \/;(xz -9) =0, suauur, 16O \/; =0,
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6o x> — 9 = 0. Us ypaBHEHUSA \/_ =0 maxomum x = 0,

U3 YpaBHEHUSA ¥>-9=0 naxogum x = +3. Ho x = -3
He YAOBJIETBOPAET UCXOJHOMY YPABHEHHUIO, TAK KaK IPU

9TOM 3HAUEHWHU He OIIPelesieHO BhIpaskeHue vX. 9TO —
IIOCTOPOHHUN KOPEHb.
Urak, ypaBHeHNe nMeeT ABa KopHsa: 3; 0. B

151. Pemenne ypaBHeHUi MeTOAOM BBedeHHA HO-
Boii mepeMmeHHoii. CyTh memoda 66edeHus HOB0LU ne-
pemernHOU TOSICHUM Ha IpUMepe.

II p u m e p. Pemurh ypaBHeHUE:
a) (x2 - 3x)% +3(x? - 3x) — 28 = 0;
24 15

0) 3 - =2.
x“+2x-8 x“+2x-3

U a) ITonaras x2-8x= Y, TpUAEM K yPaBHEHUIO

y2 +3y—28=0, orkyma maxomum y, = -7, y, = 4.
Temepp MOJyuaeM COBOKYIHOCTh ypPaBHEHUH

x2—3x:—7; x2—3x:4, T. €. x2—3x+7:0; xZ -

—-3x —4 =0. IlepBoe KBaJpaTHOe ypaBHEHNE He HMeeT
IeNCTBUTENbHBIX KOPHEH, TaK KaK ero AUCKPUMHUHAHT
oTpuiaTeseH. VI3 BToporo KBaJpaTHOr0 YPaBHEHNU HAXO0-

IUM x; = 4, X9 = —1. OTO KOPHHU 33J]aHHOTO YPaBHEHHUA.
6) ITomoxum x2+2x-8= Yy, Torma x2+2x-8=

= (x2 +2x-3)-5=y -5 u ucxomHoe ypaBHEHUE IIPU-
24 15

MeT BUJ, —5—— = 2. PemuB sT0 ypaBHeHUe (CM.
y- y
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. 147), nonyunm y; =126 u ys =-3. Ho y = x? +

+2x — 3. 3HAUYUT, OCTAETCA PEIIUTh YPABHEHUA
x*+2x-3=125 u x> +2x-3=-3,

win x2 + 2x — 155=0 u x2+2x=0. Us IIepBOTO Ha-

XOJOUM, UTO X = 0,5(\/%—2), X9 = —0,5(\/%+ 2), aus

BTOpOro — uto X3 =0, x4, =-2. A

152. BuxkBaapaTtHsie ypaBHeHud. Bukeéadpamuuvim

4 2
HasLIBaeTcsa ypaBHeHue Buga ax +bx” +c=0, rge
a » 0. BukBagpaTHOe ypaBHeHH’E peIIalT Memodom
66edeHus HO60U nepemeHHOl: ToJaras x? = Yy, IOpu-

XOJAT K KBaJAPAaTHOMY YPaBHEHUIO ay2 +by+c=0.
Il p u m e p. Pemuth ypaBHeHHUE x*+4x%2-21=0.
4 IIycts x2 = y; TOrja IOJy4YWM KBaJpaTHOe ypas-
HeHue y2 +4y — 21 =0, orxkyna y; = -7, yg = 3. Teneps
3ajlaya CBOJAUTCS K pPeNIeHWI0 ypPaBHEHUH X2 = -7,

x2 — 3. IlepBoe ypaBHeHHIe He UMeeT KOpHeii, 13 BTOPO-

ro HaXOJUM X =43, X9 = —v/3, KOTOpble ABIAIOTCH
KOPHAMHU 3aJaHHOTO OMKBaApaTHOro ypaBHeHus. W

153. YpaBHeHus BbIcHIMX cTemeHeii. KpaTko ocra-
HOBMMCS HAa DeIeHuW ypaBHeHWi BuAa P(x) =0, IIe

P(x) — MHOTI'O4JI€eH, CTE€II€eHb KOTOPOI'0 BBIIIIE BTOpOfI.
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IIpu pemteHUM TaKMUX ypaBHEHHUN HCIOJB3YIOT Memod
pasnoicenus Ha MHOXNCUMenU 1 memood 66edeHuUs HO-
601l nepemenHOlL.

PasyoxxeHne MHOTOUJIEHA N-ii CTEIIEHN HA MHOMKUTE-
JII OCHOBAHO Ha CJEAYIOIeM YTBEeP:KIeHUNU:

ITycmv dan mHO20YIEH

P(x) = agx” +a1x" L+ ...+ a, 1x+a,,

ece KoapPuyuernmoul Komopozo — ueavte wucia (ag = 0).
Toz0a ecau yenoe wucno x = b agnsemcs KOpHem MHO20-
unena P(x), mo ono cayxicum Odenumenem c80600H020

uiena a,.
IIpumep 1. Pemursh ypaBHeHue

x% +4x%-24=0. 1)

U ITompobyem HaTH e/l KOpeHb ypaBuHeHus (1).
i 9TOTr0 BBIIMINIEM AEJIUTENN ero CBOOOJHOIO UJIeHA:

+1; £2; £83; £4; +6; +12; + 24. IloacraBus B ypaBHe-
nue (1) sHauenne x = 1, moayuum 13+4.12-24+ 0,
T. e. x = 1 He sABadercsa KopHeM. [asee, mpu x = —1
ux = 2 umeem: (-1)3+4(-1)2-2420, 2%+4.2%2-
—-24 = 0. 3Hauur, x, = 2 — KOpeHb ypaBHeHu (1).
Teneps pasgeauM MHOTOUJICH x% +4x% - 24 mHa IBY-
4ieH X — 2; B 4aCTHOM IIOJIYYUM x2 + 6x + 12. Taxum
o6pasom, x°+4x?-24=(x-2)(x%+6x+12), rae
KBaJpPaTHBIA TPeXuJeH x2 + 6x +12 me umeer KOpHeIi.

HUrak, x = 2 — eIUHCTBEHHBII KOpeHb ypaBHeHU . W
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IIpumep 2. Pemurh ypaBHEeHNE

2122 + x2 - 5x - 1= 0.

a PaS,Z[eJII/IB BCe WJIeHbI YPaBHEHHNA HA x3, nmeeM

1
Ilomaraa — =y, npujgeMm K ypaBHeHuio 21+y-—
x

—5y2—y3:O, T. €.

y?+5y%-y-21=0. (2)

Kak u B npumepe 1, Halifem 1eJblii KOPEHb YpPaB-
HeHuaA (2): y, = — 3. 3areMm, pasneuB MHOTOUJIECH
y3 + E')y2 -y—-21 ma y + 3, molyyuM KBaApaTHBII
TpexueH y2 + 2y — 7. Ero KOpHAMU SBIAIOTCA YHUCIA

-1+ 2\/5 u-1- 2\/5. Haxkomner1, Bo3Bpamiasics K Ie-

1
peMeHHOfI X = —, HaXoAMM KOPHH HCXOIHOIO ypaB-
HEeHUud. y

. 1 1 1+2V2
1 = —-—, 2 = = ,
3 —1+2y2 7

_ 1 :1—2J§
5 192 7

154. Pemrenue 3aga4 ¢ moMous0 ypasaesnuii. C mo-
MOII[bI0 YPABHEHUI DPeIlaloTCA MHOTOUYMCJIEHHBIE 3ala-

X .
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Y1, K KOTOPBIM IIPUBOAAT CaMble Pa3HOOOPAa3HbIE BOIIPO-
Cbl (PUBUKY, MEXaHUKH, S9KOHOMUKHU U IPYyrux Hayk. O6-
Iasg cxema DPeIreHus TAKWUX 3aJa4 COCTOUT B CJIEMYIO-
mem:

1. BBogaT nepeMenHble, T. €. OYKBaMU X,Y, 2 000-
3HAYAIOT HEeU3BECTHbIE BeJINUNHBI, KOTOPbIE JIL0O TpeOy-
eTcs HaiiTu B 3amaue, JJuOO OHU HEOOXOAUMEI AJIS OTHIC-
KaHuA UCKOMBIX BEJIUYMH.

2. Ucmnonb3ysa BBeleHHbIE IIepeMeHHbIe U JaHHbIE B
3ajaue YHCJIa U COOTHOIIEHHUSA, COCTABJIAIOT CHUCTEMY
ypaBHeHUH(UIN OOTHO ypaBHEHUe).

3. PelaioT cocTaBJIeHHYIO CUCTEMY YPaBHEHU# (MIu
ypaBHeHME) U M3 IIOJYyUYEeHHBIX pelleHuii oTOuparoT Te,
KOTOpbIE ITOAXONSAT IO CMBICIY 3aJadMu.

4). Ecau 6ykBamMu X, Y, 2 00O3HAUEHBLI HE MCKOMBIE
BeJINYUHBI, TO, UCIIOJIb3Ys MOJYUYEHHbIEe PeIleH s, HaX0-
IAT OTBET Ha BOIIPOC 3aJaduM.

IIpumep 1.]/lBa macTepa, paboTas BMecTe, BLIIIOJI-
HUJINA HEeKOTOPYIo padoTy 3a 6 u. IlepBrlil n3 HUX, pado-
Tas OTAeJIbHO, MOKET BHIIIOJHUTD BCIO PabOTy Ha 5 U CKO-
pee, 4eM BTOPOIi, ecau IIocJeqHuil Oymer paboTaTh OT-
IeJbHO. 3a CKOJIBLKO YacOB KaKIbIHM 13 HUX, paboTas OT-
IeJIbHO, MOKET BBIIIOJHUTE BCIO PaboTy?

O Ilpesxme uem pellaTh 3amady 3aMeTHM CJIELYIO-
1I1ee: IPOU3BOAUTEILHOCTD TPY/IA, T. €. YaCTh Pa00ThI, BhI-
MmoJIHAeMasd B eIWHUILY BpeMeHU (0003HAUUM ee uepes
A), 1 BpeMs, Heo0X0aruMOe IJIs1 BHITIOJTHeHU Beeil paboThI
(o6o3HauMM ero uepes t), — B3aUMHO OOpaTHbLIE BEJIUYU-

Hbl, T. €. At =1. IlosTomy eciu 0GO3HAUUTHL UEpPeE3 X U
BpeMs, HeOOXOqMMOe [IJIS BBIIOJIHEHUA BCell paboThI mIep-
BOMY MacTepy, a uepesd (x +5) ¥ — BTOpOMY, TO YacThb
paboThI, BHIMOJIHSIEeMAsA IePBLIM MacTepoM 3a 1 u, paBHa

1
—, a 4acCTb pa6OTI:I, BBIIIOJIHAEeMAasa BTOPBIM MacCTepOM
X
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3a 1 u, paBHaA 5 CoryiacHO yCJIOBUIO OHM, paboras

BMeCTe, BBIIIOJHUIN BCIO paboTy 3a 6 u. HacThb paboThI,

6
BBIIIOJIHEHHAs 32 6 U IIepBBIM MacTepoM, €eCTb —, a 4acCTb
X

pa6OTBI, BBITIOJIHEHHAs 3a 6 u BTOPBIM MacTepoM, €CTb

5 . Tax KaK BMecTe OHU BBIIIOJTHIIN BCIO pa6o'1‘y, T. €.
X+

IOJIA BBIIOJHEHHOI paboThl paBHA 1, TO moIydaeM ypas-

6 6
HeHme — +
x x+5b

Wrak, repBblil MacTep MOKET BBIIOJHUTH BCIO paboTy 3a
10 u, a BTOpOIi — 32 15 u. W

=1, pemwus Kortopoe Haizem x = 10.

Il pumep 2. U3 cocyga BMeCTUMOCTbIO 54 I,
HAIIOJHEHHOI'0 KMCJIOTOH!, BBLININ HECKOJIbKO JIATPOB U
IOJIAIN COCYJ BOJOM, IIOTOM OIATH BELIMIMN CTOJIBKO e
autpoB cMmecu. Torga B ocraBileiica B COCye CMeCHU
oKaszajsoch 24 J 4ncToil KUCJIOTBHI. CKOJIBKO KIKCJIOTHI
BBLIIMJIM B IIEPBBIA pas?

U ITycTs B epBbIii pas ObIJIO BBIIUTO X JI KUCJIOTHI.
Torga B cocynme ocranoch (54 — x) a1 KucaoTel. [loaus
cocy[ BOo#, moryunau 54 J cMecu, B KOTOPOI pacTBO-
puinoch (54 — x) 1 KHUCJAOTHI. 3HAUUT, B 1 JI cMecH co-

X
AEPXKUTCA T JI KNCJIOTHBI (ROHHeHTpaHI/IH pacTrBoO-

pa). Bo BTOpoO#i pas mu3 cocynma BBIIUJIU X J CMECH, B
54— x
—_— x
54
KucaoTel. TakuM 00pas3oM, B IePBLIA pas3 ObLIO BBLIUTO

9TOM KOJIMYeCTBe CMeECH COImepPKaJoChb JI
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54— x

X JI KNCJIOTHBI, BO BTOpOfI + X JI KHUCJIOTHI, a BCero

3a gBa pasa BeLiuTo 54 — 24 = 30 1 Kuciaorel. B pe-

4-x - 30.

3yJbTaTe IpUXogUM K YpaBHEHUIO X +

Pemus ero, maiinem nsa kopua: x, = 90 u x, = 18.
fcHo, uro 3Hauenue x = 90 He yIOBIETBOPSAET YCJO-
BHUIo 3amaun. VITak, B IepPBBIA pas3 ObIIO BRIAUTO 18 1
Kucgorsl. W

155. HppauunonaasHbie ypasHeHus. Hppayuonans-
HbLM HA3bIBAETCHA ypaBHEHVE, B KOTOPOM IepeMeHHAasd
COZEPIKUTCS IION 3HAKOM DaAWKasa WM sIBJISETCH OC-
HOBaHWEM CTeleHU ¢ Apo0HBIM mokasartenem. Tak, up-

PAlMOHAILHBIMY ABJIAIOTCA YpaBHeHusa VX —2 = 2x — 1,

£ _5-0 ur. I.

PaccmorpuM ABa MeToda peIIeHWs HUPPaUuOHAJb-
HBIX YpaBHEHUH: memod 6036edenus obeux uwacmeu
YypaéHeHus 6 0OHY U my e cmenensv; memod e6ede-
HUA HOB0U nepemeHHOU.

IIpumep 1. Pemurs ypaBHeHue

vx—-1++42x+6 =6.

U IIpeoGpasyem ypaBHeHNE K BUIY

V2x +6 =6 -+vx -1

1 BO3BegeM 0o0e yacTu ero B KBajgpar. HOJIy‘{I/IM

(V2x +6)% = (6 —vx -1)%;
2x+6=36-12vx—-1+x-1; 12Vx -1 =29 —x.
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Emie pa3 Bo3BemeM obGe yacTu ypaBHEHUS B KBaJ-
par: 144(x -1) = (29-x)%, 1. e. x%—202x +985 =0,
OTKyZa X; =95, x9 =197.

IIpoBepka. l) Ilpu x = 5 umeem \/a-i-
+ m =6, T. e. x = 5 sABIsAETCA KOPHEM ypAaBHEHUS.

92) V197 -1++2-197+6 # 6. Buaunur, x = 197 —
IOCTOPOHHUI KopeHsb. M

IIpumep 2. Pemurh ypaBHeHUe

x2+3-vV2x2 - 83x+2 =15(x + 4). (1)

U Vemumnenme pagukajia M Bo3BeIeHMe 00emX dYac-
Tel MOJYYeHHOI'0 YPaBHEHUS B KBAApaT IPUBEJO ObI K
TPOMO3IKUM BhIUuncaeHUAM. OTHAKO MOKHO 3aMeTUTh,
uyro ypaBHenue (1) Jerxo ceoauTcsA K KBagpaTHOMY. B
caMoM Jejie, YMHOMKHUB 00e ero uacTu Ha 2, MOJyYuM

2x2 +6-2V2x% —3x +2 =3x +12,

2x2 _3x+2-2v2x%2 - 3x+2-8=0.
Iycrs v2x2 — 3x + 2 = y; Torza y2 -2y-8=0, or-

Kyga y; =4, ys = 2. Ilosromy ypaBHenue (1) paBHO-

CUJIBHO COBOKYIIHOCTU YpPaBHEHUH: 4 2x2 _8x+92 = 4,
\/23{:2 —-8x+2 =-2. 3 mepBoro ypaBHeHHA HaXO-

juM  xy = 3,5, X9 = —2, a BTOpPOe He NMeeT KODHeH.
ITogcramoBKka HaWJeHHBIX 3HAYEHUUN B ypaBHEHUE

203



AJITEBPA

Pasden IV. YPABHEHUS

\/2x2 — 3x + 2 = 4 TOKas3bIBaeT, UTO 00a ABIAIOTCA KOPHS-

MH YKa3aHHOI'O, a 3SHAQUYUT, 1 UCXOJHOI'O ypaBHeHI/IH..

156. IToka3aTexbpHble ypaBHeHUsa. [loxa3zamenvHbl-
mu HaseiBalorcs ypasHeHus Buza a'® =af® | rrpe

a>0, a #1, u ypaBHeHUs, CBOAAIINECA K YKA3aHHEIM.
OcHOBO# pellleHns MOKa3aTeJbHbIX YPaBHEHUN CIIy-
JKUT cJIeflyiolllee CBOMCTBO: nokasameJbHoe YpasHeHue

a’® = 48 pasnocunvro ypasnenuio f(x) = g(x).
MeloTca IBa OCHOBHBIX METOJA PelIeHHs IOKasa-
TeTBHBIX YPABHEHUIl: Memod YpasHUGAHUA MOKA3A-

meuneil, T. e. IpeodpasoBaHNe TaHHOTO YDAaBHEHUA K BULY
a’® — g8 3 zarem k Buny f(x) = g(x); memod éee-
denusa HO60U nepemeHHOU.

IIpumep 1. Pemursh ypaBHeHue

0,236—0,5
V5

U Ilpusezem Bce cTeleHu K ogHOMY ocHoBauwuo 0,2.

=5.0,04°"L,

ITonyuum ypaBHeHUe (O,Z)x_O’E’ -(0,2)0’5 = (0,2)_1 X
x((0,2)%)*"1, koropoe mpeobpasyem k Bumy (0,2)F =

= (0,2)2x_3. ITocnenHee ypaBHeHHe PAaBHOCUJIBLHO ypaB-
Heumnio x = 2x — 3, orkyga x = 3. l
IIpumep 2. Pemurh ypaBHeHUe

4% y 2%+ _94 - 0, (1)

U IlpumMeHMM MeTO[ BBeJeHUS HOBOM IIepeMeHHOI.
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Tax rax 4% = (2%)2, 2°*1 =2.2% 10 ypasmenue (1)
MOJKHO II€PeIINCaTh B BUJE

(2*)2+2-2* -24=0. (2)

Bsenem HOBYIO mepeMeHHYI0, mosaras 2* = y. Torpa
ypaBHeHUe (2) cBemeTcs K KBaJpaTHOMY YPaBHEHUIO

y2 + 2y — 24 = 0, KOPHAMU KOTOPOTO ABIAIOTCA Yp = 4,

Yo = -6. Tenepb 3ajgadya CBOJUTCA K PEIIIeHI0 COBOKYII-

HOCTH ypaBHeHmii: 2% = 4; 2* = —6.
W3 mepBoro ypaBHeHud Haxoaum x = 2. Bropoe ypas-

HeHUe He MMeeT KOpHe#, Tak Kak 2° > () mIpu JoO0BIX
3HaveHusax x. Urak, x = 2.0

157. Jlorapudmuueckue ypaBHeHus. Jlozapugpmu-
yecKuMu Ha3BIBAIOTCA ypaBHeHusa Buma log, f(x) =
=log, g(x), rne a >0 u a#1, ¥ ypaBHeHUs, CBOJA-
myecsa K YKa3aHHBIM.

HwmeloTcsa [Ba OCHOBHBIX METOJa pellleHus jorapud-
MUYECKUX YPaBHEHUI: Memod YpPAG6HUBAHUA N102a-
pudpmupyemvix 6vipaixcerHull, T. e. IpeodpasoBaHUA
ypaBHeHua K Buny log, f(x) =log, g(x), a 3arem kK
Buny f(x) = g(x); memod 66edenus HO60U nepemeHHON.

IIpumep 1. Pemursh ypaBHeHue
lg(x+4)+1g(2x +3) =1g (1 - 2x).

U BocIoJyib30BaBIINCh T€M, YTO CyMMAa JIOTapu{)MOB
paBHa Jiorapu@My OpousBegeHus (cMm. m. 75), mpeobpa-
3yeM ypaBHeHUe:

Ig((x+4)2x+3)) =1g(1 - 2x);

205



AJITEBPA

Pasden IV. YPABHEHUS

(x+4)(2x +3) =1-2x;
2x2 +18x+11=0.

W3 mocnenHero ypaBHeHUsS HaxomuM Xy = —1, xg =
=-5,5. Ocraerca cpesmats mpoBepKy. Ee MOKHO BBI-

MMOJHUTh C IOMOIIBIO CHUCTEMbLI HepaBeHCTB x + 4 > 0,
2¢+3>0, 1-2x > 0. IlogcraBuB moouepeaHO 3HAUE-
Hua —1 u —5,5 B 9T HepaBeHCTBa, yoexKgaemMces, uTo —1
YIOBJIETBOPAET BCeM HepaBeHCTBaM, a —5,5 HeT, — Ha-
mpuMep, IIPU 9TOM 3HAUEHUH! He BBLINOJHSETCA IIepBOe
HepaBeHCTBO. 3HAUUT, —H,5 — IIOCTOPOHHUIN KOPEHb.
Urag, x=-1.1
IIpumep 2. Pemutrh ypaBHeHUe

7

log2 x +loggx+1=—+ .
g2 &2 log,(0,5x)

(1)

U Tak kak logy(0,5x) = logy x +log, 0,5 = logy x -1,
To ypaBHeHuUe (1) MOKHO IIepenuncaTh B BUIe

7

_ 2
loggx -1 @

log§x+log2x+1:

Beemem HOBYIO IepeMeHHYIO, mojaras logs x =y.

n

Torma ypaBHeHue (2) mpuMeT BUJ y2 +y+1=

naJee (y—l)(y2 +y+1)="7, y3—1:7, y3 =8, y=2.
Ho y = log, x, moatomy us ypaBHeHus logs x = 2 Haxo-

oM x = 4. W
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158. Ilokas3aTeabHO-TOrapu(pMuUecKue YpaBHEHUd.
II p u m e p. Pemmuth ypaBHeHUE

x1718% ~ 0,01. (1)

U Haiigem ob6siacTsb onpeesieHns ypaBHeHusa: x > 0.
B 271011 06/1aCcTH BRIpAsKEHU s, BXOAAIIE B 00e YacTH ypas-
HeHud (1), IPUHUMAIOT TOJBKO IIOJOKUTEIbHEIE 3HAUE-
HUA; IIO9TOMY, IIPOJOTapu(MUPOBAB 00e ero 4acTu II0
ocHoBaHMio 10, IpUXOAUM K YpPaBHEHUIO

lgx'718% = 10,01,
paBHocunbHOMY (1). Hanee umeem (1-1gx)lgx =-2.
Ilonaraa u =1gx, monyunm (1-u)u =-2, oTKyza
u; = -1, ug = 2. Ocraercsa peIIuTs COBOKYIHOCTb YpPaB-
Heumit: lgx =-1; lgx = 2. VI3 3T0li COBOKYIIHOCTHA Ha-

xoguMm xq = 0,1, x9 =100 — kopHu ypaBHeHus (1). ®
31ech IpUMeHEeH Memod n02apud MuposaHul, 3aK-
JIouaoIuiica B Ilepexojie OT ypaBHeHUud f(x) = g(x) k

ypasHenumo log, f(x) = log, g(x).

159. IIpocreiinie TPUTOHOMETPUYECKHE YPABHEHU .

VYpaBHenmne sinx =a, rae |a| <1, ummeerT GeCKOHEUHO

. . 1
MHOTrO KOopHei. Hanpumep, ypaBHeHHIO Sinx = 3 yIOB-

T 51
JIETBOPSAIOT CJIEAYIOIMe 3HAUCHUA: X| = 5’ Xg = o’
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T T
X3 = E+ 2m, x4 = e 21 u. r. x. O6maa gopmy.ia, 1o
KOTOPO HaXOIsATCs BCce KOPHU YpaBHeHUA sinx = a, rae

|a| <1, Taxosa:
x =(-1)" arcsina + nn, n € Z. 1)

3mech n MOKeT IPUHUMATH JIIOOble IleJjible 3HAUeHUSd,
KaXJIOMy M3 HHX COOTBETCTBYET OIlpeeIeHHbIN KOPeHb
ypaBHEHHUS.

Amnanornuno, peleHue ypaBHeHHA COSX =a, TIe

|a| <1, BeIpakaeTcs opmyJoi

x = farccosa+2nn, n € Z, (2)
pellleHne ypaBHeHusa tgx =a — Qopmymoi

x =arctga+nn, neZ, 3)
a peleHue ypaBHeHus ctgx =a — Qopmymoi

x = arcctg a + nn, n € Z. 4)

II p u m e p. Pemiuth ypaBHeHUE:

a) sinx:%; 0) cos3x=—§; B) tg[x_%j:_\/g_

O a) ITo popmyae (1) Haxogum

x=(-D" arcsin% +nn, neZ.
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.1 =
Tak xKak arcsmE = r (cm. m. 129), To OKOHUATEIBHO

noxyuaem x = (-1)" %+ nn, neZ.

6) Ucnoaw3ysa ¢opmyay (2), umeem

3x = arccos [— g} +27n, n € Z.

2 2 T 37n
Ho arccos|-—|=m—-arccos—=n—-—=—(cM.
2 4 4
n. 129), mostomy 3x:J_r3Tn+2nn, T. e. x:i%+
+2Ln,neZ.
3

B) Corsacuo gopmy.e (3), umeem

x _% = arctg(—\/g) +7nn,neZ.
YuursiBas, uto arctg (—\/g) = —arctg \/_ = —g (cm.

T i i

n. 129), noaryunm x - —=—-—+7nn, T. €. X = —— + 1N,
6 3

neZ.n

3ameTuM, YTO B HEKOTOPHIX CAyUYasixX yaoOHee IMOJIb30-
BaThcad YacTHbBIMU GopmynsamMu (Bo Bcex (opmyaax

neZ):

1) sinx =0, x =nn; 2) sinx =1, x:g+2nn;
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3)sinx = -1, x = —g+2nn; 6)cosx = -1, x = t+ 2nn;

4)cosx—0,x:g+nn; 7) tgx =0, x =nn;

T
5)cosx =1, x = 2nn; 8)ctgx:0,x:§+7m,

160. Pemrenne TPUTrOHOMETPUUYECKUX ypPaBHEHMIA
MEeTOJOM pa3/J0KeHUusA Ha MHOKuTenau. Eciau Tpwuro-

HOMeTpHUYeCKOe YypaBHeHue NIpuseseHo K suny f(x) =0,
rfe ero JeBas YacTh pasjiaraeTcA HAa MHOMKHUTEIH, TO
cleflyeT IPUPABHATEL HYJIO BCe ST MHOMKHUTEIn. B pe-
3yJbTATE IMOJYUYUTCSA COBOKYITHOCTL YPABHEHUN, IpUUYeM
KOPHU KaXKAOT0 M3 HUX OKAXKYTCA KOPHAMU JAHHOI'O
ypaBHEHUA, €CIU OHM BXOLAT B 06JACTH OIpeLeeHns
KaMJOro M3 MHOXMKHTeJel JeBOil YacTu ypaBHEHUS

f(x) =0.
IIpumep 1. Pemursh ypaBHeHue
cosx(tgx—-1)=0. (1)

U JamHOe ypaBHEHNE CBOSUTCSA K COBOKYITHOCTH YPAaB-
HeHul: cosx=0;tgx=1 oTKyZa HaXOAUM X=

T T
= 2 + 7k, x= 1 +7n; k, n € Z. OgHaKo 3HAYEeHUS X =

T
= §+ Tk — IOCTOPOHHNE KOPHU AjasA ypaBHeHus (1),
MOCKOJIbKY TIPM 9THX 3HAUEHUSIX He oIlpemeeH tgx.
T
Uraxk, pemienue ypaBHeHus (1) umeer Bunm X = 7 + nn,

neZ.
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IIpumep 2. Pemutrh ypaBHeHue

sinbx + sinx + 2sin? x = 1.

U Ilepenecem 1 B JIeByIO YacCTh U, BBIIOJIHUB IPE00-
pasoBaHUA JEBOH YaCTH, PABJIOKUM ee Ha MHOMKUTEJIN.

ITpumenum K sinbx + sinx ¢opmMysny CyMMBI CUHYCOB

(cm. m. 85) m BocHmoOJb3yeMCA TeM, UTO 2sin x =

=1-cos2x (cm. m. 83). Torga ypaBHeHUe IIPUMET BUJ
2sin3xcos2x + (1 —cos2x)-1=0;
cos2x(2sind3x—-1)=0
Temeps 3amaua cBeJlaCh K PEIIEHUI0 COBOKYIIHOCTH
ypasHenuii: cos2x =0; 2sin3x-1=0.

T
W3 ypasHenua cos2x =0 Haxomum 2x = E + 1k,

T. €. x=£+n—k,kez.
4 2

1
W3 ypasuenus 2sin3x —1 = 0 maxogum sin 3x = 3
n 1 .1 =n
oTryzna 3x = (1) arcsmE + 7n; Tak Kak arcsmE = 5’
TO
3x = (~1)" —+nnx )" ™ hez
18 3’ )
WUrak, moaydyaemM OTBET:
T Tk nn
x=—4+—3 x=(-1)"—+—; k,necZ n
4 2 18 3
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161. PemeHne TPUTrOHOMETPUYECKUX ypPaBHEHMIA
MEeTOJIOM BBeJIeHUS HOBOIi mepeMeHHOi. CyTh 3TOr0O Me-
TOMA 3aKJIIOUAeTCsA B CBEJIEHWU TPUTOHOMETPUYECKOIOo
ypaBHEHUS K ajreGpamdyecKomy.

IIpumep 1. Pemursh ypaBHeHue
2cos? x + 14 cos x = 3sin? x.

O Tax xax sin? x = 1 — cos’ X, TO ypaBHEHHE MOXKHO
ImepenucaTh CJAEIYIOIIUM 00pasoM:

2cos2x+1400sx—3(1—cos2 x)=0,

5cos’ x +14cosx -3 =0.

Ilonarasa cosx =y, NMONYyYUM KBaJpaTHOE ypaBHe-

2

ume 5y° +14y -3 =0. Pemmus ero maxogum y; = 0,2,
Y9 = —3. 3Hauur, aubo cosx = 0,2, oTKyzma x = * arccos
0,2 + 2nn, ambo cosx = -3 — HTO ypaBHEHUE He IMEET
pemnieHuii, TaK Kak |cosx|£1. Urak, x=
=tarccos0,2+2nn,neZ. m

Wuorga MoKHO yKasaTh IIPABUIO, obJieryarolrnee BbI-
00p HOBOM IIepeMEeHHOM B TPUIOHOMETPHUUECKUX ypaBHe-
Huax. O6osHaunM yepes R (sinx, cosx) panmoHAILHYIO
(YHKIIUIO OT Sinx U COS X , T. €. PYHKIINIO, IIOJYUEHHYIO
U3 SinX W COSX U IOCTOSHHBIX BEJUUYUH C IIOMOIIIBIO
onepanuii CI0KeHnsd, YMHOMKEHU U AejieHnus. PaccMor-
puMm ypaBHeHue Buza R (sinx, cosx)=0. Taxoe ypas-

. 2 s 2
HeHue 3ameHoll cos“x nHa 1-—sin®x ceodumcsa K an-
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ze6pau1tecrcomy YpaBHEeHUKW OmMHOCUMmMEeJJNbHO sin X, ecau
cosx exodum 8 YpasHeHue JUUWb 8 YUeEMHbLX CMeneHAx,

P 2
aHaJIOTU4YHO, 3aMEHOU SlIl2 x Ha 1—cos” x oHo csodum-
CAK aﬂze6pauuecrcomy YPABHEHUIO OMHOCUMEeJlbHO COS X,

ecau sinx sxodum & YpasHeHue JlUlUWb 8 HeNntHblX cmene-
HAX.

IIpumep 2. Pemutrh ypaBHeHUe

cos? x + 8sinx —sin*x -2 -0.

O Tak Kak cosx BXOOIUT B ypaBHEHHE JIUIIIb B
‘-IeTBepTOfI cTellenu, To, COI'JIaCHO YKa3aHHOMY IIpa-

2 . 4
BUJIY, 3aMEHHM COS“ X Ha 1-sin? X, T. €. COS” X Ha

1- sin? x)2. Torna manHOe ypaBHEeHUE IIPUMET BU/L
1- sin® x)2 +3sinx —sin*x-2=0.
Ilomaras sinx =y, OpuUXoOZUM K airedbpamdecKomMy
ypaBHeHuio (1-— y2)2 + 3y - y4 -2=0, 1. e. 2y2 -3y +
+1 =0, orrkyza y; =1, ys = 0,5. Hakosner, pemus coBo-

KYIIHOCThb ypaBHeHuil sinx =1, sinx = 0,5, mosayuaem

x:£+nk,x=(—1)n%+7m; k,neZ 1

162. OgHOpOaHBIE TPUTOHOMETpPUYECKHNE ypaBHe-
HUg. B psge ciaydyaeB TPUTOHOMETPHUECKOE ypaBHE-

Hue Buzia R (sinx, cosx) =0 MOXXHO CBeCTHU K ayreo-

paumueckKkoMy oTHocuresbHo tgx. Takue ypaBHeHUA
XapaKTepU3yITCSa TeM, UYTO OHU He MEHSIOTCS IIPU Of-
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HOBPEMEeHHOI 3aMeHe Sin X Ha —sin x u cos x Ha —cos X.
IIpumepaMy TakuX ypaBHEHUIN ABJIAITCA 00HOPOO-
Hble YPAGHEHUA:

asinx +bcosx =0;

2

asin?x +bsinxcosx +ccos®x =0

(COOTBETCTBEHHO MEPBOM U BTOPOII CTEIIEHN).

Paccmorpum cayuaii, korma a # 0. Pasmenum obe
YacTHU IIePBOI'0 YPaBHEHUS HA COS X, a 00e 4acTu BTOPO-

ro — Ha cos’x. B pesyJbTaTe IOJYyUYMM YpPaBHEHUS,

aJII‘e6paI/I‘-IeCKI/Ie OTHOCUTEJIbHO tgx .

atgx+b=0; atg2x+btgx+c:0.

3ameTuM, uTo nmpu a # 0 OMHOPOIHOMY ypPaBHEHUIO
He YIOBJIETBOPSIOT Te 3HAUEHUA X, HPU KOTOPBIX

cosx = 0. Ilosromy gmesienme Ha cosx (uian coszx)

o0enx JacTeil OSHOPOIHOI'O ypaBHeHUA B caydae a # 0
He IPUBOIUT K IIOTepe KOpHEeH.

IIpumep 1. Pemursh ypaBHeHue
sin? x + 2sin x cos x — 3cos x = 0.
U Pasgenus o6Ge yacTu ypaBHEHUS Ha cos? X, TOJIy-
quM tg2 x+2tgx—-3=0. Hanee mosoxkum u = tgux,

TOrJa IPUXOAUM B KBaJPATHOMY YPaBHEHUIO u? 4 2u -
-3 =0, orkyzma u; = -3, uy = 1. Haxkomerl, pemus coBo-

KYyIHOCTh ypaBHeHU¥ tgx =-3, tgx =1 Haxozum

x = arctg (-3) + 7k, x:§+nn; E,neZ ®
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IIpumep 2. Pemurh ypaBHeHue

2

5sin2x+\/§sinxcosx+6cos x =b.

U Wmeem
5sin? x + \/gsinxcosx +6cos? x = 5(sin2 x + cos? x);
\/gsinxcosx+cos2x20. (1)
B ypaBHenuu (1) oTcyTCTByeT UJieH BUIa a sin? X,
T. e. a = 0. 31ech qeauTh 00e YacTH ypaBHEeHU Ha cos® x

2
HeJIb3s, TAK KaK Te 3HAUEHUS X, IPU KOTOPBIX COS™ X =
= 0, yamoBieTBOpsiOT ypaBuHeHUIo (1), a moTomy AeseHue

2 o
Ha co0S” X mpuBeneT K morepe KopHei. IlocTynmum mHa-
ye: pasJIoKUB JIEBYIO UacTh ypaBHeHus (1) Ha MHOMKUTE-

Jau, noayuuM cos X (V3 sinx + cosx) = 0.
Temeps 3a7laua CBOAUTCSA K PEIIEHUI0 COBOKYITHOCTH

ypaBHeHwuii: cosx = 0; \/gsinx + cosx = 0. VI3 mepBoro

T
ypaBHEHUSA HAXOOUM X = 2 + mk, k € Z. Pasnenus obe

YacTu ypaBHEHUSA 3sinx+cosx=0 Ha cosx,

1
HOJIYUYUM \/gtngrl:O, OTKyJa tgx=—ﬁ, X =

= arctg —% +mn, T. e. x:—%+nn,neZ. HUrax,
3

moJayuyaeM JBe CEePUU PeIleHuil:

x:£+nk,x:—£+nn; k,neZ.m
2 §]
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163. YuHuBepcaJabHasa moAcTaHOBKA. VI3BecTHO (CM.
m. 84), 4To sinx W COSX BBIPAKAIOTCA PAIMOHAIBHO

yepes tgg, a UMEHHO:
2tg d 1- tg2

sinx =—*%—, cosx = ——*=, (1)
1+tg2g 1+tg2

R NR

x
roe x # n+ 2nn. IlomcTaHoBKAa th = u Ha3LIBaeTCAa

ynueepcanbnoﬁ,. Ee Mo0:XHO MCIOJIB30BATH IIPU peIlre-

HUM Jio6oro ypaBHeHus Buga R (sinx, cosx) = 0.
IToCcKONIBKY MCIOML30BAHNE VHUBEPCAILHOM IOACTA-

HOBKU BO3MOXKHO JIUIIL IPU X # T + 27tn, HYYKHO IIPOBe-

pPATH, He ABJIAIOTCA JIU YKCJa BUAA X = 7+ 2nn  pelle-

HUAMU 3aJaHHOTO YPaBHEHUS.
IIpumep 1. Pemurs ypaBHeHue

3sinx +4cosx =5. (2)
U Hcnoonbaysa dopmyasl (1) u monaras tgg = u, Ipu-
IeM K palMOHAJbHOMY YPABHEHUIO

2u 1-u?
T4 2

3 =5.

1+u 1+u

1
PemuB ero, maxomum u = g Hamee, n3 ypaBHEeHUSA

tg x_1 cirenyer, 4To X _ arctg 1 +7mn, T. e. x=
2 3 ’ 2 3 T
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§ 14. YpaBHeHUA ¢ OZHON IIepeMeHHON

1 .
=2 arctgg +2nn, n € Z. IIpoBepkKoii ybe:xkgaeMcs, UTO
3HAUYEHUS X = T+ 27Tn He YIOBJETBOPSIOT YPaBHEHUIO

(2). Atak, x = 2arctg§ +2nn,neZ. A
IIpumep 2. Pemurh ypaBHeHue

3sin2x + cos2x +1 = 0.

U0 Bocmoabp3yeMcs YHHBEPCAJIBHON MOACTAHOBKOIA.
Bripasus sin2x u cos2x uepe3 tgx u moJsarasa tgx =
= U, MOJYYUM pallMOHaJIbLHOE YpPaBHEHUE

6u 1-u?
2 + 2

+1=0,

1+u 1+u

1 1
OTKyIa u = -3 Hanee, us ypaBHeHusA tg x = ~3 Haxo-

OUM X = arctg[— é) +7nk, ke Z.

OnHako HYKHO elIlle IIPOBEePUTh, HE YIOBJIETBOPSIIOT
JIX 3aJaHHOMY YPaBHEHUIO Te 3HAUEHUA X, IIPU KOTOPBIX

i
2x = n+ 2nn, T.e. 3HAUEHUA X = 2 + nn. Nmeem

3sin(m + 2nn) + cos(n + 2nn) +1 =
=38sint+cost+1=3-0-1+1=0,

T
T. €. 3Ha4YeHUud §+ mTnh TaKMXe ABJAITCA pellleHuAMHN
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ypaBHeHUus. VITak, 3aanHOe YpaBHEeHNE NMeeT CJIeayIo-
e perreHuns:

x:arctg(—%)+nk,x:%+nn; k,neZ.

164. MeTox BBeIeHUS BCIIOMOraTeJbLHOTO APryMeH-
Ta. lHOorma mpu pellleHuH TPUTOHOMETPUUYECKUX YypaB-
HEHUI OKAa3bIBAeTCA IIOJIE3HLIM 3aMEHWUTh BHIPAYKEHNe

acosx+bsinx Ha Acos(x+ @), THe A:\/a2+b2,

sing = L, cosQ = b (cm. 1. 87). B atom

a® + b2 a® + b2
ciydyae (@ Ha3BIBAIOT 6CNOMO2AMENbHLLM AP2YMeH-
mom.
II p u m e p. Pemmuth ypaBHeHUE

8cosx +15sinx =17.

a PaBJ_IeJII/IB obe uyacTu AJaHHOT'O yYpaBHEHHUA Ha

V82 +15% = 17, monyuum

icosx+£sinx:1. (1)
17 17

2 2
Tax rak i + E =1, TOo cyllecTByeT Takoe
17 17 ’

¢, 4TO i =sing 1 E = cos ¢. Ilepemnuirem ypaBHe-
T 2 ST A

Hue (1) caemyromum o6pasom: sin @ cos x +sin x cos ¢ =
= 1. Ho sin@cosx +sinxcos¢ = sin(x + ¢). 3uauwur,
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§ 14. YpaBHeHUA ¢ OZHON IIepeMeHHON

. T
sin(x + @) =1, oTkyza x = E + 27n — . YuuThIBad, 4TO

.8
Q= arcsmﬁ, OKOHYATEJIbHO IIoJIyYaeM pPellleHure JaH-

HOTI'O YPaBHEHUA:

X = E—arcsiniJr%tn, neZ.m
2 17

165. I'pachuueckoe penrenne ypaBHeHnmii. Ha mpaxk-
THKe JOBOJIBHO YACTO OKA3LIBAETCS IOJE3HBIM 2pagdu-
yeckuli memod pelieHus ypaBHeHui.OH 3aKIOYaeTCs

B CJIEIYIOIIEM: /I peleHud ypaBHeHusa f(x) = 0 cTpo-

ar rpadur GyHKIuU y = f(x) 1 HaX0ZAT abCIIUCCHI TO-
yeK ImepeceueHus rpadukra ¢ ocbio Ox; 3TH abCIUCCHI U
SIBJIAIOTCS KOPHAMU YPABHEHUA.

Hamnpumep, rpadur pyuxmum y = —0,5x2 — x + 4
(cMm. puc. 64) mepecexaeT och Ox B Toukax (—4; 0) u
(2; 0), suauwnr, ypasueune —0,5 x? — x + 4 = 0 umeer aBa
KopHA: X, = —4 u x, = 2. 'paduk pysxnun y = x* — 4x +
+ 5 He mepecekaeT ock Ox, IO3TOMY ypaBHeHMe x> — 4x +
+ 5 = 0 He UMeeT KOpHEI.

Yacto ypaBHeHue f(x)=0 3aMeHAIT PaBHOCUJb-
HBIM g(x) = h(x), cTpoar rpaduru GpyHKOIU y = g(x)
u y = h(x) (ecnu dTO mpoIlle, YeM IOCTPoeHUe Irpaduka

bysrnun y = f(x)) u HaxomAT abCIUCCHI TOYEK Iiepe-

CeueHUs MOCTPOEHHBIX rpaduKOB.
Il pumep 1. Pemurs rpadpuuecku ypaBHeHUe

\/;:|x—2|.
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Yy
6)
[v=2"
y=6—x
1 2 6" x
Puc. 71 Puc. 72

U ITocTpouM B OQHOI crCTeMe KOOPAMHAT rpapuru
byHKIUR y = \/; uy-= |x - 2| (puc. 71). Oum mepece-

KaoTcd B JBYX TOuKax c abcmuccamu x; =1, xy = 4.

9TO0 — [IBa KOPHS JaHHOTO ypaBHeHus. B

C rpaduyecKuM MeTOJOM DpeIleHUS yPaBHEHUS
f(x) = g(x) cBa3aHBI U HEKOTOpble (BYHKIIMOHAILHBIE
MeTO/bl, OCHOBAHHBIE HA MCIIOJb30BAHUHU PA3JIUUHBIX
cBoiicTB dyHKIuUi f(x) u g(x). YKaxkeM IBe TeOpEeMBI,
JiesKalle B OCHOBE 9THUX METOOB.

T.4.7. Ecau o0na us gynryuii f(x), g(x) yovieaem, a
Opyzas eo3pacmaem & obaacmu onpedeseHus ypas-
Henus f(x) = g(x), mo amo ypasHerue 1ub60 He umeem
KopHeil, 1ubo umeem eOUHCMBEHHBLIL KODEHb.

T.4.8. ITycmv ¢pynrxyua f(x) eospacmaem (ybvieaem)
Ha npomexcymre X, wucao a — ni060e U3 3HA4eHUll,
npuHuUMaemMblx QYHKYuell [ 6 Imom npomexcymke.
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Toz0a ypasrnenue f(x) =a umeem eduHcmeeHHbLil KO-
penv 8 npomexcymre X.
Il puwmep 2. Pemurs rpadudecku ypaBHEHUE

2% =6 —x.
O Jlerkxo 3aMeTuTh, YTO X = 2 — KOpPEHb ypaBHe-
musa. Tak Kak GyHKnua y = 2% Bospacraer, a QyHKIMS

y =6 — x yObIBaeT, TO APYrMX KODHEH 3TO ypaBHeHUe
He umeet (puc. 72). B

166. YpaBHeHus c¢ mapamerpom. IlycTts mamo
PaBEHCTBO C mepeMeHHbBIMU X, a: f(x; a) = 0. Ecan
CTaBUTCS 3a7a4a IJIA KayKIOro AefCTBUTEIbHOrO 3HaUe-
HUSA Q@ PElIUTh 3TO YpaBHEHME OTHOCHUTEJILHO X, TO
ypaBHeHue f (x; a) = 0 HasbIBaeTca ypaeHeHUuem C
IepeMeHHOU X U napamempom a. Pemuthb ypaBHe-
HUe C IIapaMeTpoOM a — OTO 3HAUUT AJA KayKIOro
3HAUEHUA 4 HAWNTH 3HAUYEHHUA X, YAOBJIETBOPAIOIINE
5TOMY YPaBHEHUIO.

IIpumep 1. Pemursh ypaBHeHue
2a(a - 2)x =a-2. (1)

U PaccmoTpuMm Impe)kie BCEro Te 3HAUEHUs IIapa-
MeTpa, KOTOphIe 00palllaloT B HYJIb KO3((@UIMEHT Ipu
x (Ipu 5TUX 3HAUEHUAX IIapaMeTpa HeBO3MOYKHO IeJie-
Hue 00erX yacTeil ypaBHEeHUA HA KOd(PPUIMEHT IpHU X,
a IIPU OCTAJbHBIX 3HAUYEHHUAX IIapaMeTpa TaKoe [eje-
HUe BO3MOKHO). TakuMuy sHaueHuAMHU sABaA0Tea a = 0,
a = 2. IIlpu a = 0 ypaBuenue (1) npuaumaer Bun 0 - x =
= — 2. 910 ypaBHeHUe He umeeT Kopueii. Ilpu a = 2
ypasuenue (1) mpuuaumaer Bug 0 - x = 0, ero Kopuem
CIAYKUT JI000e melicTBuTenbHOe umcyo. Ilpu a #0 u
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a # 2 ypaBHeume (1) MoXHO IpeoOpasoBaTh K BULY

a-2 1
X=———>"—, OTKyZa X = —.
2a(a - 2) 2a
Urak, ectu a = 0, T0 ypaBHeHUEe He UMeeT KOpHeEI;
ecnu a = 2, ToO KOPHEM CIYIKUT Ji000e qeliCTBUTEeILHOE

1
yncyo; ecim a #0u a # 2, To x:2—. u
a

IIpumep 2. Pemutrh ypaBHeHUe

(a-1x%+2@2a+1x+4a+3=0. (2)

U Brigenum oco6o 3HaueHue mapamerpa a = 1. emxo
B TOM, uTO Iipu a = 1 ypaBHeHue (2) He ABJIAETCAI KBal-
paTHBIM, a IpU a # 1 OHO KBagpaTHoe. 3HAUUT, PelIaTh
ero B Ka)XIOM M3 STHUX CJydYaeB Hamo Io-cBoemy. Ilpu
a = 1 ypaBHenue (2) npunumaet suj 6x + 7 = 0, oTKyza
HaxomuM x = —7/6. B cayuae a #1118 KBagpaTHOTO
ypaBHeHUs (2) BBIAEIUM Te 3HAUEHUs IapaMeTrpa, Ipu
KOTOPBIX AUCKPUMUHAHT oOpalaercs B HyJb. VMeem
0,25D = 5a + 4. 3uauur, a = —4/5 — 3HaueHUe Imapa-
MeTpa, Ha KOTOpoe HaJao o0paTUTh BHUMAHUe.

Ecau a <-4/5, to D <0, u, ciegosatejibHo, ypaB-
HeHUe He UMeeT KOopHeli; ecau ke a > —-4/5 u a #1, To

~@a+1)t5a+4

D>0u x= 1 ; HaAKOHeIl, eClIN g =
a_

_2a+1
a-1"

Wrax, ecniu a<-4/5, To KOopHe# HeT; ecau a = 1,

=-4/5, 70 D=0 u x = e.x=-1/3.
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Tox=-7/6;ecimua=-4/5,tox=-1/3;ecim a >-4/5

—(2a+1)t+vba+4

a-1

mazl, To x = [ |

§ 15. YpaBHeHud ¢ IBYMS IepeMEHHbBIMH

167. Pemenne ypaBHeHHUSA ¢ ABYMsA IlepeMeHHBIMU.
PaccmorpuM ypaénenHue ¢ 06yma nepemeHHbLMU

f(x, y)=0.

Ilapa sHaueHUiI IepeMeHHbIX, 00paIIaoasd ypaBHe-
HUe ¢ ABYMs IIePpeMEeHHBIMYA B BepHOE PABEHCTBO, HA3bI-
BaeTca peweHuem ypaénenusn. Eciau maHo ypaBHeHUe
¢ IByMs II€PEMEHHBIMU X U Y, TO IPUHATO B 3AIIUCU €r0
pellleHrs Ha IepBOe MECTO CTABUTH 3HAUEHNE IIepeMeH-
HOI X, a Ha BTOpOe — 3HAUeHue .

Tak, mapst (10; 0), (16; 2), (—2; —4) aBasgioTCS pellle-
HuaMu ypaBHeHus x — 3y = 10, a mapa (1; 5) ero pere-
HUEeM He SABJISeTCsd.

ITo ypaBHeHHe MMeeT U Apyrue perreHus. as ux
OTBICKAHUA YAO00HO BLIPA3HUTHL OJHY IIEPEMEHHYIO uepes
IPYTyIo, HATIPUMED X uepes Y, MOJYyUUB YPaBHEHUE X =
= 10 + 3y. BriOpaB npomn3BOJIbHOE 3HAUEHUE Y, BHIUNC-
JINM COOTBETCTBYIOIllee 3Hauenue x. Tak, eciu y = 7, To
x =10 +3 - 7= 31, suauur, mapa (31; 7) ABasaercd pele-
HUEeM YpPaBHEHHUI.

YpaBHeHuA ¢ AByMA IePeMEHHBLIMM HA3LIBAIOTCS
PAasHOCUNbHBLMU, €CIV OHU MMEIOT OLHU U Te JKe pe-
IIeHUA.

st ypaBHEHUH ¢ ABYMs [IepEeMEHHBIMU CIPABEIJIN-
BbI TeopeMsl 4.1—4.4 0 paBHOCHJILHLIX IIPeoOpa3oBaHm-
AX ypaBHeHusd (cMm. m. 139).
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168. I'pahuk ypaBHeHHSI ¢ ABYMA NePEeMEHHBIMU.
IlycTs naHo ypaBHeHUE C IByMdA IlepeMeHHbIMU [ (x,y) =

= (0. Ecmnu Bce ero peleHuss m3o0pasuTh TOUKAMHU Ha
KOOPAUHATHOM IIJIOCKOCTH, TO IIOJYUUTCA HEKOTOPOE MHO-
JKeCTBO TOUEK IIJIOCKOCTU. OTO MHOKECTBO Ha3bIBaeTCs
2zpagurom ypasnenusn f(x,y)=0.

Hampumep, rpadukom ypasHenus y — x2 = 0 aBud-
ercs mapa6osa y = x2 (cMm. puc. 15); rpadukom ypasHe-
HuA y — x = 0 aBuasgerca npsamasa (6uccekrpuca I u II1
KOOPAWHATHBIX yrJoB; cM. puc. 14). I'padpuxom ypas-

HeHUA vx —1+./y —2 = 0 aBiagerca ogHa Touka (1; 2),

TaK KaK KOOPAMHATHI TOJBKO 9TOH TOUKU YIOBJIETBOPS-
0T YpPaBHEHUIO.

169. JIuneiiHOe ypaBHEeHHE C JBYMS IMepPeMEeHHBIMH
u ero rpaduk. YpaBHeHUe BUia ax + by =c, Toe X, y —

mepeMeHHbIE, a a, b, ¢ — uYKCIa, HA3LIBAETCA JAUHEl-

HBbLM; 4UCciia @ U b HasbIBAIOTCA KO Puyuenmamu npu

nepemeHHbLX, YUCIO C — CE0000HbBLM ULEHOM.
I'padukom Ja1060T0 JIUHEHHOTO ypaBHEHUS aX +

+by = ¢, y KOTOpPOTO XOTdA OBl OJUH 13 K09(hPUIIEeHTOB
IIPY IIepeMeHHLIX OTJINYEH OT HYJs, ABJISeTCA IpAMad;
ecau a = 0, To oHa mapaJnensHa ocu Ox, ecau b = 0, To
oHa mapaJienbHa ocu Oy (puc. 73).

II p u M e p. ITocTpouts rpauK ypaBHEHUA

2x — 3y = — 6.
U I'paduromM 9TOro JUHEHHOr0 YpaBHEHUS SIBJISET-
ca npamas. [ mocTpoeHus IPAMOIl JOCTATOYHO 3HATH

nBe ee Touku. IlomcraBuB B ypaBHeHue 2x — 3y = — 6
BMecTo x 3HaueHme 0, momyuum —3y = —6, OTKyHa y =
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§ 16. CucreMBl ypaBHEHUI

y—3=0 o
3 5y
/2 {w/
-2 (@] x -3 (0] x
Puc. 73 Puc. 74
= 2. IloacraBuB B ypaBHeHUe 2x — 3y = — 6 BMecTO ¥y
suauenue 0, moayuum 2x = — 6, OTKyza x = — 3.

Wrak, mbl Hamau aBe Touku rpadura: (0; 2) m
(—3; 0). IIpoBens uepes HUX IPAMYIO, IIOIYUYUM MCKO-
mbli rpaduk. W

§ 16. Cucremb! ypaBHeHUit

170. Cucrembl IBYyX YpaBHEHMii C IBYMs IepeMeH-
HbIMH. PaBHOCHIBHBIE cucTeMbl. IlycTh TaHBI ABa ypas-
HeHUd ¢ AByMd nepemeHHBIMU f(x,y) =0 u g (x,y) =0.
Ecau craBuTca 3amaua HalTH Bce 00IIMe PEIIeHUS OBYX
ypaBHEHUM ¢ IByMs IepEeMEeHHLIMU, TO, TOBOPAT, UTO HAO
pemuTs cucmemy ypasrnenut. Kaxxnaa napa sHaueHUi
ImepeMeHHbBIX, 00palIllaioliasd B BepHOe PAaBEHCTBO KaKI0e
YpaBHEHME CHCTEeMbl, HA3bIBAETCHA peuleHuem cucmembol
ypaénenul. Pemuts cucteMy — 3HAUUT HalTU Bce ee
pellleHus UIu J0Ka3aTh, UTO UX HeT.
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IIBe cucTeMbl ypaBHEHUI HA3bIBAIOTCA PABHOCUTLL-
HbLMU, €CJIU STU CHCTEMBI MMEIOT OJHU U Te Ke pelle-
Huda. Ecoiu, B uacTHOCTH, 06€ CHCTEMBI He MMEIOT pellre-
HU, TO OHU TaKKe CUNTAIOTCA PABHOCUJIHHBIMU.

T.4.9. ITycmv dana cucmema 08yx ypasHernuil ¢ 08ymsa
nepemenHwvimu. Ecau 00nHo ypasuenue cucmemsl oc-
masumy 0e3 usmeHeHus, a Opyzoe ypasHeHue cucme-
Mbl 3AMEHUMb YPABHEHUEM, eMYy PABHOCULLHBLM, MO
noayuenHas cucmema 6ydem pasHoOCULbHA 360AHHOIL.

3 aT0i1 TEOPEMEL CIIELYET, UTO ecli Kaxdoe ypasHe-
Hue cucmemvl 3aMeHUMb PAGHOCUNLLHBLM YPABHEHUEeM,
Mo NOAYUUMCA CUCTEMA, PABHOCUALHAS 3A0AHHOU.
T.4.10. ITycmv 0ana cucmema 08yx ypasnenuil ¢ dsy-

M nepemennvimu. Ecau odno ypasnenue cucmemut
ocmasums Ge3 u3MeHeHUus, a Opyzoe 3aMeHUMb CYM-
MOl UL PA3ZHOCMYIO 000UX YPABHEHUL cucmeMbl, Mo
noayuenHas cucmema 6ydem pasHOCULbHA 3A0AHHOIL.

171. Pemenne cucreM ABYX YPAaBHEHHH C JBYMSA
ImepeMeHHBIMH MEeTOJAO0M IOJACTaHOBKU. Memod nod-
CMAaH08KU 3aKJIIOYaeTCsa B CJIENYIOIeM:

1. OgHO U3 ypaBHEHUIT CUCTEMBI IPeodpasyIioT K BULY,
B KOTOPOM IlepeMeHHasl J BhIpasKeHa ueped X (Wam x
uepes Y).

2. IlonyyeHHOE BBIPA’KEHUE MOJACTABJISIOT BMECTO Y
(umu BMecTO X) B Apyroe ypaBHeHue. B pesyabTare II0-
JIy4YaloT ypaBHEHUE C OTHOU IIepeMeHHOI.

3. HaxonsaT KOpHU 9TOr0 ypaBHEHUA.

4. BocmoJb30BaBIINCH BBIDAXKEHUEM J Uepe3d X
(unu x yepes y), HAXOAAT COOTBETCTBYIOIIVE 3HAUECHUS

y (unu x).
II p u m e p. Pemurs cucremy ypaBHEHUH
x -3y =10,
x? - 24y = 100.
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U Us mepsBoro ypaBHenus Bbipasum x = 3y + 10.
ITopcraBuB Beipaskenue 3y +10 BMecTo X BO BTOPOE ypaB-
HeHwue cuctemsl, moayuum (3y + 10)? — 24y = 100, oTry-
na y, = 0, y, = —4. CoorsercTByOU[Me 3HAYEHUS
x Hadgem us ypaBHeHus x = 3y + 10. Ecau y = 0, To

x =10; ecu y = —4, To x = —2. rak, cucremMa uUMeeT JBa
pemtenus: (—2; —4) u (10; 0). ®

172. Peurenne cucCTeM ABYX YPAaBHEHUH C JBYMA
nepeMeHHBIMYU MEeTOHAOM cJIoKeHuss. Memod cnoxcenus
ocHOBaH Ha Teopemax 4.9 u 4.10 (cm. m.170).

II p u m e p. Pemurs cucremy ypaBHEHUH

{2x +3y =71,

3x -y = 16. 1)

U YMHOKUB 06e 4acTH BTOPOTO YDPABHEHUS CHUCTE-
Mbl (1) Ha 3, MOIYYUM CHUCTEMY

{2x +3y =1,

9x — 3y = 48, (2)

PaBHOCHUJIBHYIO JaHHOI 10 Teopeme 4.9.
CrnoxxuMm Temepb oba ypaBHenusa cucteMmbl (2). Ilo
Teopeme 4.10 cucrema

(2x + 3y) + (9% — 3y) = 7 + 48

paBHocuibHA cucteMme (2). Cucrema (3), B CBOIO ouepens,
mpeobpasyercss K BULY

2x+3y =1,
11x = 55.
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W3 ypasuenusa 11lx = 55 maxomum x = 5. IlomcraBus
A9TO 3HaUeHWe B ypaBHeHHe 2x + 3y = 7, HMOJy4YuM
y=-1.

Urax, (5; —1) — perttenue cuctemsl (3), a 3HAYUT, U
pellieHre PAaBHOCUJILHOI eii cucTteMsl (1). W

173. Penrenne cucreM ABYX YPAaBHEHHUH C JBYMA
rnepeMeHHbIMU MEeTOIOM BBEIEeHHUS HOBHIX MePEeMEHHBIX.
CyII1eCcTBYIOT Ba BapMaHTa UCIIOIL30BAHUS Memoda é8e-
JeHusn HO6bLLX NepeMeHHbLX TPU DPEUIeHUU CUCTEM
IBYX YPaBHEHUI ¢ ABYMs ITepeMeHHbIMU: 1) BBOIAT OLHY
HOBYIO IIEPEMEHHYI0 TOJbKO JIJIsI OJJHOTO YPDABHEHUS CH-
cTeMbl; 2) BBOIAT /ABe HOBbIe II€peMeHHBIE Cpasdy [JIs
0001X ypaBHEHMUIA.

IIpumep 1. Pemurs cucreMy ypaBHEHUH

*,y_13
y x 6’
x+y=>5.

4 Iomoxxum x/y = z, Torga y/x = 1/z u mepBoe

1 13
ypaBHeHUe CUCTeMbl IPUMeT BUJ, 2+ — = s OtHOCH-
z

TeJIbHO HOBOM IIepeMeHHO# 2 IoJy4YaeM ypaBHeHUe
622 -132+6 =0, OTKyJZa 21 =2/83, 29 =3/2. Ta-
KM obpasoM, aubo x/y =2/3, T.e. y=3x/2, mubo
x/y=3/2, T.e. y=2x/38.

Hrak, nepBoe ypaBHeHHe 3aJaHHOM CHUCTEMBI pacia-

JIoCh Ha JIBa ypaBHeHUs: y=3x/2 u y =2x/3. B co-

OTBETCTBHHN C 3TUM HYM¥HO PEIINTb COBOKYIIHOCTH ABYX
CHUCTEM:
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y=3x/2, |y=2x/3,
x+y=95 |x+y=>5.
W3 mepBoii cucreMbl HAXOAUM X = 2, i = 3, U3 BTOPOi1
x =3,y = 2. Urax, (2; 3) u (3; 2) — pemieHus JaHHOI
cuctembl. B
IIpumep 2. Pemurs cucreMy ypaBHEHUH

{x2+y2+x+y:32, (1
xy+2(x+y)=26.

Q ITomosxxum x + y = u, xy = v. Torma x* + y? = (x +
+ y)? — 2xy = u® — 2v u cucrema (1) mpumer Buf

2
u® -2v+u =32,
{ (2)

v+ 2u = 26.

Cucremy (2) peliuM MeTOAOM IIOACTAHOBKU. BbIpa-
3UB U3 BTOPOTO YPaBHEHUSA U Uepesd U, IMOJYUYUM U =
= 26 — 2u; moACTaBUB 5TO BEIpAXKEHUeE B IIePBOe ypaBHe-
HUe, UMeeM

u? - 226 —u)+u=232;u’+5u—84=0;
u = —12, Ug = 7.
CoorBercrBeHHO Haxonum Uy = 50, vy =12. Urak, Hall-
JeHbl Ba peleHus cucremsl (2): u; =-12, vy =50 u
Ug = 7, Uy = 12.
BosBpamasch K UCXOQHBIM II€PEMEHHBIM, IIOIYYUM
COBOKYIIHOCTH CHCTEM:

x+y=-12, |x+y="T,
xy = 50; xy =12,
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Ka'KAYI0 U3 KOTOPBIX HETPYAHO PEIIUTH METOAOM IIOJ-
CTAaHOBKU (BBIPA3UB, HAIIPUMED, § UYepe3 X U3 IIEPBOTO
ypaBHeHus). [lepBas cucrtema He UMeeT peIleHni, a BTO-
pas umeer aBa perenus: (3; 4) u (4; 3). OHU U ABIAIOT-
cA pellleHuAMU HCXOmHOU cucteMsbl (1). W

174. Onpeneaurenun BTOporo mopanka. Hcciaemo-
BaHME CHCTEM ABYX JHHEHHBIX YPABHEHUI ¢ IByMs IIe-
peMeHHbIMU. B Teopum cucTeM JIUHEHHBIX ypaBHEHUH
yIOOOHO MCIIOJIB30BATh IOHATHE ompenenuTesis. Onpede-
Aumenem 6mopozo nopadka Ha3bIBAETCS YUCJIO, OIpe-
IejsieMoe PaBEeHCTBOM

a1 412
=0a11822 — A21012-
g1 A22

Yucna ayq, a1, A91 , Qg9 HABBIBAIOT 9/1eMEHMAMU OII-
pefleJINTeNsA; IIPU STOM BJIEMEHTHI aj; U adg9 OOpasyroT

2na6nHy0 0Uaz0HANb, a DIEMEHThl G5 U Q9 — NO-

6ounyro duazonanwv. Takum obpasom, onpedeaumensv
8mopozo nopA0Ka paser npou3ee0eHuI0 31eMeHMo8 21a6-
HOll Juazonaiu MUHRYc npouseedernue 3eMeHmos noobou-
Holl QuazoHau.

Hampuwmep,

"2 7 _9.8-3.7--37.
3 8

ITycmv Oana cucmema 08Yx JMUHEUHbLX YPABHEHUIL
¢ 08Yyma nepemenHbLMU:

apx +apgy = by,

1)

A9 X + A9l = bz.
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a a
11 “12 £0,

1°. Ecau onpedenumens cucmemvl A =

az1 agz
mo cucmema (1) umeem eduncmeeHHoe peuleHue, KOMo-
poe Haxodumcsa no ¢opmyram Kpamepa:

by ajp aj; by
by a A as b A
x=2 220 Bx 172 P21 Ty (2)
A A A A
3dece A, u A, — onpederumenu, nory“aOUuecs

u3 onpedeaumens cucmemvt A 3ameHoil cmoaby08 Ko-
aguyuenmos npu coomeemcmayruiem Heu38ecnmHoM
cmoabyom c80600HbLX UNEHOS.

2°. Ecau A =0, Ho Ay #0 (uru Ay #0), mo cucme-
ma (1) He umeem pewenuil (cucmema HeCoO8MeCMHASL).

3% Ecau A=A, =A, =0, mo cucmema (1) umeem
0ecKoHeuHOe MHO}Ncecmae0 peuleHuil (cucmema Heonpe-
Oenennas).

II p u m e p. Pemurs cucreMy ypaBHEHUI:
{5x—2y =1, 5) {5x—2y =4,
10x + Ty = 3; 35x — 14y = 200;
0,2x + 3,1y = -2,3,
{x +15,5y = -11,5.
U a) Haxogum ompeneanTesb CUCTEMBI:
‘5 -2

=35+ 20 = 55.
10 7
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3aMeHUB Temepb B HEM IMEepPBLIHA CTOJOEI] CTOJOIIOM
CBOOOJHBIX YJIEHOB, IIOJYUNM

7 -2

A, = =49 + 6 = 55.
3 7
AHaJToruuyHO MMeeM
5 7
10 3
Temepp o dopmyse (2) HAXOOAUM X = % =1l y=
:% =-1, 7. e. (1; —1) — pemenue cucrembl. I'eo-

METPUUYECKM 3TO O3HAYAET, YTO MNPAMEBIE, 3aJalOIiue
ypaBHEHUS CHUCTEMbI, mepecekarTcsa B Touke (1; —1).

6) Haiizem ompenmenuTeNb CUCTEMBI:

_P “2|_ q0+70=0.
35 —14
Tenepsr BHIUMCINM A,; HMeeM
4 ~2
e = = 56 + 400 % 0.
200 —14

Orcroza cJiefyer, 4TO CHUCTeMa HECOBMECTHA. ITOT
BBIBOJ, MOKHO OBLIO CIeJaTh 0e3 IIOMOIIM OIpemenuTe-
Jel, eCIu 3aMeTUTh, UTO B JAHHOHI cucTeMe Koa(pduiiu-
€HTHI IIPY X U I IPOMOPIINOHATIbHEI, 8 CBOGOHBIE UJIeHbI
UM He IPOIOPIHOHANBHBI: 5 : 35 = (—2) : ( —14) =
# 4 : 200. T'eomeTpuuecKn 5TO 03HAUAET, UTO AAHHLIE
IpSAMBIE IapajielbHEbI.

B) Nmeem

0,2 31
1 15,5

=31-31=0.
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Hamee HaxoauM

-23 31
= = -35,65 + 35,65 = 0,
~115 155
02 -23
)= =-2,3+23=0.
1 -115

3Ha‘-II/IT, cCucremMa dABJIAETCA HeOIIpe,lIeJIeHHOfI ([—)TO
BHOIHO M M3 TOI'O, YTO BCe KOZ—)(l)(bI/IIII/IeHTBI CHCTEeMBI IIPO-
IIOPIMOHAJIBHBI: BTOPOE€ YPaBHEHNE CUCTEMBbI II0JIy4YaeT-
Cd M3 IIePBOI'o YMHOMKEHHEeM Ha 5) reOMeTqueCKH 9TO
O3Ha4vaeT, 4TO JaHHbIe IITpAMBbIE COBIIagarT. |

175. CumMmeTpuuecKkue cucTteMbl. MHorouien
P (x, y) HasbIBaeTCA cuMMempPUiecKuMm, eCIu PN 3a-

MeHe X Ha Y U J Ha X BbIpasKeHue P (x, y) He U3MEHIAET-
ca. Hanpuwmep, mHOrOUNEHs! P (X, y) = x4 3xy + y3 u

Py (x, y) = x2 + y2 +4x + 4y HABIAITCA CHMMeTpUYec-
KUMU.

Cucrema ypaBHEHUI Ha3bIBaeTCA CUMMEmMPULECKOU,
ecau oba ee ypaBHeHUS — cuMMeTrpuueckue. Cummer-
PUYECKYIO CHUCTEMY MOYKHO PEIIUTh METOJOM 3aMeHBI
IepeMeHHBIX, eCJIN B KaueCTBe HOBBIX IIEPEMEHHBIX BbIO-
paTh OCHO6HblLEe cumMmempuiecKue MHO2Z04LeHbL, T. €.
x +ymuxy.

II p u m e p. Pemurs cucremy ypaBHEHUH

x4 x3y3 + y3 =17,
xX+xy+y=>5.
U 9ro — cummerpuueckas cucrema. Ilomoxxum x +

+y =u, xy = v. Tak xak x°+y° =(x+y)@x>-

—xy+yY) = (x+y) (x+y)® -8xy) = u@® -3v) = u® -
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—3uv, TO 3aJaHHasd CUcCTeMa IIPUMMET BU]

u3—3uv+v3:17,
u+v=>5.

W3 sroit CHCTEeMBbI, KOTOPYIO JIETKO PEIIINTHh METOIO0M

OOACTAHOBKHU, HAXOAUM u; =3,01=2 U Us =2,

Vg = 3.
Ocraercsa PEIINTh COBOKYIIHOCTh CUCTEM

x+y=3, |x+y=2,
xy =2; xy = 3.

IlepBasa umeer pemrenus (1; 2) u (2; 1), a BTopasd He
uMeer perttenuii. Urak, (1; 2), (2; 1) — peleHus JaHHOMN
cucrembl. W

176. I'paduueckoe penieHue CUCTEM ABYX ypaBHe-
HUHi ¢ OByMA mepeMeHHbIMHM. UTOOBI rpaduyecKu pe-
IIUTHh CHCTEMY [JBYX YPABHEHHUMN C ABYMs II€PEeMeHHBI-
MU, HYsKHO B OJHOH cucCTeMe KOOPAUHAT IIOCTPOUTD I'pa-
(buKu ypaBHEHWI M HATH KOODAWHATHI TOUEK Iiepece-
YEeHHUS 9TUX I'DaUKOB.

Il p u M e p. Pemuth rpadpuuecku cucreMy ypasBHe-

HuH
x2+ y2 = 25,
xy =12.

0 I'paduKoM ypaBHEHHUS x2 + y2 = 25 ABIAETCS OK-

PY’KHOCTB C IIEHTPOM B Haudaje KOOPAUHAT W PagUy-
coM, paBHBIM 5. I'padmkom ypaBHeHUs xy = 12 aBida-
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w|lon =
o

‘t'.9§12

D —4 %2 +y2=25

erca runepbosa y = E (cm. m. 75). ITocTpous rpadu-
x

KU B OJHOI cucTeMe KoopauHat (puc. 75), HalizeM Koop-
IUHATHI TOUEK IlepeceueHus OKPYKHOCTHU U THUIepbo-
avl: A (4; 3), B (3; 4), C (—4; —3), D (—3; —4). 3uauwur,
(4; 3), (3; 4), (—4; —3), (—3; —4) — pellleHuA JaHHOH cUC-
Tembl. W

177. CucreMsl Tpex ypaBHEHHUI ¢ TpeMdA mepeMeH-
HeiMu. PaccMoTpuM cucmemy mpex ypasHeHUul ¢
mpems nepemeHHbLMU

f(x,y,2)=0,
g(x,y,2)=0,
h(x, y, 2)=0.
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Pewenuem Taxoii cucmemob. HAa3bIBaeTCsA BCAKas
TPOIKa Unces, YAOBJIETBOPAIONIASI KaXKIOMY YPaBHEHUIO
CHCTEMBI.

IIpumep 1. Pemurs cucreMy ypaBHEHUH

XxX+y+z=2,
2x+3y+z=1,
Zry+22+(z-1%=09.

U IlpuMeHMM MeTOJ IMOACTAHOBKM. BbIpasum u3s
IIEPBOTO YpPaBHEHUSA X Uepe3 Yy W 2 U HOACTABUM pe-
3yJbTaT BO BTOPOE U TpeThe ypaBHeHUusA. VMeem

x=2-y-z
22-y-2)+3y+z=1,

2 2 2 _o.
C-y-2"+@+2)"+(-1)" =9

x=2-y-—-z,
y—-z=-3,
y2+22+y2—32:0.

ITocnenune nBa ypaBHEHUS MOJYUYEHHOI CCTEMBI B CBOIO
ouepenb 00pPa3yIOT CHCTEMY JABYX YPaBHEHHH C IBYyMs
mepeMeHHLIMU. PellluM 3Ty CHCTEeMY METOAOM IIOCTAa-
HOBKH. MMeeMm

y=2-3, y=2-3,
(z-8)2+22+2(2-8)-82=0, |22 -4z+3=0.
Pemus ypaBuenue 22 4z+3-= 0, HaxoguMm z; =1,

29 =3. U3 ypaBHeHUs y =z -3 IOJyd4aeM COOTBET-
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CTBEHHO y; = —2, yy = 0, a U3 ypaBHEHUA x =2 -y — 2

HaXOAUM Xy =3, X9 = —1.
WUrak, nonyuuau ciaenyiomiue pemtenusd: (3; —2; 1),
(-1;0; 3). m
IIpumep 2. Pemurs cucreMy ypaBHEHUH
-x+4y+z=4,
2x+y—z="1,
3x +2y +2z=1.

U YMHOX KB epBoe YypaBHEHNe CUCTEeMEI Ha 2 U CJIO-
JKUB pes3yJbTAT CO BTOPLIM ypPaBHEHUEM CHUCTEMbI, IPU-
IeM K ypaBHEHUIO

9y + 2z =15. (1)

YMHOXKUB IIepBo€ ypaBHEeHNE CHCTEMBbI Ha 3 u cJio-
JKHUB pe3yJjbTaT C TPETbHMM ypaBHEHHEM CHCTE€MbI, IIPDH-
AeM K YPaBHEHHUIO

14y + 5z =13. (2)

B ypaBuenusx (1) u (2) oTcyTcTByeT mepeMeHHasa X,
MBI €€ MCKJIIOUNJIN. PacCcMOTPUM 9TH YPABHEHUS OTHO-
CHUTEJIPHO IIePeMeHHBIX Y, 2. ¥ MHOKUB ypaBHeHue (1)
Ha 14, ypaBHeHue (2) — Ha 9 U BLIUTS BTOPOH pe3yabTaT

U3 IepBOTO, IpuUjeM K ypaBHeHHI0 149y +2)-
-9(14y +52) =15-14-13-9, T.e. —312 =93, orkyza
z=-3. 3)

Tenepb, KaK BUJHO, UCKJIIOUEHAa IIepeMeHHasd Y.
HepeHI/IH_IeM IIepBo€e yYpaBHEHUE HCXOHHOﬁ CHUCTEeMBbI

B Bujge x-—4y-z=-4, ypaBHeHue (1) — B BHUJIeE
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1 15
y +§z = o’ a ypaBHeHHue (3) ocTraBuUM 6e3 M3MeHe-

Husg. ITony4yuM «TpeyroJibHyI» CHCTEMY

x—4y-z=-4,
+—z="—,
Y79% 9
z=-3,

KOTOpasd JIET'KO pelIraeTcd IIocjiegqoBaTeJIbHbIMU IIOACTAa-
HOBKaMH «CHH3Y BBEPX»: TaK KaK 2 = —3, TO M3 BTOPO-

3 15
r'o ypaBHEHUSA HAXOAUM Y — 9 =—, T.e.y= 2. Hako-

9
HeIl, 13 IIePBOr'0 YPAaBHEHUS «TPEYrOJIbHOM» CHCTEeMEI Ha-
xoouM x — 8 + 3 =—4, T.e. x = 1.
Urax, (1; 2; —3) — pelneHue nanHoii cucreMmsl. W
OnucaHHLIN METOJ IOCIeL0BATEIbLHOI0 NCKII0UEHN A
HEU3BECTHHIX HasbiBaeTcs memodom I'aycca.

178. Onpemenauntenaun Tperbero mopsaaka. Mcciaemo-
BaHHe CHCTEM TPeX JMHEHHBIX ypaBHEHUN C TpeMd me-
pemeHHbIMU. Onpedenumenem mpemvezo nopadra
HasbIBaeTCA YUCJIIO, OIIPeeIeMOe PABEHCTBOM

a11 312 213
_ 011022033 + 120923031 + A13021032 —
Q21 Qg2 Q23| = 1)
— 013092031 — 11023032 — 412021033-
ag1 agz agg
Taxum o06pasoM, KaKILII UJeH oIpeneanTelsa Tpe-
Thero IIopAAKa IIpeacraBJideT coboit IIpOMU3BEE€HIIE TPEX
€r'o 3JIEMEeHTOB, B3ATHIX IIO OJHOMY M3 KaHC,Z[OfI CTPOKHM
M KasKJOoro cToJ0Ia. ATU Mpou3BeseHusa 0epyTcs ¢ Oll-

238



AJITEBPA

§ 16. CucreMBl ypaBHEHUI

pelieIeHHBIMU 3HAKAMM: CO 3HAKOM «+» — TPHU UJeHa,
COCTOAIIME U3 JIEMEHTOB INIABHOM AUATOHAJU U U3 3JIe-
MEHTOB, PACIOJIOKEHHBIX B BEPIIUHAX TPEYTOJbLHUKOB C
OCHOBAHUSAMMU, ITAPAJIIeJIbHBEIMU IJIABHOMN SUATOHAJIN; CO
3HAKOM «—» TPHU YJI€HA, PACIIOJIOKEHHbIe aHAJIOTUYHBIM
00pasoM OTHOCHUTEJHHO ITOOOYHON AMATOHAJIH.

YrasaHHOe IIPDABUJIO, HA3bIBAEMOE NPAGULOM MpeyYy-
201bHUKO06, WILIIOCTPUPYET cXeMa, M300pakeHHas Ha
puc. 76.

Puc. 76

Hamnpumep, ucmoassys popmyay (1), moaydum

2 4 1
1 3 5|_233+4:5.441.(-1)-(-D)-
4.1 3| ~13:4-2-5(-1)-4(-1-3=109.

Anzebpauuweckum 0ononrnenuem dJIeMeHTA Q;, OI-

pellenuTeNs HA3hIBAETCS UUCIO A;p, TpenCcTaBIAIONIEe
c000ii oIlpemeInuTe b BTOPOTO MOPsSAKa, IMOoJyJdaoInuiics
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M3 MCXOJHOTO OIpeaeJUTeNid BblUepKUBaHUEM
i-i1 cTpoxku U k-To cTONOIA M B3ATHIN CO 3HAKOM «+»,
ecJII CyMMa HOMEPOB BBIUEPKHYTHIX CTPOKM M CTOJIOIIA
YeTHAsl, M CO 3HAKOM «—» B IIPOTHBHOM CJydae.
Hampumep, niaa ouapenenutens (1) umeem

Qg2 Q23 a1 a13
Ay = » Agg = = -
azg ass ag1 A23

Onpedenumenv pageH cymme npou3gedenuil diemen-
moe n1060il cmporku (cmoabya) Ha coomeemcmayoujue
anzebpauyeckue dononnenus (pasnoixernue onpedenu-
mena no Inemenmam KaxKou-rubo cmporu uau
cmonbya).

Buruuciaum, HaTpUMeEp, JaHHBIN BBIIIE OIPEEINTENh
Pa3JIo}KeHUEM II0 dJIEMEHTaM IIEPBOM CTPOKH.

N meem
2 4 1
3 5 -1 5 -1 3
-1 3 5H=2 1 3—4 4 3+1~ 4 1:
4 -1 38 " B

=2.14-4(-23)+1-(-11) = 109,

YTO COBIAJAET C Pe3yJIbTaTOM, IOJYYEHHBLIM II0 (hOPMY-
ae (1) (cm. c. 239).

HJia cucrteMbl Tpex JUHEHHBIX YPaBHEHUH € TpeMsd
HeU3BEeCTHBIMU

a11xX + a9y +a132 = bl’
ag1X + Ay + ag32 = by, (2
a31X + aggy + aAgz3z2 = b3

CIIpaBeJJINBO YTBEPKAEHE, aHAJOI'MYHOE YTBEPXKIECHNIO
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IpUBeJeHHOMY B II. 174, a UMEeHHO: eciu onpedeiumeJiv

A cucmemvl (2) omauuen om HYAL, MO cucmema ume-
em eduHcmEeHHOe peuleHue, KOmopoe HAX00Umcs no
popmynam Kpamepa:

Ax Ay Az
X = —_—, = —, 2 = —_—,
A y A A 3)
20e Ay, Ay, A, — onpedenrumenu, nonryiaowuecs us

onpedenumens A 3ameHoil cmorbU08 KOIPPUULUEHMO08
npu coomaemcmayuux Heu3gecmHuvlx cmoabyoM c80-
000HbLX YUJEeHO08.

IIpu A=0 cucmema (2) aubo soobuie He umeem
pewienuil, 1ubo umeem OeCKOHeYHOE MHONCECME0 peule-
Huil.

II p u m e p. Pemmurs cucremy ypaBHEHUHA

2x +4y +z = -3,
-x+3y+5z2="1,
4x —y + 3z = 5.

U _Ompegenurenb cucTeMBLI OBLI HalifeH paHee:
A =109. Haxogum omnpenenuteau A,, Ay, A,

-3 4 1 2 -3 1
Ay=| 7 8 5/=-218,A,=-1 7 5=0,
-3 -1 3 4 -5 3
2 4 -3
A,=|-1 3 17|=109,

4 -1 -5
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oTkyzxa mo dopmyse (3) monyuaem x=-2,y=0,
z=1.m

179. Cucremsl mMOKa3aTeJbHBIX U Jorapudgmmuuec-
KuxX ypaBHeHmii. IIpy pelreHny CHCTEM IIOKAa3aTeJIbHBIX
¥ JIorapu(pMUUeCKUX YPaBHEHUH MCIIOJIb3YIOTCSI OOBIU-
HbIE IPUEeMBI PeIlleHNs JOrapu(PpMUUECKUX 1 IOKA3aTelIb-
HBIX ypaBHeHUH (cM. nm. 156, 157) u 00bIYHBIe TPUEMBI

pellleHus cucTeM ypaBHeHuit (cm. mm. 171-174).
II p u m e p. Pemurs cucremy ypaBHEHUH

logs x +logy y =4,
3362 — 9 . 315y+2‘
0 PaccmoTpuM IepBoe ypaBHeHHe CHCTeMLI. Boc-

IIOJIL3yeMCsI TeM, 4TO logy x = 10g22 %2 = logy x> (cM. 1.
75). Torja ypaBHeHNe MOKHO 3aIIrcaTh B Buzie logy %2+
+log,y =4 u mamee 10g4(x2y) =4, oTKyIa x2y = 44,

T. €. xzy = 256.
Temeps pacCMOTPUM BTOPOE YpPaBHEHUE CHCTEMBI.

2
Nmeem 3° = 32 -315y+2, x2 = 15y + 4. 3apmaua cBOOUT-
CcA K PeIIeH’I0 CUCTEMEI

x2y = 256,
x% =15y + 4.
IToncraBum 15y + 4 BMecTO 2 B epBoe ypaBHeHUe:
15y + 4)y = 256; 15y2 +4y — 256 = 0;
64

:4, = ——
A1 Y2 15
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ECJH/Iy=4,T0x2=15y+4=15-4+4=64,'r.e.x2=

= 64, otkyna x, = 8, x, = —8. Eciu y:_% TO

15’

x2:15y+4=15-(—%j+4:—60, 1. e. 22 = 60 —

5TO ypaBHeHNe He MMeeT KOPHEeH.
Wrak, MBI HAIILJIX JBe IIaphbl 3HAYCHUH IIepeMeHHbIX
x,=8,y,=4; x,=-8,y,=4. Taxk Kax 3ajaHHasA cucreMa

COZIEP’KUT BhIpaKeHUs logs X, 10g4 Y, TO HOJKHBI BBI-

MOJHATHLCA yeaoBusa x > 0, y > 0. Ilosromy BTOpas napa

WCXOMHOM cucTeMe He yaoBieTBopser. Wrak, (8; 4) —
pemienue cucreMmor. W

180. CucremMbl TPUTOHOMETPHMUYECKHX ypaBHEHMHIl.
IIpu pelleHHMM CHCTEM TPUTOHOMETPUUYECKUX ypaBHE-
HUI MCIOJb3YVIOT OOLIUHBIE IIPUEMBI PEIeHUs CHUCTEeM
ypaBHeHUH U (POPMYJIbI TPUTOHOMETPUMH.

II p u m e p. Pemmurs cucremy ypaBHEHU

sinx + cosy = 1,5,
sin? x + cos? y = 1,25.
U ITonoxxum sinx =u, cosy =v. Torga moayuum
u+v=1.,5,
cucreMy 4 o 9
u® +v° =1,25.

sum U: v =1,5-u. IloacraBum HailileHHOEe BBIPAYKEHUE
BMECTO U BO BTOPOE YPaBHEHME CHCTEMBL:

u? +(L5-uw)? =1,25; 2u® - 3u+1=0;u; =1, uy = 0,5.

Ecmmu=1,10 v=15-1=0,5; ecu :xxe u= 0,5, To

W3 nepBoro ypaBHeHUS BbIpa-

v=15-0,5=1. UTtak, MbI HAIILJIX JIBe ITapbl PEIIeHUI:
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u; =1, v =05 us =0,5, vy =1. Tark Kax u =sinux,
U =CO0SY, TO OCTAeTCs PEIIUTh IBE CUCTEeMbl ypaBHe-

HUI:
sinx =1, sinx = 0,5,
cosy =0,5 1 = cosy =1. ()

. o
N3 ypaBuenusa sinx =1 maxogum x =—+ 27k,

k € Z. I3 ypaBHernua cosy =0,5 maxogum y = ig +

+2nn, n € Z. 3uaunr, pemenus cucreMs! (1) uMeroT Bu

x:§+2nk, y:i§+2nn; k.neZ.

. T
W3 ypasuenus sinx = 0,5 maxomum x = (—l)k Py +

+nk, k € Z. U3 ypaBHernusa cosy = 1 Haxogum y = 2nn,
n € Z. 3HAUUT, pelleHus cUCTeMbI (2) MMEIT BU[J

x:(—l)k%+nk, y=2tn;k,necZ M









Paszden V
HEPABEHCTBA

§ 17. Peunienue HepaBeHCTB

181. OcHoBHBIE MOHATHSA, CBA3AHHLIE C pellleHHeM
HepaBeHCTB. IlycTh naHo HepaBeHCTBO f(x) > g(x), Ko-
TOpoe OyneM HasbIBATH HepAa8eHCMEOM ¢ OOHOU nepe-
MmeHHOU. BecaKoe 3HaAUeHNE IIepeMEeHHOM, TP KOTOPOM
TaHHOe HePaBeHCTBO o0palllaeTcsa B BEpHOEe YHCI0BOe pa-
BEHCTBO, HA3bIBAETCH peuleHueMm HepageHcmea. Pemuth
HEPaBeHCTBO C IEePEeMEHHOM — 3HauYUT HAlTH Bce ero
pellleHns UK JOKAas3aTh, UTO UX HET.

IBa HepaBeHCTBA C OQHOI IIepeMeHHOi Ha3bIBaOTCSA
PABHOCUNBHBLMU, €CIY PEIIeHNs 9TUX HEePaBEeHCTB CO-
BIIAJAIOT; B YACTHOCTHU, HEPABEHCTBA PABHOCUIbHbI, €CJIN
00a He MMEIOT PeIleHuH.

T.5.1. Ecau 6 HepageHcmee kakoe-HUOYOv caazaemoe
neperecmu u3 00HOU uacmu 6 Opyzyio, U3MEHUE 3HAK
aMO20 C1A2AeM020 HG NPOMUBONOJONHCHBLIL, MO NOLY-
YUMces Hepagencmeo, pagHoCULIbHoe OAHHOMY .

T.5.2. Ecau o6e wacmu HepageHCmMEa YMHOM UMb UAU
pasdeaumv HaA 00HO U MO JHce NOJOHUMENbHOE YUCIO,
Mo NOAYLUMCA HEePABEHCME0, PABHOCULbHOE OAGHHOMY .

T.5.3. Ecau o6e wacmu HepaseHcmea YMHONI UMb UAU
pasdenumdv HA 00HO U MO e OMpPUYyamesbHoe LUCO,
U3MeHUB NPU IMOM 3HAK HePABEeHCMBEa HA Npomueo-
NOJLONHCHBLIL, MO NOAYUUMCA HePABEHCME0, PAGHOCULL-
Hoe OaHHOMY.
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Hanpumep, HepaBeHcTBa —6x < 12 u x > —2 paBHO-
cusbHBI (00e yacTu HepaBeHcTBa —6x < 12 MBI pasmenu-
JIZ HA OTPHUIATEJIbHOE YHUCJI0 —6, M3MEHUB IPU 5TOM 3HAK
< MCXOOHOTO HepaBeHCTBA Ha 3HAK >).

T.5.4. Ecau o6e uwacmu HepaseHCcmea YMHOM UMb ULU
pasdenumdv Ha 00HO U MO JHce BblPANHCeHUe, NPUHUMAIO-
wee npu 6cex 3HAYCHUAX NEPeMEeHHOU NOJLONCUNMeNb-
Hble 3HAYEHUA, MO NOLYUUMCA HepaseHCcmaeo, pasHo-
cuabHoe 0aHHOMY.

T.5.5. Ecau of6e wacmu HepaseHCcmea YMHOM UMb ULU
pasdenrumdv Ha 00HO U MO JHce BblpAXHCeHUe, NPUHUMAIO-
wee npu 6cex 3HAYEHUAX NePeMeHHOl Ompuyamey-
Hble 3HAYeHUA, USMEHUB NPU IMOM 3HAK HepaseHCcmea
Ha NPOMUBONONOHCHBLIL, MO NOAYHUUMCA HEePABEHCME0,
pasrocubHOe OAHHOMY.

182. I'paduueckoe pelieHHe HEPABEHCTB C OTHOM
nepemMeHHO¥. [[;1a rpaduyecKoro perreHns HepaBeHCTBA

f(x) > g(x) HYXHO IOCTPOUTH rpaPuKyu GyHKIUNA y =
=f(x) 1 y=g(x) u BeIOpATH Te MPOMEXKYTKU OCH ab-
cnuce, Ha KOTOPBIX rpadur ¢pyHKnuu y = f(x) pacuo-

JIO’KeH BbIIe rpadguka QyHKIuUmM y = g (x).
II p u M e p. Peuts rpaduuecKku HepaBeHCTBO

2
logg x> —.
x
U ITocTpouMm B OQHO# crCTeMe KOOPAMHAT rpapurm
2
dbyurmuit y =loggx u y=— (puc. 77). s pucyuka
x

BUJHO, uTO rpad@uk QyHKIuM Y = logy X pacmosioxken
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2
BhIIle rpaduka GyHKIuum y =— upu x > 2. Urax,
x

(2, + ©) — pelenve HepaBeHcTBa. W

183. JInHeliHbIe HEPABEHCTBA C OMHOIl IepPeMeHHOI.
3mech peuyb HUAET O HEpaBEHCTBAxX BUIA ax >b wuim
ax<b,ax>b,ax<b. Eciu a > 0, To HepaBeHCTBO

b

ax>b PaBHOCHUJIBHO HE€paBeHCTBY Xx > —, T. €. MHO-
a

HeCTBO peIlIeHI/Iﬁ HepaBe€HCTBa €CThb IIPOMEXYTOK

(—, + ooj. Ecau e a < 0, To HepaBeHCTBO ax > b pas-
a

b
HOCHJIBHO HEepaBeHCTBY X < — , IIO3TOMY MHOMXKECTBOM

a
Y
9 y=log2x
1
o
7N, i,
0] 1 2 x
Puc. 77
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b

PeIlIeH i HePABEHCTBA ABJISETCA IPOMEKYTOK | — o0, —

a
Haxomner, eciiz a = 0, To HepaBeHCTBO IPUHNMAET BU[
0-x>b, T. €. OHO He UMeeT PellleHUH B ciaydae, KOTaa
b > 0, 1 BepHO IIpu JIOOBIX X B cayuae, Koraa b < 0.

II p u Mm e p. PemuTh HepaBeHCTBO

2(x-3)+5(1—-x) > 7(2x - 5).

U PackpuIB CKOOKHM U yIpoIasi, AMeeM
2x-6+5-5x>14x—-35; -3x —14x > -35+1;
—17x > —34. 1)

9T0 HepaBeHCTBO PABHOCHUJIBHO 3aJaHHOMY. Pasnenus
Tenepb obe uacTu HepaBeHcTBa (1) Ha oTpHIaTeJIbHOE
upcio —17 ¥ UBMeHUB 3HAK HepaBEHCTBA, IOJIYYHM He-
paBeHcTBO X < 2, paBHocuibHOe (1). Urak, (—oo,2] —
MHOKECTBO peIlleHNi 3aJaHHOro HepaBeHcTBa. M

184. CucreMbl HEpaBEHCTB C OJHOI HEepPeMEHHOW.
T'oBOpAT, YTO HECKOJIBKO HEPABEHCTB C OJHOMH IepeMeH-
HOI 06pas3yIoT cucmemy, eCIu CTABUTCA 3afada HANUTH
Bce OO0II[Me peIleHus 3aJaHHbIX HepaBeHCTB. SHAUEHUeE
IepeMeHHO, IPU KOTOPOil KasKj0e HepaBeHCTBO CHCTe-
MBI O0palaeTcss B BepHOe UKMCJI0BOe HEPABEHCTBO, HA3BI-
BAETCS peuleHuem CuCmemb, HePpaGeHcmae.

II p u M e p. Pemuth cuctemy HEepaBeHCTB

Sx+2>3x -1,
Sx+1>Tx—4.
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U IlepBoe HepaBeHCTBO CHCTeMBbI Ipeobpasyercsa B
paBHOCUJIbHOE eMy HepaBeHCTBO x > —1,5, a BTopoe — B
HepaseHcTBO x < 1,25. Takum oGpasom, 3azaua CBO-

x > -1,5,
IUTCA K PEIIeHHI0 CUCTEMbI C momoIbio
x < 1,25.
KOOPIUHATHOM mpsamoi (puc. 78) HaXoAuM, UTO HCKO-
MOe MHOKecTBO ecTh mHTepBaka (—1,5; 1,25). &

185. CoBokymHOCTH HEPABEHCTB C OJHOI IMepeMeH-
Ho#i. 'OBOPAT, UTO HECKOJHKO HEPABEHCTB C OJHOMU Ie-
peMeHHO# 00pasyioT CO80KYNHOCMb, €CIIU CTABUTCS 3a-
Jaya HaWTH BCe TaKHe 3HAUEHUS IepeMeHHOI, Kaxaoe
13 KOTOPBIX ABJSAETCA PelleHrueM XOTsS Obl OJHOI'0 M3
JAaHHBIX HepaBeHCTB. 3HAUeHHEe IIepeMeHHOM, IPU KO-
TOPOM XOTs ObI OJHO M3 HEPABEHCTB, 00Pa3yIOIUX CO-
BOKYIIHOCTb, Oo0OpalljaeTcs B BEPHOE UHCJIOBOE HEepaBeH-
CTBO, HasbIBaeTcd peuleHUueM CO60KYnHoOCcmu Hepa-
éencme.

II pu M e p. PeiuTh COBOKYIIHOCTh HEPABEHCTB

2x-3 3x-10 «x
> s —+1>
5 2 4

U IIpeoGpas3oBaB KaKaoe M3 HEPABEHCTB, IIOJYUYUM

sx

COBOKYIIHOCTh, PABHOCHUJIbHYIO 3afalHoMi: X < 4; x < 0,8.

C momoIIbi0 KOOPAUHATHOM IpaMoii (puc. 79) ycraHas-
JIIBAaeM, YTO PeIIeHHeM 3aJaHHON COBOKYIIHOCTH CJIY-

JKUAT IIPOMEKYTOK (—oo, 4). B

/. iy
ANEBANNERRENNNN  N\N\NNNN\N0,8 4
Puc. 78 Puc. 79
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186. /IpoGHO-IHMHElHbIe HepaBeHCTBA. 3IeCh peub

ax+b ax+b
ujgeT o HepaBeHcTBax Buga ——— > 0umianm ———— < 0,
cx+d cx+d
roe a =0, ¢ #0.
II p u M e p. Pemtuth HepaBeHCTBO % > 5.
x_
U Nmeem
3x+7_5>0’ 3x+7-10x+ 35 >0, —Tx+42 5 0.
2x -7 2x -7 2x -7

VYMHOXUB 00e yacTu II0CJIeJHEero HepaBeHCTBa Ha -1
1 M3MEHMUB IIPU 3TOM 3HAK HepaBE€HCTBa, IIOJYUYUM

Tx—42

26 -7
Opo6s oTpumaTeJbLHA B ABYX caydaax: 1) ecuu ume-
JIATeJIb OTPUIlATeNeH, a 3HaMeHaTelb IIOJIOKUTeIeH;
2) eclu UMCINUTENb IOJOMKWUTEJEeH, a 3HAMEHATEJIb OT-
pultaresied. 3HAUUT, [IOJIYy4aeTCA COBOKYIIHOCThH CHUCTEM
HEepaBeHCTB

<0.

Tx—42<0, |[Tx—-42>0,
2x — 7> 0; 2x -7 < 0.

W3 nepBoii Haxoqum x < 6, x > 3,5, T. e. 3,56 <x <6.
W3 BTOpOIl HaxoguMm x > 6, x < 3,5, T. e. cucTeMa He
MMeeT pelleHni. 3HAUNUT, MHOMKECTBO pellleHUH JaHHO-
ro HepaBeHCTBa ecTh nHTepBai (3,5; 6). W

187. HepaBeHcTBA BTOPOIi cTeeHU. 31eCh PeUb UAET

0 HepaBeHCTBaX BUAA ax? +bx+c¢>0 wmm ax? +bx +
+c¢<0,rme a =0.
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T.5.6. Ecau duckpumunanm D = b2 — dac K8adpamHo-

20 mpexdjeHna ax2 +bx +c ompuuameJjieH, a cmap-
wuil TCOQ@@LLMU@HJI’L a noJiocumeJieH, mo npu ecex sHa-
YeHUAX X BblNOJHAEMCA HepasgeHcmaeo

ax® +bx+c>0.
Paccmorpum Teneps cayuait, korga D > 0. Iaa pe-

IIeHNs HepaBeHeTBa ax> +bx+c > 0 (unnu ax? +bx +
+¢ < 0) HYXHO DPa3JIOKUTHh KBaJPATHBIA TpeXUJeH
ax? + bx + ¢ Ha MHOMKUTEIN IO dopmye ax? +bx +
+c=a(x—x1)(x—x9) (cMm. m. 60), 3aTeM pasmeanThb
o6e uacTu HepaBeHCTBA a(x —xq)(x—x9)>0 (uam
a(x — x;1)(x — x9) < 0 )na yucso a, COXpaHUB 3HAK Hepa-
BeHCTBa, eciau a> (0, u UBMEeHUB 3HAK HEepaBEHCTBA Ha
MIPOTUBOIOJOMKHLIH, ecaiu a<0 (cm. m.181), T. e.
mepefiTu K HepaBeHCTBY (x —x1)(x—x9)>0 (uam

(x —x1)(x — x9) < 0). Temeps ocTaercsa BOCIOJIb30BATh-

cA TeM, UTO MPOM3BeJeHNe ABYX UMCeJ IIOJIOKUTEIbHO
(oTpHuIlaTeIbHO), €CJAU MHOMKUTEJIN UMEIOT ONNHAKOBBIE
(pasHbIe) BHAKMU.

II p u Mm e p. Pemiurs HepaBeHCTBO:

a) 2x2 +5x+2 > 0; 6) 5— 3x > 2x2.
U a) Haiizem KOpHM KBagpaTHOIO TpexdJeHa

2x% +5x + 2. Us ypaBHEHUS 222 +5x+2=0 nojyda-

eM x;=-2, x9=-0,5. IlosTomy, 262 +5x+2=

251



AJITEBPA

Pasden V. HEPABEHCTBA

=2(x+2)(x+0,5),u MBI IPUXOAUM K HEPaABEHCTBY
2(x+2)(x+0,5) >0, orkyma (x+2)(x+ 0,5) > 0. 3uHa-

1
YUT, BBIPAXKEHUA X + 2 ux+ E AOJIXXHBI UMETh OAHAa-

KOBBIE 3HAKH, T. €.
{x+2>0, {x+2<0,
niau
x+0,5>0 x+0,5<0.

M3z mepBoit cucremMbl Haxoaum, uyto X > —0,5, a us
BTOpO — uro X < —2. OTBeT MOKHO 3alMCaTh TaK:
(=0, —2) U (-0,5; + ).

6) IIpeoOpasyeM HepaBeHCTBO K BUIY 2x2 + 8x —
—-5<0. KopH: KBagpaTHOTO TpexXduJjieHa 2x2 +8x -5
TaKOBBI: X = —2,5, X9 = 1. PasmoxuB TpexuieH Ha MHO-
JKHUTeJNH, MOJydYnuM HepaBeHCTBO 2(x +2,5) (x—1) <0,

T. e. (x+2,5)(x—-1)<0. Or mociesHero HepaBeHCTBA
IIepPexXoauM K COBOKYIITHOCTH CHCTEM:

x+25<0, |x+2520,
x—-12>0; x-1<0.
IlepBass He mmeeT pelleHuii, a U3 BTOPOl HAXOAUM
-25<x<1l. m

188. I'paduueckoe penreHune HepaBeHCTB BTOPOI
creneHu. 'paduKoM KBafpaTUUHOH QYHKIUHU y = ax® +
+ bx + ¢ aBaserca mapaboJia, BETBU KOTOPOU HaIlpaBJie-

HBI BBEPX, ecau a > 0, u BHU3, ecau a < 0. Ilpu stom
BO3MOJKHBI TPU cJaydasi: mapaboJsa mepecekaer och Ox
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(T. e. ypaBHeHUe ax® +bx+c =0 wmMeer ABa pasauu-
HBIX KOPH:); mapabojia mMeeT BepIlnuHy Ha ocu Ox

(T. e. ypaBHEeHUE ax? +bx+c¢ =0 mmeer OIVH KOPEHb);
mapabosa He mepecekaeT ochk Ox (T. e. ypaBHeHUe

ax® +bx+c=0 He umeer KopHeii). Takum obGpasom,
BO3MOJXKHBI IIIECTH IIOJIOYKEHUI ITapadoJIbl, CIysKaIlei rpa-

2
dbuxom GyHKIUM Y =ax” +bx +c¢ orTHOCUTEIBHO OCHU

Ox, — oHu upencraseHbl Ha puc. 80 u 81.
Yy Yy Yy
O| ~ x O x ol x
a) 0) 8)
Puc. 80
y Y y
(0] x O x O x
a) 0) 8)
Puc. 81
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II pu M e p. Pemurs rpagpuuyecky HepaBeHCTBO:
a) 2x2 —5x+2>0; 6) —x2+4x—4>0.

O VpasHenue 2x% —5x +2=0 umeer IBa KOPHA:
x; = 0,5, x9 = 2. Ilapaboua, cry:xaiias rpapukoM QyH-

KOUN Y = 2x% —5x + 2, UMeeT BUJ, M300pasKeHHBIH Ha

puc. 80, a. HepaBeHcTBO 2x? —5x + 2 > 0 BBImOJHSETCS
IIpY TeX 3HAUEeHUSAX X, IPU KOTOPHIX TOUKU MapaboJIbl
Jesxar BeImre ocu Ox: aro OyzeT nIpu X < Xy UiIu X > Xg,
T. e. mpu X< 0,5 mam npu x > 2. 3HauuT, pelIeHUA
HepaBeHcTBa TakoBbl: x < 0,5, x > 2.

0) YpaBHeHUE — x% +4x — 4 = 0 uMeer ofUH KOpeHb
x = 2. Ilapabousa, caysxamasa rpapukoM (QpyHKIUHN

y= —x? rdx - 4, uMeeT BUJM, M300pasKeHHBINH Ha puC.
81,6.

HepaBeHCTBO — x2 +4x —4 > (0 BBIIOJHAETCA NIPU
TeX 3HAUYEHUSIX, IPU KOTOPBIX TOUKHU MapaboJIbl JIEXKAT
Boimie ocu Ox. Takux TOUueK HeT, 3HAUUT, HEPABEHCTBO
He umeeT pemreHuii. W

189. HepaBeHnctBa ¢ mogyaamu. IIpu perrenuu He-
PABEHCTB, COAEPIKAINUX IIePeMeHHEIe IIOJ 3HAKOM MO-
IyJIsl, UCIIONAb3YeTCA OIpeeeHrue MOLYIA:

f(x), ecm f(x) >0,
If ()= {
- f(x), ecmm f(x) < 0.

Wuorga moJie3HO HCIIOIL30BATH I'e€OMETPUYECKYIO MH-
TepIpeTaInio MOIYJIA JeHCTBUTeIbLHOr0 uncia (cM. . 29).
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Kpome TOro, MOKHO MCIIOJIb30BATh Memod 6036edeHus
6 keadpam obenx dyacTeil HepaBeHCTBA, OCHOBAHHBIN Ha
cJenyolneil Teopeme:

T.5.7. Ecau evipaxcenua f(x) u g(x) npu ao0bvix x
NPUHUMAIOM MOJbKO HeompuyamenvHbvle 3HAYeHUS,

mo mepasencmea f(x)>g(x) u (f(x)? > (g (x))>
DPABHOCUNLHDL.

IIpumep 1. Pemurs HepaBeHCTBO |x - 1| < 2.

U I cooco6. Bemuuuny |x—1| MOXKHO paccMaTpH-

BaTh KaK PACCTOSHHE Ha KOOPAWHATHON IPSIMOM MeEiK-
any Toukamu x u 1. 3HauuT, HaM HYsKHO YKasaTb Bce
TOUKU X, KOTOPhIE VAaJeHbl OT TOUKK 1 MeHbIlle ueM Ha
2 equuunbl. C MOMOIIbI0O KOOPAMHATHON IIPAMOI ycTa-
HABJNBaeM, YTO MHOYKECTBO PeIlleHUI HepaBeHCTBAa eCTh
unrepsai (—1, 3).

II cooco6. BosBensa o6e uacTy HJaHHOIO HepaBeHCTBA
B KBajpaT, IIOJYUYMM PABHOCUJILHOE €My HepPaBEeHCTBO

(x— 1)2 < 4. Pemus mociiegHee HEPaBEHCTBO, IIOJIYUNM

x2 -2x-8< 0, orkyma maxomum, 4To —1 < x <3 (cMm.
n.187 uau 1m.188).
IIT cmoco6. Ilo ompenesneHuio,

|x 1|_ x—1, ecmt x —12>0,
—(x—-1), ecm x —1<0.

HOBTOMy JaHHOE€ HEePaBE€HCTBO MOMHO 3aMEHHTH COBO-
KYIIHOCTBIO OIBYX CHCTEM HepPaBE€HCTB:

x-1>20, |x-1<0,
x—1<2; |—-(x-1)<2.
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W3 mepBoii cucTeMbl ciaenyer, uro 1<x <3, a us

BTOpOl — uT0 -1<x <1. O0BeOUHUB 9TH peIleHusd,
MoJIyuYuM IpoMe:kyToK (—1, 3). B

IIpumep 2. Pemurs HepaBeHCTBO:

a) [2x +4/ <3x+2; 6) [1-2x]>8-x.

U a) Eciu 2x +4 >0, To |2x + 4| = 2x + 4, u, cieno-
BaTeJbHO, HepaBeHCTBO mpumer Bujg 2x +4 < 3x + 2.
Ecau e 2x+4 <0, To |2x + 4| = —(2x + 4), u HepaBeH-

crBo npuHnMaer Bupg —(2x +4) < 3x + 2. Taxkum obpa-
30M, JAHHOE HePABEHCTBO MOYKHO 3aMEHUTEL COBOKYIIHO-
CTBIO JBYX CHCTEM:

2x+42>0, 2x+4 <0,
2 +4<3x+2; |-(2x+4)<3x+2.

W3 mepBoil cucTeMbl HAXOOAWUM X > 2, a BTOpas He
uMeeT pellleHuii. 3HAUUT, MHOKECTBO DPeIlleHuil Hepa-

BEHCTB — JIy4 [2, + o).

6) Eciin 1-2x >0, TO |1 - 2x| =1-2x, T. e. Hepa-
BeHCTBO IIpuMeT Buj 1 —2x > 8 — x. Ecimsxe 1 -2x <0,
TO |1 —2x| =2x—1, T. e. HepaBEHCTBO HPUMET BUJ

2x —1 > 8 — x. 3HAUUT, OT JAHHOIO HepaBeHCTBAa Iepe-
XOJUM K COBOKYIHOCTH IBYX CHCTEM:

1-2x2>0, 1-2x<0,
1-2x>8-x; |2x—1>8—«x.
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W3 mepBoii cucTeMbl caenyeT, uTo X < — 7, a U3 BTO-
poit — uTo x > 3. OTBeT MOXXHO 3aIlKCaTh KaK 00beau-

HEHHE JBYX IPOMEXYTKOB: (—o0,—7)U(8,+ ). W

190. Pemenne panuoHaJbLHBIX HEPABEHCTB METO-
IOM IPOME:KYTKOB. PellleHre paluoHAJbHBIX Hepa-

p(x)
q(x

JII000# Opyroil 3Haxk HepaBeHCTBA), rae p(x) m q(x) —
MHOTOUJIEHEI, OCHOBAHO HA CIEIYIOIEeM PACCY KIeHUNU.

(x—a)(x-b)
(x—c)(x-d)’
a<b<c<d. Ecau x > d, To KaXIbI}l U3 MHOKUTEJIEN

BE€HCTB BHJa >0 (BMeCTO 3HAKa > MOXKeT OBITH

Paccmorpum (pyHEmHio h(x) = rue

x—a, x—-b, x—c, x —d THOJOKUTEIIEH, U, CIeLOBATE]Ib-
HO, Ha npomexyTke (d,+ ) mmeem h(x)>0. Ecam

c<x<d, To x—d <0, aocraibHble MHOMKUTEJIU IIO-
IpeXKHEeMY IIOJOMUTEJbHbI. 3HAUNUT, Ha HHTEpBaJe

(¢, d) umeem h(x) < 0. Ananoruuno Ha unrepsaie (b, ¢)
moayuuM h(x) >0 wu T. g. (puc. 82, a).

WNsmenenne 3sHakoB PyHKmuu £ (x) ymoOHO MILIIOC-
TPUPOBATH C IIOMOIIBI0 BOJIHOOOPa3HO KpuUBOi (ee Ha-
3bIBAIOT KPUB0OL 3HAK0G), KOTOPYIO UepTAT CIIpaBa Ha-
JIeBO, HauMHasA cBepXxy (puc. 82, 6). ATy UIIIOCTPAIIAIO
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HYKHO IOHMMATh TaK: Ha TeX IIPOMEKYTKax, rIe sTa
KpUBasg IPOXOIUT BBIINIe KOOPAMHATHOM HPAMOIi, BBI-
noaHgeTcsa HepaBeHcTBO h(x) > 0, Ha Tex ke mpome-
JKYTKax, e KpuBas IPOXOAUT HUKe NMPAMOM, — He-
paBeHcTBO A(x) < 0.

I mpoBeJeHHOTO BHIIE PACCYKIEHUS HecCyIle-
CTBEHHO KOJMYECTBO JUHENHBIX MHOMKUTEJEH B YNUCJIH-
TeJjie 1 3HAMeHaTeJ e, a TaK:Ke B3auMHOe PACIIOJIOKeHUe
KOpHeH uucaInuTesss W 3HaMeHaTesJs OPOOM HA KOOpIU-
HaTHOU npsamoii. IlosToMy 0HO IpUMEeHUMO U AJd PYH-
KIIUU BUAA

(x —ay)(x —as)...(x —a,)

f = ’
(*) (x=b1)(x —bg)...(x —bg)

rme yucaa aq, Go,...,04,, by, by,...,b, momapno pasmauu-
HbI. VI3aMeHeHNe 3HaKOB MYHKIUMU [ (X) Takike HMILIIOC-
TPUPYIOT ¢ IIOMOIIbIO KPUBOI 3HAKOB, KOTOPYIO UePTAT
CIIpaBa HaJIeBO, HaUMHasdA CBepPXy, U IIPOBOAAT Uepe3 BCe
OTMEUYUEeHHBbIE Ha ROOp,Z[I/IHaTHOﬁ HpﬁMOﬁ TOYKN
ay, Qgy...y Gy, by, bg,...,b,. Ha sTOM OCHOBaH Memod
npomeiymrkoae, ROTOp])Iﬁ IIPMMEeHdAeTCA OJIAd pelleHundA
PanOHaJbHBIX HEPaBEHCTB.

II p u Mm e p. Pemursr HepaBeHCTBO:

y G AB @2 o o G-3E+?)
(2x — 3) (4x + 5) x2 -1

U a) IIpeobGpasyem JieByI0 4acTh HEPABEHCTBA:

(x +5) (x —V3) (x +/2)
2(x—1,5) 4(x +1,25)

<0
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U YMHOXHUM obe uyacTu HepaBeHCTBa Ha 8; IIOJIYyUYM M

(x +5) (x — V3) (x +4/2)

HepaBeHCTBO < O, PaBHOCHJIb-
(x —1,5) (x +1,25)

HOe TaHHOMY.
WNsmenenne 3HAKOB QYHKIIUU

(x+5) (x —3) (x +12)
(x-1,5) (x+1,25)
WLIIOCTPUPYEM C IIOMOINBLI0 KPHUBOM 3HAKOB (puc. 83).

Suauvenus x, npu KoTopbix f(x) <0 (cooTBercTByIO-
1e TPOMEKYTKM BalllTPUXOBAHBI), YAOBJIETBODPSIOT

f(x) =

cJIeAVIONIM HepaBeHCTBaAM: X < —H; — \/5 < x < -1,25;
Lh<x< \/g . 9TO0 pellleHns UCXOIHOTO HepaBeHCTBA.

2
X oxo6 o XS 5
x2 -1 (x-1D(x+1)

HauepTuM KpuBYIO 3HAKOB MidA (QyHKIuu f(x)=

60) Nmeem

_ xX+5
(x-1(x+1)
IIeHnsa HepaBeHcTBa: -5 <x<-1; x>1. A

(puc. 84). C ee moMOIIIbI0O HAXOAUM Pe-

MW

-5 2 -1,25 1,5 V3 -5

Puc. 83 Puc. 84
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191. ITokazaTeabHble HepaBeHCTBA. [Ipu pelreHuu

HEepaBeHCTB BUAA a’® 5 g8®)

cJIeyeT YYUTHIBATh, UTO
HoKasaTenbHas QyHKIuA y = a” BospacTaer npu a > 1
u yowiBaeT ipu 0 < a <1 (cm. . 114). S3uauuT, B caydae,

) 5 42

Korgma a > 1, OT HepaBeHCTBa a IIepexondT K

HEepaBeHCTBY TOro ke cmbicaa f(x) > g(x). B cayuae

) 5 48

sKe, korga 0 <a <1, or HepaBeHCTBa @ nepe-

XOOAT K HEPaBeHCTBY IIPOTUBOMOJOMKHOTO CMBICJIA
f(x) < g(x).
II p u Mm e p. Pemiursr HepaBeHCTBO:
— 2
a) 23*7 < 22%71, 6y (0,04)5* % 8 < 625,

U 3xecs ocHOBaHMeE cTeneHu 00bIIe 1, II03TOMY, CpaB-
HUBas IIOKAa3aTeJd, 3aluIlleM HEePABEeHCTBO TOTO Ke

cmbicaa: 3x + 7 < 2x —1. Pemus ero, moayuum x < —8.

0) ITockoabry 625 = 252 = (0,04)‘2, 3alunIleM JaH-
HOe HepaBeHCTBO B Bufe (0,04)°* *"~8 <(0,04)2. Tak
kak 0 < 0,04 < 1, To, cpaBHMBAs IOKAa3aTeJU, 3alIKUIIEeM

HepaBeHCTBO IIPOTHBOIIOJIOMKHOTO CMBICJIa: 5x — x2 -

-8 > -2. Nmeem

—x%+ 5x - 620, x>~ 5x + 6 <0, (x—2) (x —3)<0.

Pemue mociaenuee HepaBeHcTBO (cM. m. 190 miam
n. 187), monyuum 2 < x < 3.

WTak, MHOYKECTBO PeIlleHnil 3aJaHHOr0 HepaBeHCTBA
ecTh OTpe3oK [2, 3]. B
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192. Jlorapucdmuueckue HepaBeHcTBa. IIpu peiie-
HUM HepaBeHCTB Buaa log, f(x) > log, g(x) cuemyer
VUMUTHIBATE, UTO JorapubmMudeckad QyHKEIUA y = log, x
Bo3pacrtaeT npu a > 1 u yosiBaer npu 0 < a < 1 (cm.

n. 116). ITosTomy B cayuae, Korga a > 1, OT UCXOAHOTO
HepaBeHCTBA IePeXOoJAT K HepaBeHCTBY TOI'O »Ke CMBIC-

aa f(x) > g(x). Bcayuae x&e, Korga 0 < a < 1, oT ucxop-
HOTO HEPaBEHCTBA IIE€PEXOAT K HePaBEHCTBY IIPOTUBO-
moJsioxHOro cmeicaa f(x) < g(x). Ilpu srom HeobxonU-

MO IIOMHHUTB, YTO JioTapudMuuecKkasd QyHKIIUA oIpeme-
JIeHA JIUIITHL HA MHOKECTBe MOJOKUTEeIbHBIX YKcesa. 3Ha-

YHUT, MOJI’KHBI BBIIOJHATHLCA HepaBeHcTBa f(x) >0 u
g(x)>0.

B urore or mepasencrsa log, f(x) > log, g(x) me-
PEXOJAT K CHCTEeMe HepPaBeHCTB

f(x)>0, f(x)>0,
gx)>0, (1) wmm {g(x)>0, (2)
f(x) > g(x) f(x) < g(x).

3amerum, uto B cucteme (1) (mpu a > 1) HepaBeHCT-
BO f(x) > 0 MOXHO OIIyCTUTDL; AHAJIOTMYHO, B cucTeMe (2)

(mpu 0 < a < 1) MOYKHO OTyCTUTH HepaBeHCTBO g (x) > 0.
II p u Mm e p. PemiuTs HepaBeHCTBO:
a) logg 5(2x +59) > -2;0) lg(x +2) <2-1g(2x —6).
U a) Tax xax -2 = logy 5 4, TO HEPABEHCTBO MOXKHO

nepenucaTtb B BuAe logg5(2x +59) > logg 5 4. Hanee
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nmMeemM

2x +59 > 0, x> —29,5,
2x+59<4, x <2735,
oTkyza —29,5 < x < —27,5.
6) YTo0bI BCce Jiorapu(Mbl UMEJIU CMBICJ, HOJMKHBI
BBITIOJIHATLCA HepaBeHcTtBa ¥ + 2 > 0 u 2x — 6 > 0.

Hcnoonb3ys cBoiicTBa JorapudMoB, IpeodpasyeM 3amgaH-
HOe HepaBeHCTBO:

lg(x+2)+1g(2x-6) < 2,

lg ((x + 2)(2x - 6)) < 1g100.

Taxum O6paBOM, 3aJaHHO€e HepaBe€HCTBO PaABHOCHUJIb-
HO cucreMe HepaBeHCTB

x+2>0, x > -2,
2x—6>0, T e 1% >3,
(x +2) (2x - 6) < 100, x2-x-56<0.

Hanee nmeem

x>3, x>3a
T. €.
(x+T)(x-8) <0, T<x<8.

C momoIb0 KoOpaAuHATHOI mpamoii (puc. 85) ycra-
HABJMBAeM, UTO MHOXKECTBOM PeIleHHU [ocJaegHeil cuc-
TeMbl, 4 3HAUUT, U 3aJAaHHOI'O HEPABEHCTBA SABJIAETCS
uHrepsai (3, 8). B
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193. HppaumnonaapHble HepaBeHCTBa. IIpu perie-
HUN MPPAIMOHAJLHBIX HEPABEHCTB HCIIOJL3YEeTCHA CJIe-
IyIolliee yTBep KAeHNUe:

T.5.8. Eciu ob6e vacmu HepageHCmMEa HA HEKOMOPOM MHO-
scecmee X NPUHUMAIOM MOJALKO HeOmpulyameJsbHble
3HaAUeHUs, MO NPU 80368e0eHUL 00eux yacmeil HepageH-
cmaa 6 kgadpam (Unu 8 NI00YI0 YemHYI0 CMmeneHbv) U
COXPAHEHUU 3HAKA UCXO00H020 HePABEHCMEA NOLYYUN-
Cs HepaseHCcmaeo0, pagHoCcULbHoe 0aHHOMY (HA MHOdMCe-
cmee X). Bosgedenue obeux uacmeil HepageHcmaBa 8
00HY U my e HeyemHYI0 cmenensb (C COXpaHeHuem
3HaKa HepageHcmaa) 8cez0a A8.Aemces PAa6HOCULbHbLM
npeobpaso6aHuem HepaseHCcmaa.

HepageHncTBO Buna 4/f (x) < g (x) paBHOCUJIBHO CHC-
TeMe

f(x) >0,
g(x)> 0,
f(x) < (g (%)%,

a HepaBeHCTBO BUAA 4/f (x) > g (x) PaBHOCUJIBHO COBO-
KYIIHOCTU IBYX CHUCTEM:

g(x)=0,
f(x) > 0,
f(x) > (g (%)%

II pu m e p. Pemursr HepaBeHCTBO:

a) \/xz—x—12<x; 0) Va? —4x+2 > x+3.

g(x) <0,
f(x) =05
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U a) 9T0 HEPaBEHCTBO PABHOCUIBHO CJIENYIOIIEH Cu-
cTeMe HepaBeHCTB:

x2-x-12>0,
x>0,
22 —x-12< x2.

PemuB aTy cucremy, HaXoouMm Xx > 4.
6) [laHHOe HepPaBEeHCTBO PABHOCUJIBLHO COBOKYIIHOC-
T ABYX CHUCTEM:

x+3=>0,

x+3<0, x? —4x 1220,
2 :
X Ax 42200 122 _yxi25 (x+3)%

Bropoe HepaBeHCTBO BTOPOIH CHCTEMBI MOYKHO OIIyC-
TUTh KaK CJeICTBHE TPEeThero HepaBeHCTBA.
Peius mepByo0 cUCTEMY, MOJAYYUM X < —3, U3 BTO-

poit cucrembl umeeM -3 < x < —0,7. OOBeIWHUB 9THU

pemieHus, HaxoguMm x < —0,7. W

194. TpuroHomerpuueckue HepaBeHcTBa. PaccmorT-
pUM IpUMeDP rpad@UUecKoro PelieHns IPOCTeHIITUX TPU-
TOHOMETPUYECKUX HEPaBEHCTB, T. €. HEPABEHCTB BUAA
f(x)>a (unu f(x)<a), roe f(x) — oxHA U3 TPUTOHO-
MeTPUUYEeCKUX (GYHKIUH.

II p u M e p. Pemturs HepaBeHCcTBO cosx < 0,5.

U IToctpoum rpadur QyHKIAN Y = cos x U IIpoOBe-
nem npamyio y = 0,5. Hac uHTepecyloT Te 3HAaUEHUS

apryMeHTa X, KOTOPLIM COOTBETCTBYIOT TOUKHM I'paduKa,
Jexkaiue HuoKe npamoit y = 0,5. OgHUM U3 HYKHBIX
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T b5mw
IIPOMEKYTKOB SABJIAETCS WHTEPBAJ E, ? (puc. 86).

Bocmoanrs3oBaBmucsh IePUOAUUYHOCThI0 PYHKIIUNU
Y = cos X, 3alluIlIeM OTBeT:

§+2nk<x<5—;+2nk, keZ. W

y
1 y=cosx
TN y=0,5

4 7 ~

Ny N\

Puc. 86

195. HepaBeHCTBa M CHCTEMbI HEPABEHCTB C IBYMSA
nepeMeHHbIMHU. PaccmoTpuM HepaBeHCTBO f(x, y) >

> g (x, y), koTopoe OyneM Ha3LIBATh HEPAGEHCMEOM C

deyma nepemenHbimu. Pewenuem Taxoro Hepasen-
cmea Ha3bIBAETCs IIapa 3HAUeHUH IepeMeHHBIX, o0pa-
I1apIinas HepaBeHCTBO B BePHOE UMCJIOBOEe HEPABEHCTBO.
W3BecTHO, YTO mapa AefCTBUTEIbHBIX Uuce (X; i) OJHO-
3HAUHO OIpeessieT TOUKY KOOPAUHATHOM ILJIOCKOCTH.
ATo JaeT BO3MOXKXHOCTh M300pas3sUTh PeIleHns HepaBeH-
CTBa WJIM CHUCTEMbI HEPABEHCTB C ABYMSA IepPeMeHHBLIMH
reoMeTpuuecKi, B BUJE HEKOTOPOT'O0 MHOXKECTBa TOUEK
KOOPAMHATHOM IIJIOCKOCTH.
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II pu M e p. 1300pasuTs Ha KOOPAMHATHOM IJIOCKO-
CTH MHOKECTBO PeIeHUH cucTeMbl HEPABEHCTB

x20,y>0, xy>4, x+y<5.

U TeomeTpuuecKuM M300paKeHHEM pEIIeHui Cuc-
TeMBbl HepaBeHCTB x > 0, y > 0 ABIAeTCI MHOMKECTBO
Touek I KoopaumarHoro yria. [anee, nmsodpakeHHeM
pellleHnli HepaBeHCTBA X +Y <D MIH y <5 —x ABIA-
eTcsd MHOJKECTBO TOUEK, JerKallluX HUKe IPAMOK

y = b — x. Hakonen, nsobpasxeHneM pellleHUH HepaBeH-

CcTBa xy>4 nJINn, IIOCKOJIBKY x>0, HepaBeHCTBa

y> ;9 ABJIAETCA MHOMECTBO TOUEK, JIeXalllluX BBIIIIe

4
Be€TBU I‘I/IHep6OJII:I y=—. B wurore IIoJiygyaeM MHOKe-
X

CTBO TOYEK KOOp,Z[HHaTHOfI IIJIOCKOCTH, JIeKallluX B I xo-

OPAMHATHOM yTJle HI)Ke IPAMON y =5 — x U BbIIIe I'-

mepbosbl y = 4 (puc. 87). &
x

§ 18. [loka3aTeabCTBO HEPABEHCTB

196. MeTton omeHkuM 3HaKa pasHocTH. CyTh 3TOTO
MeTOa 3aKJIYaeTCsa B CJAELYIOIeM: IJA TOI'O0 UTOOBI

YCTAaHOBUTH CIIPaBeIJIMBOCTL HepaBeHCTBa f (x, y, 2) >
> g(x, y, 2) cocTaBJAIOT pasHOCTh f(x, y, 2)— g (x,
Y, 2) ¥ JOKa3bIBAIOT, UTO OHA IIOJIOMKUTENbHA.

II pu m e p. Hoxasars, uro ecau x>0, y >0, TO

x+
Tyz\;xy (cpednee apupmemuuecrkoe 08yx Heo-
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Y
AN A!
N
5»\\
4
3
2
& _4
1 \Tg_x
Ol 1 2 38 4 5‘\ x
y=b—x

mpuyamenvbHulX YUces He MeHbuUle UX cpedHezo zeomem-
puyecKo020; 9TO HEPABEHCTBO HA3BIBAETCSI HEPAGEHCIMEOM
Kowu).

U CocraBuM pasHOCTH a er y_ yxy. Hmeem

xTw_\/E:ery—;\/E:(\/;;\/;)z.

HepasencTBo (\/;—\/;)2 >0 BepHO HpU JIIOOBIX He-
+y

X
OTpUIIATEJIbHbIX SHAUYEHUAX X 1 Y. 3Ha‘{I/IT, > Xy,

IIppyeM paBEeHCTBO MMeeT MEeCTO JIUIIIb B ClIydae X = y..
s HepaBeHCTBa ROH_II/I, B 4aCTHOCTH, CJjeayeT Hepa-

1
BEHCTBO X +— > 2, cupaBemjauBoe Ijasd Bcex x > 0.
x
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197. CuHTeTHYECKHII METOI I0Ka3aTeJbCTBA Hepa-
BeHCTB. CyTh 5TOr0 MeTOa 3aKJ/JI0UaeTCA B CJAeAYIOIeM:
C IIOMOIIBIO PALa IPeodpPa30BaHUM BEIBOLAT Tpedyemoe
HEepPaBEHCTBO U3 HEKOTOPHIX M3BECTHHIX (OMOPHBLX) He-
paBercTB. OIOPHBIMI HEPABEHCTBAMMU SBJIAIOTCS, HAIIPH-

x+y2,/x , rme x>0, y>0 (uepa-

Mep, Takue: 1)

BeucTtBo Komwu); 2) x+122, rone x > 0;
x

3) |x + a| < |x| + |a| (nepasencmeo mpeyzonvrura);
4) -1 <sina <1; 5) -1 <cosa <1;

II p u m e p. [lokaszaTs, 4YTO W > \/4 abed,

roe a,b, ¢, d — HeoTpuUIlaTeJbHbIE UMCJIA.

a HCHOJILByeM 31eCb B KaueCTB€ OIIOPHOI'O Hepa-
BEHCTBO ROI_HI/I, COCTaBJIEHHOE [JId HeOoTpHuIaTeJbHBbIX

a+b c+d
qucen x = Y= . Ameem

b

2 2

a+b c+d
2 * 2 . a+b c+d
2 ) 2

X =

IIpuMmeHuB Temeps HepaBeHcTBO Komm K dmciaam a
u b, a TaKKe K YHCJIaM ¢ U d, IOJYUUM

/a;b.c;d S lmw/a.
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§ 18. ToxasaTelbCTBO HEPABEHCTB

Ho \/\/E-\/C_ = Vabed. Urak,

W > 41/abcd-

PaBeHcTBO 1MeeT MecTO B cjIydyae, Korjga a = b=c=
=d. n

198. /loka3aTeIbCTBO HEPABEHCTB METOIOM OT IIPO-
TuBHOr0. CyTh 5TOr0 MeTOAa 3aKJIOUAeTCA B CJIEVIO-
meM. IIycTh Hy:KHO JOKA3aTh HCTUHHOCTL HEPAaBEHCTBA

f(x,y,2)>g(x,y, 2). 1)

Hpeunonaram’r IIPOTHUBHOE, T. €. UTO XOTdA ObI AJIA
OOHOTI'O Ha6opa IIepeMEeHHBbIX CIIpaBenJJInBO HEpaBEeHCTBO

f(x, y,2)< g(x, y, 2). (2

Hcmonb3ysi cBOMCTBA HEPABEHCTB, BHIMOJHSIOT IIpe-
obpaszoBauusa HepaBeHcTBa (2). Eciu B pesysbTaTe sTUX
mpeo6pasoBaHUil MOJYUYaeTCs JOMKHOE HepaBeHCTBO, TO
9TO O3HAYAET, UTO MPEJIOJOKEeHNEe O CIIPABEJINBOCTH
HepaBeHCTBA (2) HEBEPHO, a ITOTOMY BEPHO HEPABEHCT-
Bo (1).

II pu m e p. [lokasaTh CIpPaBeJJINBOCTh HEpaBeH-
cTBa

cos(a+B)cos(a—P) < cos? a.

U Ilpenmoso:XuM IPOTUBHOE, T. €. OyAeM CUMUTATh,
UTO CYIIECTBYIOT TaKue O ¥ f3, AJI KOTOPBIX BBIOJHSA-

erca HepaBeHCTBO cos(a + P)cos(a—f) > cos? a.
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BocnonbzoBasimuck dopmynaamu cos (a + ) cos (o —

-B) :M (cM. 11. 87) 1 cos> azm
2 2
(. . 84), oy cos 2B;cos 200 . 1+ c;)s 200 . or-

kyna cos2B >1. Taxk kak Ha camoM jgeie cos2B <1

IIpu JIIO0OBIX 3HAUCHUAX B s, TO MBI IIOJIYUYNJIN IIPOTHUBOPE-

qyue. 3Ha‘{I/IT, CIoeJIaHHOe IIPeaIloJoKeHrne HeBEPpHO, a I10-
9TOMY CIIpaBedJIMBO MCXOJHO€E€ HepaBEHCTBO. |

199. Hcnoas30BaHHEe HEPABEHCTB IPH PelIeHUH
ypaBHeHwuii. [Iycts Hy)XHO pemuth ypaBHeHue f(x)=

= g(x) u mycTh CyIecTByeT Taxkoe 4mcjao A, KOToOpoe
IIpeACcTaBasAeT co00li OMHOBPEMEHHO HamOoJIbIllee 3HaUe-

Hue QyHKIMM y = f(xX) U HauMeHbIIlee 3HAUeHUE QYHK-
mun Y = £ (x). Tora KOpHAME ypaBHEHUA f(x) = g (x)

ABJIAIOTCA O0IIMe KOPHY ypaBHeHui f (x) = A, g(x) = A,
U TOJBKO OHM. OTOT METOJ CIYKUT YACTHLIM CIydaeM

(YHKIIMOHAIBLHOIO METOJa pellleHus ypaBHeHuii (cMm.
m. 165).

II p u Mm e p. Pemuts ypaBHeHUTE

x2+i2 =2-(x-1*
X

. 1
U C oxHOM CTOPOHEI, x2 +— > 2 mpu Bcex x =0
x

(cm. . 196). C gpyroii, mpu Bcex X BBIMOJHSIETCA Hepa-
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§ 18. ToxasaTelbCTBO HEPABEHCTB

BEHCTBO 2—(3(:—1)4 < 2. 3HAuUUT, KOPHAMU TaHHOTO
ypPaBHEHUA ABISIOTCA 00I[Me KOPHU ypaBHEHUH

1
x2+ — = 2 2-(x- 1)4 = 2 (ecqu, KOHEUYHO, TaKue
x

1
o01Ie KOpHU ecTh). 13 ypaBHeHUS xZ + — = 2 mHaxo-
x
guM xq1=1, x9 = —1; us ypaBHeHusa 2 —(x — 1)4 =2 Ha-
xomuMm x = 1. O01muii KOpeHb 9TUX ypPaBHEHUHN — 3HA-
yeHne X = 1, KOTOpPOe U SABJISIETCS €IUHCTBEHHBIM KOP-

HEeM 3aJaHHOI'O YpaBHEHHUA. |
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IJIEMEHTBI KOMBHUHATOPURKHA

§ 19. Pasmenienus, mepecTaHOBKH, COYETAHUS

200. Pazmemenus. Pasmewenuamu u3 n pasimd-
HBIX 9JIEMEHTOB IO k 3JIeMEHTOB HA3BIBAIOTCS BCEBO3-
MOKHBbIe KOMOMHAIINY, COLEPIKalINe £ 9IeMEHTOB, B3f-
THIX U3 AaHHBIX 71 9JIEMEHTOB, ¥ OTJIMYAIOLIUECT JPYT OT
Ipyra aubo COCTaBOM 3JIEMEHTOB, JI100 UX IOPALKOM.

Cy1iecTByIOT ABa BUIA PasMeLleHUH:

a) 6e3 noemopenull — KaKJblil BXOAAIINHN B KOM-
OMHAIINIO 3JIEMEHT IIPeACTaBJIeH eqUHCTBEHHBIM DK3€eM-
miIApoM (HampuMmep, pasMelleHus 0e3 IIOBTOpPeHUIl U3
n = 3 BJIeMeHTOB a, b, ¢ o k = 2 sj1eMeHTa TaKOBEIL: ab,
ba, ac, ca, bc, cb);

0) ¢ noemopernuamu — KaKJIbIH BXOLAIINN B KOM-
OMHAIIMIO BJIEMEHT MOXKET OBITH IIPeACcTaBJIeH 0ojiee ueM
OOHUM 9K3eMILISIPOM (HAIpuMep, PasMeIeHus C IIOBTO-
peHusaMu u3 n = 3 3JEeMeHTOB a, b, ¢ 1o k = 2 sjneMeHTa
TaKoOBLI: aa,ab, ac, ba, bb, be, ca, cb, cc ; pasmeleHus

C INMOBTOPEHUAMM U3 N = 2 3JIeMeHTOB a, b 1o
k = 3 s;meMeHTa TaKoOBHI: aaa, aab, aba, abb, baa, bab,
bba,bbb).

Yucao pasmeleHuil 6e3 MOBTOPEHUN M3 1 HJIeMeH-

TOB IIO £ BJIEMEHTOB BhIpaxkaeTcsa (POPMYJION
!
A=Y (- 1...n—-k+1), tae E<n, (1)
(n - k)
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a YMCJIO Pas3MeIleHUH ¢ IOBTOPEHUAMH U3 11 9JI€MEHTOB
mo k sJ1eMeHTOB — (hopMyJIoit
A,If = n*. (2)

CumBoa n! (uuTaerca «dH paxkmopuans) — dTO CO-
KpallleHHOe obo3HaueHue npoussegenus 1 - 2 - 3... n.

IIpumep 1. Komuccus cocTouT us mpencemaTesis,
3aMeCTUTeJIS U ellle YeThIpex uyesoBeK. CKOJbKUMU CIIO-
cobaMu UJIEHBI KOMHCCHUH MOTYT PaCIpeNelUTb MeXKIY
co00i1 00sI3aHHOCTH IIpeAcesaTes]sd U 3aMeCTUTesa?

U ITpu BBIGOpPE mpeacenaTe s U €ro 3aMEeCTUTENIS U3
TaHHBIX IIIECTH YeJIOBeK MMeeT 3HaueHue He TOJIbKO TO,
Kakue IBa YeJIOBeKa BLIOPAHBI, HO U TO, KaK pacipee-
JIEHBI JOJIXKHOCTY MEXKIYy HUMHU (T. €. BasKeH U COCTaB, U
MOPSIOK CJeIOBAHUA BHIOpAHHBIX dsjieMeHTOB). Taxum
obpasoM, peub HIeT 0 pasMelleHuAX (0e3 IIOBTOPeHM!iT)
U3 IIeCTU dJIEMEHTOB 10 aBa. Mcmoabays dopmyay (1),
HaXoouM Ag =6-5=30 (cumoco6os). H

IIpumep 2.CKOIbKO TPEX3HAUHBLIX UMCET MOMK-
HO cocTaBuTb U3 nudp 1, 2, 3,4, 5,6, 7?

U Kasxgoe Tpex3HauHOE YKCJI0, COCTABJIEHHOE U3 YKa-
3aHHBIX ITU(P, MOKHO pacCCMaTPUBATh KaK pasMeIleHre
C MIOBTOPEHUSIMHU, COCTABJICHHOE U3 TpeX Iudp, B3ATHIX
U3 JaHHBIX ceMu udp. KoaumduecTBo TaKMX dmces Haii-

meMm mo dopmyiae (2): A? =73 =343.m

201. IlepecranoBku. Ilepecmanoéxamu u3 n pas-
JINYHBIX 9JIEMEHTOB HAa3BIBAIOTCA BCEBO3MOYKHBIE KOM-
OWHAIIMY U3 9TUX 7l BIeMeHTOB, OTJIUYAIOIINECT JPYT OT
Jpyra TOJBKO IOPAAKOM DACIOJIOKEHUA DIEeMEHTOB.

IlepecTaHOBKM MOJKHO CUMTATh YACTHBIM CJIydYaeM
pasMelreHuil (a UMEHHO, PasMellleHUAMHU U3 M dJIeMeH-
TOB IIO M).
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CyIlecTBYIOT ABa BHUJA IIePECTAHOBOK:

a) 6e3 noemoperull — KaXKJbIH BXOLAITUN B KOM-
OMHAIIMIO 3JIEMEHT IPeJCTAaBJEH eIUHCTBEHHBLIM 9K3eM-
miasapoM (HampuMmep, IIepecTaHOBKU 0e3 IMOBTOPEHUH u3

n = 3 »sjaeMeHTOB a, b, ¢ TakoBwl: abc, ach, bac, bca,

cab, cba);

0) c noemopenuamu — KaKIbIH BXOAAMUN B KOM-
OMHAINIO 3JIEMEHT MOKeT OBITEH IPeACTaBJIeH 0oJjee yeM
ONHUM SK3eMILIAPOM (3amuilieM, HAIIPUMep, BCe IIepe-
CTAaHOBKM C IIOBTOPEHUAMM M3 5JIEMEHTOB a u b Ta-
KI1e, 4TO 3JIEMEHT @ MOBTOPSETCS TPUMKILI, 4 dJIeMeHT

b — pBaxngwl: aaabb, aabab, aabba, abaab, ababa,
abbaa, baaab, baaba, babaa, bbaaa).

Yucio mepecTaHOBOK 0e3 IIOBTOPEHUI U3 N dJIeMeH-
TOB HAXOAUTCS 10 opMy.Jie

P, =nl!, 1)
a YHUCJIO IIEPeCTaHOBOK M3 711 3JIEMEHTOB C IIOBTOPEHUS-
MU, COePKAIMUX %, 5/I€MEHTOB IE€pPBOro TwIa, k, sJe-
MEHTOB BTOPOI'O TUIIA,..., k, 3IEMEHTOB 71-I'0 TUIa, — II0
gopmyiie
_ (B +ky +...+ k)
k! Bol. . B,!

P (ky, kg,.... k) , (2)

roe By +ky +...+Ek, =n.

Il pu m e p 1. HaliTu KoJInuecTBO Pa3JIMUHBIX
YeThIPeX3HAUHBIX UMCEJI, KOTOPhIe MOYKHO COCTABUTD U3
mudp 0, 1, 2, 3, ecau Kaxkgas mudpa B U300parKeHnn
Yycja BCTpeuaeTcsa OAUH pas.

U Kaxxgoe ueTbIpeX3HAUYHOE YHCJIO, COCTABICHHOE U3
YKasaHHBIX ITU(P, MOKHO pacCCMaTPUBATh KakK Iepecra-
HOBKY u3 mudp 0, 1, 2, 3, B KoTOpoil mepBasa mudpa oT-
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JIMYHA OT HyJs. TaKk KaK 4MCJI0 IepecTaHOBOK U3 UeThI-
pex nupp paBao Py =4! wu cpenu mux P; =3! mepe-

CTAHOBOK HAUMHAIOTCA C HYJIA, TO HCKOMOE KOJMYECTBO
pasao 4! -3!=3-3!=1-2-3-3=18. 1

Il pumep 2. CKOIbKEMHU CIHOCOOAMU MOIKHO
HaAHU3aTh Ha HUTHh 4 3e€JIeHBIX, 5 CUHUX WM 6 KPacHBIX
oyc?

U 3xeck peub ugeT 06 OTBICKAHUY YKCJIA IEPECTAHO-
BOK C IOBTOPEHHUSAMH’, KOTOPbIe MOYKHO COCTABUTL M3
k, = 4 snemeHnTOB mepBoro Tuna (3ejeHbx O0yc), k, = 5
BJIEMEHTOB BTOpOro Tumna (cuHuX Oyc) u k, = 6 snemen-
TOB TpeThero Tuma (kpacubix 0yc). Mcmoab3ysa dopmy-
ay (2), Haxonum

(4+5+6)! 15!
415161 415! 6!

P(4,5,6) = =630630. W

202. CoueraHuda u ux cBoiicTBa. TpeyroapHUK
IMackansa. Couemanuamu U3 n pa3jIUYHBIX IJIE€MEHTOB
mo k 3JIeMEeHTOB HAa3bIBAIOTCA BCEBO3MOJKHBIE KOMOMU-
HaIlUM, cofiepsKaliye k 3JIeMeHTOB, B3ATHIX M3 JaHHBIX
7 9JIEMEHTOB, U OTJIMYAIOIIHECA APYT OT APYyra 1o Kpaii-
Hell Mepe OTHUM 9J€MEHTOM.

CyIllecTBYIOT ABa BHUJa COUETAHMIM:

a) 6e3 noémopenull — KaKIbIH 2JIeMEHT, BXOJAIINH
B KOMOMHAIINIO, IIPEACTABJECH €JNHCTBEHHBLIM 5K3€MII-
JsipoM (HaIIpuMep, coueTaHus 0e3 IOBTOpPeHui us n = 4

9JIEMEeHTOB a,b,c,d 1o k = 2 sjieMeHTa TaKOBBI:
ab, ac, ad, be, bd, cd );
0) ¢ noemopernuamu — KaKIBIH JIEMEHT, BXOZA-

Uil B KOMOMHAI[NIO, MOXKET OBITH IIPeACTaBJIeH OoJiee
YeM OJHHUM DK3eMILIAPOM (HAIpUMep, COUeTAHUS C IIO-
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BTOpPeHUAMU u3 n = 4 sjgeMeHTOoB a,b,c,d 1mo k = 2
9JIeMeHTa TaKoBBI: ada, ab, ac, ad, bb, be, bd, cc, cd,
dd; coueTaHUs C IOBTOPEHUSIMHU U3 NI = 2 3JIEMEHTOB d,

b mo k = 4 s;memeHTa TakoOBBI: aaaa, abab, abbb, bbbb).

Yucao coueTaHU 60e3 IMOBTOPEHUII U3 1 9JIEMEHTOB
o k 3J1eMeHTOB HaXOAUTCA 1o (opmye

_AF
P, (n-kNE’

a YMCJIO COUETAHUM C IOBTOPEHUAMHU U3 1l 9JIEMEHTOB II0
k 271eMeHTOB — 110 (hopMyJie

Crlf roe k< n, C,? =1, 1)

k k -1 (n+k-1)!
Cp =Cpip-1=Crip-1 = IR

CupaBeqinBhI ciedyIOIie CBOMCTBA YMCJIa coUeTa-
HUH 6e3 IMOBTOPEHMH:

ck - cnk, 3)
crrcit =ckil (4)

IIpumep 1. CKOTBKMMU CIOCOOAMHU U3 NECATH
YeJI0BEK MOYKHO M30paTh KOMMUCCHUIO, COCTOAIIYIO U3 Ue-
TBIPEX YJIEHOB?

U McxoMoe KOJIHUUECTBO CIIOCOOOB PABHO YHUCIY CO-
yeTaHuil 0e3 IIOBTOPEHUI, KOTOPble MOXXHO COCTABUTD
13 IeCATH 9JIeMeHTOB 10 aABa. Mcmonbsya dopmyay (1),
MOJIyIUM C{lo = 1ot =210. W

6! 4!

IIpumep 2. B KOHIUTEPCKOM OTAEIE IPOJAIOTCS
TPU COPTA MUPOXKHBIX: 0e3e, 9KJIephl U OGMCKBUTHI. CKOJIb-
KO MOYKHO COCTABUTh PA3JIUYHBIX HAO0OpPOB mo 9 mmpo-
SKHBIX B KasKIgom?

276



AJITEBPA

U 3xech HY:KHO HANTH YKMCIO BCEBO3MOYKHBIX KOM-
OuHanuMil Mo 9 971eMEeHTOB, KOTOPhIE MOKHO COCTABUTH
U3 TpeX MaHHBIX 9JE€MEHTOB, IMPUUYEM BTH BJIEMEHTHI
B KaKI0# KOMOMHAIIMY MOT'YT IIOBTOPATHCS, & CAMU KOM-
OMHAUIMM OTJIMYAIOTCA APYr OT APYra XOTA Obl OJHUM
dJIEMEHTOM. 3HAUUT, Peub HUAeT 00 OTHICKAHUM UHC-
Jia COYeTaHWil C MOBTOPEHUAMH M3 TPEX JIEeMEHTOB IIO
9. KoysmuecTBO BO3MOJKHBEIX HAOOPOB HaiifeM II0 (op-
myJie (2):

cd=c} =ck :%:55. n

C mmomoInbio paBeHcTBa (4) MOMKHO COCTaBUTDL TabJIU-

my IJs HaXOMKAEeHWs ducja coueranuit (6es moBTOpe-

HUi1) C,]f npu n =2, 3, 4,... . IIpexxme Bcero 3aMeTuM, 4TO

08 =1 a C,(L) = CJ! =1. HNanee, uconnays dpopmyiy (4),
HaXOAUM

€3 =1,C=CP+Cl =1+1=2,C§ =1;
cd=1,ci=cd+cl=1+2=3,

Ci=Cc}+Ci=2+1=3,C5=1.

Pacmioso:xuM HalileHHbIE UKMCJIA B BUIE TPEYTrOJbHOM
TabIUIBI, KOTOPYIO COCTABUM CJEHNYIOITUM O0pa30oM:
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fcHo, uTO cienyOIaA CTPOKA BTOMH TAabIUIIBL COLED-
JKUT Ymcia Cg, Ci, Cf, Cff , Cff. Kpaiiaue unensl 9TO#
CTPOKM PaBHBI 1, a KaKABIHA U3 OCTAJIbHBIX YJIEHOB pa-
BEeH CyMMe [IBYX PACIIOJIOKeHHBIX HaJl HUM UJIEHOB IIpe-
IbIIyInedi cTpoku. TOYHO TaK JKe IOJIYy4aloTCA U OCTAJIb-

HBIe CTPOKHU. B pesysbTaTe MOJIYUYUM TPEYroJbHYIO Tab-
JINILY, KOTOPas HasbIBaeTcs mpeyzonvuuxom Ilackans:

1

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

HpI/I 9TOM n-s1 CTPOKa Ta6JII/II_IBI COCTOUT U3 UHcCeJI
0 1 2 n
c?, ck, c2, .., cn

§ 20. ®opmyna 6unoma Herorona

203. bunom Hsrotona. Paunee (cMm. . 62) yxe ObLia
npusBegeHa gopmya ounoma HrroroHa. 3mecs MBI pac-
CMOTPUM ee 0Oojiee IMOAPOOHO. SaIHUIlIeM BBIPAXKEHU

aia (a+b)" npu n=1,2, 3, 4:
(a+b)=a+b;
(a +b)? = a® + 2ab + b%;

(a+b)2 =a® +3a% + 3ab? + b3;
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§ 20. ®opmysa 6unoma HerooToHA

(@a+b)* =(a+b)(a+b)® =
=a* + 4a%b + 642> + 4ab® + b*.

ITommeuaeM caeyIONTyi0 3aKOHOMEPHOCTh: IIPU BO3-
BefleHUY OMHOMA B CTEIEHb 71 B IPaBOMl YacTu (POPMYJIHI
mosiydyaercsa cymma n + 1 ciaraeMbIx, IpUYeM KasKIoe
U3 HUX COIEPIKUT MHOYKUTENU a U b B CTEIIEHAX, CyMMa
TIOKas3aTeJiell KOTOPhIX paBHA cTenmeHu 6nHoMa . ITokasa-
TeJIX IPU a TOCJIeOBAaTEeILHO YOBIBAIOT OT 1 A0 HYJd, a
TIOKAa3aTeJIu IIpU b TOCJIeJOBATEIBHO BO3PACTAIOT OT HYJIS
o n. KosdduueHTs! pu cTeneHax a u b B pasjoske-
Hur (a + b)" HaswpIBaloTCa GUHOMUANBHBIMU. JIETKO
3aMEeTHUTh, UTO OMHOMUATIbHEIE KOADGMUITMEHTHI Pa3JIoiKe-
Hua (a + b)" mpegcraBiasaoT coGoil UnciIa coueTaHUN U3
n 5JIeMeHTOB COOTBETCTBEHHO IO HYJIIO, OJHO-
My, OIBYM, ..., I 3JIeMeHTaM (HalrpuMep, B PA3JIOKEHUN

(a+b)*umeem €0 =1, Cl =4, C2=6,C3 =4, Ccl=1).
MoyKHO moKasaTh CIPaBeAJIUBOCTEL OOIIei (hopMyJabl Ou-
HoMma HbroToHa:

(@a+b)" =a™ +Cla® b+ C2a" %2 + ...
oot Chgm Rk o g 4 b, (1)
1 5
II p u M e p. 3anucaTh pasjgoKeHUE [— + 2x2j .
X

U Corstacuo gopmyae (1), mpu a = l, b= 2x2, n=>5
MOy YM *

5 5 4 3
(l+2x2j :[lj +5[lj -2x2+10(1j S2x%)? +
X X X X
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1)? 1
+ 10(—) 2x?%)3 +5-=(2x%)* + (2x?)° =
X X

1

L 10 40x+ 800t + 80x7 + 32210, m
x5 x2

204. CpoiictBa ¢opmyasr 6unoma HsuroroHna.

1°. Yucao Bcex caaraeMbIX PAas3JIOMKEHHUA PABHO
n+ 1.

20, OOwuii YieH pas3yoKeHNUs MMeeT BUJ

Ty.1 = Cra"FbF, 1)

rme k=0,1, 2,..., n.

3°. Koa(hpuIiireHTs! YICHOB, PABHOYJAJEHHBIX OT KOH-
OB Pa3JIOYKEHUsI, PABHBLI MEKIY CO0OA.

4°, CymmMa Bcex OMHOMHAJJBHBIX KO3()(PUIIMEHTOB

pasHa 2".

5%, CymMa GMHOMUAILHBIX KOd(PQUIIMEHTOB, CTOAIIAX
Ha YeTHBIX MECTaX, PABHA CyMMe OMHOMHUAJIBHBIX K03()-
(pUIMEeHTOB, CTOAIINX HA HEUETHHIX MECTaX.

IIpuwmep 1. HaiiTu HauboOabIMINI KO3(OPUIILEHT

pasioxxenus (a +b)", eciu cymma Bcex GMHOMUAIBHBIX
Kospunuentos pasHa 4096.

O Coraacuo csoiicTBy 4°, cymMMa BceX OMHOMMUAJID-

HBIX Koa(dunuenTos paBHa 2", oTKyga IoJydyaeM

ypaBuenue 2" = 4096, T.e. 2" = 212, 3Hauur, n = 12.
Taxk Kak IOKasaTeJb CTelleHM OMHOMA, paBHBIN 12, —
YeTHOE UMCJO, TO HAMOGOJIBLIINM OMHOMHAJILHLEIM KO3(-
punrmeHTOM ABIsgeTCA KOS(P(PUIUEHT IPH CpelHeM
(T. e. 6-m) unene. Utak, aToT Koa(h(pUIilneHT paBeH
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§ 20. ®opmysa 6unoma HerooToHA

6 12! 12! 12-11-10-9-8-7

C5 = - == =924. m
127 61(12-6) 616! 6-5-4-3-2-1

15
2
IIpumep 2.B pasaoxeHun [\/; - —3\/_] HaliTH
z

4JIeH, He COAePsKalliuii 2.
U Ucnoabsysa paBencTso (1), samuiiem oOIIUA YieH
Pa3IOKeHns

1\15-k 1\* 15-k &

Thi1 = Cf| 22 -2z 3| =Cf5(-2*z 2 3.
IIpupaBHAB HYJIIO ITOKa3aTelb IIPU 2 B BBHIPAKEHUN
Typ.1, Hailimem k:

15—k_£:0; 45-3k-2k=0; E=9.
2 3

WUrak, z "He comep:kutr 10-ii uneH pasjaoKeHUs; OH
paseH

To,1 = C3:(~2)° = —5005-512 = ~2562560. W

II pumep 3. Halitu manboabinii OMHOMHUAJb-

n
1
HBITT KOS(UITMEHT Pa3I0KeHU (n +—| , ecuamu mpo-
n

M3BeJleHNe YeTBEPTOro OT HAuaja W YeTBEPTOTO OT KOH-
ma caaraemslx pasuo 14 400.

a ‘IeTBepToe cjgaraemMoe OoT Havajia uMeeT BU/[ T4 =

=c3pn3. L

—3, a 4yeTBepToe OT KOHIIa — BH] Tn—2 =
n
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= Cg_3n3?. Moatomy T4T, o = C3CP3 = (C3)% =
n

= 14400, oTrryna C,‘?f =120. Hanee umeeMm n(n-1) x
x(n—-2)=720;n(n-1)(n—-2)=10-9 -8, orkyna
n = 10. Urak, HauOOJBIINN OMHOMUAILHBIN K03 du-
IIMEeHT, BXOOAIINNA B cjaraemMoe, OTMHAKOBO VIAJEHHOE

10!
OT KOHIIOB Pa3JIOKeHNA, €CTh 0150 =——=252.1
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Paszoden VII

IJIEMEHTDI
MATEMATHYECROI'O AHAJHU3A

§ 21. Yucaossle mOCIEeTOBATEILHOCTH

205. Omnpenesenne mociaegoBaTeabHOCTH. IIycTh
KaKJIOMY HATYPAJILHOMY UYMCJY IIOCTABJIEHO B COOTBET-
CTBUe OIpelesleHHOe NeHMCTBUTEJIbHOE UHCI0: UUCIY

1 cooTBeTCTBYET YUMCIIO A, UACITY 2 — YHUCTIO A, ..., IUCITY
n — 4YUCI0 @, U T. X. Torga roBopAT, UTO 3aJaHa YUCAO-
8as NoCcnedo8amenbHOCMb, N TMUIIYT: (., A yeeey G yuue «
1 2 n
WNuaue mo:kuHo 3amnucatk (a ). Yucrna a., a,,..., a ,...
n 1 2 n

Ha3BLIBAIOTCA Y/AEeHAMU YUCNL0B0U NOCAe008AMENbHO-
cmu.

Hanpumep, nasa 11000l 0eCKOHEUHON meCATUYHOMR
APO0M MOXKHO IOCTPOUTH IIOCJIEJOBATEJIBbHOCTEL €€ JecCsd-
TUYHBIX OPUOJIMIKEHUN 110 HeJOCTATKY WJU II0 U30bIT-
Ky. Tak, giaa uucia e = 2,71828... mocaenoBaTeIbHOCTD
JEeCATUYHBIX IMPUOJMMKEHNIA 10 HEeJOCTATKY MMeEeT BU,

2; 2,7; 2,715 2,718; 2,7182; 2,71828; ... .

206. Croco0bI 3amaHuA IOocjaegoBaTeJbHOCTH. VMe-
eTcsl TPU OCHOBHBIX CIIOCO0A 3aJaHUA IIOCJIEeLOBATEIh-
HOCTH.

1. Aranrumuueckuili — IIOCIEeNOBATEILHOCTD 3a1a-
eTcsa (POPMYJIOH n-ro 4JeHa. n

IIpuwmep 1. Popmynoit a, = —)

3ajgaeTcsd

IIoCJa€eN0BATEJIPHOCTE 4,, A a a oy I-COTOpOfI

99 PEEREE) nre
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1 1 2 2 3 3
a, = =—5 09 = =—5 a3 = = — 5.0y T. €
1+1 2 2+1 3 3+1 4
1 2 3 n
IIOCJIEJOBATEIIBHOCTD —— 55— sesey 9ee
23 4 n+1

2. Pexyppenmuslii — 10001 4JIeH IIOCJIEeLOBATEIb-
HOCTH, HAUMHAA ¢ HEKOTOPOTO, BEIPAXKAETCA uepes Ipej-
IIIecTBYIOIKe 4ieHBl. IIpu aToM crocobe 3amaHusA moC-
JIe0OBATeIbHOCTU YKa3bIBAIOT ee IePBLIH 4jeH (UJIN He-
CKOJIBKO HaUaJIbHBIX UJI€HOB) U (hOPMYJIy, ITO3BOJIAIONTYIO
OIIPe/leJINTh JI000M UjIeH IOCIeNoBaTeJbHOCTH 110 U3Be-
CTHBIM IIPEJIIECTBYIOIIUM UJIEHAM.

MIpuwmep 2. Iycrs a=1, a,~1, a ,=a +a ..
Torga ag =a;+ag=1+1=2; a4y =ag+ag=1+2=3;

ag =ag+a4 =2+3=5;ag=0a4+a5=3+5=8; ....
B urore noJsyuaem mnocJenosarenbHocts 1, 1, 2, 3, 5, 8,

13, 21, 34,... . Kaxxaslii ee ujgeH, KpoMe IIepPBLIX IBYX,

paBeH CyMMe JBYX IIPEAIIIeCTBYIOINX eMy 4JIeHOB.

3. CJ'LOGeCH,bLlZ — 3aaHue I10CJeJ0BaTEeJIbHOCTH OIIN-
CaHueM. TaKOBa, HaIIpuMep, II10cCjIienoBaTeJIbHOCTD OeCsd-
THUYHBIX HpI/I6JII/IHCGHI/Iﬁ II0 HeJOoCTaTKy 4YucJja e (CM. II.
205).

207. Bospacraiouue U yobIBaloN[ue MOCIeq0BATEb-
Hocru. [locienosaresnsHOCTS (a,) HasbIBaeTCA 603pacma-
owell, ecii KaKIbI ee 4IeH MeHbBIIE CIeAYIOIIero 3a
HUM, T. €. eciud a, < a_,, 4y jgoboro n. ITocrexosaTens-
HOCTb (a,) Has3bIBaeTCA yoOvieéarowyell, eciu KasKIblil ee
ujieH OoJibllle CJIeNylollero 3a HHUM, T. €. ecau a >
> a ., nys ao6oro n. Bospacratoye u yObIBaroIiye moc-
JIeJIOBATEIbHOCTH HA3LIBAIOTCA MOHOMOHHBLLMU.
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1 2 3 4 n
IIpumep.a) —,—, —, —y.ees ,... — BoO3pac-
23 4 b5 n+1
TaIas MoCIeL0BaATeILHOCTD.
11 1 1
6) ,—,—, —, ...,—,...— yObIBaIOIasa IIOCJEIOBAa-
23 4 n
TeJLHOCTD.
B) -1, 2, -3, 4, -5, 6,...,(-1)" - n,...— ara noce-
IOBATEIbHOCTh HE ABIAETCS MOHOTOHHOM.
Nsg3,3,3,...,3, ... — nocmoaxnnas (UIu CTAITLOHAD-

Haﬁ) II0CcJjIenOBaTeJIbHOCTD.

208. Onpenenenue apupMeTHUECKOH IIPOrPECCUH.
IlocemoBaTeibHOCTD (an), KaKJILIHA YJIeH KOTOPOii, Ha-
YMHAasA CO BTOPOI'o, PaBeH MpPeAbIAYIIeMy, CJI0MKEHHOMY C
OIHVM U TeM ’Ke YuCJIOM d, HasbIBaeTCa apudmemu-
weckoil npozpeccueil. Yucio d HazpIBaeTCa pa3HOCMbio
npozpeccuu. Takum obpasoMm, apudmeruueckas IIpO-
rpeccus ecThb IMOCJIeJ0OBATEILHOCTD, 3aJaHHasA PeKYPPEeH-
THO paBeHCTBOM a, , = a + d.

Ecau d > 0, To apudMeTrndecKkas Iporpeccus Bo3pa-
craet, ecau d < 0, To oHa yObIBaer.

IIpumep 1.Ilocregosarensuocts 9, 7,5, 3, ... —
9TO yOBIBamOIasad apudMeTHnUecKas Iporpeccusi, y KOTo-
poita =9,d = -2.

IIpuwmep 2. Iycrs a, = -1, d = 0,5. Itumn
YCJIOBUAMU 3afaeTcsd apudMeTUUecKas HPoTrpeccusa, y
Koropoii a, = -1 + 0,5 = -0,5; a, = -0,5 + 0,5 = 0;
a,=0+0,5=0,5;....

WUrak, moayuyaeM BO3PaCTAIOIYIO apru(pMEeTHUYECKYIO
nporpeccuio: —1; —0,5; 0; 0,5; ... .

Wuorga paccMaTpUBAIOT He BCIO IIOCJIEN0BATEIbHOCTD,
ABJAIOIIYIOCI apu(MeTHUecKOoH IIporpeccueit, a JHUIIb
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ee IepBble HECKOJILKO Y4JIeHOB. B 3TOM ciiyyae roBOpAT
0 KOHewHOU apugdmemuieckoi npozpeccuu.

Ins ykasaHUA TOTO, YTO IOCJeJOBATENbHOCTD (a,)
ABJsETCA apu(pPMETHUECKO! IIporpeccueil, UCIOJIb3yIOT
00o3HaueHUe

= A1, A9y Agyeees Ay oen

209. CroiictBa apucdmMeTn4ecKoil Iporpeccun.
19, dopmysa n-ro dieHa:

a, =a; +d(n-1). (1)

20, @opMyJabl CYMMBI 12 IIEPBBIX UJIEHOB:

Sn:"l*Tan.n; 2)
201 +d(n-1
Sn:%'n- (3)

Snecy Sy =a1, S, =ay +ag +ag+...+a,.

3°. Xapaxmepucmuueckoe céoiicmeo: nocnedosa-
MmenbHOCMYb A8ASAeMCs apupmemuieckoil npozpeccueil
mozda u moavko mozda, koz0a Kaxcobvlil ee YjeH, Kpome
nepeozo (u nocrednezo 6 cayuae KOHEYHOl apupmemu-
uecKoll npozpeccuu), pagen cpedHemy apu@memuiecko-
My npedvidyuiezo u nocnedyou,ezo 4ieHos:

Gn-1 41
2

II p u m e p. CmopTCcMeH 3a IEPBYI0 MUHYTY Ipole-
skaax 400 M, a B KaKAYIO CIAeAVIONYI0 MUHYTY IpoberaJ
Ha 5 M MeHbIIle, YeM B IIpeAbIaAyIyoo. Kakoi myTs mpo-
Oesxay ou 3a 1 u?

U 3a mepBy0 MUHYTY cIiopTcMeH mpobesxaa 400 M,
3a BTOpyiIo — 395 M, 3a TpeThio — 390 M u 1. n. Yucia
400, 395, 390, ... o0pasyioT apudpMeTHUYECKYIO IIporpec-

a, =
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cuio, y koropoit a; = 400, d = -5. IIyTs, KOTOPHIIT IIPO-
O6e)xuT croprcMeH 3a 1 4, T. e. 3a 60 MUH, paBeH cyMMe
nepBeix 60 uneHOB mporpeccuu. IIpumeHuB GOPMYIIy
(3), monyuum

60=2-400+al-59,60=M= 15 150,
5 2

T. e. 3a 1 u oH mpobexkut 15 km 150 m. W

S

210. Onpenenenne reoMeTpHMuecKoil MPOrpeccuu.
ITocnenoBaTenbHOCTS (b, ), EPBBIA YJIEH KOTOPOW OTJIH-
YeH OT HYJIA U KaKIbIil UJeH, HauMHas CO BTOPOTro, pa-
BeH MIpPeAbIAyIeMy, YMHOKEHHOMY Ha OJHO U TO JKe OT-
JIMYHOE OT HYJd YUCJIO (¢, HasbIBaeTCA zeomempuiec-
kol npozpeccueii. Yucio ¢ HasbIBaeTcsa 3HaMeHame-
nem npozpeccuu. Takum o6pasoM, reOMeTPUYECKAS IIPO-
rpeccusi ecTh II0CJIeJ0BATEILHOCTD, 3aJaHHAA PEKYPPeH-

THO paBeHCTBOM b, ., =b,q, rae b; #0, ¢ # 0.
Ecomu ¢ >1 u b; >0, To reomerpuyeckas mporpec-
cusa BospacraeT; ectu 0 <qg<1 u by >0, To oHA yOBI-

BaeT, nIpu q < 0 oma He ABJAETCA MOHOTOHHOI.

II pumep 1. Ilocnemosarenruocts 30; 9; 2,7;
0,81; ... ecTb yOBIBaIOI[AA reOMETPUUYECKAA IPOrPeCcCusd,

y Koropoii b; =30, ¢ =0,3.

IMMpuwmep 2.Ilycrs b; =2, g =-3. YKasaHHBI-
MM YCJOBHSAMHU 3aJaeTcd reoMeTpHUUYecKas Iporpec-
CHdA, Y KOTOPOH by = 2-(-3) = —6; by = (—-6) - (-3) = 18;
b, =18 - (-3) = —54; b, = (-54) - (-3) = 162; ... . Ira
IIPOTPECCHs He SBJIAETCSI MOHOTOHHOIM.

WHorma paccMaTpPUBAIOT He BCIO ITOCJIEI0BATEIbHOCTD,
SABJSIONIYIOCA T'eOMEeTPUUYECKOU IIporpeccueii, a JUIIb
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ee IepBbIe HECKOJIBKO YJIEHOB. B 3TOM ciy4yae rOBODAT
0 KOHeuHOU 2eomempuueckKol npozpeccuu.

Jisa yKasaHus TOTO, UTO ITOCJI€I0BATEIbHOCTH (bn)
SIBJISIETCA TE€OMETPUUECKOIl Imporpeccueii, UCIOJIb3YIOT
obo3HaUueHME

—b

b b

19> 095 eee5 05 oo s

211. CpoiicTBa reoMeTpUYECKO IPOTrpPecCHH.
1°. ®opmysa n-ro uieHa:

b, = big" L. 1)
20, ®opMyaBl CYMMEL 71 II€PBLIX UJIEHOB:

b,g—0b
b(¢" -1

Snecs S1 =b1, S;, =by +bg +bg +...+b,, ¢ #1; eciu

g=1, 10 S, =nb,.

3°. Xapaxmepucmuueckoe céoticmeo: nocnedosa-
MeaAbHOCMb ABAACMCSA 2e0MeMmpPUYLeCKoll npozpeccueil
mozda u moavko mozda, koz0a Kaxcobvlil ee YjeH, Kpome
nepgozo (u nocaedHezo 8 cayiae KOHEUHOU zeomempu-
yeckoil npozpeccuu), c813an ¢ npedoldyuwium u nocaedy-
owum uieHamu Gopmynoil

2
by =bp_1-bpia-

II puwmep 1. HaiiTu 8-i1 uieH reoMeTpuyecKoi
mporpeccuu, y Koropoit by =3, b, =96, S, =189.
O Cormacuo ¢opmyne (1), moayuaem 96 = 3q”_1,

1. e. ¢" ! =32, orkyma ¢" = 32g.
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C npyroii CTOpOHEBI, UCIIOAb3Ys (hopmyay (3), uMeeM

n
189:M, e
qg-1
n_
¢ —1_g3. (4)
q-1

YuurwsiBas, uTo q” = 32q , ¥ IOJICTaBUB 5TO BEIpake-
HUE B PaBEeHCTBO (4), IoJIyuYnM

329 -1

=63; 32¢-1=639g -63, g = 2.
qg-1

SHasa b; u ¢, HalimeM bg = b1q7 =3.27 =384.1

Il pumep 2. Tpu uncia o6pas3yioT KOHEUHYIO
reoMeTpUUECKyI0 mporpeccuio. Eciu BTopoe YMCIIO VBe-
JUYUTH Ha 2, TO HOBasA TPOMKA UKMCEJ COCTABUT KOHEU-
HYI0 apu()MeTHUYeCKyI0 Iporpeccuio. Ecau ke TpeTbe
YKCJIO TOHM HOBOI TPOHMKM YBEeIWUYUTHL Ha 9, TO CHOBa
MOJIYUUTCA TeoMeTpuuecKas mporpeccusi. Haiitu mep-
BYIO TPOUKY YMCeJ.

4 ITycrs by, by, by — ucromble Tpu umcaa. Torga
3aJJaHHbIE YCJIOBUS 3AMUIIYTCA TAK:

1)y, by, by; 2) by, by +2, by; 3) by, by + 2, by + 9.

Hcnonb3ysa xapaKkTepucTUUeCKue CBolicTBa apudme-
TUYECKOM 1 TeOMETPUUYECKOI MPOTPECCUil, IIOJTYUM:

by + b3

1) b2 =bybg; 2) by +2 = ; 3)(by +2)% = by (b +9).
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Hanee, Tak xak by = b1q, by = b1q2, TO 3aIUCAaHHBIE
paBeHCTBA IMPUMYT CJIELYIOIUN BUA:
b, + b.qg?
2,2 _p . 2. - 1 7,
1) bJq" = b, - b,q"5 2) bjg + 2 2 3

2 2

3) (b1g +2)” = by(b1g” +9).

IlepBoe ycioBME KaK TOXKIECTBEHHOE PABEHCTBO MOK-
HO omycTuThb. Torma mpuzeM K CHCTeMe ABYX ypaBHe-
HUU ¢ JBYMS IePeMeHHbIMU b, u ¢:

2(byq +2) = by + big”, bi(1+q2 - 2¢) = 4,
(b1g + 2)% = by (1% +9), T.e. |D1(9-4q) = 4.

4
9-4q
IlogcraBUB 9TO BHIpa)KeHHe B IepPBOE ypaBHeHUe,

N3 BTOpOrOo ypaBHEeHHUA BBIPABUM by =

1+g%2-2
nMeeM ~r9 -9 =1, OTKyIa HaxXxoguM
9-4q

q1 =2, qu =-4. 3nauur, by =4 npug=21u b1:%

npu q = —4.

Wrak, yCIOBUIO YIOBJIETBOPAIOT ABE TPOMKU UMCEJ:
a)4, 8,16 (upu b; =4, q = 2);
416 64

4
6) —, , by =—, q=—-4).1
) 25" 257 25 WP B 25" 1 )
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212. ITouaTue o mpegelie IMOCJIEIO0BATEJIHLHOCTH.

Yucymo b HasbIBaeTcd npeaenom nocnedosamenvbHoc-
mu ((,ln), €eCJIf, KaKoe OBl IIOJIOXKUTEILHOE YHCJIO € HIA B3AThb,

Haligerca Homep N, HauMHAas ¢ KoToporo (T. e. mpu 1 = N)

oTnMuue a, OT b IO MOAyJI0 OyfeT MeHbIle &, T. €.

|an —b| <e. B arom cayuae numyr: lim a, = b, uiau
n—oo

a, - b opu n — . ToBopAT, YTO IOCJIEL0BATEILHOCTD

(a,) cxodumca x b.
Leomempuueckuil cmvicai_npedena nocaedosamens-

HOCmu: eciu b — Ipefes IocaefoBaTeIbHoCTH (a,), TO,

Kakyio ObI OKPECTHOCTh TOUKM b HU BLIOpPATh, BCA IIOC-
JIeIOBATEJIbHOCTh, HAUMHAS C HeKOTOporo Homepa N, Oy-
IeT 1300pakaThbCs TOUKAMU, JIEKAIIMMU B 9TOI OKPECT-
HOCTHU; OKPeCmHOCmbd mo4Ku b — 3TO UHTEPBAJI C IleH-
TPOM B TOUKe b .
1 11 1
IIpumep.a)l —,—, —,...,—,... . Hem Ooublire
2 3 4 n
HOMeEp 4YJIeHa IIOCJe[0BATEeIhLHOCTH, TeM MEHbIIIE STOT
ujieH oTJndyaerca oT ynucyaa 0. 9ra mocaenoBaTeILHOCTD

.1
CXOJUTCHA, ee IIpees paBeH HyJo, T. e. lim — = 0.

n—wo n
1 1 1 1
0) =5 —5» g reees——>»... . OTA IOCIEIOBATEIbHOCTD
3 32 3 3"
) 1
CXOIUTCH, ee Ipefell paBeH HyJo, T. e. lim — = 0.
n—o "
B)2,0,3,2,0,3,2,0, 3, .... 9Ta mocjaemoBaTeJIbHOCTL He

HNMeeT IIpenesia.
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r) [TocTosiHHASA ITOCIENOBATEIBHOCTD Ay Ay Ay «ovy @,y ...

CXOOUTCA K Ipegeay a, T. e. lim a = a.
n—oo

213. BeruuciieHue mpeaesioB IMOCIeI0BaTeIbHOCTEN].
Hsi BEIUMCIEHUSA IIPENeJIOB IIOCJIeI0BATENIbLHOCTEH HC-
MOJb3YIOT CJIEAVIOINE YTBEPKICHU:

0 1
1°. ITocnemoBaTelbHOCTh — cXOoAUTCA K umcay 0
n

1
(cm. mpumep a) u3 m. 212): lim —=0.
n—o N

20, TlocnmegoBaTeabHOCTL ", Tae |q| <1, cxomures
K uymeay O (cm. mpumep 6) us m. 212), rme ¢ :é):

lim ¢" =0, ecan |q| <1.
n—oo

3% lim a =a (cm. mpumep r) us m. 212).
n—oo

Kpome Toro, 4acTo MCIOIL3YIOT CAEIVIOIIYIO TEOPEMY:

T.7.1. Ecau lim a, =a u a lim b, =b, mo:
n—ow n—»w

a) lim(a, £b,)=a=*b;
n—oo

6) lim(a,b,) =ab;
n—ow

B) lim n _ %, npu ycaosuu b # 0

n—w b,

(meopema 06 apugmemuueckux onepayuax Haod
npedenamu).
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II puwme p. Beruncaure:

n?+n+2

a) lim %; 6) lim 3 .
n—wp n—©929n _n-1
1
U a) Tar kak i:l~l, a ——0, 7o
n n

n? n

1 . 1
— > 0-0=0. Urax, lim — = 0. Ananoruuso ycra-

n2 n—on

1
HaBJIXBaeTCcd, 4TO T -0 I J1060T0 HaTypaJbHO-
n

ro k.
0) PasgesinM OYJIEHHO U YNCJIUTENb, M 3HAMEHATEeIb

ITaHHOM Opo0u HA HAWBBICHIVIO (M3 MMEIOIIUXCHA) CTe-

IIeHb HepeMeHHOﬁ, T. €. Ha n2. Tor,ua IIOJIYUYHM

n®> n 2 1 1
St ot 5 I+ —+2-—
. . n
lim 2 n n__ - lim G
n—o 2n2 n 1 n—w 9 l _ 1
T T T 9 T T o 2
w2 n2 2 n n
Bocmnosb3oBaBiiuchk Temepb TeM, 4To lim — =0,
n—wo n

. 1 . .
lim — =0, lim 2 =2, u Teopemoii 7.1, HaxXogUM
n—wpn n—oo

o on?+n+2 1+0+2.0 1
lim = ==. n
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214. CymMa 0eCKOHEYHOI reoMeTpUYeCcKOo mmporpec-

CUHM TIPU |q| <1. Ilycrs by, bs, bs,..., b,,... — Oecko-
HeuHas reoMeTpuYecKas Iporpeccusi, y KOTopoit |q| <1.

PaccmoTrpuM cyMMy ee IepBBIX n UJIeHOB: S, =

_b@" -

=by+by +bg+...+b,. Umeem S,

m. 211). Beruncnoum lim S,,. Mcnonbsys yTBepKaeHnus,
n—w

npuBefeHHbIe B 11.213, moayuum

n_
lim S, = lim 2@~ =D _ 5, &1 2(¢"-D-

n—wm nso q-—1 n—so q —

by
l—q

WUrak, njisa 6eCKOHEUYHON reoMeTpHUYecKOi Iporpec-

cum, y KOTOPOi |q| <1, cymecrByer lim S,, rae S, =
n—w

=by+bg+bg +...+0,.
Jror IIpegeJs Ha3bIBalOT cymmod becKoHewHOU 2eo-
Mempuieckol npozpeccuu u 0003HAYAIOT S:

b
1-¢ (1)

II pu m e p. Cymma GeCKOHEUHON I'eOMeTPUUYECKOH

S =

mporpeccuu, y KoTopoii |g| <1, paBHa 9, a cymma KBaj-

paToB ee uwieHoB paBHa 40,5. HaiiTu cymMMy IIepBBIX IIIe-
CTHU 4JIEHOB IIPOT'PECCHHU.
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§ 21. YucnoBble IOCIELOBATEILHOCTH

Q Iycrs by, by, bs,...,b,,... — 3amaHHAA IPOTrPEC-
b
cuda. Ilo ycimosuio ee cymma paBHa 9, T. e. 1 1L _o9.
—-q
2 2 2 2
PaccmoTpum nocienosarenbHOCTh by, by, b3,...,b,,

Kaxkablit ee ujeH IOJydyaeTcs U3 IPEIbIAYIIEro yMHO-

JHKeHHueM Ha qz, OTKYyna cjiengyerT, 4To 3TO reoMeTpmuyec-

Kada nporpeccus By, By, Bs,...,B,,...,y KoTOpOii mep-

BBIH 4JleH paBeH b12, T. e. By = b12, a 3HaMeHarTeJb @

paBeH q2, T.e. @ = q2. Tark xak ‘qz‘ <1, To |Q| <1, a

cyMMa HOBOII IpOrpeccuy paBHA . Corumacuo yc-

JoBUIO 9Ta cymma paBHa 40,5. 3HAUNT, MBI IPUXOAUM
K cucreme

bf
1-¢q
W3 nepsoro ypasHeHus BeipasuMm by = 9 (1 - q); nog-

CTaBUB 93TO BbIPpaKe€HMNe BO BTOPO€ YypaBHEeHNE, IIOJIYUYNM

— 2 —
M:ﬂ, OTKYyIa 1 q :l, q:l. TOI",L[a
1-¢2 2 1+q 2 3

5 = 40,5.

1
bj=9(1-¢9) = 9[1 —gj = 6. Tenmeps MOMKHO HaAWTHU
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CYMMY II€PBBIX IIIECTHU YJIEHOB IIPOI'PECCHU:

6 (1j6—1
b (g% -1) 3 80
Sg = 2 =

-8
q-1 1, 81
3

§ 22. IIpegen pyHKINH

215. IIpemen ¢dyuxmuu y = f (x) mpu x — . T'opu-
30HTAJbHAA acuMNTOTa. Yucio b HaspIBaeTCA npedenom
dynruyuu y = f (x) mMpu CTpeMJIeHUHU X K +o00, eCJd, Ka-
Koe 0bl uncso € > 0 Hu B3ATh, Halimerca uuciao M >0
TakKoe, UTO AJd BceX Xx > M BBINOJHAETCA HEPaBEHCTBO

|f (x) - b| < e IIpu srom numyt: lim f(x)=0b, uinm
X—>+0

f(x) > b mpu x — +oo,

FeomeTpuyecKu 5TO 03HAYAET, UYTO rPAPUK QYHKINI
y = f (x) npu BeIOGOpe JOCTATOUHO GOJBIINX 3HAUEHUH X
OesrpaHnuyHO ImpubIM:KaeTcsa K npamoi y = b (puc. 88),

T. €. paCCTOSAHME OT TOUKM Ir'padmka K0 IpaMoi y = b 1o
Mepe yIaJeHus TOYKK B 0ECKOHEUHOCTb MOKET OBITH ClIe-

JIaHO MeHbIIle Joboro uucna € > 0. IIpamas y =b Ha-
3BIBAETCS B OTOM CJIy4Yae 20PU3OHMANLbHOU ACUMNMO-

moi rpadpuka dyErnun y = f (x) . Tak, ropu3oHTaIbHON

x
acuMITOTOH rpaduka QyHKIUN y = (Ej opu X — +o©

saBisiercs npamada y = 0, T. e. ock Ox (cMm. puc. 38).

296



AJITEBPA

y y
y=b b
//y’;ﬁ;) \
/0 x ) s
Puc. 88 Puc. 89

Ilpamaa y =b MOMKeT CHIYMXKUTH TOPU30HTAIbHON

acumnrToroil rpaduka Gysrnuu y = f(x) u npu BbIOO-
pe DOCTaTOYHO GOJILIIUX II0 MOIYJIIO, HO OTPUIIATEJh-
HBIX 3HaueHui aprymenTa (puc. 89). Torga roBopsarT, 4To

umuciyo b ectb npeden pynryuu y = f (x) npu cmpem-

nenuu x k — oo, m nuiryT: lim f(x)=b, wiu f(x) > b
X—>—00

mpu x —> —oo. Hampumep, lim (3+2%)=38, r. e. npsa-
X—>—0

Mas y = 3 — TOPU30OHTAJbHASA acCUMITOTa rpadura QyH-
Koy f(x)=3+2% mpu x — —o. Haronemn, mpsamas
Yy =b MOKeT ABIATHCA I'OPU3OHTAJIBHOM aCHUMIITOTOH
rpadmka QysErnumu y =f(x) u npu x — +0, U OpU
x — —oo, Tak, npsamaa y = 0 — ropusoHTaJIbHAA aCUM-

nrora rpaduka GyHrmuu y =1/x (cMm. puc. 24). B atom
ciIy4yae TOBODAT, UTO UuCIO0 b ecThb npeden Gynryuu

y=f(x) npu cmpemnenuu x ¥ oo, U HNUIIYT:

lim f(x) =b, unu f(x) > b opu x — .
X—>0

297



AJITEBPA

Pasden VII. 3JIEMEHTHI MAT. AHAJIN3A

216. Berunciaenne mnpeaenoB (PyHKIUHA IPH X —> o0,
s BEIUKMCIEHUA IpenesioB QYHKIIUN IpU X —> o HC-
MOJIL3YIOT CJIEAYIONNE TeOpeMbl 00 OIepaluaX HAL Ipe-
IeJIaMu:

T.7.2. Eciu lim f(x) = a, lim g (x) = b, mo lim (f (x) +
X—>0 X —»00 X—> 00

+g8(x))=a+b (meopema o npedene cymmuot).

T.7.3. Ecau lim f(x) =a, lim f(x)=0b, mo
X—>00 X—>©

lim (f (x) g(x)) = ab (meopema o npedene npouseede-
x_r)tolj,ﬂ).

T.7.4. Ecau lim f(x) = a, mo lim kf (x) = ka (meope-
X—>0 X—>0
M@ O 6bLHECEHUL NOCMOAHHO20 MHOHCUMENA 30 3HAK
npedena).

T.7.5. Ecau lim f(x)=a, limg(x)=b u b=0, mo
X—>0

X—>0

lim &)

x—o g(x)

a
= — (meopema o npedene wacmnozo).

3x3 —2x2+x+3

II p u M e p. Boruncaurs lim
x—>00 x3+4
U PasgenuB 4ymcauTeNb W 3HAMEHATE]Ib IIOYJEHHO

Ha .X'3, nmMeem

lim x4 X -
X—>0 1+73
X
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§ 22. TIpemen pyHKIUHT

g_g. 1,1 1 g1 11

- lim X _x x X _x x
x>0 1+4.l.l.l
x x x

.1
Tak kak lim — =0 (cm. 1. 215), To BOCIOJIB30BAB-
x—0 X

muck Teopemamu 7.2 — 7.5, moaydyum

3.

i 3x% -2x2 +x+3 3-2.0+0.0+3-0-0-0 _
X—>0 x3+4 1+4-0-0-0

217. Ilpepen ¢yurun B Touke. HenmpepsiBabie yH-
knun. Paccvmorpum pysrnum y=f(x), y=g(x) u
y = h(x), rpaduKky KOTOPBIX u300paskeHbl Ha puc. 90.
9To pasHble PYHKIIUN, OHU OTJINYAIOTCSI CBOMM IIOBEe-
HUEM B TOUKe X = a. Ecau ke x #a, 10 f(x)=g(x)=

= h(x). Bo Bcex Tpex ciyuasix 3aMedaeM, UTO YeM OJIu-
JKe X K @, TeM MeHbIIIe OTJINYaeTCcA 3HaUeHre QyHKIUU

Ny Y y=ex) Y
hi
b b (‘Z) y=h(x)
~ e ~
O a x O a x [9) a x
a) 0) 8)
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f(x), mim g(x), mau h(x) or umcna b — 9TO OTIMULE
XapaKTepu3yeTcsa COOTBETCTBEHHO BBIPDaKeHUEM

If (x)-b|, |g(x)-b|, |h(x)-b]. Tnst mro6oit us pacemar-

pUBaeMbIX QYHKIWH rOBOPAT, YTO mpeaes QYHKIIUKY TpU
CTpPeMJIeHUW X K @ paBeH b; MUIIYT COOTBETCTBEHHO:
lim f(x)=0b, lim g(x)=0b, lim h(x) =b. IlomuepkHeM
xX—a xX—a xX—a
elrie pas, YTO IIPU 9TOM 3HaUeHUe QYHKIMU B caMOIl TOY-
Ke a (u maxke cam haKT CYIIECTBOBAHUS WJIM HeCyIIe-
CTBOBAHMSA HTOr0 3HAUEHNS) He MIPUHUMAIOTCA BO BHUMA-
HUeE.

CdhopmynupyeMm ompenesenne mnpepena GYHKIUU B
TOUKE: YUCJIO b HaspIBaeTca npedenom PYHKyuu

y = [ (x) npu cmpemnenuu x k¥ a, eciau, KaxKoe ObI YKC-

a0 £ >0 Hu B3dATb, OJIA BCeX NOCTATOYHO OJIM3KUX K a
3HAUEHU N X, T. €. 0JIsd BCeX X U3 HeKOTOpOfI OKPpeCTHOC-
TN TOYKH a, UCKJIIO4Yad, OBITH MOKeEeT, caMy 9Ty TOYKY,

BBIMOJIHAETCSA HEPaBEHCTBO |f (x) - b| <e.
Bepuemcsa x puc. 90. 3ameuaeM, 4To AJOA PYHKIANA
y =f (x), rpadpukr xoropoii mzobpaxkeH Ha puc. 90 a,

BBINIOJIHAETCA paBeHCTBO b = f(a), T. e. lim f(x) =
xX—a

=f(a). Ecau lim f(x) = f(a), To pyHKIMA HA3LIBAET-
xXx—a

cd HenpepuléHOU 6 moike a. PyHKIUA, HeIIpepPbIBHAA
B KaXKJOU TOuKe mHTepBaia (a, b), HaspIBaeTCa Henpe-
PuLéHOU Ha sTOM uHmepéane. Eciu QyHKIMa Hempe-
pHIBHA Ha mHTEepBaJe (a, b), onpeneseHa B TOUKax a u b
U IPU CTPEeMJIEHUM TOUKM X, IPUHAIJIEKAIIeNl nHTep-

Baiy (a, b), kK Toukam a u b sHaveHus GyHKIuu y = f (x)
CTPEMSATCSA COOTBETCTBEHHO K 3HaueHuam f(a) u f(b),
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§ 22. TIpemen pyHKIUHT

To QpyHKUUA Yy = f(x) Ha3LIBaeTCSI HenpepvléHOl HaA
ompe3ke [a, b].

BmecTo sanmucu lim f(x) =b HCIONB3YIOT TaKKe
x—>a

gdanuchk f(x) > b mpu x — a. B wacTHOCTH, OIIpEneTE-
HUe (QyHKIINY, HeIPEePLIBHOM B TOUKE d, 3alIMCHIBAIOT TaK:

f(x) > f(a) upu x - a. CMBICI IOHATHUA HEIPEPHIB-

HOCTU (PYHKIIUM B TOUKE COCTOUT B CJEAYIOIIEM: Ma-

AbLM U3MeHeHUAM apzymenma (npu omxode om MOYKU

a) coomeemcmaym maavle U3MeHeHUS PYHKULU.
OTMeTuM [Ba IpaBuMJa MPEAEJHHOTO Iepexona:
IIpaBuso 1. Ecau ¢yukuus f nHenpepviéHa 6 mouke

a, mo Af >0 npu x - a (cm. m. 220).
Ilpauso 2. Ecau f(x) > A, g(x) > B npu x = a,
o

mo f(x)+g(x)>A+B,f(x)-g(x) > A-B,
g (x)

—>% (6 caywae B #0) npu x — a.

218. BeprukaapHad acuMnrora. I'paduk QyHKIINN
y = [ (x), usobparkeHHBIN Ha puc. 91, obraznaer cireny-

IOH.IefI 0COOEHHOCTBIO: KaKOe ObI UHMCJIO p > 0 HH B3A4Thb,
MOMHO YKa3aThb TaKYIO OKPECTHOCTh TOYUKHU 4, UYTO OJA

J1000T0 X M3 3TOM OKPECTHOCTU (X # @) COOTBETCTBYIO-
masa opauHaTa rpaduka Io MonyJio Oyzer GoibIe p,

T. €. |f (x)| > p. I'oBopAar, uTo IpAMasa X = a eCTh 6epmu-
KanvHas acumnmoma rpadpuka pysrnuu y =f(x), u
nuiyT: lim f(x) = co.

xX—>a
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Y 3 Y
b
Vi
Q)
—
[9) a x [9) 1\ 2 x
-1
y=log, 5x
Puc. 91 Puc. 92

Hanpuwmep, rpaduk dysrnuu y = 1/x uMmeer BepTu-
KaJbHYI0 acuMOToTy X = 0 U rOpM3OHTAJIBHYIO ACUMII-

rory y = 0 (cm. puc. 24); rpadpur pyHRIUM y = tgx
“MeeT BePTUKAIbHBIE ACUMIITOTEL X =T /2, x =-7/2,
x=3n/2, x=-3n/2 u r. g. (cm. puc. 50); rpaduk

dyurnun Y =10gp 5 X mmMeeT BePTUKAIBHYIO ACHMIITO-
Ty x = 0 (puc. 92).

219. Berunciaenue npegena ¢pyHKnun B Touke. [[ia
BBIUKCJIEHUA MPenejioB (GpYHKIUM B TOUYKE OCHOBHBIMU
ABJAIOTCS cienyioiue (aKThI:

1) nr06asn snemenmapruas QyHkyus, T. e. PyHKINA,
3aJlaHHAs aHAJINTUUYECKH PAIlMOHAIBHBIM, HPPAIIOHAE-
HBIM, TPaHCIEHIEHTHBIM BbIPDAKEHHEM WJIU BbIparKe-
HUEeM, COCTABJIEHHBLIM HM3 IIePEeUHCICHHBIX C IIOMOIIBLIO
KOHEUHOTO 4Yucja apudMeTUUeCKUX ollepaliuii, Henpe-
puléHa 8 a060iL 8HYmMpeHHell mouke obacmu onpede-
aeHus pyrkyuu (T. e. B II000# TOUKe, IPUHALIEKAIIIEH
obsacTu ompenesieHuA (PYHKIIMH BMeECTe C HEKOTOPOH
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CBOEH OKPECTHOCTBIO); eCli X = 4 — BHYMPEHHAA MOU-
Ka obaacmu onpedenenus caoxroi pyuryuuw f(g(x))

(cm. 1. 224), mo u croxcnas Qynrkuus f(g(x)) Henpe-
pbléHa 8 mouke a;
2) ecau pyuruyua y = f (x) HenpepvieHa 6 mouke

x=a, mo lim f(x) = f (a).

II p u m e p. Beruncaure:

2 2
a) limh; 6) limx—+9;
x—4 2x+1 >3 x2 _5x—6
2_
B) lim —~ 9 r) lim x+2

—; = = .
>3 x2 _5x+6 x>-247—x +3
U a) Tak xak x = 4 — BHYTPEHHAA TOUKA 00JIAaCTHU

Vx + x?

oupenenerus GyHKuuu f(x) =———, TO QYHKIUSA

2x+1
V4 + 42
HelpephsIBHA B 9T0l Touke. Mmeem f(4) = o Ar1- 2.

2
3HaunuT, lim M =
x—4 2x+1
x2+9
0) PyHENUA f(x) = —————— He oOIpefieJieHa B
x2 -5x+6

TOYKEe X = 3, IIOCKOJIBKY B 9TOU TOUKe 3HAMeHaTelb APpo-

6u obOparaercsa B HyJb. Tak KaK UYHCIUTENb 2+ 9
. x2+9
OTJIMYEH OT HYJIA BTOUKe X =3 ,T0 lim ————— = o
x>3x° —bx+6
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(cMm. m. 216); mpsamas x = 3 ABIAETCA BEePTUKAJILHOMR
x2+9
x%2-5x+6
B) 37ech B OTJINYME OT HPEABIAYIIEro IpuMepa u
YNCJIUTENh, W 3HaMeHaTeJlb 00paIiaioTcd B HYJIb IIPU

x = 3. B nomo0HBIX ciydyasx AJS BREIUKMCJICHUSA IIpeaesia
HeOoO0XOAMMBI TOXKIeCTBEHHbIEe IPe00pa30BaHmns BhIPake-

acuMIToTol rpadumka QyHKIUU y =

x2-9
HuA, 3ajgamomnero QpyHxkmumo. UmeemMm ——— =
x“—-bx+6
= w ITockoabKky mpu x — 3 B3HaueHHe
(x-3)(x-2)

(pYHKIIMK B caMO# TOUKe X = 3 BO BHUMAaHNe He IPUHU-
maercs (cM. 1. 217), 1podb MOKHO COKPATUTh Ha X — 3,

3.I/ITaK,
x—2
2_ p—

lim x“ -9 :lim(x 3)(x+3):
53 42 _5x+6 x-3(x-3)(x—-2)
. x+3 38+3
:llm = =
x—»3x-2 3-2

r) IIpu x = —2 u yncauTeN b, 1 3HAMEHATEJb oOpaIa-
I0OTCSI B HYJIb. BEINOJIHUM CJleAyIOlye Ipeo0pa3soBaHmUs
3aJaHHOTO BBIPAYKEHUS:

x+2 (et 2WT-x+3)
JVT-x-3 T-x-3)(71-x+93)

1 Torama IIOJIyYMM

_(x+)WT-x+8) _ (x+2)WT-x+3) _(T=x+3).

Wi-x)2-3 = —(x+2)
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§ 23. IIpousBogHas

Hraxk,

x+2
lim ————= lim ((V7-x -3) =

x—>-24Y7—-x -3 x—>-2

=-W7+2+3)=-6.m

§ 23. IIpousBogHasn

220. IIpupamenue aprymenta. IIpupamenue ¢yH-
kmun. Ilycts pysrnua y = f (x) ompeneseHa B TOYKAX
x u x,. PagHOCTBH X, — X Ha3bIBaeTCA NpupaujeHuem
apzymenma, a pasuocts f(x;)—f(x) — npupawenu-
em (yHKyUuu IPU Ilepexole OT 3HAUEHUSA apryMeHTa X
K 3HAYEHWIO apryMeHTa X,.

IIpupamenue aprymenTa o6o3HauaoT Ax; SHAYUT,
Ax=x1 —x, T. e. X1 =x+ Ax.

IIpupamenve pyurnum obosHauvaror Af wniau Ay;
3HAYUT,

Af =f(x1) =7 (x) =f(x+Ax) - [ (x).

II pu m e p 1. Haiitu npupaiienue GyHKIUU Y =
=3 IIpU IIepexofie OT 3HAUeHUA apryMeHTa X K 3Haue-
HUIO X + Ax.

O HNmeem f(x)= x3, flx+Ax)=(x+ Ax)3. ITo-
2TOMY

Af = f(x + Ax) — f(x) = (x + Ax)® — x

+3x (Ax)? + (Ax)® — 23 = 8x%Ax + 3x (Ax)? + (Ax)3.

32?483 Ax+
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Urtak, Af = (3x% + 3x - Ax + (Ax)?)Ax. m

Ilo aroit (popMysie MOKHO BLIUMCJIATL 3HaueHue Af
IJIst M00BIX 3amaHHBIX X u Ax. Hampumep, nmpu x = 1,
Ax = -0,2 monxydaem

Af =108 -f1) =
=(3-12+3-1-(-0,2) + (-0,2)%) - (-0,2) = —0,488.
IIpumep 2. lokasaTb, YTO IJIA JUHEHHON QYHK-
Ay

nuu y = kx +b copaBefIIBO PAaBEHCTBO K = A_
X

O Hmeem f(x)=kx+b, f(x+Ax) = k(x + Ax) + b.
3HaAUUrT,

Ay = f(x + Ax) — f(x) = (B(x + Ax) + b) — (kx + b) = kAx,

OTKyJa II0Jy4YaeM ﬂ =k 0
Ax

221. Onpenenenue mpousBomHoii. IlycTs QyHKIIHIA
Yy = f (x) ompeseneHa B TOUKe X U B HEKOTOPOI OKpPeCT-
HOcTH 9TOM Touku. IlycTs, majgee, Ax — IpupalleHune
apryMeHTa, IpUYeM TAKOe, YTO TOUKA X + AX IpPHUHAI-
JICKUT YKA3aHHON OKPECTHOCTH TOUYKHU X, a Af — coor-
BeTCTBYIOIlee IpupalneHue QpyHKmum, T. e. Af =
=f(x+ Ax) - f(x). Ecau cylecTByeT Ipefes] OTHOIIe-
HUs OpupalleHus QyHKOuu Af K OpupalieHHI0 apry-

MeHTa Ax 1pu ycaosuu Ax — 0, To pysrmusa Yy = [ (x)
HasbIBaeTCs duddeperyupyemoi 6 mouke x, a 3TOT
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mpefiesl HASHLIBAETCS 3HAYEHUEeM NPOU3BOOHOU (QYHK-
yuu y =f(x) 6 mouke x wu obosuauaerca f'(x) wuim
y'. Urax,

Py =y = lim 2 iy [EFAD @)
Ax—0 Ax  Ax—0 Ax

OrmeruM, uto [’ (X) — 3TO HOBad PYHKIIUA, OIpee-
JIeHHas BO BCeX TaKMX TOUKaX X, B KOTOPBIX CYII[eCTBY-
eT YKa3aHHBIM BBIIIE MPEJes; ee HA3LIBAIOT NPOU3E00-

ot Qysrmuu Y =f(x).
Opuwmep 1. Haiitu '(2), ecim f(x) = x2.
OUmeemf(2) =22 =4, f(2+Ax) = (2+ Ax)%, Af =
—f(2+Ax)—f(2) = (2+ Ax)® — 4 = 4Ax + (Ax)%. Torza

Af _ 4Ax+ (Ax)?

=4+ Ax,
Ax Ax

lim AP = lim (4+ Ax) = 4.
Ax—0 Ax  Ax—0

Snauur, f'(2)=4. B
HWcnonssys onpesiesienrie, MOKHO PEKOMEHIOBATH CJIe-

Ayioliee IIPaBUJIO OTBICKAHMWA HQOHBBOEHOﬁ DYHRIINU

x
1. ®ukcupyioT 3HaYeHne X U HaX0mAT f(x).

2. JlaloT aprymMeHTy X IpHpAIeHrne AX H HAXOIAT
f (x + Ax).

3. Broruncasror npupainenune Gyaxmuun Af = f(x +
+Ax) — f (x).

Af
4. CoCTaBJIAIOT OTHOIIIEHIE ——.
X
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A
5. HaxomaT mpejes OTHOIINEHUS A_f npu Ax — 0.
x

Af
OrHolrenue A_ Ha3bIBAIlOT PA3HOCMHbBLM OMmHoOuULe-
X

Huem. OHO BbIpaxaetT cpeamoro CKOpoCcmbv U3MEHEeHUA
qbymcuuu f Ha IIPOMEeXYyTKe C KOHIIaMK B TOUKaAaX X U

x + Ax. MoxHO cKasaTb, 4TO nPou3e00noi Gysrnuu f
B TOYKEe X HA3bIBAETCS UMCJIO0, K KOTOPOMY CTPEMMUTCS

Af
pasHOCTHOE OTHOIIIeHN’Ee A_ npu Ax — 0.
x

WNuorpa Bmecto Ax nuinyT h, 1 TOTHa OIpeJesieHue
MPOM3BOMHOI 3alMCHIBAETCA CJAEAVIOI[MM 00pPasoM:

F(x) = im f(x +h)-f(x) .
h—0 h

Wnorga BmecTo x + AX HHUIIYT X, U TOTAA OIpeJe-
JleHre TPOM3BOMHOI 3alIMChIBAETCA TAK:

) = 1o TED 1@
xn—ox XX

IIpuwmep 2. Hajitu npou3BOgHYIO0 (PYHKIIUN x3.
U Mcmob3ys IpaBmiio OTHICKAHNSA IIPOU3BOHOIM, IOC-
JIeTOBATEJIbHO HAXOIWM:

1. f(x):x3.

2. f(x+Ax) = (x + Ax)3.

3. Af = (x+Ax)—f(x) =(x+Ax)3 — 23 =
= (822 + 8x - Ax + (Ax)?)Ax.
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LAY B S W (Ax)2.
Ax

5. 1im 2L = jim (8x% + 8x - Ax + (Ax)?) =
Ax—0 Ax  Ax—0
=3x% +3x-0+0% = 3x2.
Uraxk, (x3) =3x%. M
222, ®opmyasl nuddepennupoBanusa. Tadauna

npou3somHbIX. Oeparuio OTEICKAHNUA IIPOU3BOJHOM Ha-
3pIBalOT Juggepenyuposarnuem. B n. 221 momyuena

onmua u3 popmya nuddepeHInPOBAHNA: (x3)’ = 3x2. Tlo
TaKOMY Ke ILJIaHy MOYKHO BBIBECTU (DOPMYJIbI, KOTOPbIE
MIPUBEIeHbI B CHeAYIONeil TabJauIile TPOU3BOIHBIX:

1. C'=0. 9. (cosx) = —sinx.
2. (kx+b) =k
( ) 10. (tgx) = 5
) cos” x

@Y =re".
3. () 11. (ctgx)' = —— 12
N sin® x

) =e”. 1

12. (arcsinx) = ——

1 2
5. (@) =a” 1na. lx
13. (arccosx) = - ——.

6. (lnx)’:%. /1

. 14. (arctgx)' =
xIlna 1+x

(sinx)' = cosx. 15

7. (log, x)' = 2"

o

. (arcctgx) = —

1+ x2
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Hampumep:

2x - 3)' = 2 (mo gopmyie 2);

10y =104, [LZJ _(x72y = —2x73,
X

3 2

(x5) = gx_g (o dopmyie 3);
(6*) =6 1In6 (mo dopmyie 5);

(Igx)' =

~1n10 (mo dopmyte 7).

223. NuddepeHnupoBanne CyMMbI, IPOU3BETEHUS,
yacTHOTO. Bo Bcex NpUBENEHHBIX HUXKE TeopeMax Oy-
IeM CUMTaTh 3aflaHHble QYHKIUU U 1 v AuddepeHIin-
PYEeMBIMHU B TOUKE X.

T.7.6. IIpousgodnas cymmv. 08yx QPYHKYUL BbIYUCLA-
emcsa no ¢opmyaae

u+v) =u"+v
( )

(meopema o dugdgepernyuposanun cymmot).

T.7.7. I[IocmosaHHbLIL MHONCUMENb MONCHO 8bLHECMU 3a
3HAK NPOU3BO0HOILL:

(Cu) =Cu’

(meopema o 6vlHeCeHUU NMOCMOAHHO20 MHONCUMENLA
3a 3HaK npoui3eodnoi).
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T.7.8. IIpouseodnas npousgedernus 08yx PYHKUUIL 8bL-
yycasemcs no gopmyae

(wv) =u'v+uv'

(meopema o duppepernyuposanuu npou3gedernus).

T.7.9. IIpoussodnaa wacmmnozo 06yx QYHKUUiL 6vlyuc-
asemcs no gopmy.ae

’

u u'v—uv'
[—J =———5 — npu ycarosuu v(x)#0
v v
(meopema o duppeperyuposaHUy LACMHO20).

IIpumep 1. Halitu nmpoussoguyo GpyHKINNI:

a) y=2sinx —0,7cosx +5; 6) x4 logs x.
U a) Ucnoabsysa TeopeMsl 7.6 u 7.7, umeem

(2sinx —0,7cosx +5)' = (2sinx)’ + (-0,7 cosx)' +5' =
= 2(sinx)' - 0,7(cosx)' +5'.

OcraeTcd IPUMEHUTH COOTBETCTBYIOIHE (POPMYJIBI
muddepenniupoBanud (cm. m. 222). Torga moayuum

2cosx —0,7(-sinx)+0=2cosx + 0,7 sin x.
6) Corsacuo Teopeme 7.8, HaXOOIUM
(xo’4 logg x)' = (x0’4)’log3 X+ x0’4(10g3 x)'.

Temepb mpuMeHuM (HopMYyJIbl AU depeHITnPOBAHNA
¥ MOJYYUM

0,4 1 _ 0,4lnx +1
x1n3 £06.1n3 -

0,4x 06 logg x +x
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IIpuwmep 2. Bouucaurs f'(0), ecan

2x
x2+1.

f(x) =

U Crauana naiizem f'(x). BocmosnbsoBasiuch Teo-
pemoii 7.9, monyuum

@Y (x® +1)-2%(x® +1) _
(x2 +1)2

f'(x) =

2*In2-(x%+1)-2°-2x
) (x2 +1)2 '
Tenepb BBIUVCJINTM
2012 (0% +1)-2%.2.0

!0:
o (0% +1)2

In2.1

224. Cnoxuaa pyHrkuusa u ee nuddepeHIupona-
HHMe. PaccMoTpuM (QYHKINIO Y = Sin x2. Urober maiitm

3HaUeHNe 39TON (QYHKIUU B (GUKCHPOBAHHOIN TOUKEe X,
HYKHO: 1) BBIUMCIUTH x2% 2) HaliTu 3HaueHHUe CHUHYycCa
IIPU IOJIYUEeHHOM 3HAUeHUU x%. IHBIMH cl0BaMH, CHa-
yaJjia HAOO HaWTH 3HaueHue PyHKIuu g (x) = x2, a 3a-
TeM HaiTu sin g (x). B momo0HBIX ciiydyasiX TOBOPAT, UTO

3anaHa cnoxcHan pyukyua f(g(x)). B napHOoM ciayuae

u=g(x)= x2, a f(u) =sinu.
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IIpume p 1. U3 Kaxkux PyHKIUHA cocTaBJeHA

cJoKHAA QYHKIIUA Y = tg5 2x+1)?
U 9ra QyHKIUSA COCTOUT U3 TPexX MYHKIIUIHA:

g(x) =2x+ 1, h(u) = tg u, f(z) = z°. B camom nene,

[ (g () =(tg (€ ()’ = (tg @x +1)° =tg° @x + 1) m

ITyemov y = f (g (x)) — CA0HCHAA QYHKYUS, NPUUEM
pynryua u = g(x) Ougdepenyupyema 6 mouke x, a
Qynryua y = f (u) dudgepernyupyema 6 coomeemcmey-

toweil moure u. Tozda @ynryusa y = f(g(x)) dudpe-
PpeHuyupyema 8 mouke x, npuiem

y'=1"(g(x) g'(x).

Sanuch f'(g (x)) o3HauaeT, UTO IIPOM3BOJHAS BEIULC-
JsieTcs 1o dpopmyJie Laa f'(x), HO BMECTO X HYXKHO IIOJ-
CTaBUTBL g (X).

Hpumep 2. Haiitu ((3x +5)%).

Q Brece  g(x)=3x+5, W =u", f(g(x)) = Bx+

+5)%. Buauunr,

y' =g (x) g'(x) = 4(3x +5)° - (3x + 5) =

=4(8x+5)°-3=12(8x +5)°.m

OTmMeTHM 4YaCTHBIH ciaydail mpaBuia guddepeHiu-
pOBaHUSA CIOMKHON PYHKITHU:

(f (kx + b)) = kf'(kx +b).
7

Tax, (sin8x) = 8cos3x; (V56— Tx) = - ——=.
245 -Tx
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225. ®us3uvecKuii cMbICJI MPOU3BOgHOIM. CKOpPOCTH
[IPOU3BOJIBHO ABUKYINENCS TOUKY ABJISIETCI BEKTOPHOMN
BEJIMYMHOM, OHA ONPEIEeIseTCsa ¢ IOMOIIBI0 BEKTOpa —
IepeMeleHnsa TOYKK 3a IMPOMEXKYTOK Bpemenu. OmHa-
KO €CJIM TOYKAa ABUKETCSA IO MPAMOM, TO ee IMOJ0KEeHHE,
IepeMelleHne, CKOPOCTh, YCKOPEHNE MOMKHO 3a1aTh YKC-
JIaMH, T. €. CYUTATH CKAJASIPHBIMU BelWdMHAMH. IIycTh

s =5(t) — CHRaJIAPHBLIA 3aKOH NIPAMOJUHENAHOI'O IBU-
skeHud, Toraa S () ewparxcaem cropocmuv dsuxceHus 8

momenm t (MZHOBEHHYIO CKOpPOCMDY), T. e. v = s’ (1).
Hanpumep, 3aKOH cBOOOJHOTO HaZieHUS Teja BhIpa-

JKaeTcsa 3aBUCUMOCTBIO § = O,5gt2. Torga cKopocTh na-
IeHus B MOMEHT ¢ TaKoBa:

v=2s=(0,5gt2) = 0,5g - (t?) = 0,5g - 2t = gt.

IIycrs Temeph TOUKA A IBUIKETCS 10 KPUBOJHHENH-
HOM TpaexTopuu. O003HAUMM KOOPAMHATHI TOUKH A B
MOMEHT BpeMeHHU ¢ ueped x () u y (). T KOOPAUHATHI
3aBHUCAT OT ¢t U ABJAOTCA QYHKIUAMU oT t. Paccmor-
pUM MTHOBEHHYIO CKOPOCTh ABHIKYIIeiica TOUKU A B

MOMEHT BpeMeHU t.BeKTop MIrHOBEHHOM CKOPOCTH U Ha-
IIpaBJIeH II0 KacaTeJbHOH K TpaeKTopuu B Touke A. Ko-

OpPAMHATBEL BEKTOPA U TaKKe 3aBHCAT OT BPeMeHU t:
OHU PaBHBI COOTBETCTBEHHO X'(!) u y'(¢f),roe x' u y' —
Ipou3BOAHbIEe QYHKIUI X U § B TOUKE t.

Boo0Ge, npoussodnas ¢pynrkyuu f 6 moure X svipa-
Jcaem CKOpocmb U3MeHeHUus PYHKUuU 8 mouke X, T. e.
CKOPOCTb IPOTEKAHUs IIPOIlecca, OMMCHIBAEMOTO 3aBU-

cumoctrio y = f(x). B aTOM cocrout gusuueckuil cmvica
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npouseodnoii. Hanpumep, ecnu fana GQyHKIUA y = x2,

to f'(x) = 2x; upu x = 2 maxogum f'(2) =4, a opu x =
= 3 umeem f'(3)=6. 9TO 3HAYHUT, YTO B TOUKE

x = 2 pyHKIMA u3MeHseTcsa B 4 pasa ObICTpee apryMeH-
Ta, a B TOUKe X = 3 — B 6 pas ObIcTpee.

226. Bropas npou3BoxHasa u ee (PU3MIECKUI CMBICJI.

Ilycte pyurxmua y = f(x) umeer mpoussomuyoo f'(x).
9T0 HOBasg (PYHKIUA, KOTOPAasA B CBOIO Oodepelb MOXKET

UMeTh NPoM3BOAHYI0. IlpomsBogmas GyHrmuu f'(x)
HA3LIBAETCA 6MOPol npou3eodnol Gysruuu Y = f (x)
u obosnavaerca [''(x) mam y'.

IMIpuwmep 1. Haittu y", eciu y = %10,

QO Umeem (x1°) =10x%, a (10x%) = 90x8. Urax,

(x1%)" =90x%. m

IIyctes s =s(t) — 3aKOH NPSMOJMHENHOrO IBUXKe-
HUA. Tor,ua emopas npouseoaﬂaﬂ svlpaixcaem CKoOpocmb
U3MEeHeHUs CKopocmu 3mozo a6u.7fC€Hu.}l, m. e. yckope-
Hue a = s''(t). B aToM cocTOUT Qu3uveCKUll CMbLCA 8I10-

POl npou3600HOIL.
I puMmep 2. MarepuaiabHasg TOYKA IBUMKETCS

. 1
MPAMOJIMHEHHO II0 3aKOHY S :ﬁ. HokasaTb, 4TO
t —
cuia, JeficTBYIOIlas Ha TeJo, IPOHOPIIMOHAILHA KyOy
MPOHIEHHOTO IIyTH.

U Corsaacuo Bropomy 3akony Heioroma F = ma, rae
F — cujua, geicTByomias Ha TejJOo, & — YCKOpeHUe,
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m — wmacca; a = s''. Umeem
s=(@2t-D Yy =-@t-D2-2t-1)=-22t-1)%
' =(-2@2t-1)2)=-2-(-2)-2t-13 -2t -1) =
8

=8(2t-173 -—.
(2t-1)

3uaunt, F = ma = _8 = 8ms3, 1. e. cuma F
(2t -1)3

IponopuyoHaibHa s°. M

227. Racareasnasa k rpaduky ¢ynkmuu. Paccmor-
puM rpapur QyHEIun y = f(x), AubddepeHIUpPyeMoi B
TOUKe a, BelZeauM Ha HeM Tourky M (a;f(a)) u mpose-
mem ceryinyio MP,, rae P2 — TOuKa rpajura, cooT-
BETCTBYIOIIAA 3HAUECHUIO apryMeHTa a + Ax (puc. 93, a).

Y4 y=f(x) y y=f(x)
5
P -
La)/ M 1 % f (a)=tgo
ol ¢ atAx x ol @ x
a) 0)
Puc. 93

316



AJITEBPA

§ 23. IIpousBogHas

Yruosoit kKoaddumnuent npamoiit M P, BbIumMcisieTcs 10

A
dopmyne B = 2y (cm. m. 220).
CeK Ax

Ecau touka P gBuikercsa mo rpadukry, IpubImnKa-
Ack K Touke M, To mpamasa MP HauyHeT IIOBOpPadl-
BaThbCd BOKPYr Toukm M. Halle Bcero B 3ToM IIPOIEC-
ce cexymas MP crpeMurcs 3aHATh HEKOTOpPOe IIpe-
IeabHoe moJjoskenHme. OHO mpeacTaBisgeT cCO00H mps-
MYI0, C KOTOPOM MpaKTUUYEeCKHU CJIUBaeTcs rpadur GpyH-
knun Y =f(X) B HEeKOTOPOH OKPECTHOCTH TOUYKHU a;
9Ta MpAMas U eCTh KacaTeJdbHasdA K rpaduky (QyHK-
ouu y = f (x) B TOYKe X = a. YTJI0BOH KOd(ppUIreHT

TaKOH mpemesbHOI mpAMoil (0003HAUUM ero k) moJy-
yaeTcsd M3 YIJIOBOTO KOd(UIIMEeHTa CeKyIleil B Ipo-

Iecce mpejeJbHOro nepexoza or Px M: k= lim km.
P>M

Ycanosue P—> M MOMKHO 3aMEHUTh YCJIOBUEM

A
Ax — 0, a BMecTO kce}c HaIIucaThb A_y B urore moay-

X
. Ay .
yaemk = lim —~. Ho lim —~ — »T0 3HaueHUue
Ax—0 Ax Ax—0 Ax

IPOM3BOAHON QyHKIMHU Y = f (X¥) B GUKCUPOBAHHOM TOU-
Kex =a, T.e. f'(a) (cm. m. 221).

Uraxk, k = f'(a), T. e. 3Havenue npou3go0roil QyHk-
uuu y = f(x) 6 moure x = a pasHo Yyzn080my KoIPPU-
yuenmy kacamenvhoil k epagury pyuryuuy =f(x) 8
mouke x = a (puc.93, 6). B aToM cocTouT zeomempuuec-
KUil cMblcsl nPOuU3600HOLL.
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Taxkum obpasoM, kKacamenvHyro K rpadury GyHK-
nuu f, nuddepeHIEpyeMoii B TOUKE d, MOMKHO UCTOJIKO-
BaTh: KaK IIpeJesibHOE IMOJOXKEeHHUe CeKyllmeld mpwu
Ax — 0; Kak OIpaMyI0, IPOXOAAIIYIO Uuepes TouKy (a; f(a)),
C OTPE3KOM KOTOPOH MpaKTUUYEeCKHU CJANBAETCS I'paduk
byHKIIUY f IpU 3HAUEHUSAX X, OJM3KUX K a; HAKOHeII,
Kak OpAMYIO, IIPOXOIAINYIO uepes Touky (a; f(a)) u ume-
IOIIYIO YIJIOBOI KoaddunueHt, paBusiil f'(a).

Ecau ¢pynryus f duggepenyupyema 6 mouke x = a,
mo 68 amoil mouke K zpaQuKy MONHCHO NPOBECMU KACA-
mesabHY0;, BEPHO U OOpaTHOE: ecau 8 mouke X = a kK
epaury Qyrryuu f mMoxiHO nposecmu He8epMUKALL-
HYI KacameavbHy, mo QyHKyus oud@epenyupyema 6
mouke x = a.

VpaBHeHHe KacaTeJbHOH K rpad@uKy (QYHKIUN

y =7 (x) B TouKke x = @ UMeeT BUJ
y=1f(@+f'(a) (x-a). (1)
II p u M e p. CocTaBuTh ypaBHEeHUE KacaTeJIbHON K

rpadury GyHKIIUM y = \/; B TOUKe X = 4.

O Hmeem f(x)=4x, f’(x)=2 ,a=4, f(a)=

1
Vx

= 0,25. IloacraBuB 3HaueHU4d a4,

_J1-2 fla)= ——
f'(a) i
f(a) u f'(a) B ypaBuenue (1), moryuum

y=2+025(x—-4), m.e. y=025x+1. W
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228. ®opmyaa JlarpaHika.

T.7.10. Ecau ¢yrkyusa f HenpepvleHa HA ompe3ke
[a, b] u Ougpepenyupyema 6 unmepsane (a, b), mo
Haiildemca makxaa mouka c € (a, b), wmo

, b)-f(a

oy [®=T@ "

b-a
®opmyna (1) HasbiBaerca ¢popmynou Jazpanica, a
reopema 7.10 — meopemoti Jlazpaniica.

Teomempuuecrkuii cmovicn popmyawv. Jlazpauxa co-
CTOUT B CJIeAYIOIIleM: ecau nyra AB mpencTaBiseT CO-

60i1 rpaduK HelpepbIBHOI Ha oTpeske [a, b] pyHKIuM
f, mpuueM B 11060# TOUKe AYI'M K Hell MOXMXHO IIPOBEC-
TH KacaTeJbHyI0, TO Ha nyre AB mailimercsa Touxa C ¢
abcmuccoil X = ¢ Takasd, 4TO KacarejbHas K KPUBOI B

Touke C (ee yriaoBoit koadhduiuert paser f'(c)) Oyzer
nmapajieabHa npsamMoii AB (ee yrioBoil KoadhdUIIUEHT

f)-1(a).
b-a

paBeH s IIPpAMBIE ITIapaJljieJIbHbI, €CJIN UX YIJIO-

Bble Koa((duiineHTsl paBHBI). ['eoMeTpuyecKas HJLIIOC-
Tpanusa ¢opmyasl Jlarpan:ka mpeacraBieHa Ha puc. 94.

§ 24. IlpyuMeHeHNA MPOU3BOTHOMN

229. IIpu6auKeHHbIe BHIYHCIEHUA ¢ IIOMOIIBIO IIPO-

uspogHom. Ilycrs pyaknua [ guddepeHnupyema B TOU-
Ke x,. Torma 114 aprymenToB X, JOCTATOYHO OJUSKHUX K
X,, CIIpaBeJInBa NpUOIMKeHHasa (hopmyJia

f(x) = f(xq) +1'(x) (x — xp). (1)
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Yy Yy
C
B
- 4 y|| Ay
/
Ay=dy
ol a ¢ bx O x
Puc. 94 Puc. 95

II p u m e p. Ucnonbdysa dopmyay (1), HaliTu mpu-

OJIMKeHHOe 3HAaUeHIe 3\/8,12.
Q ITonoxum f(x)= %/;, x9 =8, x =8,12. Torga

fxe)= 38 =2, f’(x)=%, u, sHaunr, [ (¥o) =

3¥x?

1
33 o =12 ITo dopmyne (1), HaxogUM

3/8,1 z2+%(8,12—8), T e 5/812~201. m

W3 dpopmyast (1), B UaCTHOCTH, IMOJIyUaeTCsA MIPUOIn-
JKeHHad (popmyJa

1+Ax)" =1+ rAx,

CIIpaBemqjimBasd OJisd JI10060T0 PaAaiOHAJIBHOI'O YHKCJIa ' 1
AJIg JOCTATOYHO MaJIbIX 3HAUeHUN Ax.
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230. Inddepernuan. Juppepernyuanrom GyHKIUN
Ha3bIBAIOT IIPOU3BeJieHVe ee IPOU3BOAHOI Ha IpHUpale-
Hye aprymenTa. ua dyuknun y = f (x) gudpdepenmu-
an obosHauator dy wuau df. Takum obpasom, dy =
= f'(x)Ax. IlockoabKy I QYyHKIUN Y = X ©UMeeM dy =

=1-Ax, T. e. dx=Ax, pubdepernuan GyHrnum f
00BLIYHO 3aIlMCHIBAIOT B (hopMe

dy = f'(x)dx.
W3 sToii 3amucu moIydaeTcss OOHO U3 0003HAUEHHU IPO-

dy

o ! —

N3BOJHON f (x) - d_, KOTOpO€ MOHO TpaKTOBaTh KaK
X

oTHollleHVe AuddepeHIInaIoB.

OrMmeTuM ciegyooIue ABa cBoicTBa nquddepeHINA-
Jja:

1°. Jugpgpepernyuan pyuryuu — 3mo AuHeilHas QyH-
Kyus npupauienus apzymenma.

2°, Tupppeperuyuan QyHKYUL — 3Mo 21AB8HASL YACMD
npupawenus pynkyuu, m. e. Ay ~dy (puc. 95).

Ilonatue puddepennuana saBisgeTcd OCHOBOHM pas-
HOOOpPa3HBIX (PUBUUECKUX MPUJIOKEHUH ITPOM3BOJHOII.

Paccmorpum, Hanpumep, paboTy, KOTOPYIO COBepIIa-
eT 3alaHHadA cuyia F 1pu nepeMellieHUN II0 OTPE3KY OCHU
Ox. Eciu cuia mocTosiHHa, TO pabora A paBHA IPoU3Be-
neuuto F Ha niauny nytu. Eciau ke cuia MeHseTrcd, TO ee
MOYKHO paccMaTpuBaTh Kak (DYHKIUIO OT X, T. e. F =

= F (x). IIpuparienaue pabotel AA Ha orpeske [x,x + dx]
HeJIb3A TOYHO BBIYMCJIUTH Kak npousBenenue F (x)dx,

HO IIpPM OOCTATOYHO MaJibIX dx MOXKHO cyuTaTrb, 4TO
CHJia MEeHdAeTCA He3HaUMTeJIbHO 1M YKa3daHHO€ IIPOn3Be-

JeHue IIpeAcTaBJIsIeT co00# riIaBHYIO yacTb AA, T. e.
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asnsaerca puddepennuanom paborer dA = F (x)dx.
Uraxk, cuny MoxHO cuumamov npou3sooHoil pabombst no
nepemeuLeHuIo.

Paccy:xmasa aHAJOTUYHO U UCIIOJIB3Ys IOHATHE TUQ-
(bepenmmaa, JerKo yCTAHOBUTh, UTO:

CULY MOKA MONCHO CYUMAMb NPOU3BOOHOL 3apada
no 8pemeru;

MmenioemMKoCnmb MONCHO CUUMAMb NPOU3BO0HOIL men-
JIOMbL N0 memnepamype.

231. IIpuMeHeHNMe MPOU3BOTHON K MCCJIeTOBAHUIO
¢dyakuuit Ha Bo3pacTranue (yobiBanue). Bo MHOTHX ciy-
yasgx NPOU3BOAHAS IO3BOJSAET CPABHUTEIBHO IIPOCTO
HCCJIeIOBATh (PYHKIIMIO HA MOHOTOHHOCTh. OTO JOCTUTA-
eTCs ¢ TIIOMOIIBIO CAEAYIONUX NBYX TEOPEM:

T.7.11. ITycmdv yuryus f onpedesena u HenpepvLeHA
Ha npomexcymre X U 80 8Cex BHYMPEHHUX MOYKAX
9M020 NPOMENYMKQ UMeenm NOJOHUMENbHYI NPOU3-
soonyio (f'(x) > 0). Tozda @pyuruyus sozpacmaem
Ha X.

T.7.12. ITycmdv yuryus f onpedesena u HenpepvleHA
Ha npomexcymre X U 80 8cex BHYMPEHHUX MOYKAX
9M020 NPOMENYMKQA UMeem OMPUUAMeLbHY0 NPOU3-
600nYy0 (f'(x)<0). Tozda Pyrryusa yobvieaem
Ha X.

OTmMeTuM, 4TO 00e TeOpeMbI COXPAHSAIOT CUJIY U TOT-
Ia, Korga BHYTPU IpoMesKyTKa X COOTBETCTBEHHO
f'(x) >0 umu f'(x) <0, o paserctso f'(x) =0 BBIIOI-
HfAETCS JIUIIb B KOHEUHOM UKCJI€ TOYEK STOTO IIpOoMe-
skyTra. Tak, mas QYHKOuUM y = X3 mpowsBOAHASA

fi(x) = 3x2 BCIOZYy HEOTpHUIlATeJIbHA, IpHUUeM obpalra-
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eTcs B HYJIb JIUIIL B OAHOI Touke X = 0. 3HAUUT, PYHK-

g y = x3 BO3pACTaeT Ha IMIPOMEXKYTKe (—ow, + ).
II p u m e p. UccregoBaTh Ha MOHOTOHHOCTDL (hYHK-
IUI0:

a) y=x"+22+1 6) y=05x% -3In(x-2).
U a) Haxogum y' = 5x* + 8x2. CuopaBeinBo Hepa-

sencreo Hx? +3x% > 0, mpuueM 3HAK pPaBeHCTBA UMeET
MeCTO JIUIIIb B OOHOM TouKe x = 0. 3HAUUT, 11O Teopeme

5

7.11 pyurnua y = x° + 2 +1 BO3pacTaeT Ha BCeH uuc-

JIOBOII IPSMOI.
6) Nmeem

1 1 3
1.9y _3. —x— =
Y73

% -2¢-3 (x-3)(x+1)
x-2 x -2 )

3HAKM IOJYYEHHOTO BBIPAYKEHNA MEHAIOTCS TaK, KaK
mokasaHo Ha puc. 96. Ho obaacTh onpeseieHUs HUCCIe-

oyeMou (PYHKIIMU 3amaeTcs HepaBeHcTBoM x > 2. Ilo-
9TOMY U3 OTMEUEHHBIX Ha PUCYHKE UYeThIpeX IMPOMEKYT-
KOB Hac MHTEPeCcyIoT TOJbKO IBa: MPOMEKYTOK (2, 3) —

Ha HeM y' < 0, 3HAuUT, QYHKIKA 37ech yObIBaeT, 1 Ipo-

- + - +
-1 2 Q 3\m

Puc. 96
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MEXKYTOK (3, +o0) — Ha HeM y' > 0, 3HAUUT, PyHKIUA
3mech Bo3pacrtaer. W

232. IIpuMeHeHNe MPOU3BOTHON K MCCJIeTOBAHUIO
¢pyHKIMIT HA 3KCcTpeMyM. ['OBOPAT, YTO QYHKIUA Y =
= f(x) umeer maxcumym (MUHUMYM) B TOUKe X = a,
€CJIN CYIIIeCTBYEeT OKPECTHOCTL STOM TOUKM, B KOTOPOIi
f (x) < f (a) (coorBeTcTBeHHO f(x) > f(a)) pna x # a. Taxk,

dyHKIUA, rpauK KOTOpoii n3obparkeH Ha puc. 97, nume-
eT MaKCUMyM B TOYKaxX X, U X, U MUHUMYM B TOYKax

X, nX,.
2 4

Touku MaKCHIMyMa W MHMHHMYyMa OG’LGI[I/IHHIOTCH
O6H_II/IM TEPMUHOM — MOYKU IKmpemyma.

O6patuMcsa cHoBa K puc. 97. 3ameuaem, 4TO B TOU-
Kax X, 4 X, K TpaduKy QyHKIUHU MOMKHO IIPOBECTH Ka-
caTeJbHbIe, IIPUUYEM 9THU KacaTeJbHbIe TapalIeJbHbI OCH
Ox, a 3HAYUT, YIJIOBOH KO9(MPUITMEHT KaKI0M uU3 Kaca-
TEJIbHBIX DaBeH HyJII0; UTaK, f'(x;)=0, f'(x4)=0. B
TOYKaX X, U X, KacaTeJbHyI0 K TpaduKy IPOBECTH
HeJIb3sd, 3HAUNUT, B 9TUX TOUKAX IIPOU3BOAHASA PYHKIIUU

f (x) He cymectByer. TakumM 00pasoM, B TOUKAX DKCT-

y VN y=fx)
/ T=1(x)
1
O xl xz x3 x4x O a X
Puc. 97 Puc. 98
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pemyMa Ha puc. 97 mpousBogHas 100 paBHA HYJIO, JU00
He CYIIecTByeT. ITO — o0Iliee IMOJ0KeHNe, ITIOATBEeP K Ia-
eMoe CJenyIolneii TeopeMOi:

T.7.13. Ecau @ynruyusa y = f (x) umeem sxcmpemym 8

mouke x = a, mo aubo f'(a) =0, aubo f'(a) He cywe-
cmeyem (Heobxodumoe ycnoeue sxcmpemyma).
Touku, B koToprIx f'(a) =0 uau f'(a) He cyIliecTBy-
eT 1 KOTOpbIe IIPUHALJIEHKAT 00JIACTH OIpeaee s (PyH-
KUY, HasbpIBaloTcA Kpumuieckumu. Teopema 7.13 os-
HAYaeT, UYTO SKCTPEMYMbI (PYHKIIUI MOT'YT JOCTUIAThCS
TOJILKO B KpUTHUYECKUX ToukKax. OOpaTHasa Teopema, Of-
HaKO0, HEBEPHA: He 80 8CAKOIL Kpumu4eckoii mouke QyH-
Kyua umeem sxcmpemym. Tak, GyHKIUA Yy = x umeer
OOIHY KPUTHYECKYI TOuKy x = 0 (B 5TO#l TOUKe

y' = 3x2=0 ), HO B Hell QYHKI[UA He UMeeT HU MaKCHU-
MyMa, Hu MuHUMyMa (cM. puc. 27). PyHKIIUA, rpadur
KOTOpOo# mM300paskeH Ha puc. 98, mMeeT KPUTUUECKYIO
TOUKY X = @ — 9TO TOUKA M3J0Ma, B Heil y' He cyle-

CTBYeT, HO B 9TOM TOUKe HeT HM MUHUMYMa, HU MaKCH-
MyMa.

Kak ysHaTh, Korja KPUTHUYECKAs TOUYKA (PYHKIIUU
ABJsIeTCA TOUKOM sKcTpemyma? OTBeT Ha STOT BOIIPOC
IaeT cJemylolias TeopeMa.

T.7.14. ITycmdv x = a — Kpumuyeckas moika QYHKyuu
y =T (x) u nycmov cywecmayem unmepsan (b, c), co-
Oepicawjuili mouKy a 6Hympu cebsa u makxoil, ¥mo Ha
Kaxcdom u3 unmepsanos (b, a) u (a, ¢) npousgod-

Has f'(x) cywecmsyem u coxpausem nOCMOSHHbBLIL
3unak. Tozoa:
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1) ecau na (b, a) npoussodnas y' >0, a Ha (a, ¢)
npoussodnas y' <0, mo x = a — mouka maKcumyma
pyuryuu y = f(x);

2) ecau na (b, a) npoussodnas y' <0, a Ha (a, ¢)
npousdgodnas y' >0, mo x = a — MmoYka MUHUMYMA
pyuryuu y = f(x);

3) ecau u na (b, a) , u Ha (a, ¢) npoussodnas y' <0
uau y' >0, mo x = a He a8a1eMCA MOLKOL IKCMpPe-

myma pyuryuu y = f(x)
(docmamounoe ycnoeue 3xcmpemyma).

W3 Teopem 7.13 u 7.14 BBITEKaeT cjeaylollee IIpa-

BHIJIO mccaenoBanmsa GYHKINUN y = f (X) Ha 9KCTPEeMyM:

1. Haxogar ob6acTb ompeneieHuss QyHKIIUN.

2. Haxopgar f'(x).

3. HaxoasAT TOYKHU, B KOTOPBLIX BBIMOJIHSAETCA PABEH-
creo f'(x)=0.

4. HaxomaT TOUKHU, B KOTOPHIX [ (X) He CyIIecTBYeT.

5. OTMeuaroT HA KOOPAUHATHON MPAMOI BCe KPUTH-
YyeCcKHe TOYKM U 00JacTh OIpemeeHHUS (PYHKIUU
y = f(x); momy4aioT IPOMEKYTKU O0JIACTU OIIpejee-
HUA QYHKINHN, Ha KaXXJIOM M3 KOTOPBIX IIPOU3BOAHAS

dbynrnuu y = f(x) coxpaHseT IOCTOSHHBIN 3HAK.

6. OnmpenesndioT 3HAK Yy’ Ha KaKJAOM U3 IIPOMEXKYT-
KOB, IIOJIYYEHHBIX B II. 5.

7. HenaroT BBIBOALI O HAJUYNN WX OTCYTCTBUU DK-
CTpeMyMa B KayKIOM U3 KPUTUUECKUX TOUYEK B COOTBET-
CTBUHU C TeopeMoii 7.14.
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II p u m e p. HccremoBaTh Ha sKCTPeMyM (GYHK-
IUI0:

x2—6x+9

x—-1
U a) 1. ®yuknua ompejesieHa Ipu BCeX X.

2. Umeem y' = 6x% — 30x + 36.

a) y=2x3-15x2 +36x +1; 6) y =

3. s ypaBHeHUus 6x2-30x+36=0 OONYy4YUM X =
=2,x,=3.

4. TlpousBogHasi y' CyIlIeCTBYeT IPU BCEX X.

5. Ormerum TOUKM X, = 2, X, = 3 HAa KOODAUHATHON
IPSIMOI.

6. Unmeem y' =6 (x — 2)(x — 3). 3HaKU IPOUBBOLHOMN
Ha MOJYYEeHHBIX IIPOMEXKYTKaX OTMeueHBI Ha puc. 99.

7. Ilpu mepexone uepes3 TOUKY X = 2 cjeBa HaIIPaBo
mpousBoAHAA Y MeHsSeT 3HAK C «+» Ha «—», 3HAUWUT,

X = 2 — TOUKa MaKCHUMyMa; IIPU IIepexofie uepe3 TOUKY
Xx = 3 MPOU3BOAHAS MEHSAET 3HAK C «—» Ha «+», 3HAUUT,
X = 3 — TOuKa MHHEHMyMa. B Touke x = 2 ummeem

Umax = 29, B Touke x = 3 umeeM y,,;, = 28.

6) 1. O6nacte ompexneneHusa: x # 1.

2. Imeem
J - (% -6x+9)(x-1) - (x? -6x+9)(x-1) _
(x -1y
+ - + + - -+
O—C —C O O
2 3 -1 1 3
Puc. 99 Puc. 100
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_ (2x—6)(x—1)—(x2—6x+9)-1:

(x - 1)
_(x-3)2x-1D)-(x-3) (x-3)(x+1
) (x-1)? e
3. IIpousBograsa y' =0 npu x = 3 unu npu x = —1.

4. IIpousBoguasi y' He cylecTByerT mpu x = 1, HO
9Ta TOUKA He IPUHALJIECHKUT 00JIaCTH OIpeaeTeHnd PyH-
KIIUH.

5. OTMeTM Ha KOOPAMHATHON MPSAMON KPUTHUUYEC-
Kue Touku x = —1, x = 3 u Touxky x = 1.

6. 3HAKYW MIPOUSBBOAHON B IOJYYEHHBIX IIPOMEXKYT-
Kax oTMmeueHbl Ha puc. 100.

7. Arak, x = —1 — TOUKa MaKCHUMyMa, -8.

Ymax =

x = 3 — TOYKa MMUHUMYyMa, Y, ;, = 0.H

233. OTbickaHne HanOOJIBIIEr0 M HAUMEHBIIIero 3Ha-
YeHUI HellpephIBHOM (DyHKIIUU Ha oTpe3Ke. ['oBopsaT, uTo
byEEnUA y = f(x), OIpefeleHHas Ha IpoMexyTKe X,
IOCTUTAeT Ha HeM CBOero Hauboavuiezo (HaumeHovule-
20) 3HA4eHUA, eClIU CYIIIeCTBYeT TOUKa C, IPUHAIIeKa-
miasg 9TOMY IIPOMEKYTKY TaKas, UTO IJd Bcex X u3 X

BHINIOTTHAETCA HepaBeHCTBO f (x) < f () (cOOTBETCTBEHHO
f (x) = 1 (c)).

T.7.15. Pyuryus, HenpepvleHas HA ompe3ke, docmuza-
em Ha HeM C80UX HAUOO0JbULeZ0 U HAUMEHbULeZ0 3HA-
YeHUlL.

HawuGosbiiee sHaueHume M u HauMeHbIllee 3HaUe-

HYe m HeUpPepHIBHON (PYHKIIUM MOTYT JOCTUTATHCS KaK
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BHYTPpH OTpe3Ka, TaK M Ha ero KoOHIlaxX. Ecau manb6oian-
mIrero (HaI/IMeHBH_IeI‘O) 3HauUeHUuA (PyHKIMA OOCTUTAET
BO BHYTpeHHefI TOYKEe OTpe3Ka, TO 3Ta TOUYKa ABJIAETCA
TOUKOI1 9KCTpeMyMa,; BIIpOYEM, OJA IIPaKTHUKHN OOCTa-
TOYHO TOI'O, UTO 3Ta TOUKa KpUTHUYEeCKad. Haubosasiiee

U HauMeHblllee 3HaYeHHs QyHKmuuM y =f(x) Ha oT-

peske [a, b] oGosmavarwTCca TakK: Yy _ ., Y, = HUIA
max f (x), minf(x).
[a,b] [a,b]

IIpaBuyio OTBICKAHNA HANOOIBINEr0 ¥ HAVMEHBIIIEr0
3HAUYEHWH HenpepBLIBHON QYHKIWM y = f(x) Ha OTpesKe
[a. b]:

1. Haxogsar f'(x).

2. Haxopgar Touku, B KOTOpBIX f'(x) =0 wmuu f'(x)

He CYII[eCTBYET, M OTOMPAIOT M3 HUX Te, UTO JIE}KAT BHYT-
pu orpeska [a, b].

3. Brruucadaior 3HaueHusa QyHKnum y = f (x) B TOU-

KaX, IIOJIYY€HHBIX B II. 2, 1 Ha KOHIIaxX OTpe3Ka, a 3aTeM
BBI6I/IpaIOT U3 HUX HauboJIbIlllee U HanMeHbIllee; OHU "
6y,ZLYT COOTBETCTBEHHO HAMOOJBIINM M HANMEHbIINM

3HaueHuaAMU QyHKIuu f Ha oTpeske [a, b].
II p u m e p. HafiTu HauboJiblllee U HauMeHbIIIee

3HAUEHUA HEeIPEePBIBHOW (DYHKIuM y = x% —3x% — 45x
Ha orpeske [0, 6].

U 1. Haxomum y' = 3x2 — 6x — 45.
2. Ilpoussomuaa y' cyimecTByeT mpu Bcex x. Haii-

JeM TOYKM, B KOTOpPBIX Yy =0: 3x2 —6x — 45 = o,
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x2-2x-15= 0, orkyma x; =25, x9 =-3. OTpesky
[0, 6] TpuHAAJIEKUT JIUIIL TOYKA X = 5.

3. Boruuciaum 3HaueHusa pyHKIUHN B TOUKax x = 0, x =
=5, x = 6. CoorBercTBeHHO onyuum y =0, y =-175, y =
= —162. HauboabIlIMM u3 STUX 3HAUEHUHN SABJIAETCS
yucyo 0, HaumeHbmuUM — yucao —175. Urak, y =0,
yHaHM = _175. .

234. OrpicKaHHe HAMOOJBIIEr0 WJIH HAUMEHBIIEero
3HAYEeHUd HeINpPephIBHON (PpYHKIUU Ha HE3aMKHYTOM
MpoMesKyTKe. 3ajJadua OTbICKAaHUS HauboJbinero (Hau-
MEHBIIeTr0) 3HaUeHU A HelIPePLIBHON QYHKIINY Ha HesaM-
KHYTOM IIPOMEKYTKe, HalIpuMep Ha nHTepBaie (a, b), pe-
mIaeTcA IO TOMY Ke IIPaBUJIy, UTO U AJA OTpe3Ka [a, b]
(cm. m.233) ¢ TeM OTIMUYMEM, YTO Ha TPEThbeM ITalle
BMECTO BBIUMCJICHUWS 3HAUYEHUH (QYHKIIMM Ha KOHIIAX
OTpe3Ka HaXOOAT mpeaeibl GYHKIIUY MPU CTPEMJIEHUUN
X K KOHIIaM mHTepBasa. OTMeTUM, UTO YKas3aHHAas 3a-
Iaua He BCeria MMeeT pellleHune, KaK 9TO HMeeT MECTO B
cydJae oTpesKa.

WHorma a1 OTHICKAHUA HAUOOJIBIIEro Ui HauMeHb-

IIIeTo 3HAUEHMA HelPePhIBHOU pyHKIUY y = f (X) B Ipo-

MeXXKyTKe (a, b) OKasbIBalOTCA IIOJIE3HBIMU JBA YTBEPIK-
JeHunsd:

1°. Ecau @pynryusa y = f (x) umeem 8 npomexncymie
X moavko 00RY MOYKY IKCMPEMYMA X = C, NPULeM Imo

mouka maxcumyma, mo f(c) — Hauboabulee 3HAYEHUE
Pyrryuu 6 npomexcymre X.

2°, Ecau @yuryua y = f (x) umeem 6 npomexcymrke
X moavko 00RY MOYKY IKCMPEMYMA X = C, NPUiLeM Imo

moYKa MUHUMYMA, MO [ (c) — HaumeHblUlee 3HAYEHUE
Pynryuu 6 npomexcymre X.
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235. 3agauu Ha OTBICKAaHHNE HAMOOJBIINX MJIM HAU-
MEHBIINX 3HAYEeHMH BeaumuuH. Taxwue szazaum yg00HO

pelarhb, UCIOJAb3Ys CAEIVIONIYIO O0IIYIO CXEeMY.
1. BuIABIAIOT ONTUMUBUPYEMYIO Beauuuuy (T. e.

BeJINUUHY, HanOOJIbIIlee NN HauMeHbIllee 3HaUeHe KO-
TOpOii TpebOyeTca HaliTu) M 0003HAUAIOT ee OYKBOM
y (unu S, p, r, R u 1. 1. B 3aBUCUMOCTH OT YyCJIOBUI
3amaun).

2. OgHY 13 HEM3BECTHBLIX BeJIUYUH (CTOPOHY, YTOJ U
T. I.) IPUHUMAIOT 3a HE3aBUCUMYIO IIePeMeHHYI0 1 000-
3HAUAlOT OYKBOI X; yCTAHABJIMBAIOT peajbHbIe I'PAHU-
IIbl MI3BMEHEeHUA X B COOTBETCTBUU C YCIOBUAMMU 3aJaUm.

3. Ucxons m3 KOHKPETHBLIX YCJIOBUI 3amauu, BbIpa-
JKAIOT J 4epes X U M3BECTHbIE BeJIUUYUHBI.

4. JIna moiaydyeHHOM Ha IpembIAyIleM dTame (PyHK-
mmu y = f(x) Haxogar HauboJblllee MIU HaNMeHBIIIee
3HaueHue (B 3aBUCUMOCTHU OT TpeOOBAHUI 3a1aun) B IIPO-
MeKYTKe peajbHOro M3MeHeHUA X, HaliieHHOM B II.2.

5. NHTepnpeTupyoT pe3yabTaT II. 4 OJd JaHHOM
KOHKPETHOI 3amauu.

Il p u m e p. Uepes (purkcupoBaHHYIO TOUKY M BHYT-
pu yrja IPOBECTHU IPAMYI0, OTCEKAIOIyI0 OT YIJjIa TPey-
TOJBLHUK HamMeHbIne# miomanu (puc. 101).

O 1. OorumusupyeMas BeJUUYMHA — ILIOMIAAbL S
Tpeyroabpuuxka AOB.

2. Ilposenem DM " OB, MK" OA. Ilomoxxum KB =
= X; peaJIbHbIe I'PAHUIIBI UBMEHEHUA X TakoBbl: 0 < x <
< +00,

3. ITockonbKky M — (pUKCHUPOBAHHASA TOUKA, OTPE3KU
DM u KM rak:xe (puUKCUPOBaHBI; moyoxxkuM DM = a,
KM = b u Beipasum S uepes x, a, b.
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MK KB b
IOOHBI, 3HAUUT, =—,T.e. — = . Orcro-
AO OB AO a+x
b(a+x)

na HaxomuM AQO =
x

Hamnee mmeem S=05A40-0B-sina, rae o =
= /AOB (cm. m. 277) . ITosTomy

2
§=05-20079 (41 xysina = 0,5bsina- LD
x
(a+x)2
4. Paccmorpum pyHKmuio S=k-—— 0<x<

X

< +w. rge k= 0,5bsino. Haiizem ee HauMeHbIIee 3Ha-
yeHUe.
a) Umeem

.2(a+x)x—(a+x)2 _

Sk - k.(a+x)gx—a).
x x

6) IlpousBommasa He cyilecTByeT B Touke x = 0, a
obOpallaeTcsi B HyJIb B TOUKaX X = —a, X = a. W3 sTux
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Tpex ToueK IpoMekyTKY (0, + c0) IpUHAAJIEKUT JIUIIH
TOUKa X = d.

B) IIpu mepexome uepes TOUKYy a mpousBogHas S’
MeHsIeT 3HaK C «—» Ha «+», 3HAUUT, X = d — eJUHCTBEH-
Hada B npomexkyTke (0, +o0) TOouKa dKCTpeMyMa, IIpHU-
YyeM 59TO TOUKAa MUHMMYMAa, X paccMaTpuBaeMas (QpyHK-
mus S JOCTUTraeT B STOM TOUYKE CBOEr0 HAWMEHBIIIETO
sHaueHusa (cM. yrBepakaenne 2° us m. 234).

5. BepueMmca K MCXOQHOM reoMeTpHUYECKON 3amaue.
Taxk Kak x = KB=a u OK =a, to MK — cpenHas

auana AAOB, saauut, M — cepenguna AB. Takum obpa-
30M, 4TOOBI OT CTOPOH YIJIA OTCE€YL TPEYIrOJbHUK HaM-
MeHbIIIel IIOIALM, HAaJ0 IIPOBECTH Yyepes TOuKy M mps-
MYIO TaK, 4TOOBI €e OTPE30K, 3aKII0UEHHBIA MEeKIY CTO-
poHaMu yrIJia, fgeamiaca B Touke M momoJsam. B

236. IIpuMeHeHNe MPOU3BOTHON IS TOKA3aTe]b-
CTBa TOMKAecTB. [[0Ka3aTeIbCTBO TOMKIECTB C IIOMOIIIBIO
IIPOM3BOAHOM OCHOBAHO Ha CJIEAYIOIell TeopeMe:

T.7.16. [[ns mozo umobvL. HenpepvL6HAsL HA NPOMEHCYm-
ke X (QyHKyus Oblla NOCMOAHHA HA IMOM NpPOMe-
JHcymre, Heo0xo0umo u docmamouto, LmoobvL ee nPous-
B800HAS 80 BHYMPEHHUX MOYKaAX npomexcymra X Oviaa
pasHa Hyao (Yycroéue NOCMOAHCMEA QYHKYUU).

II p u m e p. [lokasaTe TOXKIECTBO

sin® x + cos (x — 60°) cos (x + 60°) = 0,25.
0 PaccmorpuM (GHYHKITAIO

f (x) = sin” x + cos (x — 60°) cos (x + 60°)
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U HaiiieM ee mpousBOAHY. MMeem

f'(x) = 2sinx cos x — sin(x — 60°) cos (x + 60°) —
—cos(x — 60°) sin(x + 60°) = sin2x —

—sin((x —60°) + (x + 60°)) = sin2x — sin2x = 0.
3uauur, f'(x) =0 npu Bcex x, a moromy f(x) —

nocrodgHHaa GyHKmua, f(x)= C. Ocraercsa HaiiTH 3Ha-
yenue moctosHHoit C. I[Jig aTOTO MOCTATOYHO BBIUHC-

JuTh 3HaueHue f(x) mpu JOO0M 3HAaUEHUU X, HAIIPU-
mep npu x = 0. Haxomum

f(0) = sin? 0 + cos (-60°) cos60° =0+ 0,5-0,5 =0,25.
Urak, f(0)=0,25 1. e. C = 0,25. Tem cambIM cmpa-
BEeIJINBOCTb JTOKA3bIBAEMOI'0 TOXKAECTBA yCTAaHOBJeHA.M

237. IIpuMeHeHNe MPOU3BOTHON IS TOKA3aTeJb-
CTBa HEPaBEHCTB.

II p u m e p. [lokasaTs, 4TO ecau o < B, TO

o+ cosa <+ cosp.

U Paccmorpum dyHKIUI f(x)=x+cosx U Haii-
neMm ee mpousdBoxHyo f'(x) =1-sinx. 3ameuaem, UuTO
f'(x) > 0, T. e. byarnus f(x) BospacTaeT Ha Bceil umc-
JIOBOH IpaAMO#M. 3HAUUT, 13 o < 3 BeITeKaer f(a) < f (),

T. €. o+ cosa <f3+cosfP. B

238. Oomasa cxema mocrpoeHus rpaduka ¢yHk-
mun. Ilycts Tpebyerca mocTpouTh rpadur GyHKIUU
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y = f(x). [na aTOro mosie3HO IPUIEPKUBATHCA CIELY-

fomei obIel cXeMbl:
1. Haxogar ob6yacTh ompeneieHus QyHKIIUN.

2. Haxopmar Touku, B KOTOpHIX f(x) =0 (3TO TOUKHK
nmepeceueHus rpadura ¢ ocbio aberuce).

3. Ormeuaror Ha ocu Ox TOUKU, HAliJeHHEIe B II. 2, U
TOYKH, B KOTOPBIX (GPYHKI[UA He oIpeeseHa, HaliJleHHbIe
B 1. 1; 5Tu TOUKM pa3dbMBaIOT OCh a0CI[MCC HA HECKOJBLKO
IPOMEKYTKOB, Ha KayKJIOM M3 KOTOPBIX (PYHKIUSA CO-
XpaHsAeT MOCTOAHHBIN 3HAK. ¥ CTaHABJIMBAIOT 3HAK (PYH-
KIIMY B KaXXJIOM M3 IIPOMEXKYTKOB.

4. UccaenyoT (YHKIIMIO Ha YeTHOCTL M HEUETHOCTDH
(B cIyYae YeTHOCTH WU HEUETHOCTH (PYHKIIMU MOYKHO
OrPAaHUUYUTELCS MCCJEJOBAHNEM U IIOCTpOoeHHeM rpadu-

kKa npu x >0, a 3aTeM BOCIIOJIb30BATHLCSA CUMMeETpUeit
rpadukra).

5. HaxomAT BepTUKAaJIbHbIE ¥ TOPU3OHTAILHBIE aCHUM-
ntoTsl (cMm. mm. 218 u 215).

6. UccienyoT GyHKINIO HA 9KCTPEMYMBI.

7. HaxogsaT HECKOJbKO MOIOJHUTENIbHBIX KOHT-
POJIBHBIX TOYEK U CTPOAT IpadukK.

s nepuoanyecKnx (GYHKIUN ITOJIE3HO C CAMOTO
Hayajga HalTu ocHoBHOM mepuwoxn T (cm. m. 96), c Tem
uTOOBI, MCCIe0BaB YHKIMIO U IIOCTPOUB BETBb rpadu-

ka Ha nmpomexyTtre [-0,5T, 0,57'], saTem, BoCOJIb30BaB-

IIINCH IIePUOANYHOCTBHIO, IIOCTPOUTH BECH I‘pa(bmc.

Eciu BRIMOJIHEHME KAKMUX-JIU00 IIIaros IIpeayIoxeH-
HOU CXeMbI COIIPpAMXEeHO C TEXHUYEeCKNMU TPYJHOCTAMU,
TO UX MOMHO OIIYCTHUTB.

II p u m e p . IlocTpouth rpadur QyHKIIUN
x2-9
x2 -4
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|
w

|
\V]
Do
w

Puc. 102

O 1. Haxozum 00J1aCTh OIpefeeHnud: x # +2.

x2-9
2. PemuB ypaBHeHUe - = 0, HaxoguM
x“ -4
X1 = 3, X9 = -3.

3. Toukn 2, —2, 3 u —3 pasbusaioT och abciucc Ha
ISTh MIPOMEKYTKOB. VIdaMeHeHMEe 3HAKOB (PYHKIIMHU IIO
IIpOMEKyTKaM IIpeicTaByeHo Ha puc. 102; cooTBeTcTBY-
[oIllasd NJJIIOCTPAIUA HA KOOPAUHATHOM IIJIOCKOCTH JaHa
Ha puc. 103, a (3amITPUXOBaHEI T€ IIOJYIOJIOCHI, TIe rpa-
dukra me Oyzer).

4. dyarnua yeTHad, Tak Kak [ (—x) = f (x). 3Hauwnr,
ee rpadUK CUMMETPUYEH OTHOCUTEJHLHO OCH OPAMHAT.
5. IIpamble x = 2, x = —2 — BepPTUKAJbHLIE aCHUMII-
TOTHI (cM. m. 218).
Yro0bl HANUTH FOPU3OHTAIBHYIO ACUMIITOTY, BBIUKC-
2

auM lim . JlJist 3TOTO YUCAUTETb U 3HAMEHATEIb

X—>0 x _4

Ipobu pasmevM MOUJEHHO Ha %2 (cm. m. 216). IToxyuum

x 9 1 9
2 _ 2 2 ) —
lim ~ 9zlimx X_ - lim X :1 0:
x—w x4 — 4 x—)oox2 4 x—)ool_ 4 1+0
T T o 2
x?  x? x
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Yy
Yy
2%
1
2—3—2 O 2 3/x —4'—\3 2 —1 O 2 3,|4 X
A 7
a) 6)

Puc. 103

Orciona cienyer, uto y = 1 — ropusoHTaIbHAS ACUM-
nrora rpadura (cm. m. 215).
6. Haxogum

@ -4 - (P -9 (P -4) _

Y

(x* - 4)?
C2x(x® -4)—(x* -9)-2¢  2x3 - 8x-2x% +18x
- (2 — 4)2 - (2 — 4)2 -
_ 10x
S @?oe?

IIpousBomuas obpaiiaeTca B HYJb B Touke X = 0 u
He cyIIecTByeT B Toukax X = 2. Ho mocnegnue He mpu-
HaJJIesKaT 00JIacTU omupeneeHus QYHKIINY, 3HAUUT, PyH-
KIS UMeeT JIUIIb OOHY KpUTudecKyo Touky x = 0. Ilpu
mepexojie uepes Hee IPOM3BOAHAS MEHSET 3HAK C «—»
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Ha «+», mosTtoMy x = 0 — ToOYKa MHUHHMYyMA:

Ymin = 1(0) = 2,25.
7. B KauecTBe AOIIOJIHUTEJIBHBIX BO3bMEM TOUY-

Ku x =+1, x =+4. Umeem f(1):f(—1):§,f(4)=

7
=19 =1

Hcmonb3oBaB HalifleHHBIE TOUKHU, CTPOUM rpaduk
(puc. 103, 6). &

§ 25. IlepBooOpa3Hass M MHTErpa

239. IlepBoobpaszHas. @Pyuxnusa F (x) HasbIlBaeTcsa
nepeoobpas3noil nia Gysrnum f (x) Ha npoMeKyTKe X,
ecau nas Jo6oro x u3 X BBINMOJHAETCS PABEHCTBO

F'(x) = f (x).
3

IIpuwmepl. Ilyers f(x)=x°. Torma nepBoob-

pasHass mMeeT BUJ F(x):0,25x4, Tak Kak F'(x)=

= (0,25x%y = (0,25x) = x® = f (x).

ITo He eIUHCTBEHHOE pellleHne 3agaun. Tak, B Kaue-
CTBe IEePBOOOPA3HON MOYKHO OBLIO B3ATh U (PYHKIIUIO
Fi(x) = 0,25x4 +3, u pyHKnuio Fy(x)= 0,25x4 -5
B0OOIIIEe JI00VI0 (PYHKIIMIO BHUA 0,25x4 +C.

T.7.17. Ecau F (x) — nepeoobpasnas 0as ¢pyuryuu f (x)
Ha npomexcymre X, mo y pyurkyuu f (x) 6eckoHeyHo
MHO020 NepeooopaA3HbLY, U 6Ce IMU NepPeoodpastbvle ume-
tom 6ud F (x) + C, 20e C — npou3gosibHaAsL NOCMOSH-
Hasa (0CHO6HOE Cc80lUcmE0 nepe006PA3HOLL).
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IIpuwmep 2. HaiiTu obmuil BuJ 1IepBOOOPA3HBIX

nna pysrnuu f(x)=x", toe r = -1.
O OpHoit M3 mepBOOGPA3HBIX ABJIAeTCA (DPYHKIIHA
r+1
F (x) = ——, IIOCKOJBLKY
r+1

’

r+1
F’(x):[x ]: L r+Da” =2 = ().

r+1 r+1
r+l1
3Haunr, + C — o0muii Buj mepBoodpasHbix. M
r+

240. Ta6auma meprooOpas3HbIX. Y UNTHIBAA, UTO OTHIC-
KaHue IIepBooGpasHoOil ecTh omepaliusi, oopaTrHas gudde-
PEHIIMPOBAHMIO, ¥ UCIIOJIb3Y s TA0IUIY IIPOU3BOIHBIX (CM.
. 222), mojydaeM CJIEIYIOIIYI0 Ta0JIUILY IIePBOOOPasHBIX
(U151 TIPOCTOTHI B Hell IIpUBeeHAa OfHA IepBoodpasHas F(x),
a He oOImuii BuA nepBoobpasubix F(x) + C):

dyuknus | [lepBoobpasuasa dyuknusa | IlepBoobpasHasa
f(x)=kFk F(x) =kx f(x) =sinx F(x)=—-cosx
r+l
flx)=x" F(x)= f+1 f(x)=cosx F(x) =sinx
(r#-1) f(x)=— 12 F(x)=—-ctgx
sin® x
f(x) = 1 F(x)= ln|x| fx)=— F(x)=tgx
x cos” x
f(x) = e~ F(x)=e" fx)= ! F(x) = arcsinx
1-x
f(x)=a”* F(x)= a f(x)= 1 F (x) = arctg x
Ina 1+x?
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241. ITpaBuja BEIYUCJIEHUS MepPBooOpa3HbIX. [IycTh
HYJKHO HaWiTu mepBooOpasHyo OQyHRmuum y = f(x).
HMHorma 9TO MOKHO CHEJATh C IIOMOIIBIO TAGJUIIEI IIep-
BoOOpasHBIX M3 1. 240; HanpuMmep, AJA PYHKIIUHA
f(x)= x%% 1o COOTBETCTBYIOIIEeH (opmMyJsie TAaGJIUIIBI

0,6+1 5 16
HaxoguMm F (x)=—=——, T.e. F(x)=—x"", a obmiuit
(=) 0,6 +1 (x) 8

BUJ[ IePBOOOPA3HBIX TAKOB: Exl,ﬁ + C. Omgnako uarire,
8

IIpesKJe YeM BOCIIOJIb30BATHCA Ta0IuIleil, MPUXOMUTCS
IIPUMEHSATDL CJeAYIOIre IIPABUJIA BBIUKCJIEHHUS IIE€PBO-
00pasHbIX.

1°. Ecau F (x) — nepsoodpasuas das f (x), a H (x) —
nepgoobpasnasn 0as h(x), mo F(x)+ H(x) — nepso-

o6pasnasn 0as f(x)+ h(x).
WHBIMY CIOBAMHU, Nep8000pasHas CYMMbL PABHA CYM-
Me nepeoodpa3HbLX.

2%, Ecau F (x) — nepsoobpasnas 0asa f(x) uk —

nocmosnnas, mo kF (x) — nepsoobpasnas drs kf (x).

WHBIMY cIOBaAMU, NOCMOSAHHbLIL MHONCUMELL MOHNCHO
8blHeCcmu 3a 3HAK NnepeoodpasHoil.

3°. Ecau F (x) — nepsoobpasnas dns f (x) uk, b —
nocmosannbvte, npuvem k # 0, mo %F (kx +b) — nepso-

o6pasnasn 0as f (kx +b).

II p u m e p. HafiTu ob0iuii BuA IIepBOOOPA3HBIX

418 GYHKIUT f(x) = 4sin? 2x.
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O Bocmosnbayemcs TeM, 9To 4sin? 2x = 2(1 - cos4x)
(cm. m. 83). Torma f(x)=2-2cos4x. Iaa pyHKIUU
fi(x) =2 mnepsoobGpasHas ecTh 2x, a AaA PYHKIUU
f5 (x) = cos 4x cormnacuo npasury 3° mepBooOGpPa3HO AB-
agerca 0,25sin4x. Torga gas pyHxmuum f(x)=
= f1(x) — 2f5(x) B cuny npasun 1° u 2° nepsooGpasHas
umeer Bupg 2x —2-0,25sin4x, T. e. 2x -0,5sin4x.

Urak, 2x — 0,5sin4x + C — »T0 00111111 BUJ IIEpBOOOPA3-
HOU mys mamHoil (pyuHxiuyu.ml

242. Uurerpan. IIycty dyurnua y = f(x) Hempe-
pbIBHA Ha oTpeske [a, b]. Pazobbem 9TOT OTpe3oK Ha n
4yacTeil TOUKAMU X, Xy, ..., X, ¢ JAJIA ONHOPOJHOCTH 000-

3HAUEHWI MOJOKUM 4 =Xy, b=x,. Beemem o6osHa-
UeHUs: X1 — Xg = Axg, X9 — X1 = Axy, X3 — X9 = Axg, ...,

X, —X,_1 =AX,_; U pacCMOTPUM CYMMY

f(xg)Axg + f(x1)Ax; +f (x9)Axg + ...+ [ (x,_1)Ax,_1.1)
Ona HaswpIBaeTCA uHmMezparbHol cymmol nig pyn-
knuu y = f (x) o orpesky [a, b].
Ha npakTuke yno0Hee IeJUTh OTPe3OK [a, b] Ha n
paBHbIX yacTeil. Torga Axy = Axy = Axg =...=Ax, ; =

b-a
= u cymma (1) npuHUMAaeT BUJ
n

b_Ta(f(xo) FF Q1)+ 1 (@) + oot (Xn1))-
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3HaueHre CYMMBbI 3aBUCHUT TOJBKO OT YucCJa 7, IIO-
aTOMY O0O3HAUUM ee S,.

Eciu pyuxnusa f HempepslBHA Ha oTpe3ke [a, b], To
ImocIegoBaTeabHOCTE Sy, Ss,...,S,,... AMeeT Ipexe,

KOTOPHBIIl HA3hIBAIOT uHmMezpanrom GyHKIUU f OT a KO
b

b u 00603HAYAIOT I f(x)dx (umraercda: «uMHTErpaa OT a
a

I0 b 2} OT UKC O3 UKC»):
b
[f(x)dx = lim S,.
a n—w

Yucna a u b HaA3BIBAIOT COOTBETCTBEHHO HUMCHUM U

6epxHUM npedenamu UHMezPUPOGAHUA, 3HAK I —

3nakom unmezpana, Gysrnuio f(x) — nodvinmes-
panvHol ¢ynKyuell, a IepeMeHHYI0 X — nepemeHHol
UHMezpupoO6aHUA.
1
II pume p. Hatitu _[xdx.
0
U CocraBuM mHTErpajbHyIO CyMMy S I8 QYHKIUU

f(x) = x ma orpeske [0, 1]. aa sToro pasobbeMm yKa-

3aHHBIN OTPE30K Ha 71 paBHBIX yacTeil TOUKaMu l,—,
nn

- 1) 1
3.1 (puc. 104). Mmeen f(0) =0, f(—j:—,
n n n n

f(gjzz, f[éjzi,...,f(n_lj: n_l. Wurerpais-
n n n n n n



AJITEBPA
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Y
e
</
O] 1L 2 38 4 n-11 x
n n nn n
Puc. 104
Hasda CyMMa Sn nMeeT BUL
1 1 2 3 n-1
Sn:—(0+—+—+—+...+ j:
n n n n n
1+2+3+...+(n-1)
n2

B uncautese comep:KUTCI cyMMa IepBbIX (n — 1) uie-
HOB apu(p)MEeTHUUECKOM IPOrPEeCcCur, Y KOTOPOI mepBhIil
ujeH paBeHn 1, a (n — 1)-it paBen n — 1. Torma cymma
YJIEHOB UHMCJINUTEJsS BhIUKCJAseTcsa mo dopmyiae (2) us
m. 209:

1+(n—1)(n_1): n(n—l)‘
2 2
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B urore IIoJjay4dyaemMm

nn-1) n-1_1 1

S, = .
" o2 2n 2n

1 1 1
IOamee umeem lim S, = lim (— ——j =5 Urak,
n

n—»w

243. Cpas3p MeKIy MHTErpajioM M IIePBOOOPA3HOI
(bopmyaa Herorona — Jleitonuna). Ecau F (x) — nep-

s6oobpasnas 0aa f(x) na ompesxe [a, b], mo

b
[f(x)dx = F (b) - F (@) (1)
(¢popmyna H:mmona—ﬂeliﬁnulga).

Ha npaxkTtuxe B popmyie (1) smecro F (b) — F (a)

numyt F (x)|Z .

WNuorpa popmyny Heiorona—JIeiiOHMIIa TPUHUMAIOT
3a ompefesieHNe MHTerpaia, T. €. uHmezpaaiom ot QyH-

knuu f(x) Ha orpeske [a, b] Ha3BIBAIOT Pa3HOCTH
F (b) - F (a), rne F(x) — mepBoobOpasHad aus f (x).

2
II p u m e p. Beruuciurs _[
1

dx
2x+ 3
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U Ous dysrmuu f(x) = IIepPBOOOPA3HOM SIB-

2x + 3

nsercst F (x) = 0,51n|2x + 3. 3uaunr,

%[dx
1

2
=0,5In2x + 3] =0,5(In7-In5) 1.
2x + 3 1 25

244, TIpaBujia BHIYUCJIEHUS MHTETPAJIOB.
1°. Hnmeezpan cymmv. pager cymme uHmezpanos:

b b b
[(h () + h(@)dx = [A (@)dx + [, (x)da.

20, ITocmoarHbLl MHONCUMELb MONCHO BbLHECMU 34
3HAK uHmezpaJa:

b b
[kf (x)dx = Ef (x)dx.

1

II p u M e p. Beruncaurso _[(2x3 + 3x — 4)dx.
-2

U Mcnonsays npasuiaa 1° u 2°, momyuum

1 1 1 1
[@x® +8x - 4)dx = [2x%dx + [3xdx+ [(-4)dx =
-2 -2 -2 -2

1

1 1
=2 jx3dx+3 [xdx- [4dx =
-2 -2 -2
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4] 1 211 1
=25 3. X 4y =
4 2 |y

-2 -2

=%(1— 16)+%(1—4)—4(1+2) =-24.1

245. Ucnoap3oBaHMEe WHTErpajia OJaA BBIUMCICHHA
miaomaneil maockux cguryp. PaccMoTpuM IIJIOCKYIO
burypy @, mpeacTaBasSIONIYI0 cO00i MHOMKECTBO TOUEK
KOODAMHATHOH 1IocKocTu X0y, JeKalliee B IIOJI0CE MEXK-
Iy IPSAMBIME X = @, X = b (a < b) 1 orpaHUYEHHOE CBEPXY

QLEVV b x

Puc. 105
y y
N
\
~f(z)
%) a| |b X y
Puc. 107 Puc. 108
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U CHUBY rpaduKaMu HEeIPEepPBLIBHBIX HA [a, b] QyHKIIU
Yy =fi(x) m y={fy(x) Takux, 4To Jasa BCcex X u3 [a, b]
CIIPaBeIJINBO HEPABEHCTBO fi(x) = f5(x). IIpumepsr TaKux
¢duryp mnpexacrasiesbl Ha puc. 105—-110. B uwacrtHOCTH,
durypa, nzobpakenras Ha puc. 107, orpaHnueHa cBepxy
rpa@uKoM QYHKIUHU y = f (x), & CHU3Y — IPAMOH y =
= 0. Takasa ¢urypa HasbIBaeTCad KPUGOLUHEUHOU mpa-
neyueil.
ILnomans S durypsl @ BHIUHCIASETCA IO POpMYyJIe

b
8 = [(A(x) - Kx)dx. 8

Orcioma cieayeT, YTO AJIs IJIOMIALN KPUBOJIUHEHHOK
Tpamenuu, n3obpakenHoil Ha puc. 107, cupasemiusa
gopmyia

b
S = [f(x)dx, @

a IJid IIomaau (purypsl, n3oopaskeHHoi Ha puc. 108, —
gopmyia

b
S = - [f(x)dx. 3)

II p u M e p. HatiTu miomaas Urypsl, orpanmuyeH-
HOI JMHUAMHU: a) Y :4—x2, y=0; 0) y=x-2,y=
= x? —4x + 2; B) y=\/;, y=x-2.

U a) @urypa, miomags KOTOPOi Halo HATH, M300pa-
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y y=x2-4x+2
Y %
2 <
1 2
(0] 4 x
-1
-21 O| \27x -2
Puc. 109 Puc. 110

skeHa Ha puc. 109. Ucmoabays dpopmyay (2), moaryuyum

2 2 2
S= [(4-x*)dx= [4dx- [x’dx =
-2 -2 -2

2 3| 2
_4x X 4@r9-Lgeg =32,
3 3 3

-2 -2

6) ITocTpous npamyio y = x — 2 u napaboJy y = prog.
—4x + 2, moaydyum PpUrypy, Iaomnanb KoTopoi Tpedyer-
ca Beruucauth (puc. 110). Ee miaomans Haligem 1mo ¢op-

myse (1), roe fi(x) =x -2, f5 (x) = x? —dx+ 2, a mpepe-
JIbI MHTEIPUPOBAHUS a U b — abCIMCChHI TOUEK IIepecede-
HUsS 1apabosbl ¥ NpAMOi. s OTBICKAHWS 3THUX abc-

nucc pemuM ypaBHeHue fi(x)=fo(x), T.e. x-2=

= x? —4x + 2, otryzma x; =1, x9 = 4.
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Hraxk,
4
S=[((x-2)- (x* —4x + 2))dx =
1
4 4
4 2 3 4
:j(5x—x2—4)dx=5-x7 I R

1 1

1 1

5 1
=5 16-1) - (64-1)-4(4-1)=45.

B) @urypa, mIoIaak KOTOPOH HYKHO HAlTH, n300pa-
sKeHa ma puc. 111. IIposemem mpsamyio x = 2. Torma
mwIomanab S MHTepecywoIeld Hac (GpUrypsl paBHaA cyMMe
S1 +Sg, rme S; u Sy — oLy KPUBOJIMHEWHBIX TPa-

menuii OTMeUYeHHBIX Ha puc. 111 cOOTBETCTBEHHO IOpH-
30HTAJBHON M BEPTUKAJBLHOM HMITPUXOBKOU. MMeeMm

2 2
S1 = [(Jx - @-x)dx = [(x® +x-2)dx =
1 1

8V2 -7

2 1
—5(2‘/5‘1“5(4‘1)‘2(2‘1)‘ 5
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A

Y

&)

Puc. 111

10 - 442
—

—%(8—2\/5)—%(16—4)+2(4—2):

OKOHUYATEJIbHO IIOJIYUYNM

8V2-7 10-4/2 13
6 3 6

S:S]_"t‘Sz:
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Puc. 113 Puc. 114

246. Beruuciaenne 00b€eMOB TeJI ¢ IOMOIIBI0O MHTEr-
paxa. Ilycts 3amaso teno T (puc. 112), obsangaroiree
CJEeYIOIMMA CBOMCTBAMIN:

1) TeJI0 PaCIONIOMKEHO MEMKIY ABYMS ILJIIOCKOCTSIMU

aun B, IIapaJjjaeJIbHbIMHN SaﬂaHHOﬁ IIJIOCKOCTH TT M yaa-
JIECHHBIMHM OT Hee Ha pPaCCTOAHMNA COOTBETCTBEHHO a4 U b,

(a < b), IpuYeM U B IJIOCKOCTH O , U B ILJIOCKOCTH f3
ecTb Touku Tesaa T

2)ecnu a < x < b ¥ IJIOCKOCTh Y TapaJlieJbHa ILIoC-
KOCTH T ¥ yZajeHa OT Hee Ha PAacCTOSHUE X, TO B Iepe-
ceueHUU ILIOcKocTu Y u Tesma T obpasyeTcsi ceueHue,

ILIOIIALb KOTOPOTO BhIpaskaercs (QyHKmuein S(x), He-
IIpepBIBHOI Ha oTpeske [a, b].
Torma o6bem V Tena T BbIumciseTca Io GopmyJie

b
V = [S(x)dx. (1)

a

Orciofa, B YaCTHOCTH, CIeAyeT, uTo ecau T — TeJio,
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00pa3oBaHHOE BpAallleHMeM KPUBOJMHENHON Tpalernuun
BOKPYT ocu abciucc (puc. 113), To 060beM Takoro teia
BpAIl[eHNs BBIpAXKaeTcs (POpMyJIoi

b b
V =n[(f (x)?dx = n[y’dx. 2)
a a

II p u m e p. HaiiTu 0o6'beM KOHycCa, pagmnyc KOTOPO-
ro paseH R, a BeicoTa paBHa H.

U Konyc MOKHO paccMaTpuBaTh KaK Tejlo, 00paso-
BaHHOE BpallleHHeM NPAMOYTOJbHOTO TPEyroJbHUKA C
kareramu H u R Bokpyr Karera H (puc. 114). Cocra-
BUM ypaBHeHMe npamoii OA. YriaoBoil KospPpuiiueHT k

9TOU HMPAMOIi, T. €. t paBeH£—£ T. € k—E
, T.e. tgo, o8 g "¢ I

3uauuT, ypaBHeHue npsamoiit OA umeer Bun y = kx, T. e.

R
=—"x (cm. m. 99).
V=g ( )

BocmonbzoBaBimcs AJIs BBIYMCJIEHUA obobemMa d)op-

H 2
myJoit (2), moayuum V =7 I[E xj dx. OcraeTcs BbI-
0
MOJIHUTEH BBIUMCJICHUA:
H
2 H 2 3
V:nR2 Idex:nRZ x|
H® | H® 3|
2 3
_ mR” H__() =lnR2H. -
2 3 3
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247, dusnueckue MPUJIOKeHUd WHTerpasaa. IloHsa-
THe HHTerpaja JIeXUT B OCHOBE €ro pasHOOOPasHBIX
(usnueckux mpunoskenuii. Ilycrs, Hampumep, TeJIO0 ABU-
sxercs Mo ocu Ox, B KAXKA0M TOUKe KOTOPOM MPUIOKEeHA

HeKoTopas cuwia F = F(x) (cuuTaeMm, 4TO BEKTOD CUJIbI
HAIIPaBJIEH II0 OCH MJIK B IIPOTHUBOIIOJIOMKHYIO CTOPOHY,
T. e. paKTUUECKHU, YTO CHJIA 3heCh He BEKTOPHAs, a CKa-
nspHas Beauunua). Torga pabora A, KoTopas coBepliia-
eTCs IpU IMepeMeIleHUN Tejla W3 TOUKH a B TOYKY b,

b
BBIUKCJIAETCA 10 (hopmye A = I F (x)dx. Taxkum obpa-

a
30M, pa6oma AéJaemcsa uHnmezpaJjom on CuJjivl.

Paccy:xmas aHaJOrmyHO M HCHOJIB3Yys IIOHATHE MH-
Terpaja, JerkKo yCTAHOBUTD, UTO:

nepemeuwienue meaa A8AAEMCS UHME2PALOM OM €20
cKopocmu;

MaACCA CMEPHCHS ABAAEMCS UHMezZpaiom Om ezo Ju-
HellHOUl nJaomHoOCMmuU;

dNleKmMpuUiecKuil 3apad A8JAemcs UHMezpaiom om
CUJIbL. MOKAQ.

§ 26. Ilouarue o nudpepeHIINATLPHOM ypaBHEHUH

248. Onpepenenue nugpdepeHINaJILHOTO YpPaBHe-
HUA M ero pemenuda. Ju@pdepenyuanvrnoim ypashe-
HUeM nep6ozo nopsadka Ha3bIBAETCsS ypaBHEHUE, COLEP-
JKalllee IPOM3BOLAHYIO MCKOMOM (PYHKIUHU, caMy (PYyHK-
nuio u ee apryment. O0muii Bua guddepesnnalbHOTo
ypaBHeHHUA Iepsoro nopanka F (x, y, y') =0, npudem
ypaBHEHNE MOKeT ObITh ¥ HEHOJHBLIM (He COmep KalliiM
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x unu y). Ecau nuddepeHnmanbHoe ypaBHEHUE UMEET

Bun F(x, y, y',y") = 0, To oHO HasbIBaeTcsa duddepen-
YUALbHbIM YPA6HEeHUeM 6MmOop0o20 NopAdKa.
Hampumep:

y+y—-x=0,y =cosx, y' =2y — nubdepennu-
aJbHBle YPaBHEHUS IIePBOTO IOPANKA;

y//+2y/_x_y:O, y//:x2_1, y//:mZy _ Hn(b'
(hepeHIIMaNIbLHBIE YPAaBHEHUS BTOPOT'O MMOPSAKA.

Pewenuem oup@epenyuanvhozo YypaéHeHusa Ha-
3bIBaeTCA BCAKAA PYHKIUS, IPU IOACTAHOBKE KOTOPOI
B YpaBHEHME OHO o0palllaeTcs B TOXKIECTBO.

II pumep 1. JoxasaTh, 4TO BCAKAA GQYHKIIUA

Buga y=Ce"™ aBnserca pemenmeM ypaBHeHHS
y' = ky.
O Hmem y = Ce™™ , orryna y' = Cke™™. Bameuaenm,

4TO Yy U y' CBABAHBI COOTHOLIeHUEM Y = ky. M
Il pumep 2. dokaszaTh, 4TO BCAKasA PYHKIIUA

Buza y = C;sinwx + Cy cos wx $ABIAETCA pelleHueM

ypaBHeHud y' + mzy =0.
U0 Umeem:

y = C; sinwx + Cy cos ox,
y' = Ciocos ox — Comsin ox,

y'= —Cl(o2 sin ox — Cz(o2 cos mX.
Torga

y'+ o’y = —(02(01 sin mx + Cy cos ox) +

+ o (Cq sin wx + Cq cos ox) = 0.
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Urak, pyuxnua y = C; sinwx + Cy cos ox obparraer

ypaBHeHHe y'' + m2y =0 B TOXxgecTBO. W

IIlpumep 3. Pemurs ypaBHenue y' = sinx.
U Ham #Hy:XHO HalTu QPYHKI[MIO, TPOU3BOAHAS KO-

TOpPO#l paBHA SinX, T. e. HaWTHU IEepPBOOOPA3HYIO IJIA
dyukmun sin x. TakoBoii sBiIsgeTca —COSX, a TOUHee,

sobasa GyHKINA BUAa —cos x + C. 3HAYUT, y = —cos x +
+C — pellleHne 3aJaHHOr0 TP PepeHInaIbHOr0 ypas-
HeHus. W

Pemrenve nuddepeHnnaJlbHOT0 YPaBHEHUA OIpeje-
JISeTCs He OJHO3HAYHO, a C TOYHOCTBIO [0 MOCTOAHHOM C
— B cayuae guddepeHInaJIbHOT0 YPABHEHUA IIePBOro
nopsaka (cMm. mpuMepsl 1 1 3) MJIM ¢ TOYHOCTHIO IO IIO-
crosuueix C, u C, — B ciaydae nuddepeHIUaTLHOTO
ypaBHeHUs BTOporo mopaaka (cm. npumep 2). Muorga x
IuddepeHINaIbHOMY YPABHEHUIO HOOABJIAIOT YCIOBUS
(uX HA3BIBAIOT HAYAALHBLMU YCAOGUAMU), C TIOMOIIIHIO
KOTOPBIX MOYKHO HAWTK 3HAUEHWS OCTOSHHBIX.

IIpumep 4. Pemurs ypaBHeHUe y' =sinx, ecian
y(n) = 3.

U B npumepe 3 mbI Hamwiu, uto y = —cos x + C. Tax
Kak y(n) =3, To 3=—-cosn+C, T.e. 3=1+C, oTkyzna
C = 2. 3uauut, y =—cosx +2.

249. NuddepeHnuaapHble YPABHEHUA IIOKa3aTeJIb-
HOTO POCTa ¥ MOKa3aTeJIbHOro yObIBaHUA. JacTo ObI-
BAeT, UYTO CKOPOCTh M3MEHEHUS HEKOTOPOU BEJIWUMHBI
IIPOTOPIIMOHAJIFHA 3HAUEHUIO 9TOM BEJIMUMHEI B TaHHBII
MOMEHT BpeMeHu. Hanpumep, CKOPOCTh PAANOAKTUBHO-
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'O pacimaza IIPOIIOPIIMOHAJIBHAa HaJIUYHOU Macce Belie-
CTBa; IIPUPOCT OeHer II0 BKJIaAdy B OaHKe IIPOIIOPIIMOHA-
JIEH BeJIMYMNHE BKJIaga U T. 1.

Tak kak CKOPOCTb M3MEHE€HUsA BEJIUYUHBI Y IIPO-
IIOPIIMOHAJIbHAa caMoO# BeJIMUYNHE Y, TO BBIIIOJIHSAETCSA
pPaBeHCTBO

y' = ky. 1)

Kosddunuent k£ mosoKuTeeH, eCau BeJIUUnHA | yBe-
JIMYMBAETCA C TeUeHreM BpeMeHU (Hampumep, BKJIaJ B
0aHKe), ¥ OTPUIlATEJICH, €CJIU [ yMeHbIaercsa (Hampu-
Mep, Macca BelllecTBa IPU PaguOaKTHBHOM pacliaze).
Bo BTOpoM ciyuae ypaBHeHue (1) OOBIUHO 3aIMChIBA-

IOT B BujAe y' = —ky, cuurad, 4yro k> 0. YpaBHeHue
y' = ky Ha3BIBAOT JupdepenyuarbLbim YpasHeHuem

nokasamenbHozo pocma, a ypaBHeHue y' = —ky — oug-

deperyLanbHBLM YPAGHEHUEM NOKA3AMELbHO20 YObl-
6AHUA.
Jlio6as dymxmus Buna Ce®™ apnserca permenumem

ypaBaenusd (1) (cm. mpumep 1 us . 248), mpuueM UHBIX

peltieHuit 3T0 ypaBHenue He umeeT. Yucio C umeer mpo-
cTOM (UBNUECKUI CMBICJ: OHO PABHO 3HAYEHWIO Y IPU

x = 0, T. e. HauaNLHOMY 3HaueHHUIo y. B camom gee,
I =0 _ k0 _ 0 _
pu x nony4yaem y = Ce” " =Ce = C.

IIpumep 1. YpaBHeHUe PagMOaKTHBHOTO pacia-

Ia sanucbiBaerca B Buge m' = —km (m — wmacca). Ero

_ -kt
peiterue ects m = Ce (TIOCKOJIBKY 31ech apryMeH-
TOM SBJISETCSA BPeMs, NCIO0JIb3yeM IIPUBLIUHOE 0003HAaUe-

356



AJITEBPA

§ 26. Ilouarue o gud. ypaBHEHUN

HUEe t). Kax ormeueno BhbIIIIE, C — HauvaJbHOE KoJInye-

CTBO BelllecTBa, T. €. C= mg. HOSTOMy 3aKOH pagnoaK-
THUBHOT'O pacliiaga MmMeeT BUJ

m = moe_kt. (2)

Ha mpakTuke BcTpeuaercs u guddepeHIIMATbHOE
ypaBHeHUe HeCKOJbKO 0oJiee CIOKHOTO Buaa, uem (1):

Yy =k(y-a).

Ero pemenue mmeeT BUL Yy = a+Ce"*. B camom
neJie,

y' = (a+Cef*)y = Cke™ = E(Ce™ +a-a)=Ek(y - a).

Il pumep 2. CKOpoCcThb OCTHIBAHUS Tejia IIPO-
MOpIIMOHAJbHA PAa3HOCTU TeMIlepaTyphl T 9TOTO Teja
u TeMnepatypel T ) OKpyskamIeil cpefbl. ITO 3HAYUT,
UTO

T' = —k(T - T}).

Pemernue storo ypaBHeHuda umeer Bupn 1 =T, +

+Ce ™. Benu cmavana (mpu t = 0) TemmepaTrypa Teaa
obita pagaa T, o T, = T, + Cunmotomy C =T, - T,

T.e. T=Ty+(T] - To)e_kt. C TeueHMeM BpeMeHH ¢ ¥t

CTPEeMUTCA K HYJIO, U B Ipeese TeMIepaTypa Teja cpas-
HsIeTCA ¢ TeMueparypoi T, OKpYy»Kaloledl ero cpeasl.

250. YpaBHeHne rapMOHHYEecKHUX KojgeOanuii. Ha
IIPAKTHKE YaCTO BCTPEUAIOTCA IIPOLECCHI, KOTOPLIE IIe-
PHOJUUYECKY IIOBTOPAIOTCA, HAIPUMED KoJebaTelbHbIe
OBUKEHNA MAATHUKA, CTPYHBI, IPYKUHBL U T. [.; IPO-
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Iecchl, CBSI3aHHLIE C MEePEMEHHBLIM 3JeKTPUUYECKUM TO-
KOM, MATHUTHBIM IIOJIEM U T. OI. PellleHre MHOTHUX Ta-
KX 3a7lady CBOAUTCS K pellleHuio Aud@epeHIInaaIbHOro
ypaBHEeHUA

yrr+ (Dzy _ 0’ (1)

rme ® — 3aJaHHOE IIOJIOMKUTEJNbHOe umcjo. PereHus-
mMu ypaBHeHus (1) aBiasiorcsa Jaro0ble (PYHKIIUK BUIA

y = C; sinox + Cy coswx (cm. mpumep 2 us 1. 248), rae

C, u C, — nocToAHHLIe, OIpejeNsdeMble YCIOBUAMY KOH-
KpeTHOU 3amauu. YpaBHeHue (1) HaswIBaOT duddeper-
YUALbHBLM YPAGHEHUEM 2APMOHUYLECKUX KOLeOaHU.

Briparkenue Cj sin ox + Cy cos ox MOKHO IIpeoOpa-
30BaTh K Buay Asin(ox +¢) (cm. m. 87). ITosromy
00bIUHO pellieHue ypaBHeHUsA (1) 3amuchIBaOT B BUIE

y(t) = Asin(ox + ¢).

9TO 3aKOH TapMOHWYECKUX KoJiebaHuUil; 3mech A —
aMILINTya KoiebaHusA, O — vacrora, ¢ — HayajabHAd
dasa. 'paduKoM rapMOHMYECKOTO KOJIEOAHUSA CIYKHUT
cunycouga (cm. m. 137).









I'EOMETPUSA

Paszoden VIII
OCHOBHBIE IIOHATHUSA I'EOMETPUU

§ 27. Touka, nmpAMasd, IJIOCKOCTh. PUrypsl u Teaa

251. Touka,npAaMas, Jy4, OTPe30K. ¥ pABHeHHE IIp-
MOl Ha IUIOCKOCTU. HeKoTopble mpocTeiIre MOHATHUS
reoMeTpuH, TaKHue KaK Mmouka, npamasn, niockocms, He
OTIPEJIEJIAIOTCA C IIOMOIIIBI0 UHBIX TMTOHATUM IIPU M3JI0XKe-
HUU TeoMeTpuu. B nanbHelimem 0yxemM o003HAaUYaTh TOU-
KU IPOIUCHBIMU, a IPAMbIE — CTPOYHBLIMU OyKBaMu Ja-
THUHCKOTO ajipaBuTa (IPAMBIE TAK}Ke YaCTO 0003HAYAIOT-
csl IByMsA IPONMCHBIMU OyKBamu).

Tourka M, jexxalras Ha OpAMOI a, pa3dbuBaeT ee Ha
JIBe YaCTH, KayKJasd M3 KOTOPBHIX HaBhIBAETCA NOAYNPA-
mou (mnu aywom). Touka M saBIgeTcsa HayaIoM KaiK-
moro us stux ayueit (MP u M@ ua puc. 115). Hacts
IPAMO¥, 3aKJIIOUeHHAsA MeXKIy JBYMsA ee TOUKaMu, Ha-
spIiBaerca ompesxkom (MN na puc. 115).

P M N Q
a

Puc. 115

OTMeTHM cJenyIoIre CBOMCTBA IIPAMOI:
19, Yepes nBe pasiuuHble TOUYKU IPOXOLUT E€LUH-
CTBEHHAas mpsaMas.
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20, JIge pasIuuHbIe IPAMbIe HMEIOT He 60Jee OJHOI
0011Tel TOUKH; eC/Iu IPAMbIe UMeIOT OJHY OOIIYI0O TOUKY,
TO T'OBOPAT, YTO OHU Nepecekaromcs B 9TOH TOUKE; eCIu
JKe MpsIMble He UMeIOT ODIIUX TOUeK, TO OHU HAa3bIBAaOT-
cs napannenbHuLMU.

VYpaBHenune mpsMoO#l Ha MIJOCKOCTH — 3TO ypaBHe-
HUe IIepBO¥l CTelleHU C ABYMs IIePeMEeHHBIMU U IPOU3-
BOJIBHBIMEU Kod(dduiimenramu. B obiiem caydyae OHO
uMeeT BUJ

Ax+ By +C =0. (1)

IIpu sTom n = {A; B} — BeKTOp, NePHeHAUKYIIPHLIN
npaMon (Hopmand k¥ npamoi).

PaccmoTpuM HEKOTOpBIe YACTHBIE CIydyaud ypaBHe-
Husa (1):

1. Ecau C = 0, To npsMas OPOXOIUT Uyepe3 HauaIo
KOODJIUHAT.

2. Ecaiu A = 0, To npamas mapaJjieabHa ocu Ox.

3. Ecau B = 0, To npamasa napauneabHa ocu Oy.

Hanpumep x = y — ypaBHeHUe NIPAMOI, IPOXOLsI-
el uepe3 HaYaJo KOOPAWHAT; J = 2 — ypaBHEHUeE IPs-
MOIi, mapaJjiienabHoi ocu Ox; x = 1 — ypaBHeHUe IIpd-
Moi1, napaJsiaeabHoit ocu Oy (puc. 116).

Puc. 116
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Ecau B ypaBuenuu (1) B # 0, To ero MoxxHO 3amu-

C
caTh B Bujie Yy = —— X — —. Ilosaras _é: k, —£=b,
B B B B

MOJIyYUM
y=Fkx+b. (2)

9To ypaBHeHHe IPAMOH C YIJIOBBIM KO3(M(PUIINEH-
TOM k. 3mech YMCJa0 B — YIJI0BOM KOa(pPUIMEHT Ips-

moii (cm. m. 100), KoTOpBIii paBeH TaHTEHCY yrja o
MEXKAY SAHHOM MPAMOMN U IOJIOMKUTEILHBIM HAIIPABJICHN-

em ocu Ox. IIpu £k > 0 yrom o — octpslii (puc. 117, a),
amnpu k<0 — tynoii (puc. 117, 6).

YA YA

A

a) 6)
Puc. 117

x
Ry

S
gY

A

YpaBHeHNE IPAMOil, IPOXOAAIINEl uepes JTaHHYIO TOU-
Ky M (xy; y,) 1 uMeroIlell 3alaHHbIA YII0BO# K02 dhu-
IIUEeHT k, 3allMCLIBAETCS B BUIE

Yy—yo =k(x—xp). 3)

IIpumep 1. CocraBuTh ypaBHEHHE IPAMOIL, IIPO-
xondAmieit yepes Touky M (1; 2) u uMemoIneil yrioBoi
Koaddumnuenrt £ = 3.
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y—-2=3(x-1), orkyga 3x-y—-1=0. &

YpaBHeHUe IPAMOI, IPOXOAAIIEH Uepes ABe JaHHLIe
Touku M; (x;; y;) u M, (%95 yy), AMeeT BUL

- xX—Xx
y—u — 1 . (4)
Y2-41 X2— X1

IIpumep 2.HaiiTu ypaBHeHne NIPAMOI, IIPOXOI -
meit uepes Touku M, (1; 2) u M, (=3; 4).

U HMcnonssya ypasHeHume (4) mpu x; =1, y; =2,
X9 = =3, Yg =4, IOIyUUM

y-2 x-1
E:E, OTKyZa x+2y—-5=0. &

252. IlmockocTh. YpaBHEeHHE IIIOCKOCTH B IIPO-
crpanctBe. Purypsr u tema. II10CKOCTL — 3TO HpO-
creiiias mMOBepXHOCTh. OOBIUHO IIIOCKOCTH 00O3HAaUa-
IOTCA TpeMs IPONUCHBIMH OYKBAMHU JIATUHCKOTrO aJida-
BUTA, & UHOTAA — OJHOM CTPOUHOI OYKBOI IpeuecKoro

andasura (o, B, y u T. I).

OTMeTHM OCHOBHBIE CBOMCTBA IIJIOCKOCTH:

19.Yepes Tpu TOUKH, He JeKallme HA ONHOI Ipa-
MO, MOKHO MIPOBECTH IIJIOCKOCTb, U IMPUTOM TOJBHKO
ONHY.

20, IIpamas, [Be TOUKU KOTOPOIi JIe3KaT B ILIOCKOCTH,
[EeJIUKOM JIeKUT B 9TOM IIJIOCKOCTH.

Orciozia caeqyeT, uTo ecau mpaMas He JIeKUT B I1JI0C-
KOCTH, TO OHA J1bO UMeeT ¢ Heil oHY OBIIYI0 TOUKY (3TO
TOUKA IIepeceyeHns MPsIMOI 1 IIJIOCKOCTH), JTUOO He UMeeT
¢ Hell 00X TOUeK (B 9TOM cJiyduae MpsaMas mapaiiesb-
Ha ILIOCKOCTH; cM. 1. 304).
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30, Yepes mpaAMyIo U TOUKY, He JeKaIlylo Ha Heil,
MO}RHO IIPOBECTH ILIOCKOCTh, I IIPUTOM TOJBHKO ONHY.

49, Yepes zmBe mepecexamomuecd IPAMBIE MOMKHO
IIpOBeCTI/I IJIOCKOCTDb, ¥ IIPUTOM TOJBKO OIHY.

50. Yepes 1Be mapaieIbHBIE IPSAMbIE MOKHO IIPO-
BECTH ILIOCKOCTD, H IPHTOM TOJLKO OAHY.

6°. Ecau IBe ILUIOCKOCTH MMEIOT OOLIYIO TOYKY, TO
OHU JTUBO MMEIOT 1 00IIIyI0 IPSAMYIO, IPOXOAAIIYIO Ue-
pes oTy TOUKY (9Ta IpsaMas — JUHUA [IepeceueHns IBYX
ILJIOCKOCTEl), 00 COBIANAIOT IEeJIUKOM.

JIo0as mpsamasi, JieKalas B IJIOCKOCTH, OeJIUT ILJIOC-
KOCTh Ha JBe YacTH, KasKIasd M3 KOTOPBIX Ha3bIBaeTCs
NOAYNLOCKOCMBIO.

VYpaBHeHUE IJIOCKOCTH B IIPOCTPAHCTBE (aHAJIOTHY-
HO YpPaBHEHUIO MPAMOI Ha ILJIOCKOCTH) — JTO ypaBHEe-
HUe IIePBOIl CTeleHU C TpeMsA IIePeMeHHLIMU U IPOU3-
BOJIBHBIME Kod(pduiimenramu. B obinem caydyae OHO
uMeeT BUJ

Ax+By+Cz+D =0. 1)

IIpu stom n ={A; B; C} — BeKTOp, IepIeHJUKY-
JIAPHBIN IJIOCKOCTH (HOPMALb K NAOCKOCMU).

PaccMoTpuM HEKOTOpbIE YACTHBLIE CJIyYau ypaBHe-
Husa (1):

1. Eciiz D = 0, TO ILTOCKOCTD IIPOXOJUT UYepes3 Haua-
JIO KOOPAWHAT.

2. Eciu A = 0, To mJIOCKOCTh mapaJieabHa ocu Ox.

3. Ecau B= 0 uiu C = 0, TO IJIOCKOCTh HapaJLiehb-
Ha ocu Oy mau Oz COOTBETCTBEHHO.

4. Ecitu A = 0 u B = 0, TO IJIOCKOCTD IIapaJjejbHa
KOOpAMHATHOMN miockocTu xOy.

5. Ecmm A=0uC=0umu B=0uC =0, To mmioc-
KOCTb IIapaJjiieIbHAa KOOPAUHATHON! miIockocTy X0z uiu
yOz COOTBETCTBEHHO.

Hanpumep, x — 2y — 5z =0 — ypaBHeHHe ILIOCKO-
CTH, IIPOXOAAIIEH uepes HAUAJI0 KOOPAUHAT; 3x + 42 —
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-8 =0 — ypaBHeHHUEe IIJIOCKOCTH, IIapajljeJbHOI OCU

Oy; 3y —7=0 — ypaBHeHUe ILIOCKOCTHU, Iapasjesb-
HOM KOOpAMHATHON miockoctu xOz.

VYpaBHeHUe MJIOCKOCTH, NPOXOIsIlell uepes 3a-
naHHyIo TOUKY M (X(; Yo 2() U IEPIEHAUKYIAPHON BEK-

topy n = {A; B; C}, umeer BUn

A(-x0)+ B -yp)+C(z-2)=0. (2
IIpumep 1. HaliTu ypaBHEeHHUEe ILJIOCKOCTH, IIPO-
xonAmeit uepes Touky M (1; 2; 3) u nepuneHIUKYJIAP-
HOI BeKTOpY 1 = {4; 5; — 2}.
U Corsiacuo ypasuenuio (2), npu A =4, B=5,C =
=-2, x9 =1, yy =2, 25 = 3 HonyuuM

A4(x-1)+5(@y-2)-2(z-3)=0,
OTKyza
dx +5y 2z-8=0.

YpaBHeHMe IIJIOCKOCTH, IIPOXOMAAINEN uepes TpH 3a-
naHHble TOUKU M, (X5 Y15 21)s My (X9 Yo 29)s Mg (X35
Ys; 23), UMEET BUJ

X—X1 Y—-Yy1 2—2
X9 —X1 Y2-Y1 22 —21|=0. 3)
X3 —X1 Y3 —Y1 23—21

IIpumep 2. CocraBuTh ypaBHEHNE ILJIOCKOCTH,
npoxojsAiei yepes rouku M, (1; 2; 3), M, (2; —1; 4),
Mg (3; 2; —3).
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0 Nmeem
y-—2 z—3
2-1 -1-2 4-3 =0,
3-1 2-2 -3-3
WINn

x—1 y-2 z-3
1 -3 1=0,
2 0 -6

OTKYyIa, padJjarasda olpenejinuTesb I10 3JIeMeHTaM HepBOﬁ
CTPOKH, HAXOOAM

18(x-1)+8(@y-2)+6(z-3) =0,

unu
9x + 4y + 3z — 26 = 0.

Bynem HaseIBaTh huzypoti HEKOTOPOE COUYeTaHe OIl-
penesieHHBIM 00PasoM PACIIOJIOKEHHBIX TOUYEeK, JIyde,
MPAMBIX, OTpe3KoB. IIpu sToM MBI OyZeM paccMaTpu-
BaTh TOJIbKO IIJIOCKHE (DUTYDPEHI, T. €. TaKue QPUIypbl, BCe
9JIEMEHTHI KOTOPBIX JIeKAT B OAHOM IJIocKocTu. Hampu-
Mep, PUrypoii aBiseTcsa KBaapar.

Tenom oOBLIUHO HABLIBAIOT YaCTh IIPOCTPAHCTBA, OT-
PAaHUUYEHHYI0 KaKOH-In00 3aMKHYTON IIOBEPXHOCTBIO.
Hanpumep, Ky6 — 9TO TeJI0, OrpaHUYEHHOE IIIeCThIO KBaI-
pPaTHBIMU T'PAHAMU.

253. ¥roa. Yznom HasbIBaeTCs YacTb IIJIOCKOCTH,
orpaHMYeHHAaA ABYMs JydaMM ¢ o0ImuM Hauvajgom. Ilpu
9TOM JIyUYM Ha3BIBAIOTCS CMOPOHAMU YTJa, a UX 00IIee
HaYaJi0o — epuluHoll yria. YTJbl 00BIUHO 0603HAUAIOT-
CA WK TPeMs MPOINCHLIMY JATUHCKUMU OyKBamu (rme
BepIIMHA MMUIIETCA B CepeAUHe), UM OJHON IPOINCHOI
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JIATUHCKOM OYKBOM — BEPIIIMHOI
(£ZAOB mmu ZO Ha puc. 118),
VIV OJTHOUM CTPOYHOM I'PEUEeCKOIt
OYKBOIi. 3aMeTHM, UTO II0J] YIJIOM
AOB MO0:KHO TIOHMMATDb KaK 3aIll-
TPUXOBAHHYIO YACTh ILIOCKOCTH,
o B TaK W OCTAJbHYIO €e YacThb
(puc. 118).
Puc. 118 BosmorkHO, uro nyun OA u
OB jexaT Ha OJHOI NPAMOI.
IIpu sTOM ecau OHU IPOLOJI-
sKaioT apyr apyra (puc. 119, a), To KaK bl 13 00pasy-
eMBbIX MMU YIJIOB 3aHMMAaeT IOJYIIJIOCKOCTH; B 9TOM
caydae yrox AOB HaspiBaeTca pa3éepuymuim. Eciu
ke OA u OB cauBatorcsa (puc. 119, 6), To ogun us yr-
0B AOB Ha3bIBaTCA HYe6blM, & BTOPOIl 3aHMMAaeT BCIO
IIJIOCKOCTh ¥ HA3LIBAETCA NOAHbBLM.
OObBIUHO TOJ yrJoM MeXay AByMmsa ayuamu OA
u OB MOHMMAIT TOT yroJ, KOTOPBIH JIeKUT BHYTPU
pasBepHYTOTO yrja, T. €. 3allITPUXOBAHHLIH yroJs Ha
puc. 118.
Paccmorpum pasBepuyThiit yroa AOB (puc. 120).
IIposemem ayu OC. ¥Yrablt AOC u COB, Ha KOTOpbIe

B////éé(//f/ (> —

a) 6)
Puc. 119 Puc. 120
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IMOJIYILIOCKOCTh pasbuBaerTcss ayuom OC, Ha3bIBAIOTCA
cmexcnvtmu. Cropona OC miiss 3TuX yrjaoB o0Iiasi, CTO-
pousl OA u OB npogoxkamT Apyr aApyra. MoxHO cKa-
3aTh, UTO CMeEJyKHbIe YIJIBI NOIOJHAKT APYr Apyra X0
pasBepHyToro. Takue yriabl Ha3bIBAIOTCSI OONOAHU-
menvHbLMU.

PaccmorpuMm aBe mepecerkaroiuecda npsamvbie AB u
CD. Ilyetp O — Touka ux mepeceuenus (puc. 121).
IIpu sTom cTropousl yriaoB AOC u BOD, a TakKe CTOPO-
Hbl yraoB COB u DOA mnpopoixkaror apyr apyra. Ta-
KHe yIJIbl Ha3bIBAIOTCA Gepmukanrdbrhbimu. Takum 06-
pasom, yriasl AOC u BOD — ojua mmapa BepTUKaJIbHBIX
yrJoB,a yriabel COB u DOA — BTOpas mapa BepTUKAJb-
HBIX yrioB (puc. 121).

B C

Puc. 121

MoskHO cKas3aTh, YTO BEePTUKAJIbHBIE YIJIBI — 3TO
YIJBI, CMEXXHBIE C OJHMM M TeM »Ke yriom (Ha puc.
121 yraet AOC u BOD cmeskHBIe, HAIIPUMEDP, C YIJIOM
COB).

T.8.1. BepmukaavHble yzabl PABHbBL.

254. TpagycHasa U paguaHHAA MepbI YIJIOB. Y TJbI
[IPUHATO U3MEPATh B IPajycax M paguaHax. 3a eJUHN-
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oy rpaayCcHoro usMepeHnmud, T. €. 3a yroja B OOIUH zpaayc

o 1
(obosHauenue: 1°), mpuuaTa 120 YacTh pPasBePHYTOrO

yria. TakuMm o6pa3oM, pa3BepHYTHINA yrosa pasex 180°.
¥Yrox, pasusiit 90°, HassiBaeTca npamosim. UHOTIA TIPS-
Mo yroa o6osHauaoT d. OTcioza ciaenyeT, UTO pasBep-
HYTBHIA yroa paBeH 2d, a MOJHBIN yroa paseH 4d. [lBe
mpsaMbIe, 00pasyoIiue IPAMOI Yo, Ha3bIBAIOTCS 63a-
umHno nepnenduryaaprusvimu. Yyrou, meubinuit 90°, na-
3BIBAETCA OCMPbLM; YIOJI, OOJBIINH IPAMOI0, HO MEHb-
Y pasBepHyTOro, HasbIBaeTca mynsim. I'pagyc nemut-
cd menuTcad Ha munymbur (ogHa MuHyTa 0003HAUYaETCH

1') u cexynduvl (onHa cekyHzaa obosHauaercs 1), a umeH-
HO: 1°=60", 1'=60".

Buccexmpucoil yria HasblBaeTCcs JIy4d, KOTOPBIN HcC-
XOIUT W3 €ro BePIIUHLI U JEJUT YroJI HOI0JIaM.

IIpuwmep 1. Haiitu yron, o0pasoBaHHBIN OMCCEK-
TPUCAMHU CMEXXHBIX YIJIOB.

O Paccmorpum cmeskuble yriael AOB u BOC u ux
o6uccexktpucskl OM u ON (puc. 122). NImeem

/MON = /MOB + ZBON = 0,5/A0B + 0,5/BOC =
= 0,5(LAOB + Z/BOC) = 90°,

nockoabky ZAOB+ ZBOC = 180°.

Taxkum 06paszoM, OUCCEKMPUCHL CMEHCHBLX Y2108 83a-
umHo nepnenduryaapuv.. B

PaccmoTpuM OKpysKHOCTE ¢ meHTpoMm O. YroJ, Bep-
IIMHA KOTOPOTro HaxomuTcsA B ToukKe O, HasbIBaeTcs
yenmpanvrovim (puc. 123). IIyru OKpPYyKRHOCTH MOXKHO
U3MepATh B rpagycax. Ilpu stom zpadycras mepa dyzu
pasHna zpadycHoil mepe coomeemcmaynuezo el yeHm-
PpanvHozo yzaa.

Hamnpumep, rpanycHada mepa ayru AB pasza 90°

(UAB = 90°), TaKk KaK COOTBETCTBYIOIIUIH e IIeHTPab-
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B

Puc. 122 Puc. 123

HBI# yroa — npamoii (puc. 123). Torga rpagycHas Mmepa
MOJNyOKpYskHOCTH paBHAa 180° (COOTBETCTBYIOIUI I[€H-
TPaJILHBIH YToJl — pasBepHYTHII), a rpafycHas Mepa Bceit
OKpYsKHOCTH paBHA 360° (COOTBETCTBYIOIIMIA IEHTPAb-
HBI#l yTOJI — IIOJIHBI).

Ilepeiinem Temeph K paawMaHHON Mepe YIJIOB M OYT.
PaccMoTpuM IeHTPaJbHBIA YroJ, COOTBETCTBYIOIIHI
oyre, IJANHaA KOTOPOM paBHAa paamycy. Takoil yrois Ha-
3pIBaeTCA YIJIOM B OfuH paduan (obosHauenue: 1). Tak

Kak UINHA OKpysKHOCTH paBHa 27R (cm. m. 290), To
TIOJHBIY yros paBeH 21 = 6,283... paguaHa, pasBepHY-

. . T
THIN YyroJI paBeH T, HPAMOI yroJ paBeH 3 3Hauur,

yroJ B 1° comepxur % ~ 0,0174... paguaHa, a yroJa B

ONVH pajuaH paBeH IIpUMepHO 57°17'45".

Me:xny rpagycHOil M paguMaHHOII MepaMHu CyIIe-
CTBYET 3aBUCUMOCTD, KOTOPAasA II03BOJIAET IePeXOIUTh
OT OmHOII Mepsl K Apyroi. Ilyets o° 1 o — cooTBer-
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CTBEHHO I'pafyCHAd 1 pajfuaHHasd Mepa OLHOI'O U TOI'O
ske yraa. Torma o° : oo = 180°: n. Orciona caenqyer, 4To
., 180°-a o’
a=—; o= ~.
i 180

IIpumep 2. Hafitu BeIMUNHBI CMEXHBIX YIJIOB,

1
ecan 3 omHoro um3 Hux pasHa 0,2 mpyroro.

O Ilyets ¥ — BBIpaskeHHAs B Ipajycax BeJddYrHA

OJIHOT'O M3 CMEXXHBIX yrioB; Torga 180 — x — BeamumHa
x 180-x

zpyroro yria. ITo yeaosuio, 3 = — OTKyza 8x =

=540, T.e. x=67,5,180 — x =112,5. HUrak, uCKOMELIE
yrisl cocraBiasoT 67°30° u 112°30'. W

IIpumep 3. Belpasuts B paguaHax yriasl o = 30°

U og = 45°. HaliTu rpagycHyio Mepy yria o = %

0 Nmeem

n-30° =« n-45° =«
180° 6 180° 4
180°-
w=——3 -60°. m
T

255. Jlomanas. MuoroyroabHuk. @urypa, obpaso-
BaHHAsA OTPE3KaMM, PACIOJOKEHHBIMU TaK, UTO KOHEIl
MPeABIAYIIEr0 OTPe3Ka SABJSAETCS HAYaJIOM CJeyIolie-
ro, Ha3bIBAeTCA L0MAHOU (IIPU STOM CUNTAETCS, YTO JBA
cocelHUX OTpPe3Ka He JieXkaT Ha OJHON IpsMoil; puc.
124). 9Ty OTpe3KU HAa3LIBAIOTCA 36€HbAMU JOMAHOM
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(unu ee cmoponamu). Eciu na-
YaJ0 IIepPBOTO OTPe3Ka COBIIaIa-
eT ¢ KOHIIOM IIOCJIeJHEero, TO Jo-
MaHad Ha3bIBAETCS 3AMKHYMOU.

3aMKHyTas JoMaHasd, COCTO-
dAlasa U3 n 3BeHbeB, Ha3bIBaeT-
cd N-yzonvHUKOM (UIU MHO20-
yzonvHurom). MHOTOYTOJIBHUK Puc. 124
Ha3bIBAETCH GHIMYKAbLM, €CIIU
OH IIeJIMKOM PACIOJIOMKEH II0 OJHY CTOPOHY OT MpsA-
MBIX, Ha KOTOPBIX JeKaT ero cropoHsl. Ha puc. 125, a
n3o0pakeH BBINYKJBIN YeTHIPEeXYTOJbLHUK, a Ha
puc. 125, 6 — HeBBINYKJLI. 3BeHbs JOMAaHOM, 00pasy-
IoITe MHOTOYTOJbHUK, HAa3bIBAIOTCA €I0 CMopoOHAMU,
KOHIIBI HTUX 3BEHbEB — 6E€PULUHAMU MHOTOYTI'OJbHU-
Ka. OTpesKu, CoOeINHSIONINe HECOCeTHIE BEPIITUHLI MHO-
rOyTroJbHUKA, HA3BIBAIOTCA €r0 OUua2ZOHAnAMU. YT,

a) 0)
Puc. 125

O6paSOBaHHbIe IIapamMm CTOPOH, UCXOAAIIIMMHU 13 O,ZIHOfI
BepIINHBI, Ha3bIBAalOTCA 6HYMpPEeHHUMU Yyaiamu MHO-
TOYTOJIBHUKA, a CME)XHbl€e C HUMU — 6HEeWHUMU Y2/la-

mu MHOrOoyroabHuka. Tak, ma puc. 126 £LBAD, Z/ADC,

/DCB, Z/CBA — BHYTpPeHHUE yTJIbI, & CMEKHbIE C HUMU

(oHHu 0003HAUEHBI AyraMu) — BHEIIHHNE YIrJbl YeThIpe-
xyronbuuka ABCD.
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T.8.2. Cymma 6HYMPEHHUX Y2108 6bLNYKI020 N-Y20.]b-
Hura pasna 180°(n—2).

Tak, cymMMa BHYTPEHHUX YIJIOB BBIIYKJOTO MSATH-
yroJabHUKA paBHa 540°, a cyMMa BHYTPEHHUX YIJIOB BEI-
IIYKJIOTO LIeCTUYTOJLHIKA paBHa 720°.

IIpuwmep 1. Halitu BHyTpeHHNE YIJIbI BHINYKJIO-
ro NATUYTOJbHUKA, eCIN

Oj:0g:0g:oy:oy=2:2:2:3:6.

U IIycrs o4 = 2x. YuureiBas, 4YTO CyMMa BHYTDEH-
HUX YIJIOB BEIIIYKJIOTO IATUYTOJbHNKA paBHa 540°, ume-
eM 2x+2x+2x+3x+6x=540, 15x =540, x = 36.

Urar, o =o0g =ag =72° oy =108°% oy =216°. B

T.8.3. Cymma 6HeWLHUX Y2]08 6bINYKL020 N-Y20LbHUKA
pasrna 360° (m. e. He 3a8ucum Om YUCLA CIMOPOH).

ChopMmyaupyeM OPUSHAKW PaBEHCTBA UM TOM00MS
MHOTOYTOJBHUKOB (cM. Tak:ke mm. 274 u 278):

C

Puc. 126
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T.8.4. Ecau y 08yx MHO020Y20bHUKO08 PABHbL COOMEeMm-
CMeEeHHble CMOPOHVL U Y2Jbl, 3AKAIOUEHHble MeHOYy
IMUMU CMOPOHAMU, MO MAKUE MHOZ0Y20LbHUKU PAG-
Hbl.

T.8.5. Ecau y 08yx MHO020Y20AbHUKOE COOMEEMCMEeH-
Hble CMOPOHbL NPONOPYUUOHANLLHYL, 4 Y2abl, 30K IIOUEH-
Hule mexncly IMuMU CMOPOHAMU, PABHbL, MO MAaKue
MHO20Y20NbHUKU NOOJOOHDL.

HeszamkHyTas JoMaHas Ha3bIBAETCA 8bLMLYKAOL, €CIIN
ee MOJKHO JOIIOJHHUTL 3aMBIKAIOIIMM 3BEHOM [0 BbI-
MyKJIOro MHOToyroJbuuka. Hampumep, Ha puc. 127, a
us3o0parkeHa BBINYKJIasd JOMaHas1, a Ha puc. 127, 6 —
HEBBITYKJIAsd.

0)
Puc. 127

PaccmoTrpum [Be JTJOMaHbIe, COEJUHSIOIIE KaKue-I100
oBe Touku A u B (puc. 128). Eciu mpu sToM omHa u3
JIOMAHBIX IEJIUKOM JIEKUT BHYTPU OPYToil, TO BHYTDPEH-
HsS JIOMaHas Ha3bIBAeTCS 006veMneMOl, a BHEIIHAT —
o6semnroweri. CipaBeqinBa CIeAyOIIas TeopeMa:

T.8.6. O0semawwaa romanas 0iuHnee B8CAKOU BbLNYK-
201 00BeMAEMOlL JOMAHOLL.

I pumep 2. druasl orpeskoB AC, CD u DB
PaBHBI COOTBETCTBEeHHO 2, 4 u 3 (cM. puc. 128). Mo:xHo
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-

Puc. 128 Puc. 129

JIU IIOCTPOUTH TAKYIO BRINYKJIYIO jJoMmaHyio AF FoF3B,
uyTOoOBI €ee AJauHa Oblaa pasua 10?

O Hawumaa obwemuaromieit guavu L =2+4+3=9,
cJIe0BaTeJIbHO, HEJIb3sI IOCTPOUTEH 00HEMJIEMYIO BBIITYK-
JIYIO JIOMaHyIo, JJINHA KoTopoi pasHa 10. W

256. T'eomeTpuueckoe Mecto Touek. I'eomempuuec-
KUM Mecmom mowex HasbIBaeTCS MHOMKECTBO BCEX TO-
uyeK, 06IafaonnX KaKuM-I1u60 CBOMCTBOM.

IIpumep 1. Teomerpuyeckoe MeCcTO TOYEK, PaB-
HOYJaJIEHHBIX OT ABYX JAHHBIX ToueK A u B, — aro mep-
IEeHJUKYJIAP, IPOXOAAIIUI Yepesd cepeiuHy oTpe3xa AB
(puc. 129); ero HaswpIBAlOT cepeduHHbLM nepneHoury-
nApom K OTpe3ry AB.

IIpumep 2. T'eomerpuueckoe MeCTO TOUEK, yza-
JIEHHBIX OT JaHHOII IIPAMOII HA paccTosaHUue [, — 3TO IBe
npsAMbIe, apaJlaelbHble JaHHOH 1 OTCTOMAIIE OT Hee Ha
paccroauue [ (puc. 130).

Il puwmep 3. Teomerpuueckoe MECTO TOYEK, PaB-
HOYIAJIeHHBIX OT ABYX IePeceKarolinxcs MPSAMbBIX, CO-
CTOUT M3 ABYX OMCCEKTPUC YIJIOB, 00PA30BAHHBIX 9TUMU
npamvmeiMu (puc. 131).
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Puc. 130 Puc. 131

IIpumep 4. HaiiTu reomerpryecKoe MeCTO TOUEK,
U3 KOTOPBIX JAHHBINA OTPE30K BUIEH MO JAHHBIM YTJIOM.

O Yriom o, moj KOTOPLIM BHUIEH JAHHBLIN OTPE30K
AB, HasbIBaeTcA yroJl Ipu BepliinHe Tpeyroabanka ABC,
rae AB saBiasetcsa ocuoBauueM (puc. 132, a). MckoMbIM
reoMeTpuUuecKUM MecToM cay:xkut nyra ACB, omupaio-
masicsa Ha oTpe3ok AB, B KOTOpPYIO BIIMCAH yroa O, H

CUMMeTPUYHAA el OTHOCUTEJbHO oTpeska AB nyra AC'B
(puc. 132, 06). &

IIpumMmep 5. Ha gauHoii upsamoii [ HATH TOUKY,
PaBHOYIAJIEHHYIO OT OBYX 3aJaHHBLIX ToueK A u B.

U Tax Kak reoMeTpudYecKoe MeCTO TOUeK, PaBHOYIA-
JIEHHBIX OT ToueK A u B, — 5TO cepequHHbIH ITepIeHIu-
KYJAp K oTpe3Ky AB (cMm. mpumep 1), To mcKoMasd TOUKa
M ecTb IepecedyeHmre 3TOTO MEPIEHINKYIAPa U IPAMOI
[ (puc. 133). ®

257. Cummerpus. Paznuuaior MOHATUSA CUMMETPUU
OTHOCHUTEJIBbHO TOUKK W OTHOCHUTEJIHLHO IPIMOM.
Ilycrs mansl puKcupoBanHas Touka O M HEKOTOpas

rouka M. Touka M' HasbIBaeTCA cumMMempPULHOL MOY-
ke M omnocumenvno mouxku O, ecau touku M, O u

M' nexar Ha ogHOM mpamoit u MO = OM' (puc. 134).
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Puc. 132

Ecnu ¢urypa cocTouT U3 TOUeK, CHMMETPUYHBIX OT-
HOocuTeJbHO Touku O, To Takas GUrypa HasbIBaeTCA CUM-
mempuunol omHocumenvHo mouku O, a Touka
O — yenmpom cummempuu.

Hanpumep, napasienrorpamMM ABJIAeTCA CHMMeETPUY-
HBIM OTHOCHUTENIbHO TOUKM IlepecedeHMsd ero AuaroHa-
nen (puc. 135).

CuMMeTpUA OTHOCHUTEIBHO TOUKM HA3LIBAETCH YeH-
mpanvHol cummempuell.

IIycts nmaHBl UKCHUpPOBAaHHAA IpaMasd | U HEKOTO-

past rouka M. Touka M' HasbIBaeTCA cuUMMEMPULHOU
mouxke M omnocumensno npamou I, ecnu MM'Ll n
MO =0OM', roe O — TouKa IepeceueHUsA MNPIMBIX

MM' ul (puc. 136).
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Puc. 135 Puc. 136

Ecau durypa cocTouT u3 TOUEeK, CAMMETPUYHBIX OT-
HOCHUTEeJbHO IPAMOI [, TO aTa (pUTrypa HA3LIBAETCSI CUM-
MempuwHOU OMmHOCUMenbHo npamou l.

Takasd cUMMeTpPUsS HA3LIBAETCS 0Ce80l, a IpsaMas
I — ocvro cummempuu.

Hampumep, O6ucceKTpuca yrja SBJIAETCS ero OChbIO
cumMMeTpuu. IIpAMOYTroJIbHUK WMMeeT JBe OCHU CUMMET-
pum — 3TO HIpAMEBIe, IPOXOAAINNE Ueped TOUKY Iepece-
YeHUs ero AuaroHajeil u mapajielbHble CTOPOHAM IIPs-
moyroabHUKa (puc. 137). Ocbio cCMMMETPUN OKPYIKHOC-
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Puc. 137 Puc. 138

TH SBJsSeTCA J000i ee AuaMerp, T. €. OKPYKHOCTb UMe-
eT OeCKOHEUYHO MHOro oceit cummerpuu (puc. 138).

§ 28. IlepneHAUKYISIPHBIE
U mapajiielbHble MPAMbIE

258. IlepneHOUKYIApP U HAKJIOHHAs. depe3 npous-
B0JLbHYI0 MOYKY NJOCKOCMU MONHO npogecmu eOuH-
CMBEHHYI0 NPAMYIO, nepnenOuKyaapryo darnnoii. Ecaiu
IIPY 3TOM TOUKA HE JIEXKUT Ha IPAMOI, TO TOBOPAT «OIIy-
CTUTE MEPIEHIUKYIAP» , €CIIN e JIEKUT — «BOCCTABUTD
MePIeHAUKYIAP». TOuKa, B KOTOPOH IepIeHIUKYJIAP
IepeceKaeT JAaHHYIO IPAMYIO, HA3bIBAETCS OCHOBAHUEM
nepnendukynapa.

IlycTs us Toukyu M OIyIleH NepPIeHIuKYJIAp Ha JaH-
HYIO ONpAMy0. [[JIMHA 5TOr0 IepHeHIUKYIApa HA3bIBa-
ercsi paccmosnuem om mouku 00 npamoi. Jlobas
Ipyrasa mpaMasi, IPOXOoAsAInas yepe3 Touky M u mepe-
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cexkarolas JaHHYIO, Ha3bIBAETCA HAKAOHHOU (HAKJIOHHOMN
TaKKe HasbIBAETCA OTPE30K OT TOUKU M 10 IepeceueHust
¢ maHHOM mpamMoir). Touka, B KOTOPOI HAKJIOHHAA IIepece-
KaeT JaHHYIO IPAMYIO, Ha3bIBA€TCA OCHO8AHUEeM HAKOH-
HOU, a OTPE30K MeXKAy OCHOBAHUAMMU IIEPIEHINKYJIApa 1
HaKJIOHHON — npoekxyuei Hakxaonnou. Tak, Ha puc. 139
usobpakennl: MA — nepueHIUKyJasap, MB — HaKJIOH-
Hasi, AB — mpoeknua HakJoHHOI. IIpu sTOM IHIIIYT

MA1AB.

OTMeTM HEKOTOpbIe CBOMCTBA HAKJIOHHBIX:

19, Ecsiu u3 faHHOI TOUKH K OLHOMN M TOM Ke mpd-
MO IIpOBeJeHbI MePIeHAUKYIADP U HaKJIOHHAA, TO Ha-
KJIOHHAA NJNHHee IIepHeHINKYJIApa.

20, Eciu U3 HaHHON TOYKHM K OXHOI M TOIl 'Ke IpH-
MOM IIPOBeeHbI [Be HAKJIOHHbBIE, TO U3 HUX AJUHHEe Ta,
Y KOTOPOIi IIPOeKInsA OOJIBIIE.

30, Ecu IBe pasinuHbIe HAKJIOHHBIE, IPOBEJEHHBIE
U3 JaHHOI TOUKHU K OJHOI M TOU iKe IPSIMOM, paBHbBI, TO
MX OCHOBAHMUS OJAMHAKOBO YAAJEHELI OT OCHOBAHUS IIep-
MeHIUKYyJaapa (1 JeKaT o pasHble CTOPOHBI OT HEro).

49, Eciu yepes TOUKY, M3 KOTOPOIl K JaHHOM mIpH-
MOIi IIPOBEEHEI ABe PaBHbIe HAKJOHHBIE, U CEPEIUHY
OTpe3Ka MEXKIY MX OCHOBAHUAMH’ IPOBECTHU IPAMYIO,
TO OHA ABJAETCA MEPHEeHAUKYJIAPOM K TAHHOMN IIps-
MO.

OTMeTHM, UTO BCE TOUKU CEPEAUHHOI0 IepIeHIuKY-
Jspa K OTPe3Ky OAMHAKOBO YAAJEHBLI OT KOHI[OB 3TOI'O

M

Puc. 139 Puc. 140
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Pasden VIII. OCHOBHBIE ITOHATUSA

orpeska. O6paTHO, eCJIu U3BECTHO, UTO HEKOTOpas TOUKA
OIVHAKOBO yIaJieHa OT KOHIIOB OTPe3Ka, TO TaKas TOUKa
JIeKUT Ha CepeIUHHOM IIepPIeHINKYJIApe K OTPE3KY.
3HauuUT, BEPHO CJeyIollee YTBePIKIeHNe:

T.8.7. Cepedunnuiii nepneHduUKYyLAp K OMpe3Ky ecmb
2eomempuyeckoe mecmo moiex, 00UHaAK080 YyoaleHHbLX
om KOHY08 ompesKa.

259. ITapanaeabHbie mpameie. [Ipavbie, Jexalimue
B OJHOI IIJIOCKOCTH, HA3BLIBAIOTCSA NAPARLELbHbLMU,
ecJIl OHU He mepecekaorcsa. IIpu srom mumryr AB || CD
(puc. 140).

Yepes npoussonvHyi0 MOYKY NJAOCKOCMU, He Jdexa-
Wy Ha OAHHOLU NPAMOLL, MOHCHO NPOBeCMU eOUHCMBEH-
HY10 npamyro, napaiienvryio dannoii. OTcoga cienyer,
uTO ecau 08e npsaMvie 8 NAOCKOCMU NAPALLEJbHbL mpe-
mueil, mo OHU NaApaiiesbHbl Mexdy coboil.

OrmMeTuM, 4TO NpAMas, nepneHouUKyiapHas 00HOlL
U3 NAPanLesbHbLX NPAMbLX, NePNeHOUKYILAPHA U

ocmaavhoim. Tak, ecau AB|| CD u MN1 AB, To
MNL1 CD (puc. 141).

c |~ D ¢ E
1
A M B A D F B
Puc. 141 Puc. 142
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Ilea nepnendurynapa, nposedernnuvie k¥ 00HOU U moil
JHce npamoil, napaiiesivHsvl mexcdy coboii. Hanmpumep, ecau

CDL AB u EF1 AB, 1o CD|| EF (puc. 142).

260. IIpusHaKu mapaJjieJbHOCTH MPAMBIX. PaccMmorT-
pUM yrabl, o0pasoBaHHBIE IIPU IE€PECEUEHUN ABYX IMPH-
MbIX TpeTbeil (puc. 143). OHu UMEIOT clieliuaIbHbIe Ha-
3BAHUA:

VIJIBL OO ¥ O, 3 ¥ By, Y ¥ V1, & U §; HaBHIBAIOT-
CsI COOMEEemCMmMeEeHHbLMU:

yriIel 8; U B, Y1 B 0. — 6HYMPEeHHUMU HAKpecm
nexcawumu;

yIJBL O U 7V, 51 n 3 — 6HewHuUMU HAKpecm ne-
Hawumu;

yIJIBL o0 U 07, B U Y1 — 6HympenHumu 00HOCHO-
POHHUMU;

yIael 04 4 8, By U Y — 6HewHUMU 00HOCMOPOH-

HUuMU.
CupaBeiuBLI CIEAYIOIINE YTBEP:KICHUSI:

T.8.8. Ecau coomgemcmeenHble Yzlibl PABHbL, MO NPs-
Mble napaiesbHbl.

T.8.9. Ecau enympennue (ulu 8HeulHUe) HAKpecm Je-
Jeaujue yaaiol pA8HbL, MO NPAMbLE NAPALIETbHDL.

T.8.10. Ecau cymma enympenrHux (Ulu 6HeULHUX) 00-
HocmopoHHuXx yznoe pasua 180°, mo npamvie napa-
JleJIbHbL.

CrpaBeaJinBO TaK:Ke yTBep:KAeHne, o0paTHOe Teope-
mam 8.8—8.10:

T.8.11. Ecau 0se napannenbHbie npsmble nepeceieHul
mpembweil, mo cOOmeemcmaeHHbvle YyzJbl PABHbL; BHYM-
penHue (U 8HEWHUE) HAKpecm Jexcaujue Yyzivl pas-
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Hbul; cymma eHympeHHux (U 6HeUHUX) 00HOCMOPOH-
Hux yeaoe pasrna 180°.

OrmeTM cenyoiee CBOMCTBO IIapaJjijaeJIbHbIX IIPDA-
MBIX:

T.8.12. ITapannenvHble npamble, nepecexaruiie cnmopo-
HbL yeaa (puc. 144), omcexaiom om amux cmopoH npo-
NOPUUOHAbHBLE OMPE3KU, T. €.

AB; BB, B,Bg
AC;  C1Cy  CoCs

B YaCTHOCTHU, CIIpaBedJIMBO TaKO€ YTBEPXKIECHUE:

T.8.13. Ecnu napannenvHvle npsamvie, nepecexaruiue
CMOPOHbBL Y2114, OMceKaom Ha 00HOl e20 CMOpPOHe Pas-
Hble OMPe3KU, Mo OHU 0MceKam pagHvle OMpe3Ku u
Ha Opyezoii ezo cmopore (meopema Paneca).

261. ¥Yrasl ¢ mapajieJIbHBIMA M TepPHeHINKYJIIp-
HBIMH CTOpOHamMu. PaccMOTpUM YIJIBI, CTOPOHBLI KOTO-
PBIX HapaJLIeJbHLI WX IepHeHAUKYJIAPHBI. CIpasem-
JIUBBI CJIEAYIOIYE YTBEPKICHU:

T.8.14. Ecau cmoporbvt 001020 Y2aa cOOMEEMCmeeHHo
napanienbHul CmopoHam 0pyzozo yzaa, mo maxue yziol
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s

§ 28. IlepneHAUKYIAP. U HapajiebHbIe HpﬂMLm[

AUGO0 pasHut, aubo dononanswm Opyez Opyza do 180°
(puc. 145, a u 6).

T.8.15. Ecau cmoporv. 00H020 Yy2aa cOOmeemcmeenHo
nepneHouKyLAPHbL CMOPOHAM O0pYz020 Yyzaa, mo ma-
Kue yeabl Aub0 pasuvl, Aubo donosusiom Opyz dpyza
0o 180° (puc. 146, a u 6).

OueBUIHO, UTO PABEHCTBO YIJIOB IOJIYYaeTCd B TOM
cayuae, Korga oHu Jubo oba ocTprlie, Jinbo oba TymbIe.
Ecau »Xe oguH 13 yIJI0B OCTPLIi, a IPYTOi TYIIOii, TO OHU
IOIIOJHAIOT APYT Apyra mo 180° (mpsMble yIibl, KOHEU-
HO, ¥ PABHBI, U JOIOJHAIOT APYT Apyra go 180°).

(0}
B
& §
a) 0)
Puc. 145
B1
o % B
a) 0)
Puc. 146
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Pasden VIII. OCHOBHBIE ITOHATHUSA

§ 29. IIpocreiimue 3agauyn HA IOCTPOEHHUE

Bo Bcex zamauax, paccCMaATPUBAeMbLIX B JaHHOM IIa-
parpade, UCIOJIB3YIOTCSI TOJbKO IBa UePTEKHBIX MHCT-
pyMeHTa — JHUHEHKa U ITUPKYJb.

262. JleneHue oTpe3Ka IOMOJIAM.

3anaua I. PazgenuTb JaHHBIHA OTPE30K IIOIOJIAM.

O 1. IIpoBoauM Ayru OKPYsKHOCTEH OMHOTO M TOTO
JKe paamyca (0oJibIitero moJaoBUHBI AB) ¢ IeHTpaMu B
3aJaHHBIX TouKax A u B (puc. 147).

2. Yepes Touku C u D (TOUKU IepeceueHus 9TUX
oyr) mpoBoguM mpamyio. OHa mepecekaeT oTpe3ok AB
B ero cepenune F. &

9To Ke IOCTPOeHHE HCIOJb3yeTCs IJA PelleHus
cJenyioliei 3amauu.

3amaua II. BoccTaBUTh NEPIEHAUKYJIAP B cepennue
ITaHHOTO OTpesKa.

IIpsamasa CD u ecTb MCKOMBIM HNePIeHIUKYIAP.

263. IlocTpoeHue IEePIEHANKYJIIPOB.

3amaua ITI. OnycTUTh HEePHEeHIUKYJIAP M3 AAaHHOM
TOUKHU Ha TAaHHYIO IPIMYIO.

D
C\
C
F
A B AWB
D/\
Puc. 147 Puc. 148
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§ 29. IIpocreiimue 3amauy HA IIOCTPOEHUE

O 1. IIpoBoguM OKpPYsKHOCTH C IIEHTPOM B 3aIaH-
HOIT Touke C, IepeceKarolIyio JaHHYI0 OPAMYIO B TOU-
Kax A u B (puc. 148).

2. IIpoBoguM OyTu OKPYKHOCTEI OJHOI'O U TOTO Ke
paguyca (6oJsbiiero moJyioBuHBI AB) ¢ meHTpamu A
u B. IlycTs oHu mepecexkaioTcsa B Touke D.

3. Ilpamas CD u ecTh UCKOMBIN mepneHguKyap.l

3agaua IV. BoceraBuTh MeprueHIUKYIAP K JaHHOMY
OTPE3KYy B €ro KOHIIE.

U 1. ITpoBoauM OKPYKHOCTb, KOTOPAs IIPOXOIUT Ue-
pes 3aJaHHBIN KOHeI A, a ee IEHTPOM SBJISIETCS IPOU3-
BoJibHAs TouKka C, JesKalas BHe JaHHON npamoii. ITlyers
9Ta OKPYKHOCTh IIepeceKaeT JaHHBIA OTPe3OK (UIHU ero
mponoJiiKeHue) B Touke F (puc. 149).

2. IIpoBogumM guaMeTp, IPOXOAAIIUI yepes TOUKU F
u C. Ilyets D — BTOpPO# KoHell aToro auamerpa. Torma

DA — wuckowmblii nepueagukyadap ( LDAB — mIpsAMOii,
Tak KaK OH omupaercda Ha auamerp). N

264. IlocTpoeHue yriios.

3amaua V. ITocTpouTs yroj, paBHBIH JaHHOMY.

U 1. ITpoBoauM Ayry IPOM3BOJBHOIO PAagUyca C IeH-
TPOM B BepIliHEe A JaHHOI'O yIja, IepPeceKarollyi ero
cropoubl B Toukax B u C (puc. 150).

C
D
A 7
/M(
A\\/F B K Fi

Puc. 149 Puc. 150
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Pasden VIII. OCHOBHBIE ITOHATHUSA

2. TIpoBoauM TPOMB3BOJBHYIO HPAMYIO, (HUKCUDPYyeM
Ha Hell Touky K u mpoBOgMM Iyry TOTO JKe paguyca,
uyro u B 1I. 1, ¢c meurpom K. IlycTh aTa mayra mepeceKaer
OpsaMYyI0O B TOuKe L.

3. IIposogum ayry paguyca BC c meurpom L. ITycTs
aTa ayra IepeceKaeT IepByi ayry B Touke M. Torma
yroa MKL u ectb nckombrii. B

3anaua VI. PasgenuTh JaHHBIA YroJ IIOIOJIAM.

4 1. IIpoBogum Ayry IpoOM3BOJLHOTO paguyca C IeH-
TPOM B BepIlinHEe A JaHHOI'O yIja, IepPeceKarollyi ero
cTopoubl B Toukax B u C (puc. 151).

2. IIlpoBoguM AyTH OZHOTO U TOTO Ke pamuyca (00Jb-
mrero moJsioBuHbI BC) ¢ mentpamu B u C. IlycTh oum
mepecekaioTcsa B Touke D.

3. Ilposogum AD. Torma £BAD = Z/DAC. ®

265. ITocTpoeHne mpsaAMOIi, MapaJjIeJabHON TaHHOMH
M MPOXOonsAuIell uepe3 JaHHYIO TOUKY.

3anaua VII. Yepes maHHy0 TOUKY, He IIPUHAIJIEKA-
IIYIO0 JAHHOUW HMPAMOM, IIPOBECTH IPAMYIO, € IIapajlieib-
HYIO.

O 1. IIpoBoguM OKPYXKHOCTH C IIEHTPOM B 3aJaH-
HOW TouKe A 1 paguycoM, OOJIBIINM, YeM PACCTOSHUE OT
TOUuKu A 10 mamHoi npamoii. IIycTh sTa OKPYIKHOCTH
mepecekaer npAMyio B Toukax B u C (puc. 152).

A B BWC

Puc. 151 Puc. 152
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2. IIposogum paguyc CA u nuamerp BD.
3. Pasmenum yron DAC momosiam (cMm. 3amauy VI):
ero OMCCeKTpuca U ecTh MCKOMas mpsMasi.

HeticrBuTensHo, nycts AF.1 BC; Torma AF — Owuc-
cexkrpuca yria BAC, a GHMCCEKTPHUCHI CMEXXHBIX YIJIOB
B3aMMHO MEePIeHINKYIIPHBI, OTKYJa U cJaeqyeT Tpedye-
MasdA ImapajielbHocTh. M

266. ITocTpoeHune MPONMOPIMOHAJIHHBIX OTPE3KOB.

3amaua VIII. PazgeanTs OTPE30K Ha IPOIOPIIMOHAID-
HbIE YacTH.

s ompeneeHHOCTH pasieiuM OTpe3ok AB B oT-
Homenuu 1 : 2 : 3.

U 1. Yepes ogue u3 KOHIIOB 3aJaHHOr0 OTPe3Ka (Ha-
mpumMep, A) IPOBOAUM IIPOU3BOJILHBIN Jyu (puc. 153).

2. Ha sTom sayue oT TOUuKM A OTKJAIbIBaeM B IIPO-
M3BOJLHOM MacITabe OTPEe3KM 3aJaHHOI IIPOIIOPIIHO-

"HajabHocTH, T.e. AK : KL: LM =1:2:3.

3. Coenuusem Touku B u M.

4. Yepes KOHIILI OTPE3KOB, Jexalue Ha gyude AM,
IPOBOAMM NpAMbIe, HmapaJaenbabie BM. Otpesox AB

pasgenied Ha Tpebyemble uactu: AC:CD: DB=1:2:3.
B uacTHOCTH, eciiu Ha JydYe OTJIOKUTEL PaBHBIE OTPE3-
KU, TO U OTPe30K AB pasmenuTcs Ha paBHbIe dacTu.l
3amaua IX. ITocTpouTh YeTBEPTHIH HPOIOPIIMOHAb-
HBIN OTPE30K.

Haupl Tpu OTpe3Ka AJIUHON a, b u c. Tpebyerca mo-

. a c
CTPOUTHL TAKO# OTPE30K OJIMHBI X, YTOOBI — =—,
b x
be
wii x = —.
a

U 910 yacTHeIM cayuai 3amaum VIII.
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M
L
E
A NC D B C
Puc. 153 ¢
A—a B & D
a)
E
c
b

AT g ¢ D

Puc. 155 Puc. 154

1. Crpoum mpousBOJbHLIN yroa (puc. 154, a).

2. Ha onHO# CTOpOHE yrIia OTKJIAAbIBA€M OTPE3KU
AB =au BD =b.

3. Ha npyroii cropoHe yria OTKJAALIBAEM OTPE3OK
AC =c.

4. Coegunsiem Touku B u C u npoogum DE || BC.

BD - AC
AB

3amerum, uro gauHa CE He M3MeHUTCHA, €CJIU OTJIO-
*Kutb AB = a, BD = ¢, AC = b (puc. 154, 6). &

Orpesox CE — ucKoOMbIH, T. e. CE =

267. IlocTpoeHne KacaTeJbHOH K OKPYKHOCTH.

3amnauva X. VI3 raHHOM TOUKH, JexKallell BHE OKPYIK-
HOCTH, IIPOBECTH K Hel KacaTeJbHYIO (€CIH TOUKA Je-
JKUT HA OKPYKHOCTM, TO 3aZjadya CBOAUTCI K IIOCTpPOE-
HUIO MEePIeHIUuKYJIsIpa B KOHIE OTPe3Ka).
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§ 29. IIpocreiimue 3amauy HA IIOCTPOEHUE

O 1. CoepuauM gaHHYIO TOUYKY A ¢ meaTpoM O OK-
py:xuocTu (puc. 155).

2. Ha OA kak Ha guaMeTpe CTPOMM OKPYsKHOCTD,
IepeceKarolyo 3aJauHyo B Toukax B u C.

3. ITpoBogum npsambie AB u AC, KOTOpBIe U SIBJISIOT-
cA HUCKOMBIMU KacaTeJbHbiMu (yriasl ABO u ACO —
ImpsiMble, TAK KAaK OHU OMMPAIOTCA Ha nuamerp). M

268. ITocTpoeHne BIMCAHHON U ONMMCAHHON OKPYK-
HOCTEeH IJIsi TPeyroJbHUKA.

3amaua XI. Brnmcarbs OKPYKHOCTh B JaHHBIA Tpe-
YTOJbHUK.

O 1. IIpoBoguM OMCCEKTPUCHI ABYX JIIOOBIX YIJIOB
Tpeyroabuuka (puc. 156).

2. Uz Touku O mepeceueHUnsi OMCCEKTPHUC OIIyCKaeM
MEePIeHAUKYJIAP Ha KaKyio-I100 CTOPOHY TPEYroJbLHUKA.

3. IIpoBoguM OKpY:KHOCTH ¢ IleHTpoM O u pamumy-
COM, PaBHBIM JJIMHE HepIeHIuKyaapa. B

3amaua XII. OnoucaTh OKPYsKHOCTH OKOJIO JAaHHOT'O
TpeyroJbHUKA.

O 1. ITpoBoauM MePIEHIUKYIAPHI Yepe3 cepesuHbl
Kakux-ambo cTOpPOH TpeyroabuHuka (puc. 157). Ilycts
OHU IIepecexaroTcsa B Touke O.

2. IIpoBoguM OKpPY:KHOCTH ¢ IleHTpoM O u pamumy-
com, paBubiM OA. B

e

Puc. 156 Puc. 157



Pasoden IX

I'EOMETPUYECKUE ®UTI'YPbI
HA IIJIOCROCTH

§ 30. TpeyroasHuk

269. CTOpoHBI M YIJabl TPEYroJbHUKA. [[JTUHBI CTO-
POH TPEYyroJbHHKA He MOTYT OBITh 3aJaHbl IIPOU3BOJIb-
HO: 80 8CAKOM mMpeyzosbHUKe ONUHA A1000iL CMOPOHbL
MeHbUe cymMmbl OAUH 08YX OpYyzux CMOPOH, HO 60JblULe
ux pasLocmu.

Hampumep, cylnecTByeT TpeyroJbHUK C AJIAHAMU CTO-
pou 3, 4 u 5, HO He CYII[EeCTBYEeT TPEeyroJbHUKA CO CTOPO-
Hamu 3, 4 u 8 (IOCKONMBKY 8 > 3+ 4).

Taxum obpasom, ecau AB, BC u AC — [OJIuHBI CTO-
poH Tpeyrojbunka ABC, TO BBIIOJHSIETCS HEPABEHCTBO
AC < AB + BC, KOTOpOe Ha3bIBAeTCS HEpPAGEeHCME0M
mpeyzonvHUKA.

OTMeTUM, UTO 8 MmpeyzolbHUKe NPomue 6oJvuleil
CMOPOHBL Jexcum OGOoNbWULL Y20ol U 00PAMHO, Npomus
O0oavuiezo Yyaaa aexum 00abULAs CTMOPOHA.

Ecyiu qjivHBI BCeX CTOPOH TPEYTOJbHUKA PABHBI MEXK-
Iy coboil, TO TAKOH TPEeyroJIbHUK HA3LIBAETCS PABHO-
cmoporHuMm (MU NPAGUNbHBLM); €CIU K€ DaBHEBL IBE
CTOPOHBI, TO TPEYrOJILHUK HA3BLIBA€TCA PAEHOGedpeH-
Hotm. OOBLIYHO Y PABHOOEIPEHHOrO TPEYrOJbHUKA €ero
paBHBIE CTOPOHEI HA3BIBAIOT GOK0GbLMU CMOPOHAMU, A
TPEThIO CTOPOHY — OCcHOo8anuem. Hampumep, B paBHO-
6enpennoM TpeyroabHuKe ABC (puc. 158) AC — ocHo-
Banue, a AB u BC — GOKOBBLIE CTOPOHBI.

B paBHOCTOPOHHEM TPEYroJbHUKE BCE YIJILI PABHEI;
B PaBHOOEIPEHHOM TPEYTOJLHUKE PABHBI YIVIBI IIPHA OC-
HOBaHUM.
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§ 30. TpeyroabHuK

B

A c C B B C D
Puc. 158 Puc. 159 Puc. 160

T.9.1. Cymma yzn08 a106020 mpeyzorvruka pasua 180°
(08ym npamvim yzaam).

OTcrofa cienyer, 4To MOXKET CYII[eCTBOBATH TPEYTOJIb-
HUK C TPeMs OCTPBIMH YIJIAMU, HO IPAMOUN WJIM TYIIOi
YroJl B TPEYTroJbHUKE MOJKET OBITh TOJIBKO OIMH.

TpeyroJbHUK, Y KOTOPOI'O BCE TPU YIJIA OCTPhIE, HABKI-
BAeTCS 0CMPOY201bHbLM; TPEYTOJBHUK, MMEIOIUI TYII0H
yroia, — mynoyzoavHeim. TpeyroJbHUK, UMEIOMIN IPs-
MOl yros, HasbIBaeTcs npsamoyzonshbim. Ero cropoHa,
JIeKAaIasi MPOTUB IPAMOrO yIJa, Ha3bIBAETCA 2UNOMeHY-
301, a CTOPOHEI, 0OpasyoIIye IPAMON yIrol, — Kamema-
mu. Tak, B mpsamoyroabHoM Tpeyroabuuke ABC (puc. 159)
AB — runorenysa, a AC u BC — KaTeThl.

BHewnum yznom TpeyroJbHUKA IPU NAHHOU Bep-
IIMHE HA3LIBAETCS YTOJI, CMEKHBIA C BHYTPEHHUM yTI-
JIOM TPEYyroJbHUKA IIPXA JTON BeplinuHe (HAIpuMep, Ha
puc. 160 ACD — BHewHui yroJ upu sepinnue C, cMexX-
HBIII ¢ BHyTpeHHuUM yriom ACB).

T.9.2. BHew H Uil Yy2os1 mpeyzorvHUKA PAGeH cymme 08Yx
BHYMPEHHUX Y2108, C HUM He CMEeHHbLX.
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Pasden IX. TEOM. ®UT'YPHI HA ITJIOCKOCTU

270. Buccekrpuca tpeyroabHuka. OKpPy:KHOCTS,
BIIMCAHHAA B TPEYroJbHUK. Buccekmpucoi Tpeyrois-
HUKA HasbIBaeTcsa 11006aA U3 OMCCEeKTPUC BHYTPEHHHUX
YIJIOB TPEYrOJLHUKA.

T.9.3. Tpu 6uccekmpucs. mpeyzonrbHUKA nepecexKanm-
cs 6 00HOlL mouke.

OKpPYsKHOCTh Ha3bIBAETCA 6NUCAHHOL B TPEYToJb-
HUK, €CJIM OHA KacaeTcs BCeX ero CTOPOH.

T.9.4. B 11060ii mpeyzoivHUK MOHNHO ENUCAMb OKDYHC-
HOCMb; ee UEHMPOM ALAEMCA MOUKA Nepeceienus
ouccekmpuc.

Tak, Ha puc. 161 n3o6pasKeHbl TPEYTrOJbHUK U BIIU-
caHHAsdg B HEro OKPY’KHOCTb; ee ImeHTpoM O sABIAeTCA
TOouKa nepeceueHus ouccexkrpuc AK, BL u CM.

BrucanHas B TPeyroJbHUK OKPYYKHOCTh €INHCTBEH-
HA, HO CYIIECTBYIOT ellle OKPYKHOCTH, KacCaIOIINecs BCex
Tpex MPAMBIX, Ha KOTOPBLIX JIEXKAT CTOPOHBI TPEYIOJIb-
Huka (puc. 162). Takue OKPyXKHOCTU HABLIBAIOTCS 6Hell-
He 6NUCAHHbLMU.

Puc. 161 Puc. 162
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IIycts a, b, ¢ — OJAUHBI CTOPOH TPEYrOJbHUKA,
a l, — pauHa OMCCeKTPHUCHI, IPOBEJEHHOW K CTOPOHE C.
Torma cupaBeaauBa (opmyJia

_Jab(a+b+c)a+b-c)

1
a+b 1
IIpumep 1l.B paBHOGEIPEHHOM TPEYrOJbHUKE
ABC ocuosauue BC = 5 cm, a 6oxkoBas cropoHa AB =
= 20 cm. HaiiTu gnmHy OMCCEKTPUCHI YIJIa IPU OCHOBA-
Huu (puc. 163).
U 3gecs a =5 cMm, b =c = 20 cm. Mcmonssysa popmy-
ay (1), Haxomum

V100-45-5 10-15
25 25

OTMeTHM cjeayiolee CBOMCTBO OMCCEKTPUCHI BHYT-
peHHero yrja TpeyroJbHHUKA.

lC

l. = 6 (cm). W

T.9.5. Buccekmpuca mpeyzonibHuka Oesium npomueo-
NOJIONCHYI0 CMOPOHY HA YACMU, NPONOPUUOHAIbHbLE
npuJaeicau,um cCmopoHam, m. e.

a_al

b by (2)

20e a u b — O1uHbL CMOPOH MpeyzonbHUKA, Ay U by —
O0JIUHDBL NPUNLEHCAUWUX K HUM OMPE3K08 CMOpPoHbL ¢ (puc.
164).

Il pumep 2. B TpeyronpHuke us mpumepa 1
HATH OTPe3KHU, Ha KOTOPbIe OMCCEeKTPHCA YIJa IPU OC-
HOBAHWHU AEeJUT GOKOBYIO CTOPOHY.

U Mmeem (cm. puc. 163)a = BC =5,b=AC =20, a, =
= BD, b; = AD. Cornacuo dopmyne (2), monrydum
a, : by =5: 20 = 1 : 4, orkyna Haxogum BD = 4 cwm,
AD =16 cm. R
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Puc. 163 Puc. 164

AnanormuHbIM CBOMCTBOM 00JIafaeT UM OMCCEKTPH-
ca BHEIIHEro yrJja TpeyrojabHuka, ecau AB # BC
(puc. 165), a umenno: orpesku AN u CN oT BepIIuH A u
C mo touxku N ee mepeceueHuss co croponoit AC
MIPOIOPIMOHAJILHLI CTOPOHAM TPEYyroJbHHUKA, T. €.
AN :CN = AB: BC.

st qauHBI OMCCEeKTPHUCHI BHYTPEHHEro yria Tpey-
roJbHUKA CIpaBelJnBa Tak:ke (popmyJia

l. = \Jab—apby, (3)

rie a; u b; — JJIMHBI OTPE3KOB, HA KOTOPbIe 6MCCEKTPU-
ca meJuT cTopoHy ¢ (cM. puc. 164).

Tak, 8 A ABC us npumepa 1 (cm. puc. 163) umeem
a=BC=5cm, b=AC=20 c™m, a; =BD =4 cMm, b =
= AD =16 cwMm, oTkyza mo popmyJe (3) Haxogum CD =

=/5.20-4-16 =+/36 = 6 (cm).
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271. Meguana tpeyroiabHuka. Cpegnsas IMHUA Tpe-
yroapHuka. OTpe3oK, COeINHAIONINNI BEPIIUHY TPEYTOJIb-
HUKAa C CeperHOM MPOTUBOIOJOMKHON CTOPOHBI, HA3BI-
BaeTcs MedUuaHOl TPEYroJbLHUKA.

T.9.6. Tpu meduanv. mpeyzolbHUKA nepeceKanmcs
6 00HOIl mouke, komopas deaum Kax o0y meduany
8 omHoweHuu 2 : 1, cyumas om 8epuiuHb. mpey-
20/IbHUKA.

Touka ImepeceyeHNsA MeUAH ABJISIETCS IIEHTPOM Macc
TPEyroJbHUKA (€CJIU CUUTATH TPEYTOJHHUK TOHKOH Of-
HOPOAHOM ILIACTUHKOIT).

IIycts a, b, ¢ — OJUHBI CTOPOH TPEYTOJIBHUKA, a
m, — AJVHA MeIVaHbI, IPOBEJEHHOU K cTopoHe c. Tor-

c
Ia cupaBeajuBa (opmyiia

m, = 0,5y2(a? +b%) - 2. (1)

IIpumep 1. B npaMOyrolnLHOM TPEYroOJbLHUKE
ABC c xareramu BC = 3 cm u AC = 4 ¢cM HalTH IINHELI
menuan AE u CD (puc. 166).

A C N C E B

Puc. 165 Puc. 166
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O 3mecr AB = \/32 +4%2 =5 (cm). Ucmoawaysa gop-
myay (1), Haxogum

AE = 0,5y2(42 +5%) - 3% = 0,5J73 (cm);
CD =0,5y2(3% + 42) =52 = 2,5 (cm)

(KaK U JOJIXKHO OBITH, IIOCKOJIBKY B IPAMOYI'OJILHOM Tpe-
YroJbHUKE MeAuaHa, IPOBeJeHHAA U3 BePIINHEI IIPSIMO-
ro yria, paBHa IIOJOBUHE I'UIOTEHY3bI, T. €. PALUYCY OIH-
CaHHOU OKpPYsKHOCTH; cM. II. 273). B

Omnpepenum eirle oguo moHATHE. OTPE30K, COEIUHSIIO-
LU cepeIuHbl IBYX CTOPOH TPEYrOJbHUKA, HA3bIBAETCS
cpednei nunuei. CrpaBeniuBa ciaefyIoIas TeopeMa:

T.9.7. Cpednas auHus mpeyzorvbHUKA, COeOUHANOULAL
cepedunbvl 08Yyx ezo0 CMOPOH, NApaLiesbHA mpembyeil
CMOpPOHEe U PABHA ee NOJOBUHe.

IIpumep 2. CpesHsasa JuHUA paBHOOEIPEHHOT'O
TPEyroJbHUKA, IapaJlieIbHasI ero 00KOBOM CTOPOHE, PaB-
Ha 3 cM. HaliT CTOPOHEI TPEYrOJIbHUKA, €CJIU €r0 IIePH-
MeTp paseH 17 cm.

U Tax xak FE = 3 cm (puc. 167), To BC = 6 cmMm,
a gHauutr, u AB = 6 cm. Ocraerca maiitu AC = 17 —
- 12 =5 (cm). ®

272. BricoTa TpeyroasHuUKa. Boicomoil TpeyroabHu-
Ka HasbIBaeTCA MEePIeHIUKYJIAD, OMYIIeHHBIA 13 ero Bep-
IIMHBLI Ha IPOTUBOIOJIOKHYI0 cTopory. IlyeTs a, b, ¢ —
JJIMHBI CTOPOH TPEyTOJbHUKA, h, — BBICOTA, IPOBEJEH-
Had K cropoHe c¢. Torga crnpasemiuBa Gopmyia

Ly _AP(R-a)(R-b)(p-0)
¢ = c S ¢

rae p=0,5(a+b+c) — momymepuMerp. Orcrona cie-
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B
C
F
A E C A D B

Puc. 167 Puc. 168

1 1.1
nyer, uro h, :hy :h, = —: 3 :—, T. e. O1uUHBL 8blcOm

a c

mpeyzoibHUKQA o6pamHo nponopuyuoHaJlbHbl onunam
CMOPOH, K KOMOpPbLM npoeeaenbt amu evlcomul.

Il p u M e p. B npamoyroasHOoM Tpeyroabuuke ABC
c xartetamu a = BC = 3 u b = AC = 4 HaliTu AJIUHY
BoicoTbl CD (puc. 168).

U HWmveemc=AB=5,p=0,6(83+4+5)=6,p—a=
=3,p—b=2,p—c=1. Teneps o popmy.e (1) Haxogum

_2V6-3-2:1 12

5 5
3ameTuM, UTO B pA8HOOEIPeHHOM MmpeyzonvHUKe Ouc-
cexmpuca, meduana u 8vLcoma, nposederHvle K 0CHO8A-
HUl0, cosnadaiom.

T.9.8. Tpu vicomb. mpeyzonbHUKA nepeceKamcs 8
00HOIL mouke.
dTa TOUuKa HasbIBaeTcs opmoyermpom. B ocrpo-
YIrOJIBHOM TPEYroJIbHUKE OPTOIEHTD JIEKUT BHYTDPU, B
TYIIOYTOJIBHOM — BHe TpeyroJbHuka (puc. 169, a u 6).
B npAMOYroJibHOM TPEyroJbHUKE OPTOLIEHTDP COBIIALA-
eT ¢ BepIInHoii mpsamoro yria (puc. 169, 8).

he m
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a) 0) 6)

Puc. 169

273. OKpPYy:KHOCTH, OIIMCAHHAS OKOJI0O TPEYrOJbHU-
Ka. 3aMmeuaTelbHbIe TOYKH TPeyroJabHuKa. OKPYKHOCTD
Ha3bIBAETCA ONUCAHHOU OKOJIO TPEYrOJbHUKA, €CJIU OHA
IIPOXOJUT Uepes3 BCe ero BepIIWHEL.

T.9.9. Tpu cepedunublx nepneHOUKYLAPA K CMOPOHAM
mpeyzoavHUKa nepecexawmcs 8 o0HOlL moyke. dma
MOUKA ABAACMCA UEHMPOM OKPYHCHOCU, ONUCAHHOU
OKOJLO MPeYzoNbHUKA.

Ha puc. 170 uszobpaskenn! Tpeyroabunk ABC u omnu-
CaHHAA OKOJIO HEro OKPY2KHOCTh; ee IeHTpoM O sABIIs-
eTCs TOUKA IIePEeCeYeHUs CEePEeINHHBIX IMepPIeHIUKYJIs-
pos MO, KO u LO K cTopoHaM TpeyroJbHHUKA.

B npsaMoOyroJibHOM TPEyroJbHUKE [EHTP OMNCAHHOI
OKPYKHOCTH — 9TO CepeanHa r'umnoTeHy3sl (puc. 171).

Touky mepeceueHnss OMCCEKTPUC (IEHTP BIMCAHHON
OKPYJKHOCTH), TOUKY IlepecedeHus: MeauaH (LeHTp Macc),
TOUKY IIepeceueHns BBICOT (OPTOLIEHTP) M TOUKY Iepe-
CeUeHHUs CepPeIUHHBIX IEePIeHIUKYJISIPOB (LEHTP OIH-
CAHHO! OKPYIXHOCTH) HAa3bIBAIOT 3AMeYAMenbHbLMU
mouKamu MmpeyzoibHUKG.

398



TEOMETPUSA

§ 30. TpeyroabHuK

Puc. 170 Puc. 171

B paBHOCTOpOHHEM TPEyroJbHUKE BCE YeThIpe 3a-
MeuaTeJbHbIe TOUKU coBIagaioT (puc. 172).

274.PaBeHCTBO TPEyroJbHUKOB. CIIpaBe/JINBEI CJIe-
IyIoIllie IPU3HAKYW DAaBEHCTBA TPEYTOJbHUKOB:

T.9.10. Ecau 0se cmoponbl u yzon mexdy Humu 00H020
MmpeyzoavHUKA PABHbL COOMBEMCMBEHHO 08YM CMO-
poHam U yeny mexcOy HUMU OpYz020 MpeYzoabHUKA,
mo maxue mpeyzoibHUKU paséHbl (IO IBYM CTOPOHAM
" yIIay).

T.9.11. Ecau cmopoHa u npunexcaujue K Heil yzJnbl 00-
H020 MPeYyzonbHUKA PABHbL COOMBEMCMBEHHO CMOPO-
He U npuiexcauum kK Heil yeaam 0pyzozo mpeyzonvHu-
Ka, mo maxue mpeyzoibHUKU pasHbvl (II0 CTOPOHE U
IBYyM yrJam).

T.9.12. Ecau mpu cmopors. 00H020 mMpeyzosbHUKQA
PABHbBL COOMBEMCMBEHHO MpeMm CMOPOHaM OpYy2z0z0
MmpeyzonbHUKA, MO MAKUe mpeyzoibHUKY pA8HbL (TI0
TPeM CTOPOHAaM).
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Puc. 172 Puc. 173

II p u m e p. Orpesku AC u BD mepeceKarmTcs B
Touxke M (puc. 173). [JokasaTb, 4TO TpeyroabauKku BAM
u DCM paBHBI, ecau u3BecTHO, uTo AM = CM u uTo
ZBAM = Z/DCM.

Q dAcuo, uro L BMA = /CMD Kak BePTUKAJb-
Hble yriabl. IlosTomMy B TpeyrombHuKax BAM mu
DCM pasBubI cTopousl AM u CM, a Takke IpUJIexKa-
mue K dTuM croponam yrasl ( L BAM = /DCM,
/ BMA = Z/CMD ). Cornacuo Teopeme 9.11, sTu Tpey-
roJbHUKY pPaBHbI. M

OTMeTUM OPU3HAKY PABEHCTBA IPAMOYTOJbHBIX TPe-
YIOJLHUKOB:

T.9.13. Ecau ezunomenysa u kamem 00H020 mpeyzoib-
HUKQ PABHbL COOMBEMCMBEHHO 2UNOMeHy3e U Kame-
my 0pyz0z0 mpeyzoibHUKQA, MO MAKUe MPeY2oibHUKU
pasubl (IO TUIOTEHY3€e U KaTeTy).

T.9.14. Ecau kamem u npomuBoneH AW Uil emy ocm-
puLil yzonr 00HO020 mMpPeyzoavbHUKA PABHbBL COOMEem-
CMBEHHO Kamemy u NPOMUBOLEHAULeMY eMYy OCm-
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pomy yzay Opyz020 mpeyzorbHUKA, MO maKue mpey-
201bHUKU DABHbL (IO KATETy U IPOTUBOJEKAIEMY
yray).

T.9.15. Ecau ezunomeny3a u ocmputii y2os 00H020 mpe-
Y20bHUKQ DABHbL COOMBEMCMEEHHO 2UNOmenyse u
ocmpomy yzay Opyzo0z0 mpeyzoavbHUKA, MO MakKue
mpeyzonibHUKU PAGHbL (II0 TUIOTEHY3e U OCTPOMY
yriay).

275. CBoiicTBa MPAMOYTroJbHOTO TPEYroJbHHUKA.
Buigenum nBa clienuaabHBIX BAAA IPAMOYTOJbHEBIX TPE-
YrOJILHUKOB: PABHOGEAPEHHEIN (OCTPhIe YIVILI PABHEI 45°)
U TpeyroJabHUK ¢ ocTpeiMu yriaamu 30° u 60°. Bricora
IIePBOro 13 HUX, IPOBEIeHHAA 13 BEPIINHEI IIPIMOI0 yIJa,
IeJIAT UCXONHBINA TPEYrOJAbHUK Ha ABa PABHOGEIPEHHBIX
IPAMOYTOJbHBIX Tpeyroabuuka (A AKC mu ABKC Ha
puc. 174, a). Bo BTOpOM TpeyroJibHUKE KaTeT, JerKa-
muit mpotus yriaa B 30°, paBeH MOJOBMHE TMIIOTEHY3bI

A
A 30°
K b ¢
60°
C B C a B
a) 0)

Puc. 174
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(rak, mia A ABC, nsobpaskeHHOTO Ha puc. 174, 6, ume-
em BC = 0,5AB).

T.9.16. B npamoyzonvHoM mpeyzoivHUKe Kéadpam zu-
NnomeHy3vL pagen cymme keadpamos kamemos (meo-

pema IlTugazopa): ¢? =a? + b2
Bepua u obpaTHas TeopeMa: ecau 8 mpeyzosibHUKe
Keadpam CMOpoOHbL PABeH cymme Keaopamos 08yx opy-

2UX CMOPOH, MO MAKOIL MPeYzoLbHUK NPAMOYZONbHYLIL.
Hanpumep, TpeyroibHUK co cropoHamMu 5, 12 u 13

2 2 2
ABJIAeTCA NPAMOYIOJIbHBIM, TaK Kak 13° = 5% +12°
B OpsAMOYroJbHOM TPEYroJbHUKE HMEEeM @ :C =

=sina, b:c =cosa (puc. 175), mosToMy TPUTOHOMET-

pHu4YecCKoe TOXOEeCTBO sin2 o+ 0082 a=1 — sT0 Teope-

Mma Iludaropa, sanucanHasa A IPAMOYTOJbHOTO TPEY-
TOJIbHHUKA C TUIOTeHY30i1, paBHOii 1.

OTMeTHM ellle HeKOTOpPhbIe CBOMCTBA MPSIMOYTOJILHO-
ro TPeyroJbHUKA.

T.9.17. KaxcOvlii kamem npamoy20bH020 mpeyzoibHU-
Ka ecmb cpedHee NponopuLOHALbHOe Medxcdy zunome-
HY30il U npoeKkyueil Imozo Kamema HA 2UNOMeHY3Y
(puc. 176), . e.

BD BC AD AC
BC AB’ AC AB’
II p u m e p. B npamoyronsaoMm Tpeyroabauke ABC

usBecTHbI KaTeT AC = 20 u Boicotra CD = 12 (puc. 177).
Haittu kater BC u runorenysy AB.

Q Crauana us A ADC majinem AD =202 —122 =

=16. Temeps BOCIOJIL3yeMCA BTOPLIM 13 paBeHCTB (1);

(1)
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2
uMeeM £:£, OTKyIa ABzﬂ, T. e. AB =
AC AB AD
_ 490 _ 55 3mawur, BC = V252 -20%2 =15. m

16

T.9.18. Bvicoma npamoyzonvHoz0 mpeyzonrbHUKA, NPO-
B8e0CeHHASA U3 8EPULUHbL NPAMO2ZO Yzaa, ecmb cpedree
NPONOPYUOHALbHOE MeXHOY NPOCKYUAMU KAMemos8 Ha
eunomeny3y (cMm. puc. 176), T. e.

AD CD
CD BD’

Hanpumep, B paccmorpeHHoM Bbeime A ABC
(cm. puc. 177) umeem CD = 12, AD = 16, BD = AB —

— AD = 9, Tak uTO cooTHoIneHue (2) BBIMOJHAETCSA
(16 : 12 =12 :9).

(2)

276. Teopema kocunycoB. Teopema cunycos. [ia
[IPOMBBOJILHOTO TPEYroJbHUKA BepHA meopema KoCu-
HYC08, KOTOPYIO MOKHO PACCMAaTPUBATH KaK 0600IIeHYe
reopemsbl ITudaropa.

Puc. 175 Puc. 176
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T.9.19. B awbom mpeyzorvHUuKe K8adpam CMOPOHbL
paeen cymme kK8adpamos 08yx Opyzux CmMopoH MUHYC
ux yosoenHoe npouséedeHue Ha KOCUHYC Yzaa, 3aKNI0-
UeHH020 Mencdy HUMU:

e =a® +b? - 2abcosC. (1)

VY6enumcs B CIIpaBeqJINBOCTY 9TOM TEOPeMbl, HAIIPHU-
Mep, IJsd PaBHOCTOPOHHEro TpeyroJibHuUKa. Mmeem

2=a®+a%-2a-a-cos60°=2a% —24a%-0,5 =a>, 7. e.

TpeThdA CTOPOHA TPEeYIroJIbHHKA TaKiXe paBHa a.
BaMeTI/IM, YTO CTOPOHBI N YIVIBI TPEYIrOJbHHUKA CBA-
3aHBbI meopemoﬁ CUHYCO8.

T.9.20. CmopoHb. mpeyzonibHUKA NPONOPUUOHATLbHYL
cunycam npomusgonexcauux yzaos (puc. 178), T. e.

a _ b __c _9R, @)
sinA sinB sinC

20e R — paduyc onucanHoil OKPpYHCHOCMU.

VY6enumcs B CIpaBeqJINBOCTI 9TOM TEOPeMbl, HAIIPHU-
Mep, AJIS IPAMOYToJbHOTO Tpeyroabuuka ABC ¢ ocTphI-

C
)
12
A D B
Puc. 177 Puc. 178
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mu yraamum ZA =30° £ZB=60° um co cropoHaMu

c=8,a=4up= 4\/5 (cm. puc. 174, 6). ITo dhopmye (2)
nMeeM

4 43 8 4 43 8

= = = —_— = = 8,
sin30° sin60° sin90° 05 (543 1

KaK U JOJIJKHO OBITh, IIOCKOJBKY B IPAMOYTOJbHOM TpPe-
yTroJIbHUKE TUIIOTEHY3a PaBHA JUAMETPY OIMUCAHHOM OK-
PY*KHOCTH.

277. Ilamomans TpeyroabHuKa. [IpuBeneM BasKHe-
mue (POPMYJILI [IJA BEIUMCIACHHUS ILIOIIALUA TPEYroJib-
HHUKA.

1. ITrowads mpeyzonvHuKa PABHA NOLOBUHE NPOU3-
8e0eHUs e20 CMOPOHbL HA 8bLCOMY, NPOBEOeHHYI0 K IMOiL
cmopoue:

S = 0,5ah,. (1)
IIpumep 1. IlycTh cTOpOHA TPEyroJbHUKA PAaB-
Ha 10, a BbICOTA, IPOBELEHHASA K 9TOU CTOPOHE, paBHA 8;
Torga S =0,5-10-8 = 40.
3aMeTHuM, UTO ILIOIIAAY BCEX TPEYTrOJbHUKOB, NMEI0-
IUX PaBHBIE OCHOBAHUSA U PABHBIE BBICOTHI, OJWHAKO-
Bel. Tak, Ha puc. 179 nzobpakeHn! Tpeyroabuuxku ABC
u ADC, umeroriue obiee ocHoBauue AC 1 paBHEIE BEICO-
TBI; BHAUYUT, SA ABC = SA ADC -

2. I1ow,adv mpeyzonbHUKA PABHA NOJOSUHE NPOU3-
sedenus 08Yx N100bLX €20 CMOPOH HA CUHYC Y21a mencdy
HUMU:

S =0,5bcsina. (2)
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A

D

i K

' D

I E

1

1

d

cC F B

Puc. 179 Puc. 180

IIpumep 2.IlycTb CTOPOHBI TPEYrOJIbHUKA PAB-
Hel V3 u 4, a yroa Mmexxny HumMu paBeH 60°. Torma
S =0,5v3 - 4sin60° = 0,5v3 - 40,53 = 3.

3. Ilnowadv mpeyzoavHuKa co cmoporamu a, b u ¢
evipaxcaemcsa gopmynou I'epona:

S=yp(p-a)p-b)p-o), 3)
z0e p=0,5(a+b+c) — norynepumemp mpeyzorvHuka.

IIpumep 3.Ilyctba =13, b = 14, ¢ = 15; Torga
p=05(13+14+15)=21,p—-a=8,p—-b=T,p—c=
= 6 u mo gopmyJie I'epoHa HaXOIZUM

S=+21-8.7.6=V3-7-2-4-7-2-3=
—7-3-4=84.
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4. ITnowade mpeyzoibHUKA PABHA €20 NOJLYNepuMent-
DY, YMHOMCEHHOMY Ha paduyc 8NUCAHHOU OKPYICHOCTU:
S = pr. “4)

5. ITnowadv mpeyzorvHUKA pA6HA NpPou3gedeHul0
mpex ezo CmopoH, 0eJleHHOMY HA YyyemaepeHHbLil padu-
YC ONUCAHHOU OKPYICHOCTIU:

abce
S=—. (3
4R

6. I1owadv mpeyzorvhuka ¢ sepuunamu A (x13y,),
B (x9; yy) u C (xg5; y3) pasrna norosure abcoriomuoi

111
8eNUYUHBL onpedenumens A = |x; X9 X3|, T. e.

Y1 Y2 Ys
S = 0,5|A

| (6)
IIpumep 4. Iycrs A(1;5), B(4;1), C(-1; 1) —

KOODAMHATHEI BEPIIUH TPeyroJbHuKa. Torma, pasiaras

OIIpeIeJINTENb [0 9JIeMEeHTaM MePBOI CTPOKU, UMeeM

11 1
A=[1 4-1|=1-4+1)-1-@0+5)+1-(1-20)=-20,
51 1

oTKyzZa mo gopmyse (6) maxomum S = 0,5

~ 20| = 10.

7. I1nowadv mpeyzonvHUKA, NOCMPOEHHOZ0 HA 6EK-

mopax a u b, pasna nososure ModYyns 8eKMOPHOZO
npouseedenus gekmoposé a u b (cm. m. 301).
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8. ITnowadv npamoyzonbH0z0 MpeyzoibHUKA PABHA
NoJL0BUHE NPOU36e0eHUs e20 KAmemos:

S = 0,5ab. (M

9. Ilnowadv npaAMoOYyz0bHO20 MPEY2O0NbHUKA PABHA
nonosuHe npou3gedenHuss ezo zUNOmMeHy3vl Ha 6blLCOMY,
npogedenHHyI0 K Heil:

S =0,5ch,. (8)

II puwmep 5. HaiiTu niaomanb IPpIMOYTroJIbHOTO
TpeyroJbHUKA ¢ KaTeTaMu a = 3, b = 4 mo dopmyaam
(7) u (8), a rak:ke mo obmuM popmyaam (4) u (5) (puc.
180).

d ITo dpopmyae (7): S=0,5ab=0,5-3-4 =6.

Tlo dopmyae (8): S = 0,5¢h,, rne ¢ = V3% +4% =5,
h?. - CD? = AD -BD (cornacuo teopeme 9.18). Ho

BC ( 9.17) BD=2-18
= B CHJIY TEOPEMEI Y. , T. €. =— =1,
AB y Teop 5

u, sHauur, AD =3,2. Orcona h, =+/1,8-32=2,4 u

BD

S=05-5-2,4=6.
ITo gpopmyne (4): S=pr, rae p = 0,5b(a+b+c) =
=0,5(3+4+5)=6, a 019 HaXOXKJEeHUS I BOCIOJIb3Y-

eMcA TeM, uTo BF = BK = a — r (0Tpe3Ku KacaTeJbHbIX,
TPOBEIEHHBIX K OKPYXKHOCTH 13 OJHOM TOUKM, PABHBI)
u agajgoruudo AE =AK =b-r. Torga a-r+b-r=

=c,otrkyma r =0,5(a+b-¢)=0,5(3+4-5)=1 u, cue-

IoBaTeJbHO, S =6-1=6.
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ITo dpopmyne (5): S = Z—I;, roe R = % (B mpamoy-

T'OJIBHOM TPEYT'OJIBHUKE IEeHTP OIIMCAHHOM OKPYXKHOC-
TN JeXHUT Ha cepeanHe I‘I/IHOTeHYSBI). Taxum 06pa30M,

g 3-4-5 _ 6
4-2,5
10. I1rowadv npasunbH020 MpPeYyzoLbHUKA CO CMO-
PpoHoll a Haxodumcs no gopmyJe

2
s=2 ‘/g. (9)
4

IIpumep 6. HaliTu miomans IpaBUILHOIO Tpe-
YTOJIbHUKA, €CIM U3BEeCTeH PaguycC " BINCAHHON B HEro
OKDPYKHOCTH.

U WsBecTHO, YTO B IPAaBUJIBHOM Tpeyrojbunke ABC
(puc. 181) 1eHTPOM BIIMCAHHON OKPYKHOCTHU SIBJISIETCS
Touxka O mepeceuenus menuaH (cMm. m. 273), a Kakgas
MeIuaHa OeJUTCA TOUYKOI IepeceueHus B OTHOIIEHUU
BO : OM = 2 : 1 (cm. m. 271). IlosTomy eciau a —

a3 _a\/_

,T.¢. OM =r = 3,
2 6

cropora A ABC, To BM =

OTKyZa a = or
J3
Temeps mo Gopmyie (9) HaxogUM
2 2
_ @336V _ 5 g

4 3-4

S

278. IIpusHaku ogo0uaA TPeyroasHuKoB. ITodoou-
em Ha3bIBaeTCA Takoe IpeoOpasoBaHme Gurypst F; B
dburypy F,, Ipu KOTOPOM PACCTOSHHUSA MEXAY JTIOOBIMU
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B B
B,
O
,
A M CA CA (o
Puc. 181 Puc. 182

IBYMA TOUKAMM M3MEHAIOTCA B OZHO M TO K€ UMCJIO
pas. OToO UYHCJIO HA3BIBAETCA KOIPPUyueHmom nodo-
6usn. [Ins obosHaueHusA MOg00UA UCIIOJAb3yeTCS 3HAK ~.
Y momo6GHBIX (PUI'YP COOTBETCTBYIOIUE YIJILI PABHBI, a
COOTBETCTBYIOI[ME OTPE3KU MPOIOPIMOHAILHEI. B uac-

THOCTH, eciau A ABC ~ A A1B{Cy, o LA=ZLAy, LB=
AB AC BC
AB,  AC; BiCp

CupaBelIuBHI CileNyIoOlIe NPUSHAKK II0R00UA Tpe-
YTOJIbHUKOB:

=By, £C =Cy, puc. 182).

T.9.21. Ecau 0sa yzna 00H020 mpeyzoibHUKG PAGHbL
08yMm yzaam 0pyz020 mpeyzoavHUKA, MO MaKue mpey-
20/lbHUKU NO000OHbL (II0 ABYM yTrJjiaMm).

IIpumep 1. B AABC mnposeneHbl CpefHAs JIU-
Hus DF u menuanusl AF u CD (puc. 183). Y6enurscsa B
TOM, UTO MEIHAHBI HEJATCA TOYKON HX IIepeceueHus B
orHomenuu 2 : 1, cunTass OT BEPIIUHEIL.
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U Tak kax A AOC ~ AODF, 10 AO : OF = CO : OD =

= AC : DF. Ho AC: DF = % (o Teopeme 9.7), cieno-

BaTeJbHO, MEIUAHBI JEJIATCA TOUKON IepeceyeHus B OT-
HomieHuu 2 : 1, cuuTasa OT BEePIINHLI, YTO U YTBEPIKIAET-
ca B Teopeme 9.6. B

T.9.22. Ecau 0e cmopoHbl 00H020 mMpeyzoabHUKA Npo-
NOPUUOHALbHBL O8YM CIMOPOHAM OPY2020 MPeY20abHU-
Ka U Yeabl, 3AKAI0OYCHHbLe MeHOY SMUMU CTMOPOHAMU,
pPasHbL, MO makue mMpeyzorbHUKU NOO0OHbL
(II0 IBYM CTODPOHAM M YIJIy MEKIY HUMM).

T.9.23. Ecau cmopoHbl. 00H020 MpeyzoibHUKA NPONOpP-
YUOHALbHBL CMOPOHAM O0pYyz020 MpeyzorbHUKA, MO
maxkue mpeyzoibHUKU no0o0HbL (II0 TPEM CTOPOHAM).

IIpumep 2. Touxku K, L u M ABIAAIOTCA cepenu-
nHamu ctopod A ABC (puc. 184). Bo CKoJIBKO pas aju-
Ha OKPY2KHOCTH, OMKUCaHHo# okoso A ABC, GoJibIlie Ajiu-
HBI OKPYXHOCTH, OIIMCAHHON 0KoJ0 A KLM ?

B B

Puc. 183 Puc. 184
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O Taxk xak KL,LM u KM — cpenuue JUHUUA B

A ABC, 10 £:£:£:2 u AABC ~AKLM,
LM KM KL

a B IIOLOOHBIX TPEYTOJBHUKAX BCE COOTBETCTBYIOIIINE
OTPe3KH NPONOPIUOHATBHBI. SHAUYHUT, OOUH U3 Pamuy-
COB BIBOE GOJIbIIIE PYTOTO, OTKY/A CJIeAYeT, UTO GOJIb-
Ias OKPYKHOCTb BABOe AjunHHee. W

3amMeTHM, 4TO AJA IOAOOUSA NMPAMOYIOIBHBIX TPEY-
TOJIBHUKOB JOCTATOYHO, YTOOBl y HUX OGBLIO IO OZHOMY
PaBHOMY OCTPOMY YTJIY.

OTMeTuM, ellfe 4TO nepumempbl n0000OHbLX MPey2zoib-
HUK06 OMHOCAMCA KAK COOMEemcmeynujue cmopoHbl,
a naowadu — Kax Keadpambv. smux cmopor. Taxum

o6pasom, ecau A ABC ~ A A;B;Cq, o

AB+BC+AC  AB _ BC _ AC
AlBl + Blcl + Alcl AlBl Blcl AlCl ’

SaaBc _ AB?
SAA1B1C1 AlBl2

IIpumep 3.Ilepumerp Tpeyroapuuka p = 10 cmMm,
a ero mwromanb S = 3 cm2. OmpeseIuTh MEPUMETD IIO-
OGHOTO TPEeyroNbHNKA, UMEIoIero miomans 27 cm2.
U O6osnaunm nCKOMBIHM mepumeTrp uepes x. Tak Kak
ILIOMIAAY IMOAOOHBIX TPEYrOJbHMKOB OTHOCATCA KaK
x? 27
KBaJpaThl IEPUMETPOB, TO —— = —
p

=9, oTkygma x2 =
=900 u x = 30 (cm). W
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§ 31. YeThIpeXyroJabHUKHU

279. IlapaamexorpaMMm, NPSIMOYTOJBHHEK, POMO,
kBagpar. Ilapannenozpammom HA3BIBAETCA UYETHIPEX-
YTOJIBbHUK, IPOTHUBOIIOJIOMKHEIE CTOPOHBI KOTOPOI'O IIOIAap-
HO mapaJiienbHbl (puc. 185). MHorma Kakue-uubyIb IBe
nmapaJjuiejbHbIe CTOPOHBI IIapaJlIejiorpaMMa HAa3bIBAIOT
OCHOBAHUAMU, TOTAA [IBe APYrUe HAa3bIBAIOT 60K06bLMU
cmopornamu. 3aKJIIOUEHHBIH MeXKIY ABYMS Iapajiesb-
HBIMIU CTOPOHAMM IIapajijieIorpaMMa OTPe30K IIPSIMOii,
MMEePIeHIUKYIAPHBIA 9TUM CTOPOHAM, HA3LIBAETCS 6bl-
comotu napaJjienorpamma. Ha puc. 185 nsobpaskeH ma-
pamnenorpamm ABCD, y KOTOpPOTO BeICOTa h; TIpoBeje-
Ha K cropoHam BC u AD, a BeIcOTa h; — K CTOpPOHAM
AB u CD.

151 IpOM3BOJIBLHOrO MapaJljiesiorpaMMa CIPaBeIJIn-
BRI CJIEIVIOIINE CBOMCTBA:

19, IIpoTHBOMIOMIOKHBIE CTOPOHBI IapaJLIeJIorpaMMa
PaBHBI.

20, TIpoTMBOIOJIOMKHBIE YIJIBl HapajaeIorpaMMa
PaBHBI.

30, Cocexnme yrubl mapajiejorpaMma, T. €. VIUIBI,
mpujekalnyue K OJHON CTOPOHE, COCTABJISIOT B CyMMe
180°.

49, MuaroHamu mapaJjesorpaMMa JeJSaTcsa B TOUKe
IepecevyeHnsi IIOMOJIaM.

Kaxgoe M3 mepeuyrcjaeHHBIX CBOICTB SBJISAETCS Xa-
DPAKTEPUCTUYECKUM, T. €. BCAKUN YeThIPeXyroJIbHUK, 00-
JIaJaoUi X0TA Obl ONHUM U3 3TUX CBOMCTB, IIPENCTAB-
JisgeT cobOoM ImapasieJorpaMM.

OTMeTHM eIlle OLHO CBOMCTBO IIapaJiieorpaMma.

50. CymMMa KBaJpaToB AMaroHAJell IapajiIeorpaM-
Ma paBHA CyMMe KBaJpaToOB €ro CTOPOH.

IIpumep 1. Cropousl napaienorpamma ABCD
OoTHOCATCA Kak 7 : 9, a ero nepumerp pasex 64. Haiitu
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muaronanu AC u BD, ecaim M3BECTHO, UTO IEePUMETP

A ABD pasen 52 (puc. 186).
4 Ilycrs AB = Tx, Torga AD = 9x U II0 YCJIOBHIO

PABCD =2-16x = 64, PAABD =16x + BD = 52. 3uauwur,
x = 2, oTkyzna Haxomgum AB = 14, AD = 18, BD = 20.
Hnsa orbickanusa guaroHaau AC BOCIOJIbL3yeMCs CBOIi-

creom 59; mmeem 2(AB? + AD?) = BD? + AC?, orky-
na AC? = 2(196+324)-400=640, T. e. AC =

—8/10.m

ITapaJiesorpaMm, CMeXXHbIE CTOPOHBI KOTOPOI'O B3a-
UMHO IePIeHANKYIAPHBI, Ha3bIBAETCHA NPAMOY2Z0AbHU-
kom (puc. 187). Takum o6pasomM, MPAMOYTOJbHUK —
9TO YeTHIPEeXYI'OJILHUK, BCE YIJIBI KOTOPOro npsamMbie. Or-
METHM CJIeAyIolllee BA*KHOE CBOMCTBO IIPSAMOYIOJbHU-
Ka: ezo 0uazoHalu PABHbL.

ITapaJjuiesorpaMmm, Bce CTOPOHEBI KOTOPOI'O PABHEI, HAa-
3pIBaeTca pombom (puc. 188). 3ameTuMm, UTO YeTBHIPEX-
YrOoJbHUK, BCE CTOPOHBI KOTOPOTO PABHBI, SIBJISAETCH
pomGoM.

B c B C
|y
h

A D A 9x D
Puc. 185 Puc. 186
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Puc. 187 Puc. 188

OTmMeTuM cJIeyIOIe CBOMCTBa pomba:

19, Muaronanu pom6a B3aMMHO HePIEeHANKYIAPHEL.

20, MMuaronanu pomba ABIAIOTCA GICCEKTPUCAMU €TI0
YTIJIOB.

BepHBI ¥ TaKkue yTBeP:KICHUA:

ITapannesmorpaMmm, TUaroHaau KOTOPOrO B3BAMMHO TIep-
MeHIUKYJIAPHEI, €CTh PoMO.

ITapanienorpaMMm, OUATOHAJIN KOTOPOI'O SABJIAIOTCS
OMCCeKTpHUcaMU ero yIJoB, eCTh poMO.

IIpumep 2. Ilepumerp pomba paBeH 32, a BbICOTa
pomba pasua 4. HaiiTm yriasl pom0a m ero 00JBIIYIO
IMaroHaJb.

0 Taxk Kak cropoHa pom0a paBHa 8, a e€ro BBICOTA
paBHa 4, To B8 A AHB (puc. 189), orceuerHom ot pomba
ero BbicoTO¥ BH, MpOBEeIeHHON 113 BEPIIINHEI TYIIOTO yIJa,
karer BH paBeH II0JIOBUHE T'MIIOTeHY3bl AB U, 3HAYUT,
ZBAD = 30°. Torna £ ADC =150°.

Ocraerca Haltu auaroHanas AC. Iz AADC 1o

TeopeMe KOCHHYCOB MHOJYUYUM AC? =64+64-2-8x
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A H D

Puc. 189

x 8c0s150° = 128+64\/§ = 64(2+\/§), orkyma AC =

=8y/2+43. m

IIpaAMOYTIOIBLHUK, CTOPOHLI KOTOPOI'O PABHLI, HA3bI-
BaeTcsa kéadpamom (puc. 190). CiegoBaTebHO, KBaJ-
paT SBIAeTCS TaKKe M POMOOM € IMPAMBIMH YIJIaAMH.
MosKHO cCKa3aTh, YTO KBaJpaT — 9TO IapaJjljieJorpaMm,
ABJIAIONUICA OLHOBPEMEHHO X POMOOM, 1 IPAMOYIOJIE-
HUKOM.

TaxuMm o6pa3oM, KBajpaT obJiazaeT BCeMU CBOMCTBA-
MU HapaJjiejorpaMma, poMm0a W IpAMOYrOJbHIKA.

Il pumep 3. uaroHaibr JaHHOTO KBagpaTa CIy-
JKUT CTOPOHOM TPEyroJbHUKA, Y KOTOPOI'O yIoJ, IPOTH-
BOJIEXKAIIUM 3TOI cTopoHe, paseH 150°. IToxkasaTh, 4To
Paguyc OKPYKHOCTH, OIMCAHHON OKOJIO TPEYroJbHUKA,
paBeH AuaroHajayu KBajpara.

U ITycTs @ — cTOpOHA SAHHOT'O KBaJpaTa; TOrJa ero

Anaro”HaJjib, paBHadA a\/E, ABJIAETCA OCHOBaAHHEM Tpey-
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B C
B E C
M N
/ n \
A D A F D
Puc. 190 Puec. 191

T'OJIBHUKA. Pa,zmyc R ommcaHHON OKOJIO 9TOTO TPEeyroJb-
HHNKa OKPYXHOCTH HafI].IeM C IIOMOIIIBIO TeOpeMBbl CHHY-

a2 a2

coB; umeeM —— =2R, oTkyna R=—————=
sin150° 2sin150°

= @42, T.e. 3TOT paJuyc paBeH AuaroHaau kpaapara.l

280. Tpanenusa. Tpaneyueli Ha3bIBaETCA YETHIPEX-
YTOJIbHUK, MMEMINI TOJBKO OAHY Iapy IapaJijiefib-
HBIX cTOPOH (puc. 191). ITpu sTom mapajiesabHBIE CTO-
DPOHBI Ha3bIBAIOTCA €€ OCHO8AHUAMU, a HellapaJliesb-
HBle — O0KO08bLMu cmoporamu. OTHO U3 OCHOBAHUU
Tpamenuu HA3LIBAeTCA 6 OAbwWUM, 8 IPYTOE — MEHb-
wum. VI3 cBOMCTB mapajieJbHbIX IPAMBIX (cM. 1. 259)
CJIEZIYeT, UTO CYMMA Y2J108, NPULEHAULUX K Ka# D0l U3
00K08bLX cOPOH mpaneuuu, pasra 180°. OTpesok mps-
MOIi, MEePHEeHAUKYJAPHBIN OCHOBAHUAM U 3aKJIOUEH-
HBIU MEXK/y HUMU, Ha3bIBAETCA 6bLCOMOU Tpanenun (or-
pesok EF ma puc. 191). Tpamenusi, ogHa U3 CTOPOH
KOTOPOI MEePIeHANKYIsIPHA OCHOBAHUAM, HAa3bIBAETCHA
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. ®DUT'YPBI HA IIJIOCKOCTHI

Puc. 192 Puc. 193

npamoyzonvroi (puc. 192). Tpanemus, y KOTOpOH
paBHBI OOKOBBIE CTOPOHBI, HA3LIBAETCSA PAGHOGOLHOLU
(uHOT[a ee HA3BIBAIOT TaK)Ke PABHOGOKOU UV PAGHO-
6edpennoii). Ha puc. 193 msobparkena paBHOGOUHASA
Tpaneuus ABCD.

OTMeTHM HEKOTOPBIE CBOICTBA PAaBHOGOUYHONI Tpa-
MMeIuu:

10, Yrusl, mpuieskaiiye K KasKJOMy U3 OCHOBaHUII
Tpamenun, PaBHbL.

20, NTuarosaau paBHOOOUYHOI TPANEI[NU PABHBI.

39, Eciy Ipomo/IsKUTh GOKOBBIE CTOPOHBI PABHOOOY-
HOU Tpamenuy OO0 UX IIepeceueHusi, TO BMeCTe C 00JIb-
IIIIM OCHOBAHKEM OHHU o6pasyIoT paBHOOEIPEHHEIH Tpe-
YTOJILHUK.

Kasxnoe 13 mepeuncIeHHbIX CBOMCTB BBHIJEJIAET PaB-
HOOOUYHYIO TpaIlellui0 13 BCeX IPYTUX TPAaIleIlni.

OTpesoK, COeNUHSAIOIINN cepefuHbl GOKOBBIX CTOPOH
IPOM3BOJIBHON Tpalelnuy, HA3bIBAeTCSI cpedHel AUHU-
et Tpamenuu (orpe3ok MN Ha puc. 191).

CmpaBemiuBa CleAyIOIIas TeopeMa:

T.9.24. Cpednas auHus mpaneyuu napaiiesibHa ee oc-
HOBAHUAM U PABHA UX NOAYCYMMe.
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IIpumep 1. auHa GOJBIIEro OCHOBAHUSA TpAIle-
nuu paBHa 24. HaliTu 1IuHy ee MeHBIIIEr0 OCHOBAHMSI,
ecJIM PacCTOSHME MEXKIY CepefuHaMM AUaroHajieil Tpa-
menuu paBHoO 4.

O B rpamemuu ABCD wussectHo, uto AD =24,
AE = EC, BF = FD, EF = 4 (puc. 194). ITycts BC = x.
Torma KE =0,5x, FL =0,5x (tax xak KE u FL —
cpenuue quauu B AABC u ADBC). 3uauutr, KL = KE +
+EF + FL = x +4. C gpyroii cropousl, KL — cpennas
aunana rpanernuu ABCD, . e. KL = 0,5(x + 24). Pemus
ypaBHeHue x + 4 = 0,5(x + 24), Haligem

x=16.1

IIpumep 2. MeHblllee OCHOBaHNE PAaBHOOOUHOM
Tpalenuyu PaBHO OOKOBOM CTOpPOHE, a AUArOHAJbL IIep-
MeHIuKYyJIApHa 00KOBOIi cTopoHe (puc. 195). Haiitu
YTJIbl TpAIeIuu.

0 Ilo ycunoBuio, B Ttpamenuu ABCD umeem

AB=CD =BC, AC1CD. Ilycts /BCA =x; Tornma

B C
B C
L
A D A D

Puc. 194 Puc. 195
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/BAC = x (xak yrabl OIpU OCHOBAHMU paBHOOeI-
peuHoro TtpeyroasrHuka ABC), /BCD =x+90°
a ZCDA =180° — (x + 90°) = 90° — x (mOCKOJBKY CyMMa
YIJIOB, IPUJIEKAIINX K OOKOBOM CTOPOHE Tpaleluu, paB-
ma 180°). Orcmogma caemyer, utro <ZCAD =90°—
-/CDA = x, u, sagaunt, /BAD = /BAC + ZCAD =2x.

Wcnonn3ya paBencTBo yriaoB BAD u CDA, upuie-
JKalluXx K ocHOBaHMWI0O AD paBHOOOYHOH Tpamenuu, nMe-
em 2x =90°—x, orkyma x = 30°. Tak, yriasl Tpare-
nuy paBHBl 60° u 120°. W

281. Ilnomagu ueThIpexXyroJabHUKOB. IIpuBemem
BasKHellmue GopMyJIbl IJIA BEIUUCICHUA ILIOIaneil ue-
THLIPEXYTOJIbHUKOB.

1. ITnowadv keadpama pasra keadpamy ezo cmo-
POHBL UAU NONLO0BUHE K8adpama ezo duazoHaau (puc.
196):

S = a?; (1)

S = 0,5d2. (2)

2. I1nowadv npamoyzonbHUKA PABHA NPOU3EEOEHUIO
€20 CMOPOH UJNU NOJOBUHE npouséedeHus keadpama
ezo JuazoHaau HA CUHYC Yzaa mexldy OUAZOHAAAMU
(puc. 197):

S = ab; (3)
S = 0,5d? sin o. (4)
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B C
B C
d
d
¢ b
A a D A a D
Puc. 196 Puc. 197

IIpumep 1.Ilycrs fuaroHajab OPAMOYrOJIbHUKA
paBHA 5, a CUHYC yIJIa MeXJy auaroHaaamu pasex 0,96.
Torma S =0,5-25-0,96=12.

3. ITnowadv pomba pasHa npou3eedeHUld ezo CMmo-
POHbBL HA 8blcomy, NPo8edeHHYI0 K Hell, 1U60 npoussede-
HUI0 Keadpama ezo CMOPOHbL HA CUHYC Yzaa mexcoy
cmexncHvimu cmoponamu (puc. 198, a), aubo nonosure
npoussedernus ezo duazouaneil (puc. 198, 6):

S =ah,; %)
S = a?sina; (6)
S = 0,5dyds. (7

4. ITnowadv napannenozpamma pasHa npousgede-
HUI €20 OCHOBAHUA HA 8bLCOMY, 1UOO NPOU3BEOCHUIO €20
CMENHCHBLX CMOPOH HA CUHYC Yzaa Mmexdy HUMU
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) Pasden IX. TEOM. ®UT'YPHI HA ITJIOCKOCTU

B ¢ B C
d
a h,
dy
o
A a D A D
a) 0)
Puc. 198
B
b h, \\
o \\\
A a D
a)

Puc. 199

(puc. 199, a), 1ubo nonosuHe npouszgedeHus ezo 0uazo-
Hazeil Ha cuHyc yeaa mexdy Humu (puc. 199, 6):

S = ah,; (8)
S =absina; 9)
S = 0,5d,d, sin . (10)
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3aMeTrM, UTO ILIOIIAJL TPEYroJbHHKA C TaKUM JKe
OCHOBaHMNEM @ U TaKOil »Ke BBICOTOU ha, KakK y mapaJuie-
JorpaMmMa, paBHA IIOJIOBMEHE ILIOIIAAN 3TOr0 IIapaJsiesor-

pamma, Hanpumep Spapp = 0,58 gpcp (cM. puc. 199, a).
OTMeTHM elrie, 4YTO NA0U,A0b NAPALILEL0ZPAMMA, NO-

CMpoenHoz0 Ha éexmopax a u b , pasHa ModyJio eek-

mopHozo npoussedenus exmopoé a u b (cm. m. 301).

IIpumep 2. Hailitu miomanb poMda co CTOPOHOM
a = 6 u yrioMm B 30° MeXIy ero CMeXHBIMU CTOPOHAMU
(puc. 200), ucnonbdysa popmyJsl (5), (6) u (7).

U ITo gpopmyie (6): S = a?sino = 36-sin 30° = 18.

Ilo dopmyne (5): S =ah, = AD-BK, rae BK =
=05AB=3 (takx xak /BAD=30°). 3mauur, S =
=6-3=18.

ITo dopmyme (7): S =0,56d;dy = 0,5AC - BD, rme BD
HalimeM 1Mo Teopeme KocuHycoB u3 ABAD, a AC — mo
Tol e Teopeme us AABC. NmeeMm BD? =36 +36-2x
x 36c0s30°=72(1-cos30°) =36(2- \/g), AC? =36 +

+36-2-36c0s150° = 72(1 + cos 30°) = 36(2 + /3).

IlosTomy S = O,5~6~6\/(2—\/§)(2+\/§) =18.1

II pum™mep 3. Haiitu miomans mapajieaorpaMma,
IraroHaJIX KOTOPOIr'o PaBHBI b 1 3, a CHHYC yrjia MeXKIy
uHumu paseH 0,8 (puc. 201), ucmons3ysa popmy.as (8), (9)
u (10).

4 ITo gopmyae (10):

S =0,5d;dy sing=0,5-5-3 - 0,8 = 6.
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B C
B C
P
o
A K D A H D
Puc. 200 Puc. 201

Ilo dpopmye (9): S =absina, roe a = AD, b=CD
u sino mago maitu. Tak Kak sing =0,8, To cos¢ =
=41 —0,82 =0,6 uB ACMD 10 TeopeMe KOCHUHYCOB
umeem CD? = MC? + MD? —2MC- MDcosgp, uIn
CD? =257 +15%-2.25.15-0,6 =4, T.e. CD =2. Ho
AC? + BD? =2(AD? + CD?), wuam 25+9=2A4D? +
+2-4, orryma AD = \/E Teneps NIPUMEHUM TEOPEMY
KocuHycoB K ABAD: BD? = AB? + AD? - 2AB x
xADcosoc:4+13—2-2\/Ecosoc, nuin 9=17-

2
—44/13 cosa, OTKyza COSO = T ITosTomy sina =
13

\/I -2 a5 2418 6.
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§ 31. YeTnIpexyroJlbHUKHA

ITo dopmyne (8): S =ah,, roe cropona a = AD =

=413 OnLna HalineHa paHee, a BeIcOTY h, = BH Haii-

nem us3 AAHB. Umeem BH:ABsina:2~i=

V13

6 6
= —— W, cJIefoBaTeJIbHO, S = 4/13 - —— =6. 1
V13 V13

5. I1nowads mpaneyuu pagHa npou3éedeHuio nouLy-
CYMMbL ee 0OCHOBAHULL HA 8bLCOMY UAU NPOU3BEDEHUIO ee
cpedHell AUHUU Ha 8blCOMmY:

_a+b
2

S

h; (11)

S = lh. (12)

Il pumep 4. HaiiTu miuomanb OpsIMOYTroJbHOMR
TpAIelni, eCJIM ee OCTPLINA yroJ paseH 60°, MeHbIIIee OCHO-
BaHMe paBHO 6, a 6oJbIasg OOKOBAsA CTOPOHA paBHA 8.

U B rpamenmuum ABCD muposBemem BHI1AD
(puc. 202). Torma /ABH =30° u AH =0,5AB =14,

BH = 0,5yJ3AB = 4/3, AD = AH + HD = 10. Buauur,

S=05(10+6)-4J3 =32V3. m

6. ITnowads 1106020 Yemuvipexyz0ibHUKA PABHA NO-
JA08UHe Npou3sedeHus ezo OUAzZOHAJE HA CUHYC Yzaa
Mmexnc0y HuMu:

S = 0,5d1d; sin @. (13)

IIpumep 5. B paBHOOOUHOM Tpaleluy JUATOHAINA
B3aMMHO MEPIEeHINKYJIAPHLI, a CpeIHsaA JUHUSA paBHA D
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B C B E C
M
A H D A F H D
Puc. 202 Puc. 203

(puc. 203). Haiitu miomiaas Tpamelun, UCIoab3ys ¢hop-
myay (12) unu oburyo popmyay (13).

O ITo dopmyae (12): S=1h, rne h=EF =EM +
+MF =BE+AF =05(a+b)=1 (a=BC ub=AD —
OCHOBaHMUA Tpamenuun). 3HAUUT, S = 12 = 25.

IIo dopmymne (13): S = 0,5d> (rax xax ¢ =90°).
IIposenem CH!AD; panee MBI yCTAHOBUJIU, 4TO CH =
=0,5(a+b)=5. B AAMD umeem /MAD = 45°. Tor-
na us ACHA caenyer, uro AH = CH =5. Ilostomy
d? = AC? = 2CH? = 50, otkyza S =25. W

3aMeTHuM, 4TO ILJIOM[aLb IPOU3BOJIbHOIO YeThIPeX-

YroJbHUKA MOJKHO HaMWTU, pasdUB ero Ha TPeyroJb-

HUKH.
IIpumep 6.HaiiTu miomans 4eTbIpeXyroJbHUKA

ABCD, B xkoropom £ BAD =90°, AB=3, BC=2,CD =
=5, AD =4 (puc. 204).
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§ 31. YeTnIpexyroJlbHUKHA

U PazobbeM 3aJaHHBIN YeTHLIPEXYTOJIbHUK Ha TPEy-
ronpEnKku BAD u BCD. NUmeem Sppap =6 (monosu-
Ha mpousBeneHus rKaretros). IIo Teopeme Iludaropa us
ABAD mnaninem BD = 5. Temeppr B A BCD usBecTHEI
Tpu cropousl. Ilo ¢popmyse Iepona maxomgum Sppcp =

—J6-1-4-1=2J6. Urax, S, pcp =6+26. W

7. Ecau 0KOMO uembvlpexyzolbHUKA MONCHO ONU-
camv OKPYH#HOCMb, MO €20 naow,adv S evipaxcaemcs
dopmyanoil

S=y(p-a)(p-b)(p-c)(p-d), (14)

2de a, b, c,d — cmopoHvL uemblpexyzoibHUKA, P =

=0,5(a+b+c+d)— noaynepumemp.

8. Ecau 8 yemuvlpexyzoibHUK MONHO BNUCAMb OK-
PYAHHOCMB, MO €20 NA0WA0b PABHA NOAYNEePUMEMmpPY, YM-
HOMCEHHOMY Ha paduyc 8NUCAHHOU OKPYHICHOCTU:

S = pr. (15)

|- == === ==

Puc. 204 Puc. 205
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Il pumep 7. OcHOBaHUA Tpamenuu pPaBHBLI 4
u 16 cm. I3BeCTHO, UTO CYII[ECTBYIOT OKPYKHOCTHU, BIIH-
CaHHAs B 9Ty TPAIEI[UI0 M OIMMCAHHAA OKO0JIO Hee. Hc-
moab3ys popmyasl (14) u (15), HaliTy maoIALb TpaIe-
LU,

U Tak kax okoso tpanernuu ABCD (puc. 205) Mmox-
HO OIICATDb OKPYKHOCTD, TO TPAIlelUsa JOKHA ObITh PaB-
HOOOUHOI, T. e. AB = CD. [aiee, TaKk KaK B TPAIeINIO
ABCD MO0XHO BIKCATb OKPYXHOCTb, TO CyMMa OCHOBA-
HUHM Tpamemuu LOJKHA OBITH paBHA cyMMe ee 0O-

KOBBIX CTOPOH, T. e. AD+ BC = AB+ CD = 2AB, oTKy-
ma caexgyer, uro AB = 0,5(AD + BC) =10. IIposezem
BK1AD nus AAKB, rne AB=10, AK =0,5(16-4) =

=6, mHalizem BK = \/102 —62 =8. Bmauur, r-=
= 0,5BK = 4.

Tlo opmyae (14): S = y(p—a)(p-b)(p—c)(p—d),
rmep=20,p—a=16,p-b=4,p-c=10,p—-d = 10.

Torna S =416-4-10-10 = 80.

Ilo gpopmyie (15): S=pr=20-4=80. 1

§ 32. Okpy:kHOCTH

282. BzanMHoOe pacmoJoskeHHe MPAMOM U OKPYkK-
Hoctu. KacarenpHas u cexkymada. OxpyscrHocmovio Ha-
3BIBAETCS FeOMEeTPUYECKOe MECTO TOUEK, OAUHAKOBO yIa-
JIGHHBIX OT HaHHOI Touku O, HA3bIBAEMOU YeHmpom OK-
py:xxuocTu (puc. 206). PaccToAaHMe OT TOUKU OKPYIKHO-
CTH [0 ee IIeHTpPa HasbIBaeTcsa paduycom OKPYKHOCTHU
(orpesork OA Ha puc. 206).
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§ 32. OKkpyKHOCTH

OKpY’XHOCTb JeJUT IJOCKOCTH Ha JBe YacTH: BHYT-
PEHHIOI0 II0 OTHOUIEHWIO K OKPYKHOCTH U BHEIIHIOIO.
BHyTpeHHAA YacTb, BKJIOYad U KOHTYD, ee OTPaHUYNBa-
IOIUH, T. €. OKPYKHOCTD, HasbIBaeTca kpyzom. Bee Tou-
KM Kpyra yZajeHbl OT IeHTPa Ha PacCTosHUe, He 0OJIb-
IIee, 4eM PafAuyC OKPY’KHOCTH. BHelrHaa dacThb cocTo-
WT 13 TOYEK, yJaJeHHbIX OT IleHTPa Ha PacCTogHue, IIpe-
BBINIAIOIEE PamuycC.

IIpamas, nexamiasa B TOH Ke IJIOCKOCTH, YTO ¥ OK-
PY’KHOCTB, MOKeT He IMETb C OKPYKHOCTHIO OOIIIUX TO-
4YeK, MOXKeT IIePeceKaTh OKPYKHOCTh B IBYX TOYKax (Ta-
Kad npamasg HasblBaeTca cexkyuyell; M N Ha puc. 206) u
MOJXKET UMETh C OKPYIKHOCTBIO OLHY 00IIIyI0 TOUKY (Ta-

Kas mpsaMas HasblBaeTcsa Kacameavholi; KL Ha puc.
206).

T.9.25. IIpamas, npoxodsauias wepes mouKy OKPYHCHOC-
mu, mozda u MoaAbKO Moz0a ABALEMCA KACAMELbHOl
K amoil oKpyHcHOCMU, K020A4 OHA NepneHOUKYLAPHA
paduycy, npogedeHHOMY 8 OAHHYI0 MOUKY.

283. Xopaa u muamerp. Cextop u cerment. OTpe-
30K CeKyllel, 3aKII0UeHHbIl BHYTPU OKPYXXHOCTH, Ha-

Puc. 206 Puc. 207
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3pIBaerTca xopdoi (orpe3oxk AB Ha puc. 207). Ilepmen-
IUKYJIAP, OMYIIEeHHBLIH Ha XOpAYy U3 IEeHTPa OKPY:KHOC-
TU, OEJUT 3Ty XOPAY IOI0JIaM.

Xopaa, Ipoxoadiias yepes IeHTP OKPY:KHOCTH, Ha-
spiBaeTca duamempom (orpesox CD na puc. 207). Bee
IMaMeTphbl PaBHBI MEXKIy cO00M M pPaBHBI YABOEHHOMY
pazuycy.

Xopaa pasOuBaeT Kpyr Ha JBe YacTU, HasbIBaeMble
cezmenmamu (Ha puc. 208 — sto cerments! I u II).

Ecau xopna coBmajaeT ¢ JuaMeTpPoOM, TO 9TH CEerMeH-
THI IPEeBPAIAIOTCA B NOAYKPY2U.

YacTh Kpyra, orpaHMYeHHAas OIBYMs €r0 paguycaMu
OA n OB u ayroil OKpysKHOCTHU, COEAUHSION[eNl KOHIIGI
STHUX PajNycoB, HaspIBaeTcsa cekmopom (Ha puc. 209 —
3710 ceKTopsl I u I1).

CopaBeiuBLI CIEAYIOIINE YTBEP:KICHUSI:

10, PaBHbIe XOpABI CTATUBAIOT PaBHBIE JYTHU.

20, PaBHBIE JyTU CTATHBAIOTCA PABHBIMHU XODAaMIU.

39, Xopabl, oZMHAKOBO yZIaJeHHbIE OT I€HTPA,
PaBHHEI.

49, PaBHBIe XOpABI OAMHAKOBO yAAJEHBI OT IIEHTPA.

50. Beakuit quaMeTp ABJIAETCA OChI0 CHMMETPHH
OKPYV’KHOCTHU U IEeJUT ee Ha JABe PaBHbIE IOJYOKPYK-

HOCTH.
\ A
B

Puc. 208 Puc. 209
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§ 32. OKkpyKHOCTH

284. YpaBHeHHEe OKPY:KHOCTH. ¥YpPaBHEHUE OKPYIK-
HocTtu ¢ meHTpoM C (a;b) u paguycom R B IPSIMOYTOJIb-
HOII IeKapTOBOIi cuCcTeMe KOOPAUHAT MMeeT BUJ

(x—a)® +(y-b)? = R% (1)

B uacTHOCTH, €C/IU IIEHTP OKPYsKHOCTU COBIIAZAEeT C
HAYajJoM KOODPAMHAT, TO ypaBHeuwue (1) mpumeT BU

x? +y? = R?. (2)

II p u m e p. CocTaBuUTh ypaBHEHNE OKPYKHOCTH:

a) ¢ IEHTPOM B Hauaje KOOPOUHAT U PASUYCOM \/? ;

6) ¢ meatpom C (2;—6) u paguycom 9;

B) ¢ meuTpoM C (—3;4), IpruUYeM OKPYKHOCTh IIPOXO-
IUT Yepe3 HAuaJ0 KOOPAWHAT.

U a) Ucnousaysa dopmyry (2), moayuum x? + y2 =1.

6) Cormacuo dopmynae (1), umeem (x—2)2 +(y+
+6)% =81.

B) Bocmonbsyemca dopmynoi (1) m samuinem

(x + 3)2 +(y - 4)2 =R%? — sr0 ypaBHEHNEe OKPYIKHOC-
TH C JaHHBIM IIEHTPOM ¥ HEMWB3BECTHBIM IIOKA paguy-
com R.

Tak KaK OKPY’KHOCTh IIPOXOAUT Yepe3 HAYaIo KOoop-
auHaT, To 3HaueHud x = 0, y = 0 y0BJIeTBOPAIOT ee ypas-
HEHUIO; TOJICTaBUB ATU 3HAUEHUS B MOJYYEHHOE ypPaB-

HeHUe, UMeeM 32 +(—4)2 = Rz, T. e. R?=25. Hrax,

(x+ 3)2 +(y - 4)2 =25 — wuckomoe ypaBHeHnue.l
285. BzanmMHOe pacrooskeHne IBYyX OKPY:KHOCTEN.

PaccMOTpUM BO3MOJKHBIE CJIyYayd PACIIOJOMKEHHUS OBYX
OKPYKHOCTEH.
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a) 2)
0) 0)
) (O
8) e)

Puc. 210

1. IIycTh HEeHTPHI OKPY:KHOCTell cOoBIAmamoT (Takue
OKPYIKHOCTH HAa3BbIBAIOTCA KOHYeHmpuieckumu). Eciau
UX PaAnychl HEe PABHbBI, TO OJHA OKPYKHOCTb JIEJKUT BHYT-
pu npyroii (puc. 210, a). Ecau e paguychl paBHBI, TO
OKPYKHOCTH COBHANAIOT.

2. IlycTs meHTphI OKPYKHOCTEH He coBmanaoT. IIps-
Mas, IPOXOIAINAs Uepes IIeHTPhl OKPYsKHOCTEeM, HAa3hI-
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§ 33. Yribl U OTPe3KHu B Kpyre

BaeTcsa AuHuel UeHmpoe. Bsaumuoe PacCIIOJIOKEeHHn e OK-
pyHcHoc'reﬁ 3aBHCHUT OT COOTHOIIEHUHA MEXIY I,Z[.TII/IHOIL/'I

d oTpes3Ka, COeqUHAIOIIEro IeHTPhI, U BeJINUYNHAMU pa-
InycoB OKpy:kHocTeii R u r(R>r):

d < R—-r — ofHa M3 OKPYKHOCTEHN JIEKUT BHYTPU
npyroii (puc. 210, 6);

d=R-r — OKDYXHOCTH KacalTCs BHYTPEHHUM
obpasom (puc. 210, 8);

R-r<d<R+r — OKpPYXHOCTH IIepeceKaloTcs B
IBYX TOUKAaX, CHMMETPUYHBIX OTHOCUTEIHHO JNHUY IIeH-
TpoB (puc. 210, 2);

d=R+r — OKDYXHOCTM KAacaloTCs BHEIIHUM 00-
pasom (puc. 210, 0);

d>R+r — OKDYXHOCTHM HE MMEIOT O0IIUX TOUEK,
KaxKJas OKPYKHOCTH IEJWKOM JIeKUT BHE APYroi
(puc. 210, e).

Ecau pagmycsl OKPYKHOCTEH DPaBHBI, TO BO3MOKHBI
TOJIBKO TPU IOCJEAHUX CJIydYasi: mepeceyeHmne, BHeIIHee
KacaHuve, BHEIITHee PACIIOJIOMKeHue.

§ 33. ¥Yrasl U MpPONOPIMOHAJIbHbBIE
OTpPe3KH B Kpyre

286. Yrasl ¢ BepUIMHOH HAa OKPYKHOCTU. YTOJI, CO-
CTaBJICEHHBIN ABYMSA XOPAAMHU, UCXONAIMMHU U3 OIHOI
TOUKHU OKPYIKHOCTH, HasbIBaeTcs enucannvim (puc. 211).

T.9.26. Y202, 6nucaunvlii 8 OKPYHIHOCMb, U3MEPACMCI
Nnos08UHOU OYyzeu, HA KOMOPYI OH ONUPAEMCA.

Hanpumep, ecau ayra, Ha KOTOPYIO OIMpAaeTCsA
BIMCAHHBINA yroJs, pasHa 60°, To 2TOT yroa paseH
30° (puc. 212).
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A

Puc. 211 Puc. 212

BnucaunbIii yroy, onupamIuicsa Ha JUaMeTp, — IIps-
MOIi, IOCKOJIbKY Ayra, CTATMBaeMas IuaMeTpoM, paBHA
180° (pmc. 213).

Panee (cM. mm. 256) MBI YCTAHOBUJIHN, UTO I'eOMETPHU-
YecKoe MeCTO TOUEeK, M3 KOTOPBLIX JaHHBIA 0Tpe3oK AB
BUJIEH MOJ JaHHBIM YIJIOM O , — 39TO Ayra, B KOTOPYIO
BIICAH yroa o (¥ gyra, CKMMETPUYHASA C Hell OTHOCH-
TeabHO AB). OTpe3ok AB sBiseTcA XOPIOM, CTATUBAIO-
mieit sty ayry (cm. puc. 132, 6).

IIpumep 1. Xopaa IeauT OKPY’KHOCTH Ha IBe
IyT'HY, OOHA 13 KOTOPBIX cocTasasdeT 125% npyroii. Haii-
TU BEJMYUHBI BIIMCAHHBIX YIJIOB, OMMUPAIOIIUXCS Ha 9Ty

xopay.
O IlycTe MeHbIIAd Iyra COLEPKUT X', TOTAA 0OJIb-

5
masd Ayra COJEPKUT — x°, YTO B CyMMe JaeT Zx°-
4
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B
Puc. 213 Puc. 214

C Apyroii CTOPOHEI, CyMMAa 3TUX AYyT paBHa 360°, mosTomy

4 .
MeHbIIIasg M3 HUX paBHA 6-360° =160°, a O6oubiIasd

pasHa 200°. Orcroza,ucroab3ya Teopemy 9.26, Haxo-
OIUM MCKOMEIE BEJMYMHLI BIMCAHHBLIX yriaos: 80° m
100°. m

T.9.27. Yeon mendy rwacamenvHoil K OKPYIHOCMU 6
HeKomopoil ee mouke u xopdoil, npoxodsauieil uepez my
Jice MOUKY, u3mepsemcs noJo8UHOL 0Yyzu OKPYHCHOC-
mu, Jexauieii BRYympu Imozo yzJa.

Tak, yron BMA (puc. 214) uamepseTcs I0JOBUHOM
nyru AnM.

IIpumep 2. Yepes TOUKY, JeKAIIYI0 HA OKPYHK-
HOCTH, IPOBeIEeHbl XOpAa W KacareibHas. Haittu oct-
PBII yroJI MeKIy HUMU, €CJIU HeHTPAJbHBIA YroJl, OII’-
paromuiica Ha 3Ty X0opAay, pasex 140° (puc. 215).
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Puc. 215 Puc. 216

O Coruacuo Teopeme 9.27, ocTprlii yron BMA mesx-
Iy xacatenbHoM BM u xopmoii AM maMepsieTcs II0JIO-
BuHOU nyru AnM. Ho meurpanbubiii yron AOM wus-
Mepsercsa nyroii AnM, mosTomy MCKOMBINM yron BMA
BABOe MeHbIle yria AOM, T. e. oH paseH 70°. B

287. YTasl ¢ BepUIMHON BHYTPHM M BHe Kpyra. Pac-
CMOTPHUM YyT0J, KOTOPBHIM 00pasoBaH ABYMS XOpJamu,
repeceKaroIuMUCI BHYTPU Kpyra (Ha puc. 216 910 yrou
AMB).

T.9.28. Vzoz, 06pasosarnnsLii 08yms xopdamu, nepecexa-
WUMUCS BHYMPU KPYea, U3MEPAeMCs NOAYCYMMOLL
O0ye, nexcawux HYympu OAHHOZ0 Yeaa U Yzaad C HUM
8epMUKANLbHOZO.

Tak, yron AM B usmepseTcs IoJaycyMmoi nyr AB u
A'B' (puc. 216).

IIpumep 1. Quamerp FE u xopana HG nepeceka-
oTcsa B Touke K, npuuem ayra FH cogepxxur 120°, a
nyra GE — 98°. Hasitu yron FKG (puc. 217).
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§ 33. Yribl U OTPe3KHu B Kpyre

o E
S
A
s
P G M Bv
Puc. 217 Puc. 218

Q Oyru FH u GE B cymme cogepsxat 218°, mostomy
nyru HE u FG pator B cymme 142°. CorszacHo Teopeme
9.28, yron FKG unsmepsieTcsa MOJOBUHON 9TOM BeJIMUM-
HBI, T. €. OH paBeH 71°. W

PaccmoTpuMm Temeps yroJi, 00pasoBaHHBIN JBYMS Ce-
KYIINMHA, IPOBEeJAEHHBIMU 13 TOUKH, JIeXKAIlell BHe KPY-
ra (ma puc. 218 — sro yron A'MB’).

T.9.29. Yzoz, 06pa3osannvlii 08Yyms ceKyuyumu, npose-
OeHHbLMU U3 6HeULHell MOYKU, U3Mepaemcs noiypas-
Hocmbio 0Yyz, Aexaux 6HYmpu Hezo.

Tak, yron A'MB’' uaMepseTcsa MOJYPa3HOCTHIO IYT
A'B' u AB (puc. 218).

Teopema 9.28 ocTaeTcsa BepHOIi 1 B TOM cJlydyae, KOT'-
Ia olHa U3 CTOPOH yIJja MU o0e SBJISIOTCS KacaTesb-
HBIMU K OKPYKHOCTH.

IIpumep 2. U3 Touku M, jgexxaleil BHe Kpyra
(puc. 219), nuposenens! cexkyiiue MDA u MEC, o6pasy-
omue yroa AMC, pasublii 33°. CKOJIBKO IpaZyCcoB CO-
nep:xat nyru AC u DE, ecinu nepsasd u3 HuUX B 2,5 pasa
60JIbIIIe BTOPOM?
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O Coruacuo teopeme 9.29, yron AMC usmepsercs
moJsrypasuocTeio nyr AC u DE, oTKyIa ciaegyer, uTo pas-
HOCTh Ayr AC u DE pasna 66°. Ilycts nyra DE cozep-
sxuT x°, 3HaunuT gyra AC comep:xut 2,5x°, a ©X Pa3HOCTh
pasHa 1,5x°. Torma moaydyaemM ypaBHeHue 1,5x =
= 66, orkyma x = 44, 2,5x = 110. Urax, vAC = 110°,
v DE =44°.1

288. YeThIpexyroJbHUKH, BINCAHHBIE B OKPYIK-
HOCTH ¥ OIMMCaHHbIE OK0JI0 Hee. Kak m3BecTHO, BO BCA-
KU TPeyroJbHUK MOYKHO BIKUCATH OKPYsKHOCTb U OKO-
JIO BCAKOTO TPEYroJbHUKA MOYKHO ONUCATH OKPYK-
HOCTh. B cayuyae 4eThIPpEeXyroJbHUKOB 3TO HE TakK, a
UMEHHO, JJIs1 BIUCAHHBIX YeThIPEXYTOJbHUKOB CIIpaBe]-
JINBO YTBEpKAeHUEe:

T.9.30. Ecru uembvlpexyzoivHUK 6NUCAH 8 OKPYNHCHOCTLY,
Mo cymma ezo nPOMUBONOJLOHCHbLY Y208 pasHa 180°.

Orcioma cienyeT, YTO M3 BCeX IIapaJjjiejlorpaMMOB
OKPY?KHOCTb MOKHO OIKCATDH TOJBKO OKOJIO IIPSAMOYTOJIb-
HUKAa, a U3 BCeX Tpaleluii — TOJHKO OKOJIO PaBHOOOU-
HOU TpameIuu.

OTmMeTHM ellle OJHO CBOMCTBO BIIMCAHHOTO UeThIpeX-
yroabHuKa. IIycTh B MPOU3BOJIBHOM BIIMCAHHOM YeThI-
pexyrojbHUKe IIPOBeleHbLI nuaroHaju. Torma npousae-
OeHus ompe3ko8, Ha Komopvle 0UAzZOHALU Pa36uU8aN-
cA MOUKOU ux nepeceueHus, pasHs. (CM. TeopeMy
9.33 B u. 289). Hanmpumep, AJA BOIUCAHHOTO YeThIpeX-
yronbuuka ABCD (puc. 220) BLIIOJIHSETCA PABEHCTBO

AF -FC = BF - FD.

Haxomner, crpaBeaJanBo caeayoolee CBOMCTBO (meo-
pema IImonemes): 60 6NUCAHHOM HeMbLpexXy20/ibHUKE
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§ 33. Yribl U OTPe3KHu B Kpyre

M
D
E B C
D
A A
C
Puc. 219 Puc. 220

npoussedenue duazonaneil pagHo cymme npousgedeHuil
ez0 npomueononoxHbvltx cmopor (puc. 220), T. e.

AC-BD = AB-CD + BC- AD.

IIpumep 1.B uerbipexyronrauke ABCD puaro-
Haab AC CIOY:KUT OIMaMETPOM OIMCAHHOM OKOJIO Hero
OKPY’KHOCTH, a AuaroHajab BD — XOpmoil, COCTaBJSIO-
meit ¢ AC yron 30°. Touka P mepeceueHUsS XOPABLL U
nuamerpa genut AC ua orpesku AP = 16 cm, PC = 6 cMm.
Haiitu orpesxku DP u PB, eciu mjaoinaib YeThIPEX-
yroapHuKa paBHa 110 cm? (puc. 221).

U Umeem S =0,5AC- BDsin30° (cm. m. 277), uiau
110=0,5-22-0,5BD, orkyma BD = 20 (cm). Temepsn
mosioxxkuMm DP = x, PB = 20 — x 1 BOCHOJIL3yeMCs TeM,
YTO BO BIHMCAHHOM uYeThipexyrojbHUkKe AP-PC =
= DP-PB. Torga 16-6 = x(20 — x), OTKyJa HaxoguM
DP =12 cm, PB=8cMm. R
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Puc. 221 Puc. 222

I omMcaHHOrO YeTHIPEeXYTroJbHUKA CIPaBEIJINBO
yTBep:KIeHUe:

T.9.31. Ecau uemblpexyzoivHUK ONUCAH OKOJLO OKDYNC-
HOCMU, MO CYMMbL OLUH €20 NPOMUBONOLONCHBLX CTNO-
POH pasHbL.

Orcroza ciaenyer, 4YTo U3 BceX MapaJlieIorpaMMOB OK-
DPY’KHOCTh MOYKHO BIIMCATh TOJIBKO B DOMO, a M3 BCeX
Tpamenuii — TOJHKO B TAKYI0 PABHOOOUHYIO TPAIEIUIO,
Y KOTOpOIl cyMMa IJINH OCHOBAaHWI paBHA CYMMe AJIWH
OOKOBBIX CTODOH.

Hanpuwmep, B paBHOOOUHYIO TPATIEIINIO C OCHOBAHU -
Mu 2 u 12 u ¢ GOKOBOII CTOPOHOM 7 MOIKHO BIIMCATH
OKDPY’KHOCTH, & B PABHOOOUHYIO TPAIEIMIO C TEMU Ke
OCHOBAaHUSMHU U ¢ GOKOBOM CTOPOHOU 5 — Heabas (X0TdA
OKOJIO Hee MOYKHO OIKCATHb OKPYKHOCTD).

IIpumep 2. OKono OKPYXHOCTU OIMMCAH YETHI-
pexyroasauk ABCD (puc. 222), B kotopom ZC = 90°,

AD =14 cwM, BF=2cmu SAOFB = 0’25SOFCG’ rume OF
u OG — pagmychl OKPYXHOCTU, MIPOBEJEeHHbIE B TOUKH
racanua. Haiitu S, p.p).

O IIycts OF = x; Torga miomanbk kBazpata OFCG

2

paBHa Xx“, 4YTO IO YCJOBUIO cocTaBigeT 4S opp =
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§ 33. Yribl U OTPe3KHu B Kpyre

=4-0,50F -BF =2-2x, orkyza x = 4 (cm). 3Hauur,
BC = BF + FC = 6 (cm). Tak Kak 4eTbHIPEeXyTrOJbHUK
BIOMCAH B OKPYKHOCTb, To AB + CD = AD + BC =
= 20 cm. Hcxkomyoo miaomanb HaXoguM II0 (opmyJe

S = pr (cm. m. 277), rne p = 20 cm, r = 4 cm. Urak,
SABCD =80 CM2. |

289. IIponopiuuoHaabHbie 0Tpe3Ku B Kpyre. IIycTh
U3 OJHOM TOUKH, JeKallleli BHe Kpyra, IPOBeIeHbI CeKY-
masa AB u kKacarenbuasa AT (puc. 223). Bygem HasbI-
BaThb OTPE30K MEXJIy TOUKON A m Oaumskaiiiieil x Heil
TOUKOM IIepeceueHns ¢ OKPYKHOCTBIO 6HellHell 1 acmblo
cexyugeil (orpe3ox AC Ha puc. 223). Torza cupasenin-
BO TaKOe YTBEp:KIeHUEe:

T.9.32. Keadpam kacamenvbHOil pageH npou3gederHuio

cexyuiell Ha ee BHEWHIOW yacmyv, T. e. AB- AC = AT?.
Orcroza cienyer, 4TO KacamenbHas PA8HaA cpedHemy
2zeomempuyeckomy mexcdy cexyuieil, npogedeHHOl U3 moil
e MOYKU, U BHEULHEll Yacmblo 9moil cexyuieil.
OrmeruM, uTO 024 10001 cexyueil, npoxodauieil ye-
pe3 0aHHYy MoOuKYy, npou3gederHue OJLUHbL CEeKY-

weil Ha ee 8HEWHIOI Yacmb nocmoanuo: ABy - AC; =
= AB, - ACy (puc. 224).

T B

Puc. 223 Puc. 224

441



T'EOMETPUSA

| Pasden IX. TEOM. ®UT'YPHI HA IIJIOCKOCTU

IIpumep 1. U3 Touxku, Jgexalreii BHe OKPYKHO-
CTH, IPOBeIeHbI KacaTeJbHadA U ceKyiiasa. KacarenbHas
MeHbIIIe CeKyIell Ha m u 0OOJIbIle BHEITHEH YacTu ce-
Kymieit Ha n. Ha¥iTu pgiuHy KacaTeabHOM.

U Hcmonb3yss ob003HAUEHUS, IPUBEIEHHbIE HA PIUC.
223, umeem: AB— AT = m, AT — AC = n. Ilycts AT =

= x; torqa AB=m +x, AC = x — n. CorsacHo Teopeme

9.32, AB - AC = AT?, 1. e. (m+x)(x —n) = x>, orkyza
mn

m-n
PaccMmoTpuM Temepb XOP/bI, IIepeceKaroluecs BHYT-
pu xkpyra. CrpasenjiuBo cieayiolliee yTBep:KIeHNe:

T.9.33. Ecau dge xopduvL nepecexaromcs, mo npousgede-
Hue ompe3ko8 00HOIL XO0pOdbvl PABHO NPOU3BEOCHUND
ompe3xo8 dpyzoil xopdvL.

Hamnpumep, xopast AB u CD (puc. 225) nepeceKkawor-
ca B Touke M u BeImOJHseTcA paBeHcTBo AM - MB =
=CM -MD. pyrumu ciaoBamu, 0.8 OAHHOU MOYKU
npousgederue ompe3Ko8, Ha Komopvle oHa pasbusaem
A100Y10 nPox0dauLyio uepe3 Hee xoply, NOCMOAHHO.

IIpumep 2. Yepes Toury P gumameTpa JaHHOH

OKPYsKHOCTHU IIpOBeieHa xopaa AB, obpasyiolas ¢ gua-
merpoMm yroa 60°. HaiiTu pagmyc OKPY>XHOCTH, €CJIHU
AP = 6, BP = 4 (puc. 226).

O IIycte O — 1meHTp OKpys:kHOCTH, a MN — nua-
MeTp, npoxondamuii uepes Touky P. IIposemem

OK1AB; torna BK = 0,5AB = 5, PK = 1. B A OKP
umeeM /KOP = 30°, nostromy OP = 2PK = 2, MP =
=x + 2, PN =x- 2, rme x — ucKoMuIii paguyc. Coriac-
HO Teopeme 9.33, MP.-PN=AP-PB, wuuan
(x + 2) (x — 2) = 24, oTryzna x2 = 28, T. e. x=27. m
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§ 33. Yribl U OTPe3KHu B Kpyre

A
C B
K
D
M = N
B
A
Puc. 225 Puc. 226

290. dauHa okpyxkHOCTH. JAuHnol OKpYiscHOCMU
HasbIBaeTCA OOIUIA IIpefes, K KOTOPOMY CTPEMATCA IIe-
PUMETPHI BIMCAHHLIX U OMMCAHHBIX HPABUJIBbHBIX MHO-
FOYroJIbHUKOB NPU HEOIPAHWYEHHOM YIBOEHUH UHCJIa
UX CTOPOH.

CropaseaiuBa (hopmyia

C =2nR, 1)

rae C — nJauHa OKpy:KHOCTH, R — ee pamzuyc, T — up-
paloHaJIbHOE UHCJI0, PABHOE OTHOIIEHWIO IJUHBI OK-
PY’KHOCTH K ee guamerpy: n = 3,14159... .

IIpumep 1. Halitu JinHy OKPYsKHOCTH, OIIMCAH-
HOIT OKO0JIO IPAMOYT'OJBbHOTO TPEYTOJbHIKA, KATEeTHI KO-
TOPOTO PaBHEI @ U 3d.

O Haiigem IJuHY I'MIOTEHY3bL: Va2 +9a% = av10.

Tax xkak IIEHTPOM OKPY¥HOCTH, ONMCAHHOU OKOJIO IIpsd-
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MOYTOJILHOTO TPEYTrOJIbHUKA, ABJISIETCS CepeluHa T'UIIO-
TeHysbl, T0 R = 0,5av/10. Teneps mo ¢popmy.e (1) moay-

yum C =2n-0,5av10 = tay10. W
IIpuBegem Temepb (GopMyJay OIS BBIUUCICHUS OJIU-
HBI [ IPOM3BOJILHON AyTru OKpPYysKHOCTHU paguyca R. ITycTs

aTa Iyra COOTBETCTBYET IeHTPaJbHOMY yriy o° (B rpa-
IycHoii Mepe) mau o (B pamzmaHHoi Mepe). Torma

[ = nRa°
T 180°” (2)
I = Ro. 3

W3 nocnenueii GopmMyJibl BUAHO, UTO OAUHA Oyzu OK-
PYscHOCMU paBHA npouszgederuro ee paduyca HA UeHm-
PAnbHBLIL Y207, 8bLPANCEHHDLIL 6 paduaHax.

IIpuwmep 2. HaliTu JauHy AYT'U B OOHY MUHYTY
Ha 9KBaTope 3eMJIH, CUMTas SKBATOPUAJBHBIA paguyc
3eman paBHbBIM 6300 KM.

U Ucnouassya gopmyay (3), Haxomum

I = Ro=6300— 2" 1830 (m). W
360 - 60

291. IInomane kpyra u ero 4acreii. IInowadvio kpy-
2a HaspIBaeTcA O0IWIMil mpenes, K KOTOPOMY CTPEMSATCS
[IJIOIAY BIMCAHHBIX M ONMCAHHBIX IPABUJIBHBIX MHO-
FOYTOJbHUKOB IIPY HEOTPAHMYEHHOM YJBOEHUM UYMCJIA
KX CTOPOH.

ITrouans Kpyra HaxoLuTcsA 1o (hopmyse

2
Sxpyra: nR*, (1)
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§ 33. Yribl U OTPe3KHu B Kpyre

T. €. OHA PABHA NOJOBUHE NpPou3sedeHus OAUHbLL €20
OKpYdHcHOCMU Ha paduyc.

Eciu BmecTo paguyca R B3aTh guamerp D = 2R, To
IS TJIOMIAAW KPyra IOJyYuM (POPMYJIY

nD?
Kpyra = 4 * (2)

IIpuwmep 1. Haiitu niaomans Kpyra, BIIMCAHHOT'O
B IPSIMOYTOJBHBIN TPEYTOJbHUK, KATeThl KOTOPOTO PaB-
uel 20 u 21 cm.

0 T'umoreHnysa TpeyroJbHHKA paBHA \/202 +212 =
= 29 (cm), ero moaymepumetrp p = 0,5 (20 + 21 +
+ 29)=35 (cMm), a miaomagb TPeyroJbHHUKAa pPaBHA

S
0,5-20-21 =210 (cm?). Teneps 1o popMyte I' = — Haii-
p

IeM r = % =6 (cm). Hakomer, coriacuo gopmy.re (1)

noxyunm S, o = 367 (cm2). W

ILnomans cekTopa ¢ meHTPaJbHBIM yrjaoM O° U pa-
nuycoM R BeIpakaeTcsa (popMmyJioi

nR2a°
cexr 360° :

ECJII/I JKe YyroJl BbIPpaK€eH B paguaHaX, TO IIOJyUYMM
opmyry

3)

S = 05R%a, 4)

CEeKT

T. €. NA0WA0b CeKmopa pasgHa Noa08UHe NPOU3BedeHUs
Keadpama paduyca HA UEHMPAJLbHBLI Y20Jl, BbLPANCEH-
HbLil 8 paduarnax.
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. TEOM. ®UT'YPBI HA IIJIOCKOCTHI

Il pumep 2. B xkpyre paguyca 36 cm HalTu
ILIOIIALh CEKTOPAa, COOTBETCTBYIOIIEIO IEHTPAJILHOMY

yruy: a) 40°; 6) %
4 a) ITo gpopmye (3) HaxomUM

n-362-40°
SCQRT = W =144 rn (CMZ).

6) ITo dpopmyne (4) umeem

2
roxr = % ~ 3247 (cM?). W

PaccmoTpuM Temephb cerMeHT Kpyra paguyca R, co-
OTBETCTBYIOIIUI IEHTPAJbHOMY YIJY o, BBIPAXKEHHO-
My B paguaHuo#i Mmepe (puc. 227). ILiomans TaKoro cer-
MeHTa (Ha PUCYHKE OH 3alllTPMXOBAH) PABHA PA3HOCTHU
miomaneit cekropa OAB u Tpeyroanuunka AOB u BwIpa-
JKaeTcsa (POPMYJIOH

S,.. = 0,5R%(a.— sina). (5)

cerm

dra xKe GopMyJsa BepHA U OJA CerMeHTa, COOTBET-
CTBYIOIIIETO IIEHTPAJILHOMY YIJIy O, OOJIBIIIEMY pasBep-
HyTOro (cerMeHTa, TOMOJHAIOIIEro 3allITPUX0BAHHEIN Ha
puc. 227 1m0 IOJHOrO Kpyra).

IIpuwmep 3. Halitu miomans YacTu Kpyra pagu-
yca R, pacmoJIo:KeHHOU BHe BIIMCAHHOTI'O B HET'O IIPaBUJIb-
HOTO TpeyroibHuka (puc. 228).

U Mckomasd miolanb paBHA CyMMe ILIOIaneil Tpex
CerMeHTOB, 3aIlITPUXOBAHHLIX Ha puc. 228. Haitgem miio-
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Puc. 227 Puc. 228

Iomjagb OOHOI'O TaKOI'0 CerMeHTa: Scer‘M = SCeRT.OAB —

1. o 2n nR?

- SAOAB’ roe Sce}cT.OAB = —R ? = 3 corJiacHO
2 2
dopmyrne (4), a Syoup = R?Sinz—; _E 4\/§ . Buaunur,

;5

SceFM = R2(§—T3), OTKyJZla MCKOMas ILJIOIanb

V3 3V3

3
S=3R2F_Y°)_R2(n_2V°) m
(3 4) (m 4)

§ 34. IIpaBuJbHBIE MHOTOYTOJBHUKH
292. OcHoBHBIE OIIpemeeHHs U cBoiicTBa. Muoro-

YTOJIbHUK HA3bIBAETCH NPAGULbHBLM, €CIHI BCE €T0 CTO-
POHEBI U Bce yIibl paBHbI. Cpequ TPeyroJbHUKOB TAKUM
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Pasden IX. TEOM. ®UT'YPHI HA ITJIOCKOCTU

YCJIOBUSM YIOBJETBOPSAET IPABUJILHBINA TPEeyroJbHUK,
cpelu YeThIPEeXYTrOJbHUKOB MNPABUJBHBIM SBJIAETCS
TOJIBKO KBaJpar.

Cy1ecTByIOT IpaBUJIbHBEIE MHOTOYTOJBHUKHU C IIPO-
M3BOJLHBIM YHCJIOM CTOPOH.

OTMeTUM PsiI CBOMCTB HMPaBUJIbHBIX MHOTOYTOJLHHU-
KOB:

10, JIBa mpaBMIBHBIX MHOTOYTOJBHUKA C OJUHAKO-
BBIM YHCJIOM CTOPOH IIOJOGHEI.

20, ITpa mpaBUIbHBIX MHOTOYTOJbHUKA PABHBI, €CIU
PaBHBI UX CTOPOHBI.

3%, OK0JI0 BCAKOTO IPABUJIHHOTO MHOTOYTOJILHUKA
MOXKHO OIIMCATh OKPYKHOCTD.

49, B 711060if IpaBUIbHBIH MHOTOYTOJBHUK MOKHO
BIICATh OKPY?KHOCTD.

OueBUIHO, UTO ST BOMCAHHAS U ONMKUCAHHASI OKPYIK-
HOCTH MMeloT ofmuii meHTp. OH Ha3bIBAETCA YeHmpom
MIPaBUJIBbHOTO MHOTOYTOJbHUKA. Paguyc omMCaHHON OK-
PYKHOCTH Ha3bIBaeTcsa paduycom IPaBUJIHLHOI'O MHOTO-
YTOJIbHUKA, a paguyC BIHCAHHON OKPYKHOCTH — €To
anogemoi. SicHo, uyTo anmodema Bcerga MeHBIIE PANY-
ca.

293. CooTHOUIEHUA MEKIY CTOPOHONM, PagUyCcoOM H
amoeMoil B MPaBUIBHOM MHOTOyroabHure. CooTHO-
IIeHus MeKJy CTOPOHOM, paguycoM ¥ amodemoil mpa-
BUJILHOI'O MHOTOYTOJIbHUKA 3aBUCAT TOJBKO OT YHCJa
ero cropor n. OG03HAUMM CTOPOHY, Paguyc u amnodemy
NPaBUJIBHOTO MHOTOYTOJNLHAKA COOTBETCTBEHHO Yepes .,
R, ur, (puc. 229).

2
2 a,

N meem Rﬁ =r’ +

- Yroan mexay pagmycamu,

IIPOBEJEHHBIMHU B COCEJHIE BEPIINMHBI MHOT'OYI'OJIBHHUKA,
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§ 34. IIpaBuibHBIE MHOTOYTOJIbHUKHA

an

7

Puc. 229

o

paBeH o, = . CpaBeniuBEI cleyIOIe BhIpasKe-

HUA r, ¥ a, 4depes R :
80° 180°

r, =R, coslT, a, =2R, sin i 1)

BrIpasum, B 4aCTHOCTH, Uepes pagzuyc R CTOPOHBI U
amogeMbl IPaBUJILHOTO TPEYTOJbHUKA, KBaJpaTa U Ipa-
BUJILHOTO IIIECTUYTOJbHUKA. MMeeM

as = RV3, r;;z%; (2)
2

a6:R, rGZﬁ- (4)
2

CTOpOHbI IIPaBUJIBHOT'O IIATUYIOJIbPHUKA W IIPAaBUJIb-
HOTI'O JeCATUYTIOJIbHNKAa BbIPpaXalTCA Uepe3 pagnyc Tak:

as =R,/5‘2‘/5; ato =R‘/g2‘1. (5)
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IIpumep 1. B okpyxHOCTH, paguyca 4 BIHCaH
MIPaBUJbHLIA TPEYrOJbHUK, HA CTOPOHE KOTOPOTO IIOCT-
poeH kBagpaTr. UYeMy paBeH paguycC OKPYsKHOCTHU, BIIU-
CaHHOM B 3TOT KBaapar?

U CropoHa mpaBUILHOIO TPEYrOJbHUKA, BIIMCAHHO-
ro B OKPYsKHOCTh pazuyca 4, BbIpaykaercs MIepBOi u3
dopmyn (2): agz = 4¢3. ITo HIMHA CTOPOHBI KBaJgpara,
OIMCAHHOTO OKOJIO OKPYKHOCTH MCKOMOTO Dajmuyca r,.

Cornacuo mepBoii us gpopmy. (3), 4\/§ =Ry \/5 , OTKyZna
Ry = 4\/§ : \/_ = 2\/6 . Haxoner, ucmoyb3ys BTOPYIO 13
dopmyax (3), moxyuum ry = 2\/€~O,5\/§ = 2\/§. [ |

ITpusenem Qopmysry, CBA3BIBAIOLIYIO CTOPOHBI @, U
b, BIIMCAHHOTO B OKPYKHOCTb paguyca R U OMHUCaHHOTO
OKOJIO Hee NMPaBUJIbHBLIX N-YIOJbHUKOB:

by = — . (6)

4

IIpumep 2. HaliTu cTOpoHY IPaBUILHOIO IIe-
CTUYTOJbHUKA, OIIMCAHHOTO OKOJIO OKPYKHOCTH Pagu-
yca R.

U VuwureiBasg, YTO CTOPOHA IIPABUJIBHOIO IIECTHU-
YroJIbHUKA, BIUCAHHOT'O B OKPYKHOCTD paauyca R, paBHa
pazuycy 3TOH OKPYIKHOCTH, U UCI0JIb3Ys hopmyary (6),
MOJIyYUM

R? 2R 2J3R g

R
4

bg =
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§ 34. IIpaBuibHBIE MHOTOYTOJIbHUKHA

BrIipaskenus O paguycoB BIMCAHHON M OIMCAaH-
HOM OKPY’KHOCTel 4epe3 CTOPOHY @, IPaBUJIBHOTO MHO-
TOYTrOJbHUKA UMEIOT BUJ

a, a, 180°
R =———"20 | = ct
8 s0e n = o cte— (M
2sin ——

n

Orciofa moJy4yaloTCs BBIpasKeHUA s paauyca R
OKPY’KHOCTH, OIIMCAHHOM OKOJIO IIPABUJILHOTO TPEYTOJIb-
HUKa, KBaJpaTa U IPaBUJIbHOIO IIIeCTUYTOJbHUKA, Yepes
CTOPOHBI 3TUX (PUTYD:

a3\/§ a4\/§

R:—:—:a. 8
3 2 6 (€))

AmnodeMbl IPaBUIBLHOTO TPEYroJbHUKA, KBaapara u
MIPABUJIBHOTO IIIECTUYTOJbHUKA BhIPAKAIOTCA UYepes CTO-
POHEBI 9TUX (PUTYP TaK:

a3\/§ r ay r a6\/§

7'3=T, 427, GZT- (9)

CupaBegiuBa ¢opMyJia, CBA3BIBAIOIIAA AJTUHLI CTO-
POH NPaBUJIBHOTO 7-yTOJbHUKA U IPABUILHOTO 2711-YTOJIb-
HUKAa, BIMCAHHBIX B OLHY U Ty K€ OKPYKHOCTb paguyca
R (¢popmyna yodseoenus):

(10)
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Anodemy Takoro 2n-yroibHUKa MOKHO BBLIPA3UTH
yepes CTOPOHY COOTBETCTBYIOIIErO N-YTrOJbLHUKA:

(11)

IIpumep 3. Hajitu cTopoHy IpaBUJILHOTO BOCh-
MUYTOJbLHUKA, BIMCAHHOTO B OKPY’KHOCTb paguyca R.
U Tak Kak cTOpoHA KBaJapaTa, BIIMCAHHOTO B OKPYK-

HOCTB paguyca R, paBHa a, = R\/E , TO, UCTIOJb3ys (Pop-
MYJy YABOEGHUS, IOJYUUM

2
ag :R‘/2—2‘/1—% =R 2—2\/% —RYy2-y2. m

294, IlepuMeTp M MJIOUIATH MPABUJIBHOTO 1N-yTOJb-
Huka. [Iycts P, — nepumeTp IPaBUJIBLHOTO N-yTOJbHU-
ka. Torga cupasegauBa opmyia

180°
n

P, =na, =2nR, sin

(1)

[Tnomansb S, MPaBUILHOTO N-yTOJbHUKA BHIDAXKAET-
CA Uepe3 ero CTOPOHy a, u paauyc R, 1mo dopmynam

1 o 180° 1 9 . 360°
S, =-—na; ct = —nR; sin .
n = M g s g MHin - (2)

Haiigem, HampuMep, ILIOIIALb IPABUJILHOTO IIIECTH-
YTOJIbHUKA CO CTOPOHOMH a:
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§ 34. IIpaBuibHBIE MHOTOYTOJIbHUKHA

RpOMe TOro, KaxK 1 OJId ILJIOIIaau IIPOM3BOJIBHOI'O OIIM-
CAHHOI'0 MHOT'OYTOJIbHHAKA, UMeeT MeCTO (popMyJa

Sn = PTyp»

rjie p — HOJylnepumMerp, a r, — amodema IPaBUILHOTO
n-yroJabHUKA.

II p u m e p. HafiTu oTHOIIIeHHE MJONIaJel IIpa-
BUJIBHBIX BOCBMUYTOJbHUKOB, OOUH M3 KOTOPBIX BIIH-
CaH B HEKOTOPYIO OKPYKHOCTD, a IPYroii OIMCaH OKOJIO
Hee.

U Ilycte R — paguyc BIIMCAHHOI'O BOCHMUYT'OJIbHU-
kKa. OH aBasercd amodgeMOi OMMCAHHOTO BOCHMUYTOJIb-
Huka. O6o3HaumB uepes R, paguyc mocienHero, 3aK.o-
o

R
gyaeM, YTO — = COS = cos 22°30'. Taxum obpasom,
1

HNCKOMO€ OTHOIIIeHUue

2
S R—2 = cos® 22°30' =
S1 R;

:1+0,5J§:2+J§

2 4

1+cos45°




Paszoen X

BEKTOPBLI. ITIPAMBIE U IIJIOCROCTH
B ITPOCTPAHCTBE

§ 35. Ilonarue BeKTOpa

295. Bekrop. /Inuna BexkTropa. KoopauHaThl Bek-
TOopa. Bekmop — 3To HanpaBJeHHBIH oTpe3ok. HacTro
BEKTOP 0003HAUAIOT CTPOUYHBLIMHU JATHUHCKUMU OYKBa-

MU CO CTPEJIKON miu uepToil Haj OYKBOU (BeKTOp @,
BeKTOp b ). Ha pucyHKe HalpaBJeHHe BEKTOpa OTMe-

yaioT cTpesikoii. Eciiu HauaaoM BeKTopa ABJISIETCA TOU-
Ka A, a KOHIIOM — TOuYKa B, TO BEeKTOp 0003HaUaeTCs

AB (puc. 230). [In1uHa OTPE3Ka, N300PAKAIOIIEeT0 BeK-
TOp, Ha3bIBaeTcA O0AUHOU (UIu MoOynem) BeKTOpa U

ofo3HauaeTca |cT| uiIn |AB|.

BBegem B mpocTpancTBe (MJIM HA IJIOCKOCTH) IIPA-
MOYTOJIbHYIO IeKapTOBY CUCTeMY KoopAauHaT (cM. 1. 22).
IlycTe m3BeCcTHBI KOOPAMHATHI Hayajla U KOHIIA BEKTO-

pa: A(Xy1;Y1;Z1) u B(X9;Y9;Z9). Torma umcia

Xy - Xy, Yy -Y,, Zy — Z; HazpIBaloTCA KOOPOUHAMA-

mu eéekmopa AB. 3uauur, umobs. HAilMu KOOpOUHA-
muL 6eKxmopa, Hado u3 Koopournam KOHUA 6eKMOPA Bbl-
yecmb KoopOuramul €20 Havaaa. B orniudme oT KOOp-
OUHAT TOYKM, KOTOpPble B3alUCHIBAIOTCSA B KPYTIJIBIX
CKOOKax, KOODAMHATHL BEKTOpa OyJeM 3aluCHIBATDL B
burypusix ckobkax. Ilomaraa X, - X, =X,Y,-Y, =

=Y, Zy—Z, = Z, samumem AB={X;Y; Z}.
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§ 35. IlouaTune BEeKTOpa

IIycts, manmpumep, manmbl Touku A (1; —1; 5) m

B (3; 2; —1); Torma AB = {2; 3; — 6}.

KoopauHaTel BEeKTOpa MOMKHO DACCMATPHBATEL KaK
IPOEKIINK BEKTOpa HA COOTBETCTBYIOIAE OCU KOODAU-
HAT.

Ilnuea BeKTOpa AB — {X; Y; Z} maxogurcs 1o ¢op-

MyJe
‘E‘ X%+ v2422, (1)
T. e. OJUHA 6eKMOPA PABHA KBAOPAMHOMY KOPHIO U3
cymmvL K8a0pamos ezo KoopouHam.
Hanpumep, aiuHa BeKTOpa AB = {-4; 3; —12} pas-

Ha \/(—4)2 +382+(-12)%2 =16+ 9+ 144 =13.

BexTop, fymHA KOTOPOrO PaBHA €AUHUIE, HA3HIBAET-
c eOUHUYHBLM 6eKmopom (MU opmom).
Ecnu Hauano u KoHeI[ BEKTOpPa COBIALAIOT, TO BEK-

TOp HasbiBaeTcA Hyaesvim (obosmauenwme: 0). Ilamna
HYJIEBOTO BEKTOPa paBHA HYJIIO; HATIPaBJI€HUSA HYJEBOM
BEKTOD He MMeerT.

<l

A M p

Puc. 230 Puc. 231
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| Pasdea X. BEKTOPBI. ITPIMBIE U1 IIJIOCKOCTH

Paccrosnme mexxay aByms Toukamu A (x1;Yq;21) 4

B (x9;Y9; 29) HaXOAUTCA 1O (hopMyIe

d= \/(xz —x1)? + (Y2 —y)? + (22 - 21)°.

(2)

Tak, paccroanume Mexny Toukamu A (3; —4; 6)

n B (1; 2; 3) pasro (1-3)2+(2+4)%+(3-6)2 =

=v4+36+9 ="T7.

ComnocraBinaa gopmyasl (1) u (2), 3aka0UYaeM, 4TO
paccmosnue mexdy moukamu A u B pasHo Oaurne gek-

mopa AB.
II p u m e p. HalitTu reomerpuueckoe MecTo TO-

YeK, yaaJeHHBIX oT ganHoi Ttouku C (a; b; ¢) Ha paccTo-
suue R.

Q IIyers M (x;y;2) — TOuYKa, MpUHAAJIEKAIAST

HCKOMOMY reomerpuyeckomy Mmecty. Torma R =

= \/(x - a)2 +(y - b)2 + (2 —c)2 , OTKyZa

(x-—a)+@y-b)>+(z-c)?=R?
— 9T0 ypaBHeHUue cdepsl ¢ meaTpom C m pagumy-
com R. &
Hcnonb3ys BEKTOPHI, MOYKHO JOKas3aTh (cM. m. 298),
YTO KOOPAMHATHI CepeIMHBI OTPe3Ka C KOHIlAMU

A(x15Y1521) 1 B(x95y9;29) HaxomaTcsa mo popmyaam
x=05(x1 +x9), y=0,5(y; +y3), 2=0,5(21 +25), (3)

T. €. Koopduramul cepedurbL OMpe3Ka PA6HbL NOAYCYM-
Mmam coomeemcmeyouux KoopouHam ezo KOHYO08.
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§ 35. IlouaTune BEeKTOpa

Hanpuwmep, eciu gan orpe3ok AB, roe A (3; —2; 5),
B (-1; 2; 3), To KOOpAMHATHI €r0 CepelnHbI TaKOBBI:

x=05B-1)=1y=05(-2+2)=0,2=05(5+3) =4

296. PaBeHCTBO BEKTOPOB. YTOJ MEKAYy BEKTOpa-
mu. JIBa BeKTOpa HA3BEIBAIOTCA PAGHbLMU, €CIIU UX MOXK-
HO COBMECTUTHL HapajljiesIbHBIM IepeHocoM (puc. 231),

T. €. PaBHbI€ BEKTOPHI PaBHEI II0 AJINHE M OAMHAKOBO
HaIIpaBJI€eHEI.

Tak, BekTopel AB u C_D, HamnpaBJIeHHbIE BJOJIb CTO-
pou nmapasenorpamma ABCD (puc. 232), paBHEBI, a BeK-

Topel BC u AD He paBHBI (XOTsS OHU PaBHBEI 1O AJIUHE,
HO MMEIOT MPOTUBOIOJIOKHbIE HAIIPABJIEHUS).

T.10.1. [Jea sexmopa paéHb. mozda u MmMoavko mozoa,
Kozda pasHbvL uxX KOOpOuHAMbL.

II p u m e p. Hanmsr Touku A (1; 1; 1), B (2; 0; —1),
C (0; 2 6), D (1; 1; 4). Tpebyerca: a) IPOBEPUTH, UTO

AB = CD; 6) maittu Takym TOuKy E, uTO BC = ED.
0 a) Umeem AB = {1;,-1;-2}, CD = {1;-1;-2}, T. e.
AB = CD.

Puc. 232 Puc. 233
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' Pasdea X. BEKTOPHIL. IIPSIMBIE U IIJIOCKOCTHU

6) IIycts E (x; y; z) — uckomaa Touka. Torga

ED={1-x;1-y; 4—2}, a BC ={-2;2;7}. IIpupaBHaB
IPYT OPYTY COOTBETCTBYIOIUE KOOPAUHATHI 3TUX BEKTO-
poB, monyuuMm 1 —x=-2,1 —y=2,4 —z= 1T, oTKyJa
x=3,y=-1,z=-3. Urak, E (3; -1; -3). A

JJ1a BEKTOPOB OIpeneeHO TOJBKO OTHOIIIEHUE pa-
BeHcTBa. OTHOIIEHUS «0OJIbINIE» M «MEHBIIEe» IJIS HUX
He OIIpeJleIeHbI.

Yenom mexncdy 06ymsa eekmopamu Ha3bIBAETCA YTOJ
MeXay BEeKTOpaMM, pPaBHBIMM AJaHHBIM N HMMEIOINMU

obimree mauasmo (puc. 233). YroJl MesAy BEeKTOpaMu a
n b Gymem o6osHauaTs Tak: (@, b) = ¢. Eciu yrom Mmex-

oy Bekropamu paBeH 90°, ToO TaKkue BEKTOPHI HA3LIBAIOT
nepnenduxkyaaprotmu (MIX OPMOZOHALLHLLMU) U TIH-

Iy T (TJ_b_.
PaccMOTpHUM, HanpuMep, BeKTOp AB = {1;,-1;-2}.
3mecs X =1,Y =-1, Z=—2. 310 03HAUaET, UTO BEKTOP

AB o6pasyert ¢ ockio Ox ocTpbIii yroa, a ¢ ocamu Oy u
Oz — Tyuble yIJIBL.

§ 36. Onmepanmuu Hag BeKTOpaMH

297. Caoxxenue BeKTOpOB. Cymmoil IBYX 6eKmo-
poe @ ={X1;Y1;Z1} u b ={Xy;Ys; Zy)} naseiBaeTcs BeK-

Top ¢ =a +b ={X, + Xo; Y] +Yy; Z; + Z5}. Bexrropsi
MOKHO CKJIA/(bIBATh, UCIOIB3YS NPAGULO NAPANNELO2Z-

pamma. Ilycts Hago CIOXKUTH BEKTOpPHl AB=a u
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§ 36. Omepanuu HaJ BEKTOPAMU

B C b
A b D

a) 6)

Puc. 234

E =b. ; TOTZA C =a + b — nuaronanb AC mapaJie-
gorpamma ABCD (puc. 234, a). Eciu B KauecTBe BeK-

Topa b B3aThb BekTOp BC, TO MBI IOJIYYUM NPAGULO
mpeyzonbHUKA N1 CIOXKEeHUA BEKTOPOB, & UMEHHO, CTPO-
UM BEKTOD @ ¥ COBMeIIaeM C ero KOHI[OM HA4aJIo BeK-

topa b. Torma ¢ =a +b — DTO BEKTOp, MAYIMH U3

Hauaja BEKTOpa g B KOHeIl BeKTopa b (puc. 234, 6).
CJrosxeHme IPOM3BOILHOTO KOJIMUECTBA BEKTOPOB OCY-

IIECTBJAIOT TOCJeNoBaTenbHO. Hampumep, mycTb HAIO

CJIIOKUTH BEKTODPHl a, b, ¢, d (puc. 235). Umeem
a+b=p,p+c=q,q+d=r. Utax, a +b +c +d =1
(oueBUHO, YTO 3TO MOCTPOEHVE MOKHO OBLJIO IPOBECTU
cpasy, COBMeIllasl HavyaJio CJIeLYIOIIEero CJIaraeMoro ¢ KOH-
IOM IIpeabIayInero). JJjid mMpoCcTOTHI MBI PACIIOJIOMKUIN

BCe BEKTOPHI-CJIaraeMble B OLHOMN IIJIOCKOCTH, HO 3TO He-
CYIIleCTBEHHO, IIOCKOJIbKY Ba BeKTOpa (MU PaBHbIE M)
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. IIPSIMBIE U IIJIOCKOCTH

Puc. 235

Bcerjia JeKaT B OJHOI ILJIOCKOCTH, a B KaKJIO# olepa-
WY CJIOKEHUS yUaCTBYIOT TOJIBKO IBa CJIAaraeMbIX.
BaMeTI/IM, YTO IIPU CJIOKEHUNM HEHYJIEBBIX BEKTODPOB
UX CYMMa MOXKET OKasaThCs PABHOI HYJIeBOMY BEKTOPY
(puc. 236).
Oneparnus cJI0OKeHUs BEKTOPOB 00J1a1aeT CeTyIOIu-

mu cBoiictBamu (a, b, ¢ — Js00ble BEKTOPHI):

19 @+b =b +a (nepemecmumenvuvlii 3aKOH).

20, @+b)+c=a+(b+c) (couemamenvrwvii 3a-
KOH).

298. YmHuo:xeHne BexkTopa Ha uyuciao. IIpouseede-
Huem éekmopa a ={X;Y;Z} Ha wucno ). Ha3LIBaeTCA

BeKTOp b = {AX;AY;\Z} (oGo3HAuUeHMe: b =A@ WIU

b = ai). IIpu 5TOM BEIIOJHAETCA PABEHCTBO ‘b‘ = |7»| |(1_

’
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§ 36. Omepanuu HaJ BEKTOPAMU

Sl

BEKTOp b KOJLIMHeapeH BeKTopy a (cM. m. 299), a Ha-
IpaBJieHNe BEKTOpa b COBIIAZAET C HALPABIEHHEM BEK-
Topa a, ecau A >0, U OPOTUBOIOJJOXKHO €My, eCJH
A < 0. BameruM, uTo 0-g = 0 JJId J1060T0 BeKTOpa & .

Ha puc. 237 nusobpaskeHbI BEeKTODPHL a, 2a u —0,5a.

— 2a
%
= 0,5a
-
Puc. 237

IIpuwmep 1. Haiitu pasHoCT, BEKTOPOB a — b.

QO Tak kak —b =(-1)-b, 10 a—b =a +(-b). Or-
Ciogma, IIPpUMEHAAd IIPaBUJIO TPEYroJbHMKA K BEKTO-
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: Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

<

Y

Ql

Puc. 238

pam a¢ u —b, HaXOAUM KMCKOMYIO Pas3HOCTH @ —b
(puc. 238, a). 3ameTuM, UTO B IIapaJjaegorpaMMe, IIO-

CTPOEHHOM Ha BeKTopax a u b, mmaroHajb, BHIXOMs-
1as u3 uX o0Iero Hauaja, paBHa a + b, a BTopasd nua-

TOHAJbL PABHA @ — b, IPUYEM BEKTOP-PA3HOCTh HAIIPAB-

JIEH M3 KOHIIa BBIUYMTaeMOI'o0 B KOHEI YMEHbIIIaeMOI'o
(puc. 238, 0). &

Onepamnus yMHOMKEHUsS BeKTOpa Ha YMCJIO 00JamaeT
caenymomumMmu cBoicrBamu (A, | — Jai00ble YMCiIA;
@, b — mn06ble BEKTOPBI):

19, (Ap)a = A(ua) (cowemamenvruvili 3aKOH).

20, (\+wa =ra+na (pacnpederumenvrolii 3a-
KOH N0 OMHOWEHUIO K YUCL060MY MHOICUMENID).

30. M(@+b)=La+Ab (pacnpedenumenvusiii 3a-
KOH N0 OMHOULEHUIO K 6EKMOPHOMY MHONCUMELIO).

II pumep 2. BeiBectu popmyisr (3) us m. 295,
T. €. HATU KOOPAMHATHI cepelnHbl oTpeska AB, eciu
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§ 36. Omepanuu HaJ BEKTOPAMU

M3BECTHBI KOOPAUHATHI €ro KOHIOB A (X(;Y1;2;) Hu
B(x2;y2;22)-

Q Iycts Touka M (x;y;2) — cepenuHa oTpeska AB.
Torma AM =0,5AB (puc. 239). CoequuuM TOYKHN A 1

M c mavanom xoopauuat O. Mmeem OA ={x15Y1521)>

OM ={x;y;z} n AB = {9 —x1; ya —y1; 29 —21}. Tax

KaKk AM :O_M—O_A:{x—xl; Y—-Yy132—211 1 AM =
= 0,5AB = {0,5(x3 — x1); 05 (y2 — y1); 05 (22 —21)}, o,
IpUPAaBHAB APYT APYT'Y COOTBETCTBYIOIINE KOOPAUHATEIL,
HMeeM x -2 =0,5(xg —x1), ¥y —y1 = 0,5(y2 — 1),
z—2; =0,5(29 —2;). Orcroma mosydyaeM H3BeCTHBIE
(hopMyJIBI 414 KOOPAWHAT CEePEeJUHBI OTPe3Ka:

x=0,5(x; +x,), y=0,5(y; +ys), 2=0,5(21 +2;). B

B
M
] /
b
/
0]
Puc. 239 Puc. 240
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[l Pasden X. BEKTOPBI. ITPSIMBIE U IIJTOCKOCTA

299. KoamuHeapHOCTh U KOMILIAHAPHOCTH BEKTO-
PoB. BeKTOpHI HA3LIBAIOTCA KOAAUHEAPHBLMU, €CIIV OHU
JekaT Ha OJHOM MpAMOU (MM mapajielbHbl OTHOU U
TOl Ke pamoii). HysneBoil BeKTOp cunTaeTcs KOJJIMHE-
apHBIM JIIOOOMY BEKTODPY.

BexTopsl @, b u C, msobpaskeHHBIe Ha puc. 240,
KOJLIMHEApHBI, IPHYeM @ U b HAIpaBJIeHBI OLUHAKO-
Bo,a b u ¢ (MM @ U € ) — IPOTUBOIIOJIOKHO.

Eciu @ #0 u BekTOp b KOJNIHHeapeH &, TO
b =La. Orciona BEITEKaeT caenyioliee yTBep:KIeHUe:

T.10.2. Jea eexkmopa @ ={X1;Y13Z,} u b = {Xo;Yy; Zo}
KOJLAUHeaApHbL moz0a U moavko mozda, Kozda ux Koop-
JuHamblL NPONOPYUOHAJIbHDL, T. €.
X Y; Z
211 _ 71 (1)
Xy Yo Zy

(npusnax kKonnuneaprocmu 6eKmopoe).

Tak, BekTopsl a = {1;2;3} u b ={-2;—4;— 6} woswmm-
HeapHbI M IIPOTHUBOIOJIOMKHO HAIPAaBJEHbI, IIOCKOJIBKY
b =-2a.

II pumep 1. Ilpu Kaxkux 3HAYEHUAX M U N
BeKkTOpBI {m;—2;5} u {1; n;— 4} KomnuHeapHHI?

U Yro0b! JaHHBIE BEKTOPHI OBLIN KOJINHEAPHBI, JO0JI-

m -2 5

JKHO BBINOJHATHCSA ycaoBue (1), T. e. — =—=—.

1 n -4
3uauur, m =— 1,25, n =1,6. &

Il pumep 2. Jexar au Touku A(1; 2; 3),

B(4; 5; 6) u C(2; 3; 4) Ha oxHOU TPAMOU?
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§ 36. Omepanuu HaJ BEKTOPAMU

U Ecau Touku A, B u C jexaT Ha OZHOM IPAMOIL, TO

BEKTOPEI AC u BC KoJamHeapHbl. Mmeem AC =

={1; 1; 1}, BC = {-2; - 2; — 2}. CnegoBatenbHO, (—2) : 1 =
=(-2):1=(-2):1, 1. e. Touku A, B, C e;xaT Ha OTHOU
npamoii. B

BexTOpEI HABHIBAIOTCA KOMNAAHAPHBLMU, ECIIU OHU
JeKaT B OJHOU IIJIOCKOCTH (MJIM HmapaJljieIbHBI OTHOU U
TOM Ke miaockocTu). HyneBoit BeKTOp KOMILIaHAPEH JIIO-
OBIM BEKTOpaM.

CropaBenBO ciaenylolllee yTBep:KIeHUe:

T.10.3. Tpu sexmopa a = {X1;Y1;Z1}, b ={Xs;Yy; 25}

u ¢ =1{X3;Y3;Z3} u KoMnAAHAPHbL M020a U MOJLKO
moezda, £020a 6bLNONHAENCA PABEHCME0

X1 Y12,
X2 Y2 Z2 = 0
X3 Y3723
(npusnax kKomnaanaprocmu 6eKmopos).
9TO 03HAYAET, UTO CMEIIaHHOEe IPOU3BEJeHIe BEKTO-
poB (cM. m. 302) @, b u ¢ paBHO HYJIIO.
IIpuwmep 3.IIpoBepuTrh KOMILIAHAPHOCTH BEKTO-
poB @ ={3;21}, b ={1; ~1;0} u ¢ = {5;0;1}.
O Nmeem

32l g s e
1—10:‘5_0‘+‘1 1‘:5—3—2:0,
5 01 -

T. €. BEKTOPHI KOMILJIAHADHEI (3/[eCh OTPEeTUTENh Pas-
JIO}KEH IIO dJIEMEeHTaM TpeThero ctojbma). W
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Beegem Ha ocax koopaumuatr Ox, Oy, Oz efMHUYHBIE
BEKTODHL i, j 1 k. OHE HMEIOT CIeAyoIue KOOPATHA-
Tol: | ={1;0;0}, j = {0;1;0}, £ = {0;0;1}. OT; BeKTOPHI
HEeKOMILIaHaPHBI, TAK KaK yCJIOBME KOMILJIAHAPHOCTY I

100
HUX He BbITOJHseTcs: (0 1 0|=1=0.
001

IIycTe 3amanbl Kakue-1u60 BEKTOPHL a, b, ¢. Ecau

BeKTOp d mpejncraBiieH B Buge d = oa + Bb + yc, To ro-
BODAT, 4TO BEKTOP d pa3nodcen no éekmopam a, b, c,
IpuYeM 0, 3, Y HaA3BIBAIOTCA KOIPPuylenmamu pas-
nosxcenun. CrpaBeyiuBO cienylolliee yTBep:KAeHUe:

T.10.4. Jna n100020 sekmopa cyusecmeyem e0OUHCmeEeH-
Hoe pa3aoxcerue no mpem 0AHHbLM HEKOMNIAHAPHLM
6eKmopam.

II pumep 4. Ja"bl Tpu BEKTOPA, BBIXOAAIINE U3

OINHOM BepIIuMHBI mpusmbl: AA; = p, AB =g¢, AC =7
(puc. 241). Pasnoxuts Bektop AM, rome M — cepenu-
Ha orpeska CB,, 1o BEKTOpaM p, ¢ 4 r.

QUmeem AM = 0,5(AC + AB;) (cm. m. 298), T. e.

AM =0,5(r + ABy). CornacHo HpaBUJIy TPEyTOJILHU-
xa, AB; = AB+ BBy = + p. Buaunr, AM =0,5(F +

+q+D)nm
BOSBMeM B KauecTBe Tpex HeROMl'IJIaHapHBIX BEKTO-

POB eIVMHWYHbIE BEKTODPHI KOOPAUHATHBIX ocel i, j, k.
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Puc. 241

Torga m060# BEKTOP @ MOXKHO MPEICTABUTL B BUIE
a = xi +yj + zk, npuuem umucaa X, Yy, 2 ABIAIOTCA €r0
KoopauuaTamu. Hanpumep, BekTop a = {2; 5; — 1} Mox-

HO 3amucaTth Kak @ = 2i +5j —k, a sammcb b = 3i —2j +
+ 5k osHauaer, uto b = {3;—2; 5.

300. CkansapHoe mpousBeaeHue BeKTOpoB. CKasap-
HOe MPOUBBEJNEHNE OIMPENeJNseTcs IS ABYX BEKTOPOB.

Iycts a ={Xy; Yq5 Z1) u b = {Xy; Yy; Z,}. Torna cra-
NADHBLM npou3éedenuem BEKTOPOB @ ¥ b HasbIBaeT-
cs1 uncano X1Xg + Y1Yy + Z1Z9. CransapHoe mpousseje-
Hue oGosHavaercsa Tak: a b wmu (a, b ).

Hanpuwmep, ectu a ={2; 1; -1} u b ={1;3; 2}, To

ab=2+3-2=3.

467



TEOMETPUSA

i | Pasden X. BEKTOPEIL. ITPSIMBIE U IIJIOCKOCTH

CransdpHOe IpousBeleHre a b MOYKHO BBIYHCIUTH
o (opmyse

ab = |(7| ‘ﬂ cos ¢, (1)
rIe (¢ — yroJ MekAy BeKTopaMu a u b. OTcooma BHI-

TexkaeT opMyJia IJIa HaXOMKJEeHUA KOCUHYyca yIyia MeXK-
Iy BEKTOpaMM:

S|
Sal

(2)

cosQ =

S
S

|H‘.

IIpumep 1. amo: |(7|:5,

b‘ = 6. Hailitu cka-

JISIPHOE IIPOU3Be/ieHNe BEKTOPOB @ W b, ecau yrox ¢
MeXKJy HEMHU paBeH: a) 45°; 6) 90°; B) 120°.
Q Coruaacuo dopmye (1), nmeem:

a) 65:5~6cos45°=15\/§;
6) ab =5-6cos90°=0;

B) ab =5 6cos120°=-15. W
II pu m e p 2. HafiTu yron Mexay BeKTOpaMu

a=1{20;2} u b ={1; 1; 0.

U Ucnoassysa popmyay (2), momydaem
cosQ = ab = 2 —1
a2

OTMeTHM CBO¥ICTBa CKAJSAPHOIO MPOM3BEIEHUS BEK-

, OTKyza ¢ =60°. B

TopoB (@, b, ¢ — 00bIe BEKTOPHI, A — JII0060€ YUCJI0):

c
19, aa >0, mpuuem at> 0, ecau a =0.
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20, ab =ba (nepemecmumenvhoviii 3aKoH).
=Tac + bc (pacnpedenumenvhulii

4%, (La)b =Ar(ab) (couemamenvrviii 3aKOH).

CsoiicTBa CKAJAPHOTO HPOU3BEAEHUS IMO3BOJISIOT
MIPOM3BOAUTHL CO CKAJISPHBIMU IIPOU3BEJEHUEM Te Ke
IpeoOpasoBaHUs, UYTO U C MHOTOUJIEHAMU B aJyredpe.

Ecim ab =0, To alb u obpaTHO, ecsiu alb, To

ab =0. Takum o6pazom, Heobxodumvim u docmamoy-
HbLM YCa08UeM NePReHOUKYAAPHOCMU 08YX HEHYLe8bLX
B8EKMOPO8 ABAACMCA PABCHCMB0 HYAW UX CKALAPHOZO
npouseedenus.

ITycts BeKTOPHI @ u b 3afaHbl CBOMMU KOODAUHA-

ramm, T. e. a={X1;Yy3Z;} u b={Xy;Ys;Zy}; ToOrmA
yCJIOBYE IEePIeHJUKYISIPHOCTU [IPUMET BUJ

X1X2 + Y1Y2 + Z1Z2 = O. (3)

HyneBoit BeKTOp cumTaeTcss OPTOrOHAJIBLHBIM JIF000-
My BEKTODY.

II pu™mep 3. JokazaTb, UYTO TPU BBICOTHI TPEY-
TOJIbHUKA IepeceKaloTCs B OJHOH TOUKe.

O IIycte O — TOYKa IepeceYeHusi ABYX BBICOT B

A ABC (puc. 242): OALBC u OBl1AC. Ilokaxem, 4TO

OC1AB. PaCCMOTpHM BexTopsl AB, BC, CA, OA, OB
u OC _Haiigem OC AB. Vuursisasg, 4To 0OC =0B +
+BC, AB = BC + CA, moxyuyum

OC - AB = (OB + BC)(BC + CA) = OB- BC + BC - BC +
+OB-CA+BC-CA=0B-BC+BC-BC+ BC-CA,
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Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

%

Puc. 242

TaK Kak OB - AC = 0 B CHJIY IePIeHANKYIAPHOCTH BEK-
TopoB. [lasee umeem OC- AB = B_C(O_B +BC + C_A). Ho
OB + BC + CA = OA (puc. 242). 3uavwur, OC-AB=
= B_CO_A = 0, TOCKOJBKY B_CJ_O_A Orcroona cienyer,
yro u OCLAB. 1

II puwmep 4. CocraBurh ypaBHeHUE IIJIOCKOCTH,
mpoxopsaieit uepes Touky A (4; —1; 2) neprneHIUKYIAP-
HO BEKTOpy 71 ={3; 2; 1}.

O BosbmeM Ha MCKOMOM IJIOCKOCTHY IIPOM3BOJIBHYIO

Toury M (x; y; 2) (puc. 243). Torga AM ln u

w-AM = 0. Orcrofa moyuuM
3(x-4)+2@y+1D)+1-(z-2)=0,
nJjin
3x+2y+2-12=0. m
IMIpumep 5. lansl HeHyJIeBble BEKTOPbI @ 1 b.
HaiiTu Bce BeKTOPBI €, YIOBJIETBOPSIOIINE YCJIOBUIO

ab =ac (zamerum, 4TO A yucea a, b, ¢ , OTAUUHEIX
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§ 36. Omepanuu HaJ BEKTOPAMU

oT HyJs, u3 ab = ac cuaenyer b =c).
O Hmeem ab= |(7H5‘cosgol, ac = |E||E|cos<p2
(puc. 244). Ho ‘5‘ Ccos(p; — MIPOEeKI U BeKTopa b Ha

BEKTOPp a. 3HAUMT, B KAUECTBE BEKTOpPA ¢ MOKHO B3ATb
JI0001 BEKTOD, MMEIOITUY Ty Ke IIPOEKIINI0 HAa BEKTOD

a, 4To u BekTop b. H

301. BekTopHOE Ipou3BeneHNe BEKTOPOB. Bexmop-
HbLM npou3éedenuem BEKTOPA @ HA BEKTOD p HA3HI-
BaeTCA TAKOIl BEKTOpP €, UTO ero JIJWHA paBHA IPOU3Be-

3|

Puc. 243 Puc. 244
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Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

Puc. 245 Puc. 246

IeHUIO IJIMH BEKTOPOB @ U b HA CHHYC YIJIa MEXIY

HUMMU, T. €.

c_'| = |(7| ‘b‘ sin ¢, a HampaBjeHHUe IepIeHAN-

KYJSIPHO ILJIOCKOCTH, B KOTOPOM JIeKAT BEKTOPHI @

u b , IpUYeM IIOBOPOT OT BEKTOpa d K BEKTOPY b Ha

HaAaUMEHBIIIUHN YyTroJ BUIEH U3 KOHIIA BEKTOpa ¢ IIPOUC-
XOASAIIUM IIPOTUB YacoBOIl cTpeaku (puc. 245).

BexTopHOe Npou3BelieHMe a4 Ha b 00O3HAUaeTCH
Tak: a xb wunm [a,b].
Tax xar |(7| ‘b‘sin(p — 9TO IJIOIAAb IIapaJJIesor-

paMMa, IOCTPOEHHOTO Ha BEKTOPax @ H b , TO AJIMHA

BEKTOpPA ¢ YHCJEHHO paBHA ILJIOILIAAN 3TOr0 IapaJijie-
JiorpaMma.

Haiizem, Hanpumep, ¢ =i xj (puc. 246). Tak Kak
HapaJeJorpaMM, IIOCTPOEHHBLIH Ha IepeMHOKAaeMbIX

BEKTOpaxX, — 9TO KBajparT co CTOpoHO# 1, To |E| =1.
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§ 36. Omepanuu HaJ BEKTOPAMU

BekxTop ¢ HampaBJieH TEPHEHAUKYJAPHO IJIOCKOC-
i xOY, B KOTOPOH JIeKaT BEKTOPHL i U j, KaK yKa3aHO

Ha puc. 246. 3HaUUT, ¢ — 9TO €IUHUYHBLIN BEKTOD, Ha-
ImpaBJeHWEe KOTOPOTO COBHIATaeT C HaIpaBJIeHUEM

ocu Oz, T. e. BeKTOp k. UTak, i x j = k. AHaJIOrmIHO
noayuuM jxk =i, kxi = j.

3amMeTuM, YTO BEKTOPHOE IPOU3BeJieHe KOJIJINHEeap-
HBIX BEKTOPOB paBHO HYJIeBOMY BeKTopy (Tak,

ixi=jxj=kxk=0).
Iyers a ={Xy; Yy; Z1}, b ={Xy; Yy; Zy}. Torzma

BEKTODHOE IIPOU3BeleHNE @ X b MOXKHO HaiiTu no Gop-
myJie

axb=X,Y Z| 1)

II pu m e p 1. HafiTu niomans TpeyroJabHUKA C
BepmmmHamMu M (-3;-2;-4), N(-1;-4;-7)u P(1;- 2;2).

4 ILromans Tpeyroasauka MNP paBHa IIOJOBHUHE
mwiomaau napasuaneaorpamma MNQP (puc. 247), moer-

poeHHOro Ha BekTOpax MN =a ={2;-2;-3} u MP =

b= {4;0; 6}. Cormnacuo dopmyie (1), umeem
i

axb = =-12i — 24j + 8k,

S N o~
cﬁwwl

2
4
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Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

Puc. 248

@ x 5\ —0,5144+ 576 + 64 =

OTKYyLAa Sapvpe =0,
=0,5-28 =14 (xB.en). B

OTMeTHM CBOMCTBA BEKTOPHOI'0 mpousseneHusa (a,
b, ¢ — JIOGBIE BEKTODHI, ). — JIIOGOE UHCIIO):

1°. @ xb =-b x@a, T. e. IPHU IEpPEeMEHe MECT COMHO-
JKUTeJell BEKTOPHOe IIPOM3BeleHUe MeHAeT 3HaK. Ta-
KUM 00pasoM, BEKTOPHOE IPOM3BeIeHNe He TOAUNHIET-
cs TIePeMEeCTUTEJIbHOMY 3aKOHY.

20, (@+b)xc=axc+bxc (pacnpedenumens-
HbLl 3aKOH).

30, (ha)xb =A(a xb) (covemamenvhoLii 3aK0OH).

II puwmep 2. Ilnomans napajuiesorpaMma, IOCT-

poeuHoro Ha BeKTopax a u b, pasHa 10 kB. ex. Haiitu
IO b TapaJjieiorpaMMa, IIOCTPOEHHOTO Ha ero aua-
TOHAJAX.
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§ 36. Omepanuu HaJ BEKTOPAMU

U Mckomas miomazns paBHA MOIYJIO BEKTOPHOTO
npousBeneHusa (a +b)x(a —b) (cm. puc. 238, 0). Ume-

eM (@+b)x(@-b)=axa+bxa—-axb-bxb. Ho
axa=bxb=0,bxa=-axb, oryga (@ +b)x(a —
-b)=2(b xa). HWrak, wucxkoMas [JIOmALb pAaBHA
20 kB. en. W

IIpumep 3.]JlaHsl HeHyJieBbIe BEKTOPHI @ U b.
HaiiTu Bce BEKTOpPBI C , YAOBJIETBOPAMIOINE YCIOBUIO

axb=axc.

0 HNmeem ‘Exﬂ:ﬁ”g‘sin@l,

@ x| =|a| [¢|sin gq
(puc. 248), 1. e. myomIaAL apajieIorpaMMa, IIOCTPOEH-
HOTO Ha BEKTOpax @ u b, JOJsKHA GBITH PABHA ILIOIA-
Y TapajjieaorpamMMa, IOCTPOeHHOTO Ha BEKTOpax 4 u
c. Tak kak 9Tu mapajaeIorpaMMbl UMEIOT 001iee OCHO-
BaHUWE @, TO Y HUX MOJKHBI OBITH PaBHEIE BBICOTHI. VITaK,
B KaUuecTBe BEKTOpa ¢ MOJKHO B3AThH J1000i1 BEKTOpD, Ha-

YaJI0 KOTOPOTO COBIIAJaeT ¢ HAUYaJOM BeKTopa @, a KO-
Hell JIXKUT Ha IIPIMOI, IPOXOaAINell uepe3 KOHEIl BeK-

Topa b mapaJiaenbHO BeKTOpy a . M
302. CmenranHoe MPoU3BeaeHNe BeKTOPOB. Cmeulan-
HbLM npous3éedenuem BEeKTOPOB &, b u ¢, KOTOpOe

obosHavaerca a b c¢ wnu (a, b, ¢ ), Ha3LIBAeTCA YUCJIO,
PaBHOE CKAJISIPHOMY IPOM3BEIEHUIO BEKTOpa @ HA BEK-

TOPHOE IIPOU3BeeHne b X ¢ MIM CKaJIIpPHOMY IPOU3Be-
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Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

JeHHII0 BEKTOPHOTO IPOMBBEIEHNUA @ X b Ha BEKTOp ¢,
T.e.abc=a(bxc)=(axb)c.

Mycre a = {Xq; Y35 Z1}, b = {Xg; Yo5 Zy}, € = {X3;
Ys; Z3}. Torga cupasepauBa (Gopmyia

X112y
abec =Xy Yy Zol 1)
X3YoZ3
OTMeTHM CBOMCTBA CMEIIAHHOTO IIPOM3BEIEeHUA
(a, b, ¢, d — m00ble BEKTOPHI, A — J1060€ YHCJIO):
1°. abc =bca =cab = —(bac) = —(cba) = —(ach),
T. €. CMEeIIIaHHO€ IIPOM3BEeAeHE HE MEHAETCA IIPU KPY-

TOBOM IEPECTAHOBKE COMHOMKUTEIEH 1 MeHAeT 3HAK IIPU
IepecTaHOBKEe IBYX COMHOMKHUTEJEH.

20, @+b)cd =acd+bcd (pacnpedenumens-
HbLl 3AKOH).

30, (Aa)bc=A(abc) (couemamenvrviii 3aKOH
OMHOCUMENBHO CKANAPHO20 MHONCUIMENA).

AGconoTHAA BeIMUYMHA CMEINTIaHHOTO MPOM3BEIeHUA
BEeKTOPOB @, b U ¢ paBHA 06beMy IapaslleseluIesna,
IIOCTPOEHHOI'0 HA BEKTOPAX-COMHOMKUTEIIX.

IIpuwmep 1. HaliTu o6beM mupaMuabl ¢ Bep-
muHamMu B Toukax A (1; 1; 1), B (2; 4; 3), C (2; 3; 2),
D (0; 2; 2).

1
U OueBuaHO, YTO UCKOMBIA 00bEM PaBEeH E obobeMa

nmapaJuiesenuiena, IOCTPOEHHOro Ha BekTopax AB, AC,
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Tt HH\,'H—“

§ 36. Omepanuu HaJ BEKTOPAMU

AD (pumc. 249). Haxozum AB=1{1;3;2}, AC =

={1;2;1}, E:{—l;l;l}. Cormacuo dopmyae (1),
nMeeM

1 32
21 11 12
AB-AC-AD=|1 2 1= -3 +2
-1 11

11 -1 1 -11

=1-3.2+2.3=1.
1
I/ITaR, VDABC :E (RY6. e/:[). u

IIpumep 2.IIpamad m IPOXOAUT Uepe3 TOUKY
M (2; 1; 3) napannenbHO BeKTOPY a = {1;-1;2}; mnpsa-
Madg n mpoxonuT uepes Touxky N (3;4;2) mapaaesabHO
BEKTOPY b = {2;1;2}. VYcraHOBUTH, IIePECEKAIOTCA JIX OTU
IpsaMble Uau cKpertuBaoTed (cMm. 1. 303).

QO Ecau 5Tv IpsAMbIe IT€PECeKaroTesl, TO BEKTOPHI a,b

u MN KoMILIaHApPHBI, T. €. @-b-MN =0.meem

1-1 2

1 2] 2 2 21
2 1 2:3 1+1 1+213:—7—4+10:—1;ar:0,
1 3-1 - N

cJeroBaTeJIbHO, NaHHBIE IPAMBIEe CKperuBatoTca. B
Il puwmep 3. HaliTu paccToaHue MeXKIY CKpEIu-
BAIOIIUMUCA IPIMBIMU, 3aJaHHBIMU B IpuMepe 2.
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: Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

Puc. 249 Puc. 250

0 Mcxomoe paccTosiHME — B5TO BBICOTA Iapajiielie-
HHIesa, IOCTPOEHHOTO Ha BeKTopax a,b, MN (puc. 250).
Vv
Tax kak V =Sh, o h=—, rme V = 1 (abcomoTHas

BeJIMUMHa CMEIIIaHHOI'o IIpOu3BeAeHU A, HaﬁﬂeHHOl"O B IIpH-

mepe 2),a S = ‘a_ X 5‘. Nmeem

axb = = —4i +2j + 3k,

(U

i
-1
1

o =
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§ 36. Omepanuu HaJ BEKTOPAMU

B M
Z,C

Puc. 251

OTKyZA S:‘Exg‘:\/16+4+9 - J29.

Hrak, h = i u

V29
II pu m e p 4. CocraBuTh ypaBHEHUEe IIJIOCKOCTH,
npoxoxnAmnienn yepes Touku A (1; 2; 3), B (3; 2; 1)
u C (5; —2; —3).

O BospMeM Ha MCKOMOM IIJIOCKOCTH ITPOMU3BOJIBHYIO

Tourky M (x;y;2) (puc. 251). Torga BeKTOPEI AM,E,

AC KoMmiLtamapael u AM - AB- AC = 0. Orcrooza

x-1y-22-3
2 0 -2(=0,
4 -4 -6

njain

-8(x-1)+4(y -2) -8(z-3),
2x-y+22-6=0.1
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Pasden X. BEKTOPHI. ITPSIMBIE 1 ITJIOCKOCTIA

§ 37. BsanumMHOe pacmojioKeHue
IPAMBIX U ILIOCKOCTEH

303. ITapamneanbHsble, IepeceKaonuecs U CKpemn-
Balomuecs mpsaMbie. [[Be IpsAMble B IPOCTPAHCTBE Ha-
3BIBAIOTCA NAPARAENbHBLMU, ECTIU OHU JIEIKAT B OTHOM
IIJIOCKOCTU U He IepeceKarorca. IIpsamMble, KOTOpbIe He
TIepeceKaroTCsA U He JIe)KaT B OJHOM IJIOCKOCTH, Ha3hbIBa-
oTcA ckpewjusarouumuca. Vltax, BOSMOXKHEL TPU CJIY-
4yad B3AMMHOI'O PACHOJIOMKEHUA ABYX NPAMEBIX B IIPO-
cTpaHCcTBe: 1) OHU mepeceKarTcsA; 2) OHU Hapasljiesb-
HBI; 3) OHU CKpeNnIuBalTCsa. B mepBBIX ABYX Caydasax
IPAMBIE JIEXKAT B OJHOIN IJIOCKOCTU, B TPETheM —
B PaBHBIX TJIOCKOCTSX.

Hanpuwmep, 8 kybe ABCDA;B,;C;D; (puc. 252) peb-
paABu A B, unu AD u A;D; u T. 1. IapajliejbHbl;

pebpa AA, u A;B, wiu BC u CD wu T. 1. mepeceKar-
ca; pebpa AA, u CD umu AA, u B,C, u T. 1. cKpemuu-
BaroTCAH.

OTMeTHuM, 4TO B IPOCTPAHCTBE, KaK U HAa MJIOCKOCTH,
CIpaBeAJIUBBI CJAEAYIONNE YTBEPIKICHUS:

0se npsamuvle, napaiesibHble mpemueil, napaieibHbl
mexcdy coboil (Ipu 9TOM BCE TPU NMPSAMEBIE MOTYT U He
JIe)KaTh B OJHOI IJIOCKOCTU; HAIpUMeEp, Uepe3 mmapaJi-

JenbHBbIe TIpaMbie AB, CD u AlBl, n300paKeHHbIe HA
puc. 252, HeJb3s MPOBECTH ILJIOCKOCTD);

Y2Jibl ¢ COOMEemCcmaEeHHO napaLileibHulMU U 00UHA-
K080 HANPABJECHHbLIMU CMOPOHAMU PABHbLL.

Yenom mexncdy ckpewusarouyumuca npamolmuy Ha-
3BIBAETCA YIOJ MEXKIY ABYMSA IMIPIMBIMU, TapasIeIbHBI-
MU JAHHBIM U IPOXOJAIINME Uepes3 IPOU3BOJIbHYIO0 TOU-
Ky M.

Ilepnendukxynapom, OMyIIeHHBIM U3 TAHHOH TOYKU
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M Ha IpAMYI0, Ha3bIBAeTCs IpsAMasd, 00pasyrolias ¢ JaH-
Holi yroa 90° u mepeceraroias ee (IEPIEHAUKYJIAPOM
Ha3bIBaeTCs TaKiKe AauHa orpeska MN or touku M 10
Touku N mepeceueHud IpPAMBIX; puc. 253). Eciu Touka
M ne)xuT BHe IPAMOI, TO TaKOU MEPUEHIUKYJIAD €INH-
cTBeHHbIN. Ecau ke Touka M JIeKUT HA IPAMOI, TO MOMK-
HO IIPpOBECTU 6eCKOHe‘IHO MHOI'O IIPAMBIX, IIPOXOAAIITNX
yeped M m nepuneHAVKYJIAPHBIX TAHHOU IIPAMOIL.

Cy1iiecTByeT TOJHKO ONWH MEPIeHAUKYIAP, O0Iuii
IJA OBYX CKpeIIuBaIoONuxXcsa NpaAMbIX. Ero namHa Ha-
3BIBAETCA paccmoanuem mexnody CKpewuearouwumu-
ca npamvimu. 118 IOCTPOEHUSA 9TOTO IEePIEHANKYIIA-
pa TpoBeeM uepe3 OJHY W3 CKPEIIWBAIOIIUXCSA IIPS-
MBIX IIJIOCKOCTh, MapajjeJbHYI0 APYroW mpamoii (Ha
puc. 254 niaockocThs P npoBeneHa uepes IPAMYI0 m U
napaJjJiiejbHa IPSAMOA 7 ), 3aTeM Uepe3 BTOPYIO Mps-
Myio (n) mpoBeIeM TJIOCKOCTh, IMEPIEHIAUKYIAPHYIO
nepBoit miaockoctu (P1Q ). Ilycts miockocTs @ 1ie-
pecekaer npamMy m B Touke A. Torma meprmeHIUKY-
JSAp K IPAMON m B TOUKe A U eCTh UCKOMBIH.

By G M
i
A i

1 : Dy

|

B | /€ N
A D

Puc. 252 Puc. 253
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T N—— B
n B
m
C
&/—’
D
Puc. 254 Puc. 255

Hamnpuwmep, B ky6e (cM. puc. 252) o01iuM mepreHu-
KyJAAPOM K CKDPeIIUBamIuMcsa npamMbiM AA;, u CD
ABJsieTcss pedpo AD.

II p u M e p. [IBa paBHOOEAPEHHBIX MPAMOYTOJIBLHBIX
Tpeyronpbauka ABC u ADC pacmoJioKeHbI BO B3aMMHO
TIePIEeHANKYIAPHBIX MJIOCKOCTAX U UMEIOT OOIIYI0 TUIIO-
TeHysy (puc. 255). HaliTu kpaTuatiiiee pacCTosIHUE MeXK-
ny npameimu AC u BD, ecnu KasKIbIN KaTeT paBeH 4.

QO IIposemem Bwicorsl BH u DH. Torga mnoayuum
A BHD — paBHOGEIPEHHBIH U IPAMOYToabHEIHN. [IpoBe-
nem B HeM BwicoTy HF. Tak kxak ACLBH u AC.IDH,
T0 AC — mepneHAMKYIApP K miuockoctu BHD (cMm. Teo-
pemy 10.7 B 1. 304). Orciona AC1HF. 3uauutr, HF1AC

u HF1BD, T.e. HF u ects uckomoe paccroguue. lme-

em BH =0,5v2BC =22, HF = 0,5/2BH =2. m

482



TEOMETPUSA

/ -
—
a) 0) 6)

304. BsaumHoe pacmojiokeHHe MPSIMOM U TJIOCKO-
cTH. YToJI MeKAy IpAMOH M ILIOCKOCThIO. IIpamasa u
IJIOCKOCTH HA3BIBAIOTCSA NAPAALEAbHbLMU, €CIV OHU He
nepecekaorca. Takum oO6pa3oM, BO3MOKHBI TPU CJIY-
Yas PacmoJIOKEHUA MPAMOI OTHOCUTEJHHO IJIOCKOCTH:
1) oHaA JIEKUT B IJIOCKOCTU; 2) OHA I€peceKaeT ILIoC-
KOCTb; 3) OHa mapaJuiesbHa maockocTu (puc. 256, a, 6).

CropaBe[JINBHI CJEAYIONINE YTBEPIKICHUA:

T.10.5. IIpamasa napanrieavra naockocmu mozda u
moJabKo mozda, K020a OHA He AelUum 6 3moil naoCKo-
cmu u napanieavHa Kakoi-iubo npamoil, aexcauieil 6
amoil naockocmu (Rpu3Hakx NApanierbHOCMuU nps-
MOU U naockocmu).

Taxk, ecau nmpsamasa b mapajieabHa MIPAMOHR a, JiexKa-
meil B miaockoctu A (puc. 257), To OHA IapaJiaesbHa
9TOH MJIOCKOCTH.

T.10.6. Ecau npamas napanieivbHa NJAOCKOCMU A U
uepe3 amy npamyr npogedeHa niOCKOCMb, nepecexa-
owasn A, mo JUHUS nepeceienus NI0CKoCmell napa-
aenbHa 0anHol npamoil (puc. 258).
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Puc. 257 Puc. 258

OmpeneuM MOHATHE IEPIEHIUKYIAPA K IIJIOCKOCTH.
IIpamas HaspIBaeTCa nepneHdUKYAAPOM K NAOCKOCMU,
ecJu OHa IMePIeHIUKYJIAPHA JII000H IpAMOii, JeKarei
B 9TOM miocKocTu. IlepneHINKYIAPOM K IIJIOCKOCTH Ha-
3BIBAETCA TAKXKe OTPE3OK ATOM MPAMOM OT KaKOM-JInbo
Touku M 10 Touku M, mepeceueHusA IPAMOMA U IJIOCKO-
ctu (puc. 259). Touxa M, Ha3bIBAETCS OCHOBAHUEM NED-
nenouxkyaapa.

T.10.7. IIpamas, nepnenduxyrapruas 06ym nepecexaio-
WUMCS NPAMBLM, JeHAULUM 8 NLOCKOCMU, nepneHiu-
KYyaapHa amoil naockocmu (npu3nHax nepneHouxy-
AAPHOCMU TNLPAMOL U NAOCKOCTMU).

IlycTh 13 Touku M mpoBeeH MePIeHANKYJIAP K ILIOC-
Koctu (puc. 259). [lanna orpeska M M, HasbIBaeTCA pac-
cmosHuem or Touku M 1o miaockoctu. CoeJUHUB TOU-
Ky M ¢ Kakoii-inb0o TOUYKOU ILJIOCKOCTHU, OTJIUYHOH OT
OCHOBaHUSA MEPIEeHAUKYAAPa M), IOTyInNM HAKAOHHYO
MA. JIro6asi HAKJIOHHAS [JINHHEe IIePIeHIUKYJIApa, IPo-
BEIIEHHOTO U3 Toi »Ke Touku. Orpe3ok M A HasbIBaeTCA
npoerxyueii HAKIOHHOIL.
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§ 37. BzauMH. PaCIIOJIONK.

M

Puc. 259 Puc. 260

OTMeTuM, YTO U3 06YX HAKJIOHHbLLX OOAbULE MA, Y KO-
mopoil npoexkyus 6onbuLe; paA6Hble HAKJIOHHbLE UMeMm
PaéHble NPOEKYUU.

T.10.8. IIpamas, npogedeHHas HA NAOCKOCMU Yepe3 Oc-
HOBAHUE HAKJOHHOU NnepneHOUKYLIPHO ee NPOeKyUl,
nepnenOUKYLAPHA U caAMOl HAKLOHHOU (meopema o
mpex nepnendurynapax).

BepHo u ob6paTrHoe:

T.10.9. IIpamas, npogedeHHas HA NAOCKOCMU Yepe3 Oc-
HOBAHUE HAKJOHHOU nepneHOUKYLIPHO IMOil HAKJIOH-
HOll, nepneHOUKYAAPHA U ee NPOeKUUL.

IlycTs, nanpumep, MM, — MePIeHIUKYIAD K ILIOC-
Koctu, ME — makaonHasa (puc. 260). Torga, ecau nps-
masa DE nepnengukynapua M E (Ipoeknuu HaKJIOH-
"ot ME), TOo OHa IepIeHAUKYJIAPHA U CAaMOU HaKJIOH-
Hot ME. Eciu »Xe u3BeCTHO, uTo npamaa DE nepieH-
IUKyJIApPHA HaKJOHHON ME, To oHa IMepuneHauKYJIAp-
Ha U ee IIPOEKIUU MOE.
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Puc. 261 Puc. 262

Il pumep 1. B npamMOyroJbHOM TPEYTOJLHUKE
ABC wusBectub! KaTeTsl AC = 6, BC = 8. VI3 BepmInHSLI
npamoro yria C K IUIOCKOCTH TPEeyroJibHUKAa BOCCTaB-
JeH nepuneHaukyaap CM = 2 (puc. 261). Haiitu pac-
CTOHUE OT TOUKU M 10 TUIOTEHY3HI.

Q Ilposemem MD.1AB. Tak xak MC — mneprneuu-
KyJasap K miockoctu, M D — HaraonHas, CD — ee mpo-

eknus, To CD1AB (o Teopeme 10.9). Iz A ABC naxo-

oM AB =+ 62 + 82 =10. Yrober HaiiTh BeIicoTy CD,
BOCIIOJIB3YeMCA ABYMs (popMysiaMu AJIs OTHICKaHUS IIJIO-

manu AABC. HWwmeem  Sppc =0,5AC-BC =
=0,50AB-CD, orrkyzma CD = % =4,8. Temeps us

AMCD wmHaxoamm HCcKOMOe paccTosHue: MD =

=22 +48% =52. =
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§ 37. BzauMH. PACIIOJIOAK. IPAMBIX U ILTIOCKOCTeH |

Yenom mexncdy npamoii u naocKocCmdvblo Ha3HIBAET-
cA YroJ MeKOY IIPSAMOM M ee MPOeKI[Mel Ha 3Ty ILIoC-
KOCTb (yros ¢ Ha puc. 262). Eciu npamasa napaJieib-
Ha IJIOCKOCTHU, TO YI'OJI MEXAY HUMU CUNTAETCA PABHBIM
HYJIIO; €CJIN IIpAMas MepHeHIUKYJIAPHA IIJIOCKOCTU, TO
ou pasen 90°.

I pu m e p 2. Ilog xakuM yIJOM IepeceKaeT
IJIOCKOCTDL MaHHAs IpsaMasd, eCJau MPOeKIus J00ii ee
HaKJIOHHO! paBHA [IJIUHE IePIeHAUKYJIsapa, IPOBeJeH-
HOTO U3 TOH K€ TOUKU, UTO U HAKJIOHHAA?

U B mpamoyronbHoM Tpeyroasauke MM A (cM. puc.
259) umeem AM, = MM ), T .e. TPeyTOJbLHUK DPaBHOOE]-
PeHHEIN 1 yroax ¢ = 45°. W

OTmMeTUM, UTO U3 8CeX Y2108, KOMOpbvle 00PA308aHbL
JaHHOll npamoil, nepecexaioueil NAOCKOCMb, U 8CEE03-
MONCHLLMU NPAMBLMU, JeHAUUMU 8 NJOCKOCMU, Y20
medxnc0y OaHHOI npamoil u ee npoexyueil A6aiemcs Hau-
menvwum. Tak, 0jia yriaoB, n3o0pakeHHBIX Ha puc. 263,

umeem /MAM, < ZMAB.

IIpuwmep 3. I3 Touku M K JaHHOHA IJIOCKOCTHU
IPOBe/eHbI epIeHAnKyAap MM ju nse HakIOHHBIE MA
u MB (puc. 264). IIpoekiuu HaKJOHHBIX IEePIEHAUKY-
JIAPHBI IPYT OPYTY, a JJINHA KayKIOU M3 IPOEeKIUil pas-
ua MM, . Hatitu yron MAB.

U ITo yemosuto, MgA = MgB = MMy u MyA1LM,B,
MMylMyA, MMylMyB; 3uauur, AMMyA=
=AMMyB=AAMyB (o n8y™m Kareram). Orciozna cie-
nyer, uto A AMB — mnpaBujibHbIl, T. e. LMAB =
= 60° (samerum, uro LMAB > ZMAM, = 45°). &
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| Pasden X. BERTOPBI. ITPAMBIE U ITJIOCKOCTI

M

305. BsauMHOe pacHoJIO;KeHHe IBYX ILJIOCKOCTEN.
CBoiicTBa mapaJiielIbHBIX NMPAMBIX M ILIOCKOcTei. [[Be
IJIOCKOCTY HA3LIBAIOTCS NAPANLELbHbLMU, ECTIU OHU He
nepecekaroTcda. TakuMm 0o0pasoM, JBe ILIOCKOCTHU JIbOO
mmepeceKarTcs (B 9TOM cJIydae OHU MMEIOT OOIIYI0 Ips-
My10; puc. 265, a), 1ubo mapasiesbHbI (B 9TOM ciydyae
OHU He MMEIT O0IMuX ToueK; puc. 265, 6).

T.10.10. Ecau 0se nepecexawujuecs npamvie 00HOU
nJaAOCKOCMU COOMBEMCMBEHHO NAPALLeAbHbl 08YM
npamvim 0pyzoil naocKkocmu, mo Imu nAOCKOCMuU na-
pannenvrvl (NPUHAK NapanierdbHocmu 06yYx naoc-
kKocmell).

II p u m e p. [JokazaTk, 4YTO Uyepes3 Be CKPEIIUBAIO-
muecsa NIpAMble MOXKHO IIPOBECTH HapajjesibHble IIJI0C-
KOCTH.

O IlycTe a u b — gaHHBIE CKPEIUBAIOIIAECS IIP-
Mble (puc. 266). Yepes IPOM3BOJIBLHYIO TOUKY IPAMON a

IpoBeeM MPAMYIO b’ |

b, a 4epe3 IIPOU3BOJIBHYIO TOUKY

npamo# b — npamyio a ||a. Hasee mpoBeneM JBe ILJIOC-
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\
/\
a) 0)
Puc. 265
pe
Puc. 266

KOCTU: OLHY uepes IpAMble a u b', npyryo — uepes b

n a'. Coraacuo teopeme 10.10, 5T IJIOCKOCTH IapaJi-
JIeJIBHBI, IIPpUYEeM IIpAMadAd a JEeXHUT B O,E[HOfI n3 HUX, a
npamas b — B apyroi. B
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_

Puc. 267 Puc. 268

OTMeTHuM caenyIoie CBOMCTBA MapalIeIbHBIX ILJIOC-
KOCTe:

19, Yepes m06y10 TOUKY, JeKAILTyI0 BHE JAHHOI IIJI0C-
KOCTHU, MOXHO IIPOBECTU €IUHCTBEHHYIO IIJIOCKOCTh, IIa-
paieJbHYIO TAHHOM.

20, Ecnu gBe IJIOCKOCTH IapajlieJbHbI TpeThei, To
OHU TapaJlJIeIbHBI MEKIY CcoDOi.

30, Ecaiz nBe mapaJliesbHbBIE IJIOCKOCTH IIepeceueHbl
TPETHhEeH MJI0CKOCTHIO, TO JIMHUY ITePeCeUeHUs apaieib-
HBI MexKJy coboii (puc. 267).

49, [IBe mI0CKOCTH, IepPIeHANKYISPHEIE OXHON U TOM
JKe TIpsIMOii, mapajiaenabHbl (puc. 268).

59. TLmocKkocTH, IepIeHANKYAApHbIe TapaLIe bHbBIM
IPAMBIM, TTapaaeabHbl (puc. 269).
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§ 37. BzauMH. PaCIIOJIONK.

Puc. 269 Puc. 270

OTMeTHUM TaK’Ke CBOMCTBA MTapajeIbHBIX IIPAMBIX:

19, IIpamasa, mapainenpHAd OBYM IIepeceKarol[M-
cA TJIOCKOCTSIM, HapajijieibHA JUHUU UX MepeceueHus
(puc. 270).

20, Eciu iBe IJIOCKOCTH IepeceKaloTCs Mo IIPAMO a,
TO B KaK/JAOHM U3 HUX IapaJlyIeJbHBIMU APYT APYTY SABJIA-
IOTCSI IPAMBIE, TTapaJlieJibHbIe MPSAMOI @, ¥ TOJIbKO OHU
(puc. 271).

30, TepneHAUKYIAPLI, IPOBEJEHHbIEe K IapaJLieib-
HBIM IIPAMBIM, IIapaJjijieJIbHBI.

40, TIpoeknuu HapaaelbHBIX OPAMBIX Ha Hapa-
JIeJIbHBIE IIJIOCKOCTH IapaJjiieabHb! (puc. 272).

59. OTpesku mapasIelbHbIX IPAMBIX, 3aKJIIOUeHHbIE
MEeXK/Iy TapajlieIbHBIMU IJIOCKOCTSAMHY, PaBHEI (puc. 273).
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' Pasdea X. BEKTOPHIL. IIPSIMBIE U IIJIOCKOCTH

N\

o/

ANEAN

AE =i

\ A\

Puc. 271 Puc. 272

T~

\
/

\

Puc. 273 Puc. 274

§ 38. /IByrpaHHble ¥ MHOTOTPAHHBIE YIJIbI

306. IsyrpanusbIii yroJ. [[Be repecexkaIecs ILIoc-
KOCTHU pa30MBAIOT MPOCTPAHCTBO HA YETHIPE YaCTH, KalK-
Jasd M3 KOTOPBIX HashIBaeTca 06yzpanHwvim yzaom. Ta-
KUM 00pa3oM, ABYTPAHHBIA yIroJ 00pasoBad ABYMS IO-
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JIYILJIOCKOCTSIMY, HA3BIBAEMBIMU 2PAHAMU; JIUHUA UX
IepeceuyeHUa HA3bIBAETCSA peOpoMm IBYTUPAHHOTO yIJIA.
ITpoBegeM MIOCKOCTD, MEPHEHAUKYIAPHYIO PeOPy ABY-
TPAHHOTO yTJia. YTO0JI, IOJyYEeHHEIH B ceueHuu (puc. 274),
HasbpIBaeTca naockum (nuHelHbLm) yznom IBYTrpaH-
HOTO yrJja. OTOT MJIOCKUII yroJl IIPUHUMAETCA 3a MepPY
IBYTPAaHHOTO yTJIa.

IBe mimockocTu, o0pasyomnire IpAMON OBYTIDAHHBIA
yIroJI, HasbIBAIOTCA 63AUMHO NePneHOuKYaapHbLMU.
T.10.11. [J[ée naockocmu 63aUMHO NepneHOUKYAAPHbL

mozda u moavko mozda, kozda o0Ha U3 Hux codep-
Hum nepnenduKyap k 0pyzoii naockocmu (npu3Hak
nepnenduxkyaaprnocmu 06yx naockocmeil).

CropaBeJInBO CJIEAYIOIee YTBEPIKAEHUE:

T.10.12. JITunus nepecevenus 08yx naockocmeil, nepnemn-
OUKYNAPHLLX mMpembell NJAOCKOCMU, NepneHouKyiap-
Ha amoil naocKkocmu.

Hanpumep, B KyOe Bce BepTUKaJIbHBIE I'DAHU IIEp-
IIeHIUKYJIAPHBI HIKHeHn I'PaHU M BCE€ BEPTUKAJIbBHBIE
pebpa (IMHUY IepeceueHnss BEePTUKAJIbHBIX I'PaHell) TaK-
JKe MepIeHANKYJIAPHBI HIKHEH IpaHu.

II p u m e p. B kybe nmpoBeneno ceuenue ABCDEF
(puc. 275), roe Touku A, B, C, D, E, F — cepeJuHbI COOT-
BeTCTBYIOIUX pebep. HaiiTu AByrpaHHBIN YIoa MeXIY
STUM CeUeHHEeM W HUKHeH I'PaHbBIO.

U IHoctpoum /DFK = o — WIJIOCKHUI yroJ UCKOMO-
ro AByrpaHHoro yria. 3unecb AF — pebGpo AByrpamHOro
yraa; DF1AF, Tak KaK cedyeHUe — TMPaBUJb-
HBIH IIeCTUYTOJBbHUK, a yroi DFA onupaercd Ha nma-
meTp; KF|AF, TOCKOJABKY 3THU OTPE3KU COETUHSAIOT
cepeIMHBI CTOPOH KBaapara. IlycTs a — pebpo Kyoda.

Torma DK = a, FK :0,5\/5(1, OoTKyZa tgo = \/5 u
o = arctg \/E . n
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307. Tpexrpaunsrii yroa. @urypa, odpasoBaHHasd
TpeMd JydaMUu, BEIXOOAIITNMU U3 O,ZLHOfI TOUKU U HeE JIe-
JKaIIUMU B OJHOI IJIOCKOCTH, ¥ TPEMS YaCTAMU ILIOC-
KOCTell, 3aKJI0UEeHHBIX MEKY 3TUMHU JyuyaMUu, HasbIBa-
erca mpexzpannvim yzaom (puc. 276). Touka A Ha-
3bIBaETCA 6ePUUHOL yIia, JyYd — ero pebpamu, a Ja-
CTU ILJIOCKOCTell — zpanamu. I'paHu TpexrpaHHOro yrJa
HAaBBIBAIOTCA €T0 NAOCKUMU Y2AaMU. YTIbI MEXKAY ILJIOC-
KUMU TIPDAaHAMYU HA3BIBAIOTCA 06YZPAHHBLMU Y2ramu
MaHHOTO TPEXTPAHHOT'O yrJja.

T.10.13. B mpexzpanHom yzae Kaxovlii naocKuil yzon
MeHblle cymmbL 08Yx Opyzux yzno6.
II p u m e p. Ilmockue yruasl o, , Y TPEXIPAHHOTO
yIiia paBHEI cooTBeTcTBeHHO 45°, 30° 1 60°. Haiitu ero
IByTpaHHbIe yrabl (puc. 277).
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O Orioxkum Ha pedpe TPEXIPAHHOTO YIja OTPE30K
OA = 1 u nposBenem ceuenue ABC, mepneHINKYJIAPHOE
stomy pebpy. Ilycts ZLAOB = 45°, Z/AOC = 30°, /BOC =
= 60°. Uckowmsbiit yron CAB o6Go3HauuM uepes ¢ (Tar
JKe 0003HAYMM U COOTBETCTBYIOIIUN ABYIPAHHBIA yIoJ;
nByrpansable yriasl OB u OC 0603HaUYUM COOTBETCTBEH-
HO ueped ¢ u 0). Umeem AB = tgdhs’ = 1, AC =

=tg30°=§,03: 1 J2,0C 1 —ﬁ.

cos45° cos30° 3
ITo Teopeme KocunycoB B AOBC:
BC? =0B2 + 0C? —20B - OC - cos 60° =

-2+ i_i 2(5 J6).

3
C npyroii cropousl, us A ABC :

BC? = AB? + AC? ~2AB - AC -cos¢ =
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Takum obpasom,

4 243

3 3

cos ¢ =§(5—\/E),

OTKYJa /3 cosp = \/6—3, cosQ = \/5 - \/_ ~—-0,318 u
¢ = arccos (—0,318) = 108,5°.

3
AmnajoruuHo Haiimem cos¢ = \/_ - % ~ 0,837, ¢ =

216

= arccos0,837 ~ 33,2° u cosO = 5 1~0,633, 0=

= arccos0,633 ~ 50,1°. &

Mexxny miockuMM W ABYTPAHHBIMU yIJIaMU TpPeX-
TPAHHOTO yIJla CYILIEeCTBYIOT CJIEAYIOIe COOTHOIIIEHUSA
(coxpanuM o0o3HAUEHUs, YKa3aHHBLIE B IIPUMeEpE):

singe sin¢ sin6

siny sinf sina
T.10.14. Cymma naocKux Yyzao8 mpexzpanHozo Yyzaa
menvwe 360°.

ITocnenuee yTBep:kIeHmne CIIPABEIJIUBO IJA IPOU3-
BOJIBHOTO BBIIIYKJIO'O MHOTOTPAHHOI'O yrIJIa.

Mnozozpannsim yznom HasbvIBaeTcs (urypa, orpa-
HUYEeHHas HECKOJbKUMHU ILJIOCKMMH yIJIaMU C OOIei
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Puc. 278

BepminHOii (puc. 278), mpuueM KaKIbIM U3 TJIOCKUX
YTJIOB MeHbIIle pa3BepHyTOro. MHOTOrpaHHBIN yTroJ Ha-
3bIBAETCA 6bLMYKAbLM, €CTIU OH JIEXKUT 110 OJHY CTOPOHY
OT IJIOCKOCTHU KajKJON U3 CBOUX I'paHeil.

CyMMa ABYTpPaHHBIX YIJIOB N-TPAHHOTO yIJia 3aKJIO-

vena mexay 180° (n — 2) u 180°n.



Pasoen XI
MHOTOITPAHHUKHA U TEJIA BPAIIIEHUA

§ 39. MHororpaHHUKHT

308. O6mue mouarua. PaccmorpuM Tejo, orpaHu-
YeHHOe 3aMKHYTOH II0BEPXHOCTHIO, COCTOAIIEH U3 ILJI0C-
KMX MHOTOYTOJbHUKOB. KaKIblli MHOTOYTOJbLHUK Ha-
3BIBAETCA 2PAHBIO, & CAMO TeJO0 — MHO2Z0ZPAHHUKOM.
IIpu sTom sr06asi CTOpPOHA KaiKJOT'0 MHOTOYTOJLHUKA
SIBJIETCSA TaKyKe CTOPOHOM ellle OJHOTO U TOJIBKO OJ-
HOTO MHOTOYTOJILHUKA,a JIO0ble Ba MHOTOYTOJLHUKA
UMeIoT 100 OOIIYI0 CTOPOHY, JiOO OOIIYIO BEPIIUHY,
aubo He MMeIT 00Imux TouyeK. CTOPOHBI I'paHell MHO-
FOTpaHHUKA HA3BIBAIOTCA €T0 peObpamu, a BepUIINHEI
9TUX I'paHell — Gepwunamu MHOTOrpaHHUKa (puc.
279). OTpesok, coeqMHAIONINI ABe BEPIIUHBI, HE TPU-
HaJJIeKalue OMHOM TpaHU, HA3LIBAETCA OUA2ZOHALLIO
MHOTOTPaHHUKA.

MHororpaHHVK Ha3BIBAETCA 6bINYKAbLM, €CJIU OH JIe-
JKUT TO OQHY CTOPOHY OT IJIOCKOCTHU JIIO0O0I M3 CBOUX
rpaneii. Bce MHOrorpaHHUKY, 1300paKeHHbIe Ha PUC.
279, — BeImyKJbIe. B manbHeiiieMm MBI OymeMm pac-
CMaTpuBaTh TOJIBKO BBIIIYKJIbI€ MHOTOI'DAHHUKU.

ﬁ"p

Puc. 279
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§ 39. MHororpaHHUKHU

IIycte I' — uwmcso rpameit, B — umciao BepuiuH, a
P — uwncio pebep MHOTOTpaHHUKA.

T.11.1. s 2106020 MHO202PAHHUKA 6bLNOJHACMCA CO-
omuowernue B+ T — P = 2, . e. uucsno gepwun n.atoc
4Uca0 epareil Munyc wucao peéep paéro 2 (meopema
Jdiinepa).

T.11.2. B gbinyKkaiom MHO202DAHHUKE CYMMA 8CEX NIOC-
Kux yzn08 npu kaxc0oil u3 eepwun menvuie 360°.

309. IIpaBuabHBbIe MHOTOTPAHHUKH. MHOTOIDaHHUK
Ha3bIBAETCA NPAGUNLHBLM, €CIIU BCE €r0 I'PAaHU — DPaB-
Hbl€ TIPABUJIbLHBIE MHOTOYTOJBHUKKA W BCE MHOTOT'DAH-
HBbIe YIJIBI IIPU BePIIINHE PaBHBI MeXXIy cOOO0M.

T'pansMu mpaBUIBHBIX MHOTOTPAHHUKOB MOTYT OBITH
TOJILKO TPaBWJILHBIE TPEYTOJNBHUKU, KBAaAPATHI U IIpa-
BUJIbHBIE NATUYTOABHUKU. VI3 3TUX 3JIEMEHTOB MOYKHO
TIOCTPOUTH IATH IPABUILHBEIX MHOTOI'PDAHHUKOB. Bee mpa-
BUJIbHBIE MHOTOIDAHHUKY JaHHOTO TUIa nonobusl. Pac-
CMOTPUM TUIILI MPABUJBHBIX MHOTOTPDAHHUKOB.

1. IIpasuavnulii mempasdp (puc. 280). 310 ueThHI-
PeXTpaHHUK, KaKAas 'PaHb KOTOPOTO — TIPABUJIBHBIN TPe-
YTOJILHUK, a B Ka)XJA0I BEPIIUHE CXOJATCA TPU I'PDAHMU.

m————— —_———

Puc. 280 Puc. 281
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Paszden XI1. MHOT'OI'P. 11 TEJIA BPAIITEHUSA

L
L

Puc. 282 Puc. 283

2. IIpasunvrui wecmuzpannurx — ky6 (puc. 281).
Kaxxnaa rpanp Kyba — 9TO KBaapaT, a B KasKJI0# Bep-
IInHe CXOAATCA TPU I'PAHU.

3. IIpasunvrolli 60CbMUZDAHHUK — OKMa3aodp
(puc. 282). Ero rpasu — mpaBUJIbHBIE TPEYTOJbHUKHY,
a B Ka)XJOU BepIIVHE CXOJATCA YeThIpe I'DAHU.

4. Ilpasunvrulii 0éenadyamuzpanHuk — 0oderka-
a0p (puc. 283). Ero rpany — npaBUJIbHbIE IATUYTOJb-
HUKY, & B KQXKJOH BepIINHE CXOLATCS TPU IPaHU.

5. IIpasunvrolii 06adyamuzpaHHuKx — uKoca’op
(puc 284). Ero rparu — npaBUJIbHBIE TPEYTOJbHUKHY, a
B Ka)KJOH BepIINHE CXONATCA IATH I'PaHel.

Il pume p 1. Haiitu yros HaxjgoHa pedbpa FA

IpaBUJIbHOrO TeTpasapa FABC (puc. 285) K MJIOCKO-
ctu ABC.
O Ilycrs pe6po Terpasapa paBuHO a. IIposemem mep-

MEeHAUKYJAAP FO K miaockoctu ABC; torma yron OAF —
uckombrii. Tax Kak Touka O — meHTp A ABC
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§ 39. MHororpaHHUKHU

A WAN
AN

u AO = a\3/§ (cm. m. 293), TO cosgo:g, T. . Q=

= arccos—. H
3

II puwmep 2. Haiitu gByrpanfHbie yriabl OIpu peo-
pax OoKTasmpa.

O IlpoBemem ceuenwue, HEPIEHIUKYISIPHOE peGpam
BC u DE (puc. 286), mpoxofsIiee uepe3 BepIIuHbl A u
F; yron ¢ = ZAMF — uckombit (cMm. 1. 306). Ilycrs

a3

a
a — pebpo okTasapa; Trorga MO = 9 AM = 5 (BBI-

coTa MPaBUJILHOrO Tpeyroabuuka), ZAMN = % 3Hauwur,
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COSEZ@ZL u COS(P=2COS22—1=E—1:
2 AM 3 2 3

1 n arccos| 1 [ |
=——. Urak, ¢ = ——
3 ® 3

310. IIpusma, mapajienenunen, Kyo. Muororpas-
HUK, B TPaHU KOTOPOTO — pPaBHbIE MHOTOYTOJIbHUKMH,
PACIOJIOXKEeHHBIE B IIaPAJLIEIbHBIX IIOCKOCTAX, & OCTAIb-
HbIe TPaHN — IIapajjeIorPaMMbl, Ha3bIBAETCS NPU3MOLL
(puc. 287). B 3aBUCHMOCTH OT UMCJIa CTOPOH OCHOBAaHUS
IIpu3Ma Ha3bIBAETCS TPEYTOJILHON, UeTHIPEXYTOJBHON U
T. 1. MHOroyronbuuku ABCDE u A{B{C{D{E; Ha3bI-
BAIOTCS OCHOG6AHUAMU IIPUSMBI, IIapaJljieJIorpaMMbl
AA BB, BB,C,C u . 1. — 60K06bLMU 2PAHAMU, & OT-

pesku AA,, BB, u T. 1. — 60xo6btmu pebpamu. Boico-
moi Tpu3MbI Ha3hIBAETCS PACCTOSAHUE MEKIY €e OCHOB-
Huamu. OTpe3oK, KOTOPHIH COeUHSAET JBe BEPIIUHbBI, HE
IPUHAAJEKAIle ONHON T'pPaHU, HA3LIBAETCA OUd2ZOHA-
1610 TIPU3MBEI.

Juazonanvrbim ceuenuem IPU3MbI HA3BIBAETCS Ce-
yeHUe, IIPOXO/sIllee uepes 1Ba OOKOBBIX pedpa, He IpH-
HaJJIeKarue ofHou rpanm (Ha puc. 287 — 9T0 mapaJie-
aorpamm AA{D{D).

Ilepnenduxyaaprnoim ceienHuem IPUSMBI HA3BIBA-
eTcsl ceueHUe, MEePIeHIUKYJIsIpHOoe ee DOKOBOMY pedOpy
(ma puc. 287 — »10 MHOroyroabHuK A'B'C'D'E').

Ecau GokoBbie peGpa HIpU3MbI IEePIEHIUKYJIAPHBI
OCHOBAHUIO, TO IP3Ma HA3HIBAETCA NPAMOLL; B IPOTUB-
HOM CJIyuae — HAKAOHHOU (B IPSAMOI IpU3Me IIepIeH-
IUKYJISPHOE ceueHue MapalieJIbHO OCHOBAHUIO WJIU CO-
BIIAJAET C HUM).
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Puc. 286 Puc. 287

ITpsamasa mpusma, OCHOBAaHMEM KOTOPOIL CIYKUT IIpa-
BUJIbHBIII MHOTI'OYTOJIbHUK, HA3BIBAETCSA NPAGULLHOU
(3a ucryOUeHNEM Ky0a IpaBUJIbHAA IpU3Ma HE SABJA-
eTcsi TPaBUJIbHBIM MHOTOTPAHHUKOM).

BokoBasi moOBepXHOCTh TPU3MBLI — 3TO CyMMa ILIO-
mazei Bcex ee OOKOBBLIX I'pDaHel; MOJHAS IIOBEPXHOCTH
TIPU3MBI — 3TO cCyMMa 0OKOBOI MOBEPXHOCTHU U ILIOIIA-
el ee OCHOBaHUM.

Ob6sem npusmb. pageH npousgedeHuio naou,adu ee
ocHo8aHUs S Ha 8vicomy h uau npouseedeHuIo NJAOULA-
ou lee nepneHouKyiapHozo cevenus S . Ha 060K080e ped-
po l:

V = Sh; (1)
V=5S_1. 2)
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Borosas nosepxnocms npusmvL pasrHa npouséedeHuro
nepumempa ee nepnenouKyLapHozo cevenus P na 6o-
Kosoe pebpo I:

SGOK = Pceql‘ (3)

B wacrrOCTH, 60KO08aA NOBEPXHOCMb NPAMOLL NPUIMbL
pasrna npoussedeHnuio nepumempa ocnoéarnus P na 6bi-
comy npusmbvt h:

Seox = Ph- (4)

IIpumep 1. B HakI0OHHOHN TPEYroJbHON IIPU3ME
paccrosiHuA GOKOBBIX pebep ApPYyT oT Apyra paBHbI 13, 14
u 15 cm, 60KoBOe pebpo paBuo 5 cMm. HaiiTu GOKOBYIO
TIOBEPXHOCTh U O0BEM IPU3MHEI.

O BokoByI0 MOBEPXHOCTH MPU3MBI HalgeM mo Gop-
myne (3): Sy .. = P, I, toe P, =13 + 14 + 15 = 42 (cm),
l =5 cm. 3uauwmr, S, = 210 cm?. Urobs! HAlITH 06BeM,
Bocmosbdyemcea popmyJoii (2): V =S [, rae, cormacuo

(dopmye I'epona, umeem S, =+/21-8-7-6 =84 (cm?).
Urak, V =420 (cm®). B

II pu m e p 2. OcHOBaHUE TPAMOI NIPUIMBI —
TIPaBUJIbHBIN TPEYTOJBHUK, ¥ KOTOPOTO PaJUyC OTUCAH-

HOU OKPYKHOCTHU paBeH 2\/5 . Haiitu 6GoKoByIO mMOBEpX-
HOCTh 1 00'beM IIPU3MBI, €CJIM ee BhICOTA paBHA 4.

U Haitmem cTopoHy OCHOBaHUA: g = Ry/3 (cM. m. 293),

T.e. a= 2\/§ . \/g = 6. ITosromy P = 18, oTKyza, coriac-
HO (hopmyue (4), S, = 6 + 4 = 24 (cm?). Janee, B cuiy
dopmyasl (1) umeem

36-4/3
4

V =8Sh =

4=36y3 (cu). m
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IIpusma, ocHOBaHMEM KOTOPOI CAYKUT ITapasiesor-
paMM, HasblBaeTcA napaanenenunedom. Takum obpa-
30M, TIapaJljieJIeluIe]] — 3TO MIEeCTUTPAaHHUK, BCe I'PAHU
KOTOPOTO SABJAIOTCS IapajuiejgorpaMmmamu. JlroOyio ua
rpaHell MOKHO NMIPUHATH 3a OocHOBaHue. Ilapannenenu-
ned umeem wemwipe 0UAZOHALU, KOMOPbLE NepeceKant-
ca 8 00HOIL mouke u Oenamcs 8 Hell NoNnoaaAM.

Eciu 6oxoBbIe pebpa mapaJiesenunena MepIeHIu-
KYJSPHBI OCHOBAHUIO, TO MapaJjlejenuie]] Ha3bIBaeTCA
npamoim. Bece GOKOBBIE TPAaHU IIPAMOIO IIapaJjijieseln-
nefa — MPAMOYTOJLHUKHA.

Tax xark mapaJjeienunens — 9TO YACTHBIN caydait
MIPU3MBI, TO AJIA BBIUKMCJIEHUS ero o0beMa W OOKOBOM
IIOBEPXHOCTHU CIIPaBeAJIUBHI Te Ke hopmysasl (1) — (4),
4TO U AJis IpusMbl. OTMETHM ellle, YTO 00beM IIapaJiie-

Jlenuiena, IOCTPOEHHOr0 Ha BeKTopax a, b, ¢, paBseH
a0COJIIOTHOM BeJIMUYMHE CMEIIIaHHOr0 IIPOU3BEIeHU dTUX
BeKTOpoB (cM. 1. 302).

IIpumep 3. OcHOBaHME IPAMOTO HapasLiesenue-
Ia — poM6, mwromans Koroporo pasHa 50 cm?. ILmomann
IVaroHaJbHBIX ceueHmi paBHBI 30 u 40 cm?. Hatitu 06mem
¥ OOKOBYIO IIOBEPXHOCTD IapaJiiesernunena.

U Nmeem V =50k, roe h Hy:xHO HaliTu. Tak Kax
ABCD — pomb6 (puc. 288), to 50=0,5- AC- BD.
Teneps, yuutsiBas, uro AC-h =30, BD - h = 40, maxo-

oum AC = %, BD = 4}:1—0 Orcioga moayuaem 100 =

30 40
h

—1004/3 (cm?3). anee, us ACOD crexnyer, uro CD? =

. T e. h=4+12 =23 (cm). Bmaunur, V =
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Paszden XI1. MHOT'OI'P. 11 TEJIA BPAIITEHUSA

B,
1 Cl : ‘Z’/
1 ,/
4 : D —
I 1 = 1 R
1 »L—=-== F-—-
/L‘B"_"Z::’ C § { 27 g
P \av"— S
PePrtans O™~ dcosf
A= D deosa
Puc. 288 Puc. 289

2 2 2 2
_[AC N BDY 30 40 | 30 +40°
2 2 443 4J§ 16-3
=M, r. e. CD :ﬂ (cm). OKOHUATENBHO IIOJIY-

48 443

amm S = 40D -h =222 903 2100 (ca?).

OOK 4\/_

ITpamoit mapasngesenuiies, OCHOBaHUE KOTOPOTO —
OIPAMOYTOJNbHUK, Ha3bIBaeTCsI npamoyzoavhovim. Ta-
KMM 00pasoM, y IPSAMOYTOJLHOrO IapaJijejenuiena
BCe IIeCTh I'paHell SBJAAIOTCA IPAMOYTOJbHUKAMU.
JJIUHBI TPpeX B3aMMHO MIePIEeHAUKYIAPHBIX pedep mps-
MOYTOJILHOTO IIapajijejleNunesa HAas3bIBAIOTCSI €ro u3-
MmepeHuaAMU.

T.11.3. B npamoyzonrvHom napaniesenunede xeadpam
duazonanu d pasen cymme rcea(?pamoe mpex ezo us-
mepeHuita, buc, T .e. d>=a®>+b% +¢

506



TEOMETPUSA

§ 39. MHororpaHHUKHU

II pumep 4. HaliTu cymmy KBagpaToB CUHYCOB
YIJIOB, KOTOPBIE AMATOHAJh MPSIMOYTOJHLHOTO IapaJiiie-
Jenunena obpasyeT ¢ ero pebpamu.

4 Ilycts a, b, ¢ — u3MepeHNUs Iapajliejenunesa, a
o, B, y — YIJbI, KOTODBIe AMaroHajb d o6pasyer ¢ ero

pebpamu. Torma a=dcosa, b=dcosf}, c=dcosy
(puc. 289). Ho a®+b2+c% = d2, OTKyIa dz(cos2 o+

+ cos? B+ cos? Y) = d?, umm cos® a+ cos? B+ cos? Y=

2

=1. Tax kak cos®a=1-sin a, cos2[3:1—sin2[3,

cos2y:1—sin2y, TO 3—sin2oc—sin2[3—sin2y:1,

T. €. sin2oc+sin2[3+sin2y:2. u

Ob6sem npamoyzonbHOo20 napanenenuneda pasewn
npousgedeHuUI0 mpex €20 u3mepeHuii:

V = abe. (5)

IIpamoyronwpHEI# napasieienuen, Bce TpaHu KOTO-
poro — KBanpaThl, HasbiBaeTca kyb6om. Bee pebpa Kyda
PaBHHEL.

Oob63sem Kyba pagen Kyby ezo pebpa, T. e.

V =ab. (6)

IIpuwmep 5. Haiitu o6bem Kyba, eciim paccTos-
HUEe OT ero AWaroHaJiu [0 HelepeceKalolerocs ¢ Hek
pebpa paBHO d.

U Paccroanwue ot pe6pa AA, 1o nuaronanu B, D pas-

HO PacCTOSHUIO OT 3TOro pebpa mo miaockoctu BB, D, D,
T. e. gauHe orpeska A E (puc. 290). Ilycts a — pe6Gpo
ky0a; Torga us A A;ED; cnenyer, 4To 2d? = a2, OTKY-
na a = d+2. Urax, V = a3 =243/2.
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A D A E
Puc. 290 Puc. 291

311. IInupamuna, yceueHHas mupamuaa. PaccMorpum
IIPOUS3BOJILHBIN IIJIOCKUH MHOTOYTroNbHUK ABCDE u TouY-
Ky F, jmexxarmiymo BHe ero miaockoctu. CoefvuHUM TOUKY
F co BceMu BepImHAMU MHOTOYTOJbHUKA. [loyueHHbBIN
IIPY 9TOM MHOTOTDAaHHUK Ha3BbIBAETCA nupamudol (puc.
291). Oxnra rpasb nupamugs! (MHOroyroabHuKk ABCDE)
Ha3bIBaeTCA ee OCHO6AHUeM, a OCTaJIbHbIEe (TPeyroJib-
uuku FAB, FBC u T.1. ¢ 00I1eil BepIINHONA) — 6GOK08bL-
mu epanamu. Touka F HasblBaeTcsd 6epuULuHOll NUpa-
Muabl, a orpesku FA, FB u 1. 1. — 60K08bLmu pebpa-
mu. B 3aBUCHMOCTH OT YMcJjIa CTOPOH MHOTOYTOJILHUKA,
JIeJKaIero B OCHOBAHUY IUPAMULbLI, Pas3aUYalOT TPEY-
TOJIbHBIE, YETHIPEXYTOJIbHBIE U BOOOIIE N-yTroJbHbIE MTH-
paMUABI.

3aMeTuM, 4TO n-yrojibHasg nupamujga umeer n + 1
rpaHb: n GOKOBBIX I'paHeil u ocHoBaHUMe. [Ipu BepIiuHe
nupaMuabl 06pasyeTcsa n-TPaHHBINA YTOJ C I IJIOCKUMU
¥ n AByrpaHHbiMu yriaaMu. OHU Ha3LIBAIOTCA COOTBET-
CTBEHHO NAOCKUMU Y2laMU NPU éepuluHe U 06Yy2pan-
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HBLMU Yeaamu npu 60xo6svLx pedbpax. IIpu Kamx o Bep-
IITMHEe OCHOBAHMS UMeeTCs TPeXTpaHHbIH yroi. Ero mioc-
KUe YIJIbl, Ha3bIBaeMble NAOCKUMU Y2AAMU NPU OCHO-
6aHuu, 06pa3oBaHbl GOKOBLEIM PeOPOM U peGpaMu OCHO-
BaHUA. [[ByrpaHHbIe YIJbl MY OOKOBBIMU I'DAHAMU
U OCHOBaHVEM Ha3bIBAIOTCA 06Y2PAHHBLMU Y2aa MU NPU
OCHOBAHUU.

TpeyrosbHyo0 TUPaMUy WHOTJA HA3LIBAIOT mem-
paadpom. JI06yi0 ee rpaHb MOKHO IPUHATH 3a OCHO-
BaHUe.

Buvicomoii nupaMuabl Ha3bIBAETCS IMEPIEHIUKYJIAD,
ONYINIeHHBLIN1 M3 BEpIIMHBLI Ha ocHoBaume (Ha puc. 291
otpe3ok FH — BbpICOTA MUPAMUIbI).

IIupamuna Ha3bIBAETCA NPAGUALHOU, ECTIU B €€ OCHO-
BaHUU JIE)KUT NPABUWJILHBLII MHOTOYTOJBHUK, a BBICOTA
TIPOXOJUT Yepes IEHTP 3TOr0 MHOTOYTOJbHUKA. 3aMETHUM,
YTO MpaBUJIbHAS MUPaMUia, KpOMe IIPaBUJILHOTO TETpa-
3/Ipa, He ABJIAETCSA MPABUIbHBIM MHOTOT'DAHHUKOM.

OTMeTHM, UTO B IPABUJILHON NMUpaMuIe:

19. Bce 60xoBBIe pedpa PaBHBLI MEKAY COOOIL.

20, Bce GOKOBBIe I'DAHN — paBHBIE MEXIY COOOI paB-
HOOEeJpEeHHbIE TPEYTOJLHUKHA.

30. Bce mIocKMe yIibl IPK BepIIMHE PABHEI.

49, Bce nByrpaHHBIe YIJIBI IPHU BepIIMHE PABHBL.

59. Bce mJIOCKMe YIJIBI IPKM OCHOBAHUU PABHEL.

69. Bce nByrpaHHBIe YIJIBI IPU OCHOBAHWM PABHEI.

Bricora 60K0BOIf rpaHu MPaBUIbHONM IUPAMUIBI Ha-
3bIBaeTcA anogemol IupaMubl.

Obsem nupamudv. pagen 00HOU mpemu npousgede-
Hus naow,adu ee ocHoganus S Ha 8vicomy h:

1
V ==Sh. 1
3 1)
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O0sem nupamudvt, nOCMPOEHHOL HA 6eKMOPAX a, b

u ¢, paéeH 00HOU uLecmoil abcoaOmHOU 6eLULURBL CMe-

WaHH020 npouseedenus amux eexkmopos (cm. n. 302).

Bokosasa nosepxrnocmdv npaguabHoil nupamudvl pas-
Ha NOJL0BUHE NpouidgederHus nepumempa ee 0OCHOBAHUSA
Ha anogemy m:

S, = 0,5Pm. (2)

Ecin Bce G0KOBBIe I'paHM NMUPaAMUIbl UJIN IPUSMBI
00pa3yioT CO CTOPOHAMU OCHOBAaHWS DaBHBLIE MBYTDAH-
HbIe YIJIBI (@, TO OOKOBAs MOBEPXHOCTH S. U ILIOIIAIb
OCHOBaHUSA S CBA3AHBI COOTHOIIIEHUEM

S

SGOK = : (3)
cos ¢

ITpu perteruu 3agad, CBA3aHHBIX ¢ TUPaAMUIO, Yac-
TO KUCIIOJIB3YIOT CJIEAYIOINe YTBEPIKIEHUA:

19, ITycTs B mupamMujie BBHIIOJIHAETCA OJHO U3 YCJIO-
Buii: a) 1ub0 Bce OOKOBLIE pebpa 00pasyioT C IJIOCKO-
CTHI0O OCHOBAaHUS paBHBIE YIJIbI; 0) yinbOO AJMHBI BCeX
00KOBBIX pebep paBHBI. Torza BepuInHa TUPaMUIEI ITPO-
enupyeTca B IEHTP OKPY’KHOCTU, OIIUCAHHOU OKOJIO OC-
HOBaHUSA IUPAMUJBI (3TA JKe TOUKA CIYKUT TOUKOM Te-
peceueHUA CepPeIUHHBIX NEPIEHINUKYJIAPOB K CTOPOHAM
OCHOBaHUSA NUPAMUIBI).

20, IIycTh B MUpaMufie BBLIIOJHAETCS OJHO M3 YCJIO-
BUii: a) 1100 Bce GOKOBBIE I'PAHU O0PA3YIOT C OCHOBAHU-
eM paBHBIEe YIJbl; 0) 0O IJIMHBI Bcex amodeM mupa-
MUl paBHBLI. Torjga BepInHa TUPAMUIbI TPOEIUPYET-
cd B IIEHTDP OKPYKHOCTH, BIIMCAHHON B OCHOBaHIE TUPAa-
MUZBI (9Ta JKe TOUKAa CJIYKUT TOUKOU mepeceueHud Ouc-
CEeKTPHUC YIJIOB B OCHOBAHUU ITUPAMU/BI).

I pu m e p 1. OcHOBaHUEM UYeTHIPEXYTOJbLHOMN
MUPaMUIBI CIYKUT IPAMOYTOJbHUK, JUArOHAJL KOTO-

6Ok
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poro pasHa 2\/5, a yroJg MexKIy IUaroHaJAMH pPaBeH
60°. Kasxgoe n3 GOKOBEIX pebep o6pasyeT ¢ ILIOCKOCTELIO
ocHoBaHua yroua 45°. Haiitu 06beM 1 GOKOBYIO ITOBEPX-
HOCTh IMUPaMUbI.

Q Tlo yeosmio, BD = 24/3, ZAOB = 60° (puc. 292);
torna £LBDA =30°, AB=+3, AD =3. 3mauur, S =

— AB- AD = 3\/5 . Tak xak O0OKOBBLIE pedpa 00pasyioT C

IIJIOCKOCTHI0O OCHOBAHUS DaBHbIE YIJIBI TO, COTJIACHO
yreBepxaenuio 1°, FO — BrIcOTa ONUPaAMHUAL U

FO= A0 = \/§ Torma mo dopmyrae (1) mHalizem
V = %Sh = % . 3\/5 . \/§ = 3. Teneps IpoBemeM BBICOTY

FM B AFDC wu us AFOM munoanyuum FM =

- VFO? + OM? = /3+2,25 = 0,54/21. Wrax,
Sgox = (B+V3)421. m

IIpuwmep 2. HalitTu 06beM u GOKOBYIO TIOBEPX-
HOCTh IIPaBUJILHOW TPEYTOJIbHOM NUPaAMUIBI, €CIU BbI-
cOoTa TPEeYTrOJLHUKA, SIBJIAIOIIETOCS €e OCHOBAHUEM, PaB-
Ha 30, a anoema nmupamuasl paBHa 20.

O IIycrs @ — cTOpOHA IPABUIBLHOTO TPEYTOJbLHUKA
ABC (puc. 293), CM — ero BrIicOTa, FO — BBICOTa ITHPA-

munesl, FM — anopema. meem CM = a23 , OTKY-
60 \/—
oa a :E:ZO 3. Tak rak O — meutp A ABC, TO
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F

Puc. 292 Puc. 293

OMz%CleO u us AFOM mnoanyumm FO =

:\/202—102 :10\/5. Teneps mo ¢opmynam (1) u

(2) maxogum

V:lSh:l.400'3‘/§

<1043 = 3000,
3 3 Vs

S, = 0,5Pm =0,5-604/3 -20 = 6004/3.

Iisa oTeICKAHUA S, MOMKHO OBLIO TaKiKe MCII0Ib30-
BaTh opmyay (3). B camom nese, Bce IByTrpaHHbIE YIJIbI

IIPY OCHOBAHUU PaBHBL ¢ , rme cos® = OM : FM = 0,5.
VYuursisas, uro S = 300\/§ , MOJYUYUM
S,.. = 3004/3:0,5=600y3.m
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Ecau B mpou3BoIbHOI TUPaMU/IE ITPOBECTY ILIOCKOCTD,
TapaIeIbHYI0 OCHOBAaHUIO, TO MHOTOTPAHHUK, TPAHAMU
KOTOPOTO ABJISIOTCSA 9TO CeUeHIe, OCHOBaHIE U 3aKJIIOUeH-
HbIe MEKy HUMU YacTy OOKOBBIX I'paHel mrupaMuibl, Ha-
3BIBAETCA YceueHHOoU nupamudoi (puc. 294). ITapannens-
HBle TPaHU yCEeYEeHHOU NUpaMuIbl HA3LIBAIOTCA €€ 6epX-
HUM U HUMCHUM OCHO6GHUAMU, a PACCTOSHUE MEXAY
HUMU — 6blLCOMOoU.

3amerum, uro mupamuga FA;B;C;D;, nemxamasn
BRIIIIe CeKyIlel miockoctu (puc. 294), momobHa mupa-
mune FABCD. Ilosromy miomagu ocHoBaHui S; u S,
YKa3aHHBIX MUPAMUJ OTHOCATCA KaK KBaJApaThl UX JIU-
HelHBIX Pa3MepoB, a 00veMbl V, u V, atux nupamupg —
KaK KyObl JUHENHBIX pa3MepoB (Hampumep, €cau
FH; =h,FH =hy, 10 S;:8o=hZ:h3, a Vy:V,=

3 3
= hl . hz ).

VYceuenHnas nupamuia Ha3bIBa€TCA NPAGULBHOIL, €CIU
nupaMuga, U3 KOTOPOH OHa MoJIyueHa, Oblia IPaBUJIb-
Ho¥i. Bce 60KOBBIE I'paHY IIPaBUJILHOU yCeUeHHOM nmupa-
MUIbI — PaBHBIE PaBHOOOUHBIE Tpamernuu. Bricora 60-
KOBOY I'DaHU IIPABUJIBHOM yCEUEHHOU NUPAMUALI HA3hI-
BaeTcs anogemoil IUpaMuIbI.

Ob6sem yceweHHOU nupamudv. pagern 00HOI mpemu
npousgedeHus 8blcomyvl HA CYMMY naouiadeil gepxHezo

U HUMNCHez0 OCHOBAHUL U cpedHell nPonopuuoHaLbHOl
Mmexncly Humu:

V:%h(81+82+,18182). 4)

Bokosasa nosepxHocmb npasusvbHOil yceweHHOU nu-
pamudvl pasra npou3efeHuI0 NOLYCYMMbL NePUMempos
OCHOBAHUIL HA anogemy:

S, = 0,5(P, + P,) m. (5)

6Ok
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Puc. 294 Puc. 295

IIpuwmep 3. B rpeyrosbHo#l yceueHHON TUpaMuie
BbIcoTa paBHa 10 cM, CTOPOHBI OJHOTO OCHOBAHUSA PaB-
HbI 27, 29 u 52 cM, a IepuMeTp APYTroro OCHOBAHUS pa-
BeH 72 cm. HatiTu 00beM yceueHHON NUpPaMUIBI.

O Cormacuo popmyae (4), UCKOMBIA 00BbeM

V= g(Sl + 8y +4/51S2), rme S, mHaiinem mo (opmyie
T'epona. Tak kax p, = 0,5(27 + 29 + 52) = 54 (cm), TO
S =+/54-27-25-2 = 270 (cm?). YunrsBas, uto A ABC ~

2 2
108
~ A A1B(C; (puc. 295), umeem S1_Cp)” -

Sy (@2py)? 122
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= %, oTKyJga S; = % = % =120 (cm?). Urax,

V= ?(270 +120 +/270-120) = 1900 (cm3). m
IIpuwmep 4. HalitTu 06beM 1 GOKOBYIO TIOBEDPX-
HOCTh IIPABUJILHON YeTHIPEXYTOJbHON yceueHHOHN nupa-

MUJBI, €CJIV ee TUaroOHaJ b paBHa 18, a CTOPOHBI OCHOBA-
Hu# pasasl 14 u 10.

h
0 Mckomblii 06beM BBIpAsuTcsa Taxk: V =§(Sl +

+8g +4/51Sy), rme S; =196, Sy =100. Haiinem h =
=B,K (puc. 296). B AB KD wumeem BjK =

= ,lBlDz ~- KD?. YuureiBasg, uro BB;D{D — paBHoO-
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Oounasa Tpanenus, HaxoguMm BK =0,5(BD - B;D;) =
= 0,5(14v2 —1042) = 2J2, orkyna KD = BD - BK =

—12V2, 7. e. h =182 - (12/2)? = 6. Buaunr,

V= 2(196+ 100 +140) = 872.

Temneps npoeenem anopemy D1 E u BA D{ED umeem

DD = BB =B,K?+BK? = /36 +8 =211, DE =

= 0,5(DC - D,Cy) =2. Torma DiE =+/44—4 =210

U, UCTIOJB3YA hopMyay (5), HOIydumM

S. = 05(P, +Py)m =2(14+10)-2y10 = 96y10. m

6Ok

§ 40. Tena BpameHus

312. Mnauuap. PaccMoTpuM KaKyi0-Iu00 ILJIOCKYIO
auHuo [. Yepe3 KaKIyI0 TOUKY BTOM JIMHUU IPOBEJEM
mapaJijiesibHble IPAMEIe, He JIeXKallliie B IJIOCKOCTH JIU-
uuu [ (puc. 297). IlonyueHHas IPU 3TOM MOBEPXHOCTH
Has3bIBaeTcsa yuaurndpudeckou. Jluausa | HaspIiBaeTca
Hanpaénaruel MTUINHIPUUECKON IIOBEPXHOCTHU, a Ia-
pajesbHBIe IPAMEBIE — €€ 00pa3yrouwumu.

Tesno, orpaHUYeHHOE ITUINHIPIYECKON II0BEPXHOCTHIO
C 3aMKHYTOM HAIPaBJIAIONIEH M ABYM: IapasljIeIbHBIMU
IIOCKOCTAMUY, IIEPeCEeKaIoIUMy ee 00pasyolye, Ha3bIBa-
erca yuaundpom. Hactu napayeIbHbBIX IIIOCKOCTeH, Je-
JKallyie BHYTPY IUIWHIPA, HA3bIBAIOTCA OCHOBAHUAMU, &
paccTosHVe MEXXKIY 9TUMU IIJIOCKOCTSIMU — 6bLCOmoll
nwrraapa. OCHOBaHUA ITUIWHPA PaBHBI, TAKyKe PABHBI U
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§ 40. Tesa BpaleHusa

Puc. 297

Bce ero oopaayrorue (T. €. OTPe3KU 00pasyIoIUX I[UJINH-
JIPUYECKOM ITOBEPXHOCTU, 3aKJIIOUEHHBIE MEMKIY ee OCHO-
BaHUSIMMN).

IMunuuap HasbIBaeTCA NPAMBLM, €CIIU €TI0 00PasyIo-
1ye MepPIeHAUKYJIAPHBI OCHOBaHWO. Eciu Hampasid-
I0111ell ABISETCA OKPYKHOCTD, TO IMUJIUHIDP Ha3bIBAETCA
kpyzoevim (puc. 297).

B pmannnelinmem MBI OyZeM paccMaTpuUBaTh TOJIb-
KO KPYroBo¥ muamuap. Paguyc ocHOBaHUA IIUJINHIPA
HasbIBaeTcad paduycom yuaurndpa, odpasyoiiasa -
JIUHJPA OOJHOBPEMEHHO ABJfAeTCA ero BeicoToit. OTpe-
30K, COEIUHAIONINH IeHTPHl OCHOBAHWII, Ha3bIBaeTCA
ocvio munurgpa (0,0 Ha puc. 297). CeueHnue NUIUH-
Jpa MJIOCKOCThIO, IPOXOJSAIell yepes3 ero och, Ha3bIBa-
ercs oceévum (AA B, B na puc. 297). IltockocTs, mpo-
XonAmas uepe3d 00pPa3yIOIyI0 IMUJIWHAPA U IepIeH-
IUKYJISpHAs 0CEBOMY CEUEHUIO, IPOBEIEHHOMY Uepes
3Ty 00pas3yIoulyio, Ha3bIBaeTCAd KACAmMenbHOU NAOC-
KOCMblo TTUINHIDA.

Ob6sem yunrundpa pagen npou3éedeHuio naou,adu
OCHOBAHUS HA 8blcOMY, T. €.
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V = Sh = tR?h. (1)

Boxosasa nosepxnocmsv yuaiundpa pagéna npousge-
O0eHul O0NUHBL OKPYMCHOCMU OCHOBAHUA HA 6blCOMY,
m. e.

S. = Cl=2nRh. (2)
IIpumep 1. OTpesok, coOeqUHAIONINI ABE AUAa-
MeTpaJIbHO IPOTUBOIOJIOKHBIE TOUKU A U B, HIKHEro

6OK

U BepxXHero ocHoBaHuU# mumauwHapa (puc. 298), paBen
12 cM U cocTaBJSIET € IJIOCKOCTHIO HIUKHET0 OCHOBAHUS
yroax 30°. HaiiTu GOKOBYIO IIOBEPXHOCTh M OOBEM I[H-
JUHIpPA.

U IIposenem uepes oTpe3ok AB; ceueHMe ILIOCKOCTBIO,

[MePIeHANKYIAPHONA OCHOBaHMWIO IuauHapa. B A ABB;

nmeem AB=2R =12c0s30° =643 (cm), BBy =h =

=12sin30° = 6 (cm). Teneps, ucnoabaysa dhopmyast (2)
u (1), Haxogum

S = 2nRh = 21 -3v3 -6 =367Y/3 (cm2),

V = nR%h = - (3v/3)% - 6 = 1621 (cv?). W

ITpusmoii, 6nucannoii 6 yuauHOp, HABHIBAETCA IIPU-
3Ma, OCHOBaAHUA KOTOpOfI — MHOI'OYTI'OJIbHUKW, BIIMCaH-
HbIe B OCHOBaHUA IuanHapa. Ee 60KoBbIe pebpa coBia-
IaloT ¢ 00pasyIoIUMU ITUJINHIPA.

IIpusmoii, onucannoii oxkono yurundpa, Ha3HIBA-
eTcs TaKkas MIPU3Ma, OCHOBAHUA KOTOPOM — MHOI'OYTOJIb-
HUKW, OMUCAHHBIE OKOJIO OCHOBaHUI muiauHapa. [Lioc-
KOCTH ee OOKOBBIX T'paHell SBJIAIOTCA KacaTeJlbHBIMU
ILJIOCKOCTAMHU ITUJIUHAPA.

IIpumep 2. 00beM IPAMOYTOJBHOTO HapaJLesie-
numnena, OMMCAHHOTO OKOJIO IIMJMHIpa pamuyca R,
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2R
Puc. 298 Puc. 299

B 4 pasa 6oJblile 00beMa MPAMOYIOJBHOTO IapaJijielie-
MUTIela, BOMCAHHOTO B 9TOT MUJIMHAP. HaliT CTOPOHBI
OCHOBaHUSA BIMCAHHOTO TapaJjijiejienuiesna.

O Ha puc. 299 uzobpakeHO IIJIOCKOE CeueHUe 3a-
IaHHON KoH(purypanuu. OCHOBaHUMEM OIIMCAHHOTO IIa-
pailiesenunena CaOy:KUT KBaapaT co CTOPOHOH 2R, 00beM

9TOro Iapajuiejenunena Vi = 4R2h, roe h — BBICOTA

nuauHgpa. IlycTs ocHOBaHWe BIKCAHHOTO Iapajjielie-
nuneja — OPAMOYTOJLHUK CO CTOPOHAMU a u b; Torza

o0beM dTOro mapajiesenunena Vs =abh, OTKyza
4R2h cabh=4, T.e. ab= R2. YuursiBasd, 4To a®+
+ b2 = 4R2, a 2ab = 2R2, OPUXOIUM K CHUCTEME

a® +2ab+b% =6R2, |a+b=RV6,

a® - 2ab + > =2R2; a—bzR\/E.
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Hrak, a = 0,5R(6 +v2), b= 05R(/6 —v2). m

313. Konyc, yceueHHbIii KOHyc. PaccmoTpum Ka-
KYI0-T100 MJIOCKYI0 JUHUIO [ U MPOUBBOJBHYIO TOUKY
F, He nexkalryio B miockoctTu atoi guuun (puc. 300, a).
BceBo3morkHBIE IPSAMBIE, COEIUHAIONINE TOUKY F co Bce-
MM TOUKaAMU JUHUU [, 00pa3yioT TaK Ha3LIBAEMYIO KO-
HuYeckyr nogepxHocms. Ilpu srom Toura F Ha3BI-
BaeTcd 6ePULULHOU, TUHUA | — Hanpaénarouell, a yra-
3aHHBIE IPAMBIE — 00pPA3YyOWUMU KOHUUYECKOU IIO-
BepxHOCTU. KOHMUECKasd MOBEPXHOCTHL MMEET JIBe IIO-
JIOCTH: OfHA M3 HUX 00pasoBaHa JIyuaMu, IepPeceKaro-
mumu [, a gpyrag — ux npojgoikeHuamu. Konycom
Ha3bIBAeTCA TEJ0, OTPAHUYEHHOEe OJHOM IMOJIOCTHI0 KO-
HUYECKOU ITOBEPXHOCTHU C 3aMKHYTO! HaIpaBJIAIOIIEH

a) 0)

Puc. 300
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§ 40. Tesa BpaleHusa

¥ ILJIOCKOCTHIO, IIepeceKaroleii 3Ty KOHUUEeCKYI0 IOBEPX-
HOCTB W He Ipoxofsireii uepes Bepiuny F (puc. 300, 6).
YHacTh 9TOM MJIOCKOCTH, JieKalllad BHYTPU KOHUYECKOM
TIOBEPXHOCTH, HA3LIBAETCS OCHO8AHUeMm KoHyca. Ilep-
MIeHUKYJIAD, ONYIIeHHBIN U3 BePIINHBLI KOHyca Ha OC-
HOBaHUe, Ha3bIBaeTcs blcomou Kouyca (FH Ha puc.
300, 6).

ITupamuny MoXHO paccMaTpuBaTh KaK YaCTHBIN
cayuail KoHyca (HampaBiadioleil CaAyKUT MHOTOYTOJb-
HUK).

Ecnu B KauecTBe HaIpaBIAIONIEH B3ATH OKPY KHOCTD,
TO KOHYC Ha3bIBAETCA KPY206blM; €CIIU, KPOME TOTO, BBI-
coTa KOHyCa IPOXOAUT Yepes IeHTP OCHOBAHUS, TO KO-
HYC Ha3bIBaeTCA NpAMblM KpYyz06bim. B nanpHeiniem
MBI OyZeM paccMaTpUBATh TOJBKO IPAMON KPYroBOH
KOHYC.

PaccmoTpum ceueHnsa KoHyca IJIOCKOCTSAMU, He TIPO-
XOJAIUME Uepe3 ero BepinumHy. Ecau cekylas mioc-
KOCThH ITapaJijiejibHa OCHOBAHUIO, TO JIMHUS, ITOJIyYaIoIia-
sicsl B ceUeHUM, — OKPYKHOCTD (puc. 301, a); eciu ceKy-
1mas MJI0CKOCTh He ImapaJjijiejibHa HU OJHOM M3 00pasyio-
X U TIepeceKaeT TOJIbKO OHY IMOJIOCTh, TO B CEUEHUU
IoJiyJyaeTcs JIMHUSA, HagbIiBaeMad aaauncom (puc. 301, 6;
YaCTHBIM CJyYaeM 3JIJINIICA SABJISAETCS OKPYKHOCTB);
ecJii CeKyIas IJOCKOCTb IepPeceKaeT TOJIbKO OJHY IIO-
JIOCTDH ¥ TapaJjieibHa 00pasyioIeid, To JUHUA, IToJIy4a-
oIasaca B ceuennu, — napaboJia (puc. 301, 8); ecuu ce-
KyIlfas IJIOCKOCTh IlepeceKaeT obe MoJIOCTH KOHYyca, TO
JUHUS, MOJIyYamInasacsa B ceueHnn, — rumepbosa (puc.
301, 2). Onnurnc, runepbosia u mapadboJsa Ha3bIBAIOTCA KO-
HUYeCKUMU CeYeHUAMU.

CeueHue KOHYycCAa IJIOCKOCTHIO, IPOXOAAIIEH uepes ero
0Ch, Ha3bIBAETCA 0cegblM. ILIIOCKOCTD, TPOXOAAIIAA Ue-
pes 00pasyIoIIyo NePIeHANKYJISIPHO 0CEBOMY CEUEHUIO,
IPOBEJIeHHOMY uepe3 3Ty 0o0pas3yioliyio, Ha3bIBaeTcs
KacamenvHOU NAOCKOCMbI0 KOHYcCA.
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Paszden XI. MHOI'OI'P. 1 TEJIA BPAIIIEHWS

IAV \}

6)

Puc. 301

O0sem KoHYyca pasen 00HOL mpemu npouséedenus
naow,adu 0CHOBAHUA HA 6bLCOMY, T. €.

1% :lSh:%nth. 1)

3

Bokosas nosepxnocmsv KORYca pasHa noao8uHe npo-
u3eedenus OLUHBL OKDPYHCHOCMU OCHOBAHUSA HA 00pa3y-

owyio, T. €.
S, = 0,5Cl = nRI. (2)
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§ 40. Tesa BpaleHusa

IIpumep 1. BokoBad mOBEPXHOCTH KOHYCA BIBOE
0oJibllle ILIOMIAAM OCHOBaHus. HaliTu o0beM KOHYcCA,

ecJu ILJIOMIAAb er0 OCeBOI'0 CeUeHUs paBHA 3\/5 cm2.

sox = 28, T. e. mRI= 2nR? (puc.
302), orkynma | = 2R u, suauut, A AFB — npaBUJIbHBII.

123
4
paBHO 3\/5, T.e. R= \/§ Teneps 1o dopmyie (1) Ha-

4 ITo ycaosuio, S

Nmeem Sp 4rp = - R? \/§ , UYTO COTJIACHO YCJIOBUIO

xogum V = %nR2h, roe h = R\/g = 3. Urax,

V=%TC'3'3=3TC(CM3)..

INupamudoil, 6nucannoii 6 KOHYC, HABLIBAETCS IIU-
paMuia, OCHOBaHWE KOTOPOIl — MHOTOYTOJBHUK, BIIU-
CaHHBIII B OCHOBaHMe KOHYCa, a BePIINHA COBIATAET C
BepPINUHON KOHyca. BoKoBbIe pebpa BIIMCAHHON MOUpa-
MUJBI ABJSIOTCA 00pasyiomuMu KOHYcA.

INupamudoi, onucanHoli 0KONO KOHYCA, HA3HIBA-
eTcsA mUpaMuia, OCHOBaHMe KOTOPOil — MHOTOYTOJbHUK,
OMMCAHHBIN OKOJI0O OCHOBaHWSA KOHYCa, a BEPIIWHA CO-
BIIQJAeT ¢ BePIIUHON KoHyca. IlmockocTu 60KOBBIX I'pa-
HefI OHI/IcaHHOﬁ nupaMugbl ABJIAIOTCA KacaTeJIbHBIMU
TIJIOCKOCTAMU KOHYycCA.

IIpumep 2. B KoHyCc BIucaHna TpeyroJbHas IU-
pamuga, 60KoBbIe pebpa KOTOPOil IIONapHO B3ANMHO IIep-
neHIuKyaApHbl. HaliTu yroa me:xay obOpasyrolmnein Ko-
Hyca U ero BBICOTOH.

O Tax xak FA = FB = FC (puc. 303), to AAFB =
= A AFC = BFC (upsaMoyroJbHbIe€ TPEYTOJIbHUKH, UMe-
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Paszden XI. MHOI'OT'P. 1 TEJIA BPAIITEHNSA

F

1
1
[

1--

——
-
~

Puc. 302 Puc. 303

IOII[Me 10 ABa PaBHBIX Karera); 3Hauut, A ABC — mpa-
BUNBHBIN. VICKOMBIN yroa ¢ — 3710 yroa AFO mexny
BbICOTOY UM pebpom npaBuabHON nupamunsl FABC.

J_ J_

IIycts AB = a. Torga FA = , OA = , OTKyIa
sin(p:% i—i u (p—arcs1n—6 ]
FA 32 3 3

Ecau or KoHyca oTceub YacTh MJIOCKOCTHIO, HapaJi-
JIEJIbHOM er0 OCHOBAHMIO, TO TEJO, 3aKJIOUEHHOE MEXKIY
CEeKyIell IJIOCKOCTHIO U OCHOBAaHUEM, Ha3bIBaeTCA yce-
yennvim konycom (puc. 304). IIpu saTom Kpyru c IeH-
tpamu O; u O, nexalnre B MapaJebHbIX ILIOCKOCTAX,
HaBBbIBAIOTCH 6EPXHUM U HUMCHUM OCHOBAHUAMU YCe-
YEeHHOTO KOHYCa, a PAacCTOSAHUE MEXKIY STUMMU ILJIOCKO-
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§ 40. Tesa BpaleHusa

CTAMU HA3BIBAETCS 6blcomol ycedeHHoro Kouyca (0,0
Ha puc. 304).

Ob6sem yceueHH020 KOHYCA padeH 00HOlU mpemu npo-
u38edeHus 8blCOMbL HA CYMMY naowadeil gepxHezo u
HUJMCHe20 0CHOBAHUIL U cpedHeil nPONnOPUUOHALbHOU MeHc-
0y Humu:

V= %h(s1 + 8y +/S1Ss) = %nh (R? + R + RRy).(3)

Bokxosasa nosepxHocmbv yceweHH020 KOHYCA DABHA
npous3gefeHuUI0 NorYycymmv. OAUH OKPYMCHOCMEN OCHO-
6AHUIL HA 00pa3yoUYIo:

S0 = 0,5(Cy + Cy)l = (R + Ry)L. 4)

II pu m e p 3. Paguycsl ocHOBaHU# yCceUueHHOTO
Kouyca paBubl 3 u 4 cm. Haiitu o6beM 1 GOKOBYIO IIO-
BEPXHOCTh YCEUEHHOTO KOHYCA, eCJIN MOCJeJHAS PaBHA
cyMMe ILJOIaneil OCHOBaHUIA.

R " ——

Puc. 304 Puc. 305
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Paszden XI. MHOI'OT'P. 1 TEJIA BPAIITEHNSA

O Iposegem B;B1OA wu mnososxxum B;B=h,
B,A =], /B;AB = o (puc. 305). B A B;BA umeem: BA =

=1lcm, BjA=1= . Ilo ycnoButo, S. =S +

6ok HUKH.OCH

cosa

2
+ 8o B (3 +4) = (37 +4%), orxyma = 75

2
h = (?j -1= 2—74 3uauur, S, . = 257 (cm2). Te-
mepb BOCIOJIb3yeMcs popmysoi (3):
V= —“7' 234 3%2+4%2+3.4)= 2967 (o). m

314. Illap, cdepa. Ilaposoii noéepxrocmuvro (1iu
cghepoii) Ha3bIBaETCS reOMeTPUYECKOe MEeCTO TOUeK, yaa-
JIEHHBIX OT 3amaHHoO# Touku O (yewmpa) Ha 3amaHHOE
paccrosuue R (paduyc). Illap — reoMeTpruecKoe MecC-
TO TOUYEK, yAaJIeHHBIX OT IIeHTPa Ha PACCTOSHIUE, He Ipe-
BhIIIIatoIiee paguyc (puc. 306).

JI:000i1 OTPEs30K, COeUHAIOIINI IPOU3BOJIbHYIO TOU-
Ky cdepsl ¢ IIeHTpOM, HasbIBaeTca ee paduycom. Orpe-
30K, COENUHAIONINN Kakue-aubO nBe TOYKU chepwsl u
IIPOXOIAIIUI Uepes ee IeHTD, HAa3bIBaeTca Juamempom.
ITentp, paguyc u nuamerp chephl ABIAETCA TAKIKE IEH-
TPOM, PagUyCcoOM U JUAMETPOM Iapa.

IInockocTh, MMeIIas ¢ IMIapoM OJHY OOIIYIO TOUKY,
Ha3bIBAETCA KACAMENbHOU NA0CKOCMbIO IIapa.
T.11.4. Paduyc, nposedenHnuviii 6 MOLKY KACAHUSA, Nnep-

nenHouKyaApeH KacamenbHoil Ni0CKOCMU.
T.11.5. Beakoe cevernue wapa niockocmvio ecmbv Kpye.
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Ecam paccrosiHuMe cekyIleil IJIOCKOCTHM OT ITeHTpa

mapa paBHO d, TO PAAUYC CEUEHUA I = VR? —d?.

IInockocTh, MpoxoAAlIasa uepes3 IEHTp Iapa, Ha3bl-
BaeTcsa ero duamempanvHou naockocmuvio. CeueHue
mmapa AMaMeTpPaJibHOM IJIOCKOCTHIO Ha3bIBaeTCA 00Lb-
wum Kpyzom.

Jltobaa amaMeTrpasibHAsA TJIOCKOCTH SBJISETCS ILJIOC-
KOCThIO cuMMeTpuu mapa. I{eHTp mapa — ero IeHTp
CUMMETPUU.

Illaposbim cezmenmom Ha3bIBAETCA YACTh IIapa, OT-
ceueHHasA OT Hero miIocKocTbio (MABCD na puc. 306).
Ecsnu paccrosiHue ceryIen ImI0CKOCTH OT IIeHTpa mapa
paBHO d, TO pasHOCTh R — d = h Ha3pIBaeTCA 6bLCOMOU
cermenTa (MN ua puc. 3006).

Illapoévim croem Has3bIBaeTCA YACTDb LIapa, 3aKJIIO-
YeHHAs MEXJy ABYMSA NapajjieIbHBIMU CEKYIUMU

mirockoctamMu (Ha puc. 306 msobpakeH IIapoBOIl CJIOH
AA,C,C, zakiioueHHBI MexAy IaocKocTaAMu ABCD u

A,B,C,D,). PaccTosinne M1y CEKYIIUMU ILIOCKOCTS-
MM Ha3bIBAE€TCA 6blcomol IapoBoro caoa (NN, Ha
puc. 306).

PaccmoTpum KOHYC ¢ BepIITMHOM B IIeHTpe I1apa. dacts
mapa, JiesKalas BHyTPU 9TOro KOHYyca, Ha3bIBAETCA Uapo-
6bLm cekmopom; Ha puc. 306 n3o6pakeH I11apoBOii CEKTOP
OAMC, cocroamuit n3 xonyca OABCD u 1mapoBoro cer-
menTa MABCD. (IIlapoBbIM CEKTOPOM HA3bLIBAETCS TaK-
JKe U 4acCTh IT1apa, JesKalas BHe 3TOro KOHyca, T. €. JOIO0JI-
HAOIAas YKa3aHHBIA BBIIIE CEKTOP OO IIOJHOTO IIapa).

Oob6sem wapa paduyca R naxodumcsa no gopmyae

4 3
V = —nR°. 1
3" 1
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F

BI| ’C

Puc. 306 Puc. 307

O0sem wapo6ozo cezmenma HaAxo0umcesa no gopmyJie

y -1 h?(3R - h), (2)

cerm 3

20e R — paduyc wapa, h — evicoma cezmenma.
O0sem wapogozo cexmopa HAxo0umces no GopmyJe

V.= Enth, (3)

CeKT 3

20e R — paduyc wapa, h — 8vicoma coomaemcmaeyio-
weezo cezmenma (37ech IIIapoBOil CEKTOP paccMaTpuBa-
eTcdA KaK TeJlo, COCTOsAIee U3 KOHyca U I1apoBOTO cer-
MEeHTa).

Ecau o — yron mexay ochio u 00pa3yroIeil KOHY-
ca, To (hopmyia (3) mpumeT BUL

CeKT

v =2irssin? Y. (4)
3 2
ITnowadv cepvr paduyca R naxodumea no gopmy.e

S = 4nR2. (5)
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ITnowadv nogepxHocmu cepuieckozo cezmenma Ha-
xodumcesa no gopmyae

ScerM = anh’ (6)

20e R — paduyc cpepovl, h — svicoma cezmenma.

ITowads nogepxHOCMU UWLAPOBO20 CJOS HAX00UMCS
no ¢gopmy.ne

Scnoa = 2TCRH’ (7)

20e R — paduyc cgpepvi,, H — avicoma caos, T. e. 3Ta
ILJIOIIAAL 3aBUCUT TOJBKO OT BBICOTHI CJIOS, a HE OT ero
IOJIOXKeHUud Ha cdepe.

Il puwmep 1. Ilap mepeceueH IIOCKOCTHIO, HEP-
MIeHAUKYJISAPHON ero paguycy M OTCTOAIIell OT ero IeH-

Tpa Ha 9 cm. Ilnomans ceuennsa paBHa 144n cm2. Haii-
™1 00beM IlIapa U IJIOIANb Chephl.
Q Ilyers OB = x — paguyc cdepsl (puc. 307). B

AOAB umeem AB2 = OB? - 0A2 = x% — 81. Ilo ycuo-

Buio, 7(x2 —81) = 144n, orxyza x = 15 (cm). Temeps,
ucnonsaysa gopmyisl (1) u (5), HaxoauUM

V= %n -15% = 4500 (cm3), S = 4n - 152 = 9007 (cm?). W

Il puwmep 2. Ucmonbpdya ycaoBue mpumepa 1,

HauTu: a) o6beM mriapoBoro cekropa OBFC (cm. puc.
307); 0) oowpem mrapoBoro cermenta BFC u miomianb
ceprUeCcKOil ITOBEPXHOCTH dTOTO CErMEHTA; B) ILIOIIAAL
IMOBEPXHOCTHU IIIAPOBOTO CJIOA, 3AKJIOUEHHOT'O MEXKIY
IIJIOCKOCTBIO JAHHOTO CEUEeHUA 1 IapaJJIeIbHOU e I1JI0C-
KOCTBIO, ITPOXOAIel uepes IIeHTP Iapa.
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0 a) O0wem mraposoro cekropa OBFC BuIUMCINM IIO

dopmyie (3): V

CEeKT

=§nR2h, e R = 15 v, h = AF =
= OF — OA =15 - 9 = 6 (cm). 3uauwur,

=27.152.6 =900 (cv?).

CeKT 3
IIpoBepum, UTO TOT Ke pes3yJabTAT maeT u (popmy-

aa (4). Umeem o= ZAOC, cosazﬁzizo,ﬁ,
oCc 15

20 l-cosa 1-06

=0,2, oTKyza
2 2 2 v

sin

cekT %TE : 153 -0,2 =9007 (CM3).
0) Tax kak R =15 cm, h = 6 cM, TO, HCHONIB3YA HOP-
Myt (2) u (6), mosryunm

v, =Z.62 (45 - 6) = 4687 (cv®),

cerm 3
S oy = 21-15-6 =1807 (cm2). W
B) Coruacuo gopmye (7), rme R =15 cm, H = 9 cmMm,
HaxXoIuM

S =2r-15-9 =270n (cm?). W

CJI0A
IITap HasbIBaeTCA ONUCAHHBLM OKONO MHO202PDAHHU-
Ka, eCcJii Bce BEPIIIMHBI MHOTOTPAHHUKA JIeKaT Ha cdepe.
IITap HasbIBaeTCsa 6MUCAHHBIM 6 MHO20ZPAHHUK,
ecJii OH KacaeTcs BCeX I'paHell MHOTOTPaHHUKA.
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IIpuw™mep 3. OKoso MPaBUIBHON TPEYTOJLHOM
TIPU3MBI, BEICOTA KOTOPOIl BABOE 0OJIBIIIE CTOPOHEI OCHO-
BaHUsA, ONKCaH 1map. Halitu oTHOIIIeHME 00beMa I1apa K
00'bEMY IIPUSMBEI.

d Ilycts AB = a, OA = R (puc. 308). Tormga V

mapa =
4

2 3
=§nR3, 14 :SAABC.AAlzaf.zazaf. B

mp
1 J3

AOEA wuwmeem OE = EAAI =a, AE = aT (pazuyc

OKPYIKHOCTH, OIIMCAHHOM OKOJIO IIPABUJIBEHOI'O TPEYTOJIb-

[ 9 9 9 a® 2a
Huka); 3mauutr, R =+VOE“ + AE” =,a" + — = —.
3 V3
o - 4 8a® 32nal -
Tcrofa Haxogum V o =_—n-—==———. HWraxK,
3 33 943

32na8 a3\/§ 64n
V : = : = .
mapa up 9\/§ 9 27

IIpuwmep 4. HaiiTu moBepXHOCTH IlIapa, BIIUCAH-
HOTO B NIPaBUJBHBIN TETpasgp ¢ pedpoM a.

O IIpoBemeM NJIOCKOCTH Yepe3 BBICOTY MUPAMMU-
asl FO u anogemy FD (puc. 309); paguyc Kpyra B IIOJY-
YeHHOM CeUYeHUU DaBeH pajamycy Inapa. Tak Kak Bce

pebpa mupamMuasl paBHEI a, To FD = a23 , OD = a63 ,

BO = FK = a33 . a3 AFOD caegyer, uro FO =
[22 2 _a\6

=vFD® -0D”" = . IIyers R — paamyc miapa; Tor-

3
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F

b

Puc. 308 Puc. 309

B 0

na FO, = FO — R. B AFKO, uweem OK? = FO} -

2
—FK2, win R? = (FO—R)2 —%, OTKyIa

2 3
R2:2a 2aR\/€+R2_a_’
3 _ 3 3
a 2 na®
T.e. R = ——. Uraxk, Smapa =4nR*  =——. 1
2J6 6

315. [Tnauuap, KOHyC M IIAp KaK Teja BpalleHH.
HMunauuap, KOHYyC U IIap MOXKHO IIOJYYUTDL C IIOMOIIIBIO
BpallleHNus IIJIOCKUX (PUI'YDP BOKPYT COOTBETCTBYIOIIUX
ocell (IMIUHADP — BpAIlleHUEM IIPIMOYTOJbHUKA BOK-
PYT OHOI M3 ero CTOPOH; KOHYC — BpAII[eHUEM IIPAMO-
YTOJILHOTO TPEYTOJbHUKA BOKPYT OJHOTO W3 €ro Kare-
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TOB; IlIap — BpallleHueM IOJYKPyra BOKPYI ero mua-
metpa). IloaToMy HUIMHAD, KOHYC U IlIap Ha3bIBAIOT
menamu 6pAULEeHUS.

Kax ussectHo (cMm. 1. 245), o0beM Tesia, 0OpasoBaH-
HOT'O BpallleHrueM KPUBOJUMHENHON Tpamenuu, OrpaHu-
YeHHOI CBepXy rpa@MKOM HeIpepLIBHOM HA OTpes3Ke
[a, b] dyaxnuu y = f (x), cHUBY ocbio Ox, a cOOKY JIBY-
M OpAMBIMU X = a u X = b (a < b), BbIpaxkaerca dop-

MYyJI0#
b

V=rn|y?dx (1)

a

II p u m e p. JloKazaTs CIpaBeaIUBOCTh (POPMYJIBI

(2) uz u. 314, r. e. uTo V.

cerm

- %nhz(SR —h), the R —

paauyc mapa, a b — BBICOTA CEerMeHTa.

L) 3

~
=]
[
>
oy
)\

Puc. 310
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U Bymem paccMaTpuBaTh IIAPOBOI CEIMEHT KaK TeJIo,
TIOJIyYUeHHOE BpallleHueM BOKPYT ocu Ox 3aIITPUXOBaH-
HOU Ha puc. 310 kpuBoaUHEHHOM Tpanenuu. [locienusas
orpaHUYeHa CBEPXY NYroil OKPY'KHOCTHU, YPaBHEHUE KO-
Topoit umeer Bup x2 + y2 = R? (cM. 1. 284), a mpefes
uHTerpupoBanusa pasubl R — h u R. Coryacuo ¢opmyie
(1), Haxogum

3

(R? - x%)dx = n{R2x - x—j R =

R—-h

Vv

cerm

R
x| _
R—-h

3
3 3

=7t[R3—R——R2(R—h)+MJ=
3 3

= %nh2(3R ~h). m









OCHOBHBIE ®OPMY JIbI

AJITEBPA

1. OcHOBHBIE 3aKOHBI AJTEeOPHI

s 1100bIX AeHCTBUTENbHBIX UHKCeT a, b, ¢ cIIipaBes-
JIUBBI PaBEHCTBA:

a+b=>b+a (mepeMecTUTEIbHBIN 3aKOH CI0KEHMS).
(a+b)+c=a+(b+c) (coueraTeJbHBIN 3aKOH CJIO-

JKeHmu).
a+0=a.
a+(-a)=0.

ab = ba (mepeMeCcTUTENbHBINH 3aKOH YMHOMKEHUS).
(ab)c = a(bc) (coueTaTeNbHBIM 3aKOH YMHOMKEHU).

a(+c)=ab+ac (pacupenenuTeabHbIN 3aKOH yM-
HOKEHUS OTHOCUTEJHLHO CJIOMKEHUS).

a-1=a.

a~l:1, roe a # 0.
a

2. YucaoBble HEepaBeHCTBA

s m100bIX AeHCTBUTENbHBIX UKcen a, b, ¢, d cupa-
BeIJIUBBI CBOMCTBA:

Ecau a>b, o b<a.

Ecaiu a >b u b>c¢, To a > ¢ (CBOWCTBO TPAaH3UTUB-
HOCTH).

Ecau a>b, To a+c¢c>b+ec.
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Eciu a>b u ¢>0, To ac > be.
Eciu a>b u ¢<0, To ac < bc.
Eciu a>b u c>d, To a+c>b+d.

Ecau a>0, b>0,¢>0,d>0, npuduem a>b u
c>d, To ac > bd.

Eciu a>b nu c<d, o a—c>b-d.

Ecau a>b >0, To l<%

a

Ecim a>b>0 u ne N, 10 a” >b".

3. Moayas neiCTBUTEJIBHOTO YHCIIA
OmnpegeneHne MOLYJIS:

| { a,ecau a >0,
al =

—a,ecau a < 0.

Hns1 1100BIX TeHCTBUTEIbHBIX YKCE &, b cIIpaBein-
BBI CBOIICTBA:

|a| > 0.

o =|-

at| =

o|_ld

‘3 = |b , rme b=0.
fff = a?
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4. ApudmeruuecKkuii KOpeHb
Omnpenenenre apuMeTUUECKOTO KOPHSA:
n
ecitu a>0 uw neN, TO a =X o3HayvaerT:
1) x>0; 2) x? = a.

s 1100bIX DeHCTBUTENbHBIX unced a>0 u b >0
CIIpaBeINBHI CBOMCTBA:

”ab:’%’%.
T e
b "y

mr

nm [ m _n[k
Va? =d

5. O000LIeHNe TMOHATUA CTEIleHU

n

, Tme b = 0.

Onpe/:[eJIeHHe CTelleHn C HaTypaJbHBIM IIOKa3a-
TeJieM:

a" = a-a.. a, a'=a.
—_——
n MHOXHUTEIEH
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OHpe,Z[eJIeHI/Ie CTeIIeHHN C IIOJIOKHUTEJIbHBIM IL[pO6HI)IM
IIOKa3aTeJyleM:

a?l :q\lap, roe a > 0.

OHpe,Z[eJIeHI/Ie CTelleHN C HYJIEBBIM IIOKa3aTeJIeM:

a0:1, rae a # 0.

OmnpejesieHNe CTEIIeHN C OTPUIATEIbHBIM PAIMOHAb-
HBIM IIOKa3aTeJIeM:
1
a " =ar, voe a>0.

OHpe,Z[eJIeHI/Ie CTelleH C MPpalMOHAJIBHBIM IIOKa3a-
TeJieM:

a)ecima=1u ael, o 19=1;
6)ecima>1u o€ l, romnox a* moHMMAaIOT UKCIIO,

I
3aKJIIOUEHHOE MEXAY a'! U a'? 1iid JI06bIX pAIOHATE-
HBIX YUCEJN ', U I', TAKUX, YTO I', < O, a I, > 03

B)ecin 0 <a <1wum ael, 1o mog a* moHMMAIOT
It
YHCII0, 3aKJI0UeHHOe MeKAY a2 1 a'! ass mobbIX pa-
[UOHAJBHBIX YUCEJ I') U I', TAKHUX, YTO I < O < Iy.

Hnsa m06s1x g > 0, b > 0 u J006BIX AEHCTBUTEIBHBIX
Ymces X W I CIpaBeJINBbI CBOMCTBA:

a®-a¥ =a*". a® -b* = (ab)”.
a*:a¥ =a*7Y. a® a)
(@)Y =a™. p* (b
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CraHgapTHBIA BUJ MOJOMKUTEILHOIO AeHCTBUTEJb-
HOI'0 YmcJIa:

a=a, -10

1 ”,melSa1<10,neZ.

6. KoMmmiexcHble 4yucia

Aunrebpanueckas (opMa KOMIIJIEKCHOTO UMCJIA:

z=(a; b) =a+bi,

rie Rez =a — pgelicrBuTenpHas yacTh, Im z = b —

MHHMaA 4aCTbh KOMIIJIEKCHOI'O YHKCJIa 2.
Ycaosue PaBeHCTBa ABYX KOMILJIEKCHBIX 4YNCeJI:

:b’

(a;b) = (¢; d), ecan
c=d.

Moayib KOMILJIEKCHOTO umnciaa 2 = a + bi :
|2|: r= \/a2 + b2,

CrerteH MHUMOM eqUHUIIBI:

.4n+1 . .4n+2 .4n+3 . .4 .

P o e = M =" =ine N

TpuroHomerpuyeckas (popmMa KOMILIEKCHOI'O UKCa:
z=r(cos ¢ +i sin @),

rme r — MOAyJib, a (¢ — IVIaBHOE€ 3HaYeHUe apryMeHTa

(-m < ¢ < m), TpuyeM
b

a .
S T T o
a® +b a” +b
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YMHuOKeHUE U JeJieHe KOMIIJIEKCHBIX YHCeJ 21 =

=r (cos ¢t i sin (pl) u2z,=Tr, (cos 9, + isin (pz):
2129 = rra(cos(@y + ¢g) +isin(py + ¢2)),

2 17 ..
L = "L (cos(ey — ¢g) +isin(e; — pg)).
22 p)]

Bo3BeneHue KOMIIJIEKCHOTO ymcya 2z =1 (coso +
+ i sin () B cTeleHb n:

2" =r"(cosne +isinng); n € N.

dopmyna Myaspa:

(cos@ +ising)” = cosne+isinng, n € N.

NsBneuenue KopHA n-it creneHu (n € N) U3 KOMII-
JIEKCHOT'O yucyaa 2z = r(cos@+ising):

n\/; = n\/;[cos(P+2Rk +isin(p+2nkj,

n n
rnek=0,1,2,...,n-1.

7. (I)OpMy.TII)I COKPAII€HHOI'0 YMHOKEHHUA

(a+b)(a-0b) = a? -2 (pasHOCTH KBaJpaToOB);

(a+ b)2 =a® +2ab+b? (kBagpar cyMMBI);
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(a—- b)2 =a® - 2ab+b® (kBagpaT pasHOCTH);

(a+b)®=a® +3a% + 3ab® + b (xy6 cymmsi);

(a-0b)% =a® - 3a%b + 3ab? — b (xy6 pasmocTu);

a® +v3=(a+0b)(a® - ab+b?) (cymma Ky6oB);

a® b= (a-"b) (a2 +ab+ b2) (pasHOCTEL KYy0OB).
8. KBagpaTtHoe ypaBHeHHE

dopmysia KOpHell HeopUBeIeHHOTO KBaJApaTHOTO
ypaBHEHUA ax? +bx+c=0:

2
_=b:VD _ —biVb-dac 4o

, —4ac.
2a 2a

dopmysa KOpPHell HeNpHUBEAEeHHOI0 KBaJpPaTHOTrO
ypaBHEHUS ax? +bx+c=0 B ciaydae, Korga b — uer-
HO€ YHCJIO:

—ki\/F —b+\/k2 «_ D
.

= rek— , D" =
X ,lI 2

TeopeMa Buera OJdA IIPUBEJEHHOI'0 KBagpaTHOI'O

ypasuenus x2 + px+q=0:
Xy +Xg =-p, X1X3 =¢.
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9. MHOro4JIeHsl

BBII[eJIeHI/Ie IIOJIHOT'O KBagpaTa u3 KBaapaTHOI'O Tpex-

qjieHa. 9
9 b 4ac - b®
ax“ +bx+c=alx+—| +——.
2a 4a

PazmorxeHne KBagpaTHOIO TpeXUuieHa Ha MHOYKUTEJIN:
ax? +bx +ec = a(x —x1)(x — x9),
rIe X1, X3 — KOPHHU TpPeXuJeHa.

Teopema 0 AejleHNU MHOTOUYJEHOB C OCTATKOM: IJISA
JI00BIX OBYX MHOroujaeHoB P (x) u Q@ (x) TaKux, 4TO
crenenb P (x) He menbire cremeHu @ (x), CyIIecTByeT
OJHa U TOJBKO OfHA IIapa MHOrodjaeHoB S(x) u R(x)
TakK, UTO CIIPABEJINBO TOXKIECTBO

P(x) =Q(x)S(x)+ R(x),

IpuYeM CTelleHb ocTaTka R (x) MeHbIle cremeHu @ (x) .

Teopema Besy: ocTaTok OT JeleHMs MHOIOYJIEHA
P(x) Ha gByWJeH X — 0 paBeH 3HAYEHUIO MHOTOYIEHA
mpu x =, T. e. R=P(a).

Cxema T'opHepa: mpu JeleHHM MHOI'OYJIEHA

n-1 T

P, (x) = apx" + a;x et a®

Ha IBYYJEeH X — o Koa(h(UIIMEeHThl YaCTHOT'O U OCTaTKa
pacmoJiaraloT B CJeAyIoleil TabiuIe:

ag a ag a,_1 a,
a |l an=b aby + a; | aby +ay ob,_g +a,_y |ob,_{+a, =r
0=by| 071 | L T2 rme | Trmg

b by b,y
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10. Onpepenurenu U cUCTEMBI OBYX (Tpex) JMHE-
HBIX yPaBHEHMi ¢ AByMs (TpeMs) mepeMeHHLIMHU

OmnpeneanTesib BTOPOro IOPALKA:
a1 412
= 0110922 — A2101 2.
ag1 A22
OHpe,Z[eJII/ITeJIb TpeTbero nmopdanka:

ai1 a12 413
dor Qoo Goal = A11022033 + 412023031 + 413021032 —
21 Q22 Q23| =
— Q13022031 — (110923032 — A12021033-
azy asz ass

PaSJIOH{eHI/Ie oIIpeneanTeJid IIO 3JIeMeHTaM KaKOﬁ-
JIn60 CTPOKH MU CTOJIOIA; HaIpuMep,
a1 a12 413
a1 Ao Ag3| = 11411 + a12412 + a13413
azy asz ass

— Pas3JIoOKEeHHre II0 dJIeMeHTaM IIepBOI';I CTPOKHU, rame

1+1 (422 G23| |G22 Q23
A]_]_ = (_1) = >
azg ass agzg ass

1+2 @21 @23 agy ag3
Az = (-1) =-

b
asi ass asi ass

1+3 (@21 G22| |A21 Q22
Az =(-1) =
agy asz asy asz
— a.HI‘eraI/I‘IeCKI/Ie AJOIIOJIHEHU A dJIEMEeHTOB
aii> @12, 413-

543



OCHOBHBIE ®OPMVYJIbL

Cucrema IBYX JIMHEHHBIX YPaBHEHUH ¢ IBYyMsA mepe-
MEeHHBIMU

{allx + a9y = by,
ag1X + agoy = by

IIPU yCJIOBHUH, UTO €€ OIIpeJe/INTeIb
a a
A= |1 B2 0,
ag1 Q22

uMeeT eIUHCTBEHHOE pellleHre, KOTOPOoe HAXOAUTCS II0
dopmynam Kpamepa

Ay Ay
- ’ - ’
A A
rme A,, Ay — OIpeeJUTeN N, IMOJyUYeHHbIe U3 Ompee-

JIUTeNnsA A 3aMeHOI CTOJOIIOB IIPU HEM3BECTHBHIX CTOJIO-
IIOM CBOOOIHBIX UJIEHOB.

Cucrema Tpex JUHENHBIX YPaBHEHUI ¢ TpeMs mepe-
MEeHHBIMU

a11xX + a9y + a132 = bl’
A91X + A99Y + A932 = b2,
ag1x + aggly + aggzz = b3

IIPU yCJIOBHUH, UTO €€ OIIpeJe/INTeIb

a11 412 413
A= A91 Q99 A93| #* O,

asy agg ass
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uMeeT eIUHCTBEHHOE pellleHre, KOTOPOoe HAXOAUTCS II0
dopmynam Kpamepa

Ay Ay Az
X = - y = —’, = i
A A A
rae A, Ay, A, — ompengenurenu, MoJydeHHbIE U3 OII-

pemenuTens A 3aMeHOU CTOJOIIOB IPU COOTBETCTBYIO-
II[eM HEeM3BEeCTHOM CTOJIOIIOM CBOOOMHBIX UJIEHOB.

11. Jlorapudmsi

Omnpenenenue jorapudma:

ql08a* =x, rme x>0,a>0,a=1.
Jlorapudm mpousBeseHUA:
ectu x1 >0 1 x9 >0, TO

log, (x1x3) = log, x1 + log, x2;
ecmu x; <0 m x9 <0, TO
log, (x1x9) = loga|x1| + loga|x2|.
Jlorapugpm uacTHOrO:
eciu x; >0 u x9 >0, TO
*1
log, — = log, x1 — log, x9;
X2
ectn xq <0 m x5 <0, TO
*1
log, =L = log,|x;| - log 4acy|.
X2
Jlorapupm cremenu:

ectu x >0, 1o log, x" =rlog, x;
ectun x # 0 u B — deTHOE UUCIIO, TO

log, x* =F log _ |xl.
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ITepexon K HOBOMY OCHOBAHUIO:
log; x

ecau x >0, To log, x = 5
logy, a

eciu x >0, 1o log, x = logak x.

12, 3HaueHUA TPUTOHOMETPUYECKUX (DYHKIIUI
HEKOTOPBIX YIJIOB

DyuKIUAg Apryment t

0| 30°| 45° | 60" |90° |180 | 270°
sin t 0 l é @ 1 0 -1

2 | 2 2
cos t 1 ﬁ ﬂ 1 0 | -1 0

2 | 2 2

NE)
3

13. CBa3p Me:xky rpamycHoi (0°) u paguaHHO# (O )
MepaMH OZHOTO U TOTrO JKe yria

., 180°-a o’
a® = ;o= .
n 180°
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14. ®opmyabl IPUBEIEHUA

AprymeHrT t
DyHKIUA

b b 3n 3n

——o | —+a | T-—o|n+0 [—/—-a [—+a|2n-a

2 2 2 2
sint coso | cosa sino |—sino|-cosa |-cosa |-sina
cost sina | —sina |—coso|—cosa| —sino | sino | cosa
tgt ctga | —ctga [-tga | tga ctga [-ctga | —tga
ctgt tga | —tga |-ctga| ctga | tga |-tga [—-ctga

15. CooTHOLIEHNST MEJKAY TPUTOHOMETPUUYECKHUMU
(GYHKIUAMYE OJHOTO M TOTO Ke apryMeHTa

cos?t+sin®t = 1;

1+tg2t:

T
st —+mnn, ne Z;
cos”t 2

1+ctg2t: st #mn, ne Z;

sin? t

tgt~ctgt:1;t¢%, neZz.

16. ®PopmMyabI CIOKEHUS M BHIYMTAHUA
apryMeHTOB

cos(a + ) = cosacosf —sinasinf;

cos (o0 —PB) = cosacosP + sinasinf;
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OCHOBHBIE ®OPMVYJIbL

sin(a + B) = sina cosf + cosasin fB;

sin (o —B) = sinacosf — cosasinP;

tg(a—i—B):M;a’ B,Q+B¢£+Tﬂn,nez;
1-tgatgp 2
t -t

tg(a—B):gmL—gB;a, B,a—B¢£+nn,neZ.
l+tgatgP 2

17. ®opmMyabl TBOIHOTO aprymMeHTa
sin 2t = 2sintcost;
cos 2t = cos> t — sin® t;

2tgt

tg 2t = 5
1-tg“t

18. ®opmMyabl MOHMKEHUA CTEIeHH

9 1+ cos2t

cos“t=———;
2

.2 1-cos2t

sin t:—2 .

19. Beipaskenmne sin t, cos t u tg t uyepes tg%

21:gi l—tg2£

sint = 2t,cost:—§,
1+tg?— 1+tg? >

& 2 & 2
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2tg 2
tgt = 2 .
1- tg2 t
2
20. IIpeoGpasoBaHne CyMMBbI TPUTOHOMETPHUYECKHX
byHKIUII B Mpou3BeneHHE

sina+sinB:2sina+Bcosa_B;

2 2
sina—sinB:2sina_Bcosa;B;
cosa+cos[3:2cosa—+[3005a—_[3;

2 2
cosoc—cosB:—2sina+Bsina_B;

2 2
tga+tgﬁzw;a,3¢£+nn, neZz
cosa cosf 2
tga—th:M;a,B¢£+nn, neZ.
cosa cosf 2

(I’OpMy.Ha BCIIOMOraTeJIbHOI'O yrJia:

acost +bsint = Asin(t + o),

a=Asino, B= Acosa, A = \/a2 +b2,
b

. a
siInoa = ——,C080 = —F/————.
\/a2 +b? \/a2 +b?

rue
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21. IIpeoOpasoBaHMe NPOU3BEIEHUA TPUTOHOMETPM-
yecKuX (PYHKIUI B CyMMY

sin(o—B) +sin (o +p)

sina cosf = 5
2
. . cos(a—B) —cos (o +
sinasinf} = (@=P) ( B);
2
cos (o —B) + cos (o +
cosacosf = (@=P) (@ +P) .
2
22. Penrenne mpocTeHIINX TPHUTOHOMETPUYECKHX
YPaBHEHUN
YpaBHenue Ero perrenue
sinx = a, a| <1 x = (-1)" arcsina + nn,n € Z
cosx:a,a|£1 x =*arccosa + 2nn,n e Z
tgx=a x =arctga+nn,ne Z
ctgx=a x = arcctga +nn,n € Z
YacTHBIE caydamn
YpaBHenue Ero perrenue
sinx =0 x=mnn,neZ
. T
sinx =1 x:§+2nn,neZ
. T
sinx = -1 x:—§+2nn,neZ
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YpaBHeHue Ero pemienue

cosx =0 x

T
E+nn,ne VA

cosx =1 x=2nn,nec Z
cosx = -1 x=n+2nn,neZ
tgx =0 x=nn,ne Z

T
ctgx=0 x:§+nn,neZ

23. HexkoTopsie BasKHbIe HEPaBEHCTBA
Hepasenctso Kormu:

x;ry > Jxy, roe x>0,y > 0.

HepaseucTBO TpeyroabHUKA:

|x + a| < |x| + |a|.

HepaBeHCTBO MJId CyYMMBI OIBYX B3aMMHO O6paTHI)IX
IIOJIOYKUTEJIbHBIX BEJIMYMH:

1
x+—2>2, roe x > 0.
x

HepaBencTBa, XapaKTepusyIomiue MHOKECTBO 3HAUe-
HUII CUHyca M KOCHUHYca:

-1<sina<1l, —1<cosa <1.
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24. dneMeHThl KOMOUHATOPUKH

dopmya uynciia pasMeleHni 0e3 MOBTOPEHU U3 n
9JIEMEHTOB 10 k 9JIeMEeHTOB:

E_ n!
(n - k)

n

=n(n-1)...n—-k+1), roe E<n.

dopmysa uyuciaa pasMeIleHUH ¢ MOBTOPEHUAMHU
U3 N 3JIEMEHTOB II0 k 9JIeMeHTOB:

A,If = n*.

dopmyJia ymcaa IepecTaHOBOK 0e3 MOBTOPEHUN U3
n 3JIEMEHTOB:

p

n

=n!=1-2-3...n.

(I’OpMy.IIa YyucJjia InmepecTaHOBOK M3 1 9JIEMEHTOB C
IIOBTOPEHUAMM, COAEePHKAIITUX kl 9JIEMEHTOB IIepBOI'0 THUIIA,
k2 9JIEMEeHTOB BTOpPOIro Tuma, ..., kn JJIEMEHTOB

n-ro tuna (rae ky + kg +...+k, =n):

(B + By +...+ B!

Phy+ky+...+ k)=
(ky + n) Byl kol ke,

dopmyaa uymcaa coueTaHMil 0e3 IOBTOpPEeHUII u3
n 9JIeMEHTOB II0 k 3JIeMeHTOB:

Ck:A_flf: nl

! 0
" rme k<n,C)=1.
" P (n-R)R "
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(I’OpMy.TIa YypcJa COYeTaHUil ¢ IIOBTOPEHUAMMN M3
n 3JIEMEeHTOB II0 k 5JIeMEeHTOB:

E_ nk -1 (n+k-1)!
Cp=Cpir1=Crip1= PIETR

dopmyna bmaoma HuioToHa:

(@+0b)"=a"+ Cla" o+ C2a" %% + ...

oot Chgm Rk o g 4 b,

DopmyJia obIero uieHa pasyokeHus ouuoma Hrio-
TOHA:

Ty.1 = CEa"Fp* rne £=0,1,2,...,n.

25. Apucdmeruueckass mporpeccus

Ompenesnenue apupMeTHYeCKOH IIPOTPECCUN:
a,,1 =a, +d.
@®opMyJia n-ro 4ieHa:
a, =a;+d(n-1).
@OpMyJIBI CYMMEI 7t IIEPBBIX YJIEHOB:

a;+a 2a1+d((n -1
g 4t o g 2mrdnzl
2 2
XapaKTepuCTHUECKOEe CBOMCTBO:

a, 1+a
a:nl n+1‘

" 2
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26. TeomeTpuueckasa mporpeccus

OmnpeneneHre reOMeTPUYECKON IIPOTPECCUU:
b,.1=b,q9, toe by #0, g = 0.
dopmysia n-ro djeHa:
b, =big" L.
DopMyJILI CYMMBI 11 IIEPBBIX UJIEHOB:
s _ba=b. g _B@" -1
n~— " 5 n — .
qg-1 qg-1
XapaKTepuCTHUECKOEe CBOMCTBO:
2
by =bp_1-bpiq-
DopmyIa CyMMBI Y4JIEHOB OECKOHEUHOM reoMeTpuuec-
KO#l IIporpeccuu Ipu |q| <1:
by

S = )
1-¢q

27. TIponsBogHas

OmnpeneneHue IIPOU3BOTHOIL:

y' =f"(x)= lim Af gy FE+AD) - ()

Ax—>0 Ax  Ax—0 Ax

Tabauiia IPOU3BOIHBIX:

1. ¢'=0. 3. (") =rx" L

2. (kx+b) = k. 4. (e¥) =e*.
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5. (@*) =a" Ina. 11. (ctgx) = — 12 )
1 sin” x
6. (Inx)'= x’ 12. (arcsinx) = ;
' V1-x2
7. (log, x) = g .
13. (arccosx) = ———.
8. (sinx)' = cosx. ,/1 2
"= —si 14. (arctgx) = .
9. (cosx) sinx. 1o a2
) 1
10. (tgx)' = —5—. 15. (arcctgx) = — =
cos” x 1+ x

HuddepeHIUPpOBaAHTE CYMMBLI, HPOU3BEICHUSA U
YaCTHOTO:

w+v) =u+0}
(Cu)' = Cu/, rae C — mocrosiHHAS;

(wv) =u'v+uv’;

’

(zj _ WO e (@) £ 0.

v 1)2

OduddepeHnMpOoBaHUE CIOXKHON (QYHKOUH y =

=f(gx):
y' =1 (gx) g'(x).

VpaBHeHue KacaTelbHOW K Ipa@uKy (QOYHKIUH
y =7 (x) B Touke x = a:

y="1(@)+f"(@(x-a).
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dopwmyna Jlarpan:xa:

e (O -T@

b-a
dopMmysia A TPUOINKEHHOr0 BLIUNCIEeHUs 3HaUe-
Hua pyuknun f(x) B Touke Xx:

f(x) = f(x0) + ['(xp) (x — X9).

28. IlepBooGpa3Has U MHTErpaJj

Ompenenenue nepBooOpasHoii: pyHrmua F(x) Ha-
3pIBaeTcA IepBoobpasHoil and GyHKnuu f(x) Ha Ipo-

mexyTKe X, ecnu F'(x) = f(x) pna mroboro x € X.

Tabyniia mepBoOOPaA3HBIX:

dyuknus | [lepBoobpasuasa dyuknus |IlepBoobpasHas

fx)==F F(x) = kx f(x) =sinx F(x)=—cosx
r+1
fx)y=x" F(x)== f(x)=cosx F(x) =sinx
r+1
(r=-1) f(x)=— 5 F(x)=—-ctgx
sin® x
1 1
fx)=— F(x)= 1n|x| f(x)=— F(x)=tgx
x cos” x
X X 1 .
f(x)=e F(x)=e f(x)= F(x) = arcsinx
1-x
[ @) =a® F(x) = at f(x)= F(x) = arctg x
Ina ].+.7C2
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IIpaBuiia BLIUMCICHUS IIEPBOOOPA3HBIX:

Ecnu F(x) — mepBooGpasuas ni1sa f(x), a H(x) —
nepBooGpasuasa aia h(x), To F(x)+ H (x) — nepBoo6-
pasHaa ana [ (x)+ h(x).

Ecau F(x) — nepBoobpasuas aunda f(x), a B —
mocrtosHHasg, To kF(x) — mnepBoobOpasHasa nas
Ef (x).

Ecnu F(x) — nmepBoobpasHasa nnd f(x), akub —
mocrogHHbIe, npudyeM k # 0, TO %F(kx +b) — mepBo-

obpasnaa mas [ (kx + b).

WnrerpanbHas cymma gaa QyERmum Y = f(x) mo

otpesky [a, b]:

_b-a

S, (F (x0) + 1 (1) + oo+ F (X_1)):
UNurerpan ¢pyaknuu Yy = f(x) or a go b:

b

[f(x)dx = 1lim S,,.

dopmyna Herorona — Jleiibauia:

l}f(x)dx =F (b) - F (a) = F (x)|.
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HpaBI/I.TIa BBIUNCJIEHUA NHTEerpaJjioB:

b b b
[(A () + f(x)) dx =[fi(x)dx + [fo(x)dx;

b b
[kf (x)dx =k [f (x)dx, Toe k — mocTosaHHAaA.
a a

Dopmyna nasg BHIUUCIEHUSA IJIOIAAM (PUIYDPHI, OT-
PaHWUYEeHHOI OIPAMBIMU X = @, X = b (a < b) u rpaduka-
MU HeIpepBIBHBIX Ha [a, b] pyEknuit y=fi(x), y=
= fo(x), Te fy(x) < (%) Ha[a, b]:

b
S = [(h(x) - f2(x)) dx.

DopmyIia IJid BBIUUCIEHN ILJIOIIAI KPUBOJIUNHEHOM
Tpamenuu, T. €. QUTryphbl, OTPAHUYEHHOUN MPAMBIMY Y =
=0,x=a, x=>(a <b) u rpadpuKOM HEIPEPLIBHON U

HeOoTpUllaTeJLHOM Ha [a, b] pyuaxmuu y = f(x):

S = l}f(x)dx.

dopmysa O BBIUYKCIAEeHUA o0beMa Teja, pacio-
JIOJKEHHOTO MEKAY ABYMA IJOCKOCTAMU, yVIaJeHHBI-
MU OT JAHHOM MJIOCKOCTHU Ha paccToAHus a u b (a < b)
¥ TAKOT0, YTO B IIePEeCEUEeHNN ITOTO TeJa IJIOCKOCThIO,
nmapajjieJbHON JaHHOUW 1 yJaJieHHOII OT Hee Ha pac-
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croanue x(a < x <b), obpasyercs ceueHue, ILIOMALD
KOTOPOTO BhIpa’KkaeTcs HeIPEepLIBHOM Ha [a, b] GYHK-

mueii S (x): X

V =[S (x)dx.

a

Dopmysia 4I5S BRIYUCIEHUS o0beMa Tesia, 00pa3oBaH-
HOTO BpAaIlleHeM BOKPYTI OcH al0CIINCC KPHUBOJIUHENHON

Tpamenuy, OrpaHUYeHHoN npAMbIMu §y = 0, x = a, x =
= b (a < b) u rpaduKOM HempepwIBHOH Ha [a, b] QyHK-
nun Y = f(x):

b 2
V =n|y“dx.

a



TEOMETPUA
1. IIpou3BOJIBHBIN TPEYTrOJBHUK
Ob603HaveHusA:
a,b,c — cTOpOHEI;

A,B,C — yrasl, NpoTuBOJesKalllie CTOPOHAM
a,b,c;

lyslysl, — 6uccekTpHCHI;
My, My, M, — MeIUAHBI;

hg,hy,h, — BBICOTHI;

r — paguyc BIIMCAHHOI OKPY:KHOCTH;
R — paamyc onmcaHHON OKPYXKHOCTH;
p=05(a+b+c) — noaynepumerp;

S — miomansk.

CyMMa yIJI0B TPEYTroJbHUKA:
A+ B+C =180°.

C

¢ B

Puc. 311
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Buerruuit yroa Tpeyroabuuka (puc. 311) paBeH cyMm-
Me ABYX BHYTPEHHUX YIJIOB, C HUM HE CME)XHBIX:

Z/CBM = LA + £C.

HepaBeucTBO TpeyroabHUKA:

a<b+c,b<a+c,c<a+b.
BucceKTpuchl TpeyroJabHUKA IIePeCeKaroTcsa B OMHOM
TOUKe — I[eHTPe OKPYXHOCTH, BIMCAHHOM B TPEYyroJib-
HUK (puc. 312).

BuccekTpuca AeJuT IPOTUBOJIEKAIIYIO CTOPOHY Ha
OTPEe3KH, IPOMOPIIMOHAIbHEIE IPUJIEKAIIUM CTOPOHAM
Tpeyroabuuka (puc. 312):

a al

b b
InuHa GMCCeKTPUCHI:

ab(a+b+c)(a+b-c T
c:\/ ( )( ), lcz ab—albl.

a+b

l
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MeauaHBI TPEYTOJbHUKA [IEPECEKAIOTCS B OJHOM TOU-
Ke — IIeHTpe Macc Tpeyroabuuka (puc. 313). 9ta Touka

JEeJUT KaXKAyIo MequaHy B oTHoIlleHuu 2 : 1, cuuTas ot
BePIINHBI:

AM BM _CM

= = =2:1.
MA, MBq MCq
C
B A
A c B
Puc. 313

JlnHa MemguaHBI:

m, = 0,5y2(a® + b%) - c2.

BrICOTHI TpeyrolbHUKA IepeceKaloTcsa B OJHOI TOU-
Ke — OpTOIleHTpe TpeyrojbHuka (puc. 314).
JloinHa BBICOTHI:

Ly AP -a)(-b)(p-c)
¢ c
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CBasb MeXOy CTOPOHaAMMU M BBICOTaMM:

1 11
hy:thy th,=—:—:—.
a b c
CepequHHBIE IEPIEHINUKYJIAPEI K CTOPOHAM TpEY-
FOJIbHUKA IE€PECEeKalOTCs B OJHOM TOUKE — I[EHTPE OK-
PY*KHOCTH, OIIMICAHHOM OKO0JIO TpeyroJbHuKa (puc. 315).

TeopemMa KOCHHYCOB:

e =a® +b% ~2abcosC.
TeopeMa CHUHYCOB:

a _ b __c _9R
sinA sinB sinC

DopMyJIbI IJIs ILIOIITAN:
1) S=0,5ah,.
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Puc. 315

2) S = 0,5bcsin A.

3) S=yp(p-a)(p-b)(p-c) (bopmyna Tepomna).
4) S = pr.
5) S = abe

4R

6) Ecin A (x5 yq), B(xg; y2), C(x3; y3) — Bepmu-
HBbI TPEYT'OJIbHUKAa, TO

S=0,5A

b

1 1 1

roe A — OIpeJesIUTeNb (X1 Xg Xg|.
Y1 Y2 Ys
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7) Ilnomaas TPeyroabHUKA, IIOCTPOEHHOTO HA BEeKTO-

pax a u b, paBHA IIOJOBUHE MOZYJS BEKTOPHOI'O IIPO-

usBeIeHus a Ha b.
OTHoIIeHNe IePUMETPOB U ILIOIaLell IMoJO0HBIX TPe-

yronpHuKOB: ecatu A ABC ~ A A;B,C; (puc. 316), To

Pupe _ AB+BC+AC  AB
PyaBc, A1Br+BiCi+AC AB

BC _ AC = Sapc AB?

" BiC; A Saae,  AB®

B

A c 4, G

Puc. 316

2. IIpAMOYTOJBHBIN TPEYTrOJbHUK

Ob6o3nayvenus (puc 317):
C =90%

a, b — xarers;
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A
b b. \AB = ¢
h
aC
C a B
Puc. 317

¢ — TUIIOTEeHYy34a;
h — BBICOTA, IIPOBeAeHHAA 13 BepIuHbl C;
a.,b, — KIMHBI OTPE3KOB, OTCEKAaeMBbIX BBICOTOIH HA
TUIIOTEHY3e.

Teopema IIudaropa:

2 =a? + v

Paguyc ommcaHHON OKPYKHOCTHU:

R=05c.
Paguyc BuucanHO#l OKPYsKHOCTH:

r=05@+b-c).

Csasp mexnay a, b, ¢, a,, b, 1 h:

b

% _a. b _b.a _h
a ¢’ b c h )
DopMyJIbl I ILIOIIALN:

S =0,5ab; S =0,5ch.
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3. IIpaBUIBHBINH TPEYrOJbHUK
(a — cropoHna; puc. 318)

Paguyc ommcaHHON OKPYKHOCTHU:

av3
3

R =

A

Paguyc BumcanHOl OKPYsKHOCTH:

a3

6

Bricora:

=2

3
g "
DopMyJIBbI IJIsS ILIOIITAN:

aV3 . _3RV3

S = ;S = 384372,
4 4 V3r
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4. IIpon3BOJBHBINH BBINMYKJIbIN YeTHIPEXYTOJbHUK

CyMMa yrJoB:

A+ B+C+D=360°.
Ilmomans:

S =0,5d,d, sin o,

rae dy u dy — AMATOHATH, ¢ — YTOJ MeXTy HUMH.

B C

Y

D
Puc. 319

5. YeThIpexXyrojJbHUK, BOIUCAHHBIH B OKPYKHOCTH
(puc. 320)

CyMMBI IIPOTUBOIIOJIOMHEBIX YIJVIOB paBHbl 180°:

A+C=B+D=180°.
HpOI/ISBe,I[eHI/IH OTPE3K0OB, Ha KOTOpPbIe AMaroHaJin
paSGI/IBaIOTCH TOUKOMI IIepeceuyeHusd, paBHBbI:

AF -FC = BF -FD.

Teopema IlTosemesi: mpousBeneHNe JUaroHajlei paB-
HO CyMMe IIPOUu3BeIeHUIl IPOTUBOIOJOKHBIX CTOPOH:

AC-BD =AB-CD + BC- AD.
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D
Puc. 320
Ilmomans:

S=y(p-a)(p-b)(p-c)(p-d),

rme a, b, ¢, d — croponrl, p=0,5(a+b+c+d) — no-
JyIepuMeTp.

6. YeThIpexXyroJbHUK, ONMMCAHHBIH OKOJIO
oKpy:kHOCTH (puc. 321)

CYMMI:I MJINH IIPOTHUBOIIOJIOMKHBIX CTOPOH PaBHBbI:

AB+CD = BC + AD.

B

A D
Puc. 321
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S = pr,

raie p — MOJNyIepuMeTp, ' — Pamuyc BIIMCAHHON OK-
PYKHOCTH.

7. IapaaaexorpaMm
Ob6o3Havernus:
a, b — cTOpOHHI;
o, B — yrubl, IpUIeKaIue K OTHOHM CTOPOHE;
hy, hy — BBICOTEHI;
dy, dy — pgmaromanm;
¢ — yroJ MeXAy AUATOHAIAMU.

CymMa yriioB, IpUJIeKaliuX K OOHOM CTOPOHe, paBHA
180° (puc. 322):

o+PB =180°.

Puc. 322
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HuaroHanu B TOUKe IePECEUEHUS NEJATCS MOIM0JIaM
(puc. 322):

AO = 0C = 0,5d;, BO = OD = 0,5 dy.

CyMMa KBaIpaToB AuaroHajedl paBHaA cyMMe KBaj-
paToOB CTOPOH:

d? +d2 =2(a? +b?).
DopMYJIBI IS ILIOIIALM:
1) S =ah, = bh, (puc. 323).
2) S =absina (puc. 322).
3) §$=0,5d,d,sine (puc. 324).

C
b,
H2
D
Puc. 323
B C
AC = d4
) BD =d,
A D
Puc. 324
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4) Ilnomiagk mapaJjieorpaMMa, IIOCTPOEHHOI'0 Ha BeK-

Topax ¢ W b, paBeH MOAYJIIO BEKTOPHOI'O IIPOM3BEJE-

HUS g Ha b.
8. IIpamoyroapauk (puc. 325)

Huaronasu npamMoyroibHuKa paBubl: AC = BD =d.
CBs3b MeKIy CTOPOHAMMU U AUATOHAJBIO:

d2:a2+b2.

B C
AC=BD=d
a (o) 9
Puc. 325

DopMyabl OIS TJIOMIALU:
S =ab; S =05dsin¢.

9. Pom6 (@ — cropona; puc. 326)

Huaronamiu pomba B3aMMHO IIEPIEeHAUKYJIAPHBI:
dlLdZ.
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c
1
'
1
'
Ih/a AC = dl
'
i BD=d,
!

A a D H

Puc. 326

Huaronanu pomba SBIAIOTCS OHCCEKTPHUCAMU €ro
YTIJIOB:
ZBAO = Z/DAO =

b

/ABO = ZCBO = —.

ICHRl SRR

CBa3b MeXny CTOpOHOfI " JyuaroHajJsaMMNM:
d? + d? = 44>

@opMy bl s IOLIALN:
1) S=ahn,.

2) S =a?sino.
3) S = 0,5 d]_d2‘
10. KBagpar (a — cropona; puc. 327)

HuaroHanayu KBaJpaTa PaBHLI U B3aMMHO IIePIIEHIM-
KYJISAPHBI: d1 = d2= d, dlLd2.
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B C
a AC=BD=d
A D

Puc. 327

CBasn MeXny CTOpOHOfI 1 JUuaroHaJjiblo:

d:a\/E.

DopMyabl OIS IJIOMIALN:
S =a? S=05d>.

11. Tpanmeuusa
Ob6o3nayvenus (puc. 328):

a, b — ocHoBaHus;

| — cpenHAsa JUHUI;

h — BBICOTA;

d;, dy — puaromanu;

¢ — yroy MexXIy HUMMH.

CyMMa yIioB, IPUJIEKAIAX K KAXKJ0H 13 G0KOBBIX
cropoH AB u CD, pasua 180°:

/DAB + Z/ABC =180°% £ZBCD + LADC =180°.
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B C

M

1

1

1

1

1

1

1

i
A H D
Puc. 328

CpenHsasa JUHUA MapajjielbHA OCHOBAHUAM UM PaBHA
ee MmoJycyMme:

MN || AD, MN || BC, 1= 0,5 (a + b).
@opMyIbl AIA ILIOMIANN:
1) $=0,5(a+b)h.
2) S =1lh.
3) S =0,5d;dysine.

12. PaBHoOOuYHAA Tpamenus

Ouaronanu paBHOGOYHON Tpamemuu PABHEL:
AC = BD = d (puc. 329).

B C

Puc. 329
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OKo0J10 J1I000# PAaBHOOOYHOM TPAaIeIly MOYKHO OIINCATH
OKpysKHOCTH (puc. 330). OTa OKPYKHOCTH COBIALAET C
OKPY’KHOCTBHIO, OIMMCAHHON OKOJIO JIIO0OT0 TPEYrOJbHU-
Ka, BepIIMHBI KOTOPOrO COBIAAAIOT C BEPIIMHAMU
Tpamemun.

Puc. 330

B paBHOOOUYHYIO TPAIIEINI0 MOYKXHO BIIHCATH OKPYK-
HOCTBb TOJILKO IIPU YCJOBHH, YTO OOKOBAas CTOPOHA Tpa-
menuy paBHA HOJycyMMe ee ocHoBaHwuii (puc. 331):

m=0,5(a+b).

BricoTa Takoil Tpamenuu paBHA IUaMETPy BIIHCAaH-
HOUM OKPYsKHOCTH:

h =2r.
13.IIpou3BOJILHBII BHIMYKJBIH 7-YTOJBHUK

CyMMa BHYTpeHHHUX yrioB pasHa 180° (n — 2).
CyMMa BHEIIIHUX yIJIOB paBHa 360°.
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Puc. 331

ILnomaas BEITYKJIOTO 1-yTOJAbHUKA, B KOTOPBIH MOMK-
HO BIIMCATH OKPYKHOCTb:
S = pr,
rie p — MOJYyIePUMETD, I' — PAANYyC BIUCAHHON OKPYIK-
HOCTH.
14. TIpaBUIBHBIA N-yTOJBHUK

Ob6o3nayvenus (puc. 332):

a, — CTOPOHa BIIMCAHHOI'O Nn-yroJIbHHUKA;

R, — ero paguyc (T. e. paguyc OIMCAHHON OKPY-

HOCTH);
r, — anodema (T. e. pafuyc BIHCAHHOH OKDYX-

HOCTH);
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P, — mepumerp;
S, — MJIoWansb.
Bripaskenus a, u r, 4depes R, :

a, =2R, sin%, r, = R, cos 180 .

n

B uactHOCTH, IJIs IPABUIBHOTO TPEYTOJbHUKA, BIU-
CaHHOTO B OKPY:KHOCTh paguyca R:

ag = RV3, 3 =0,5R;
IS KBajgpara:
ay = RV2, ry = 0,5RV2;
JJIA IIPABUJIBHOT'O IIIECTUYTOJIBHUKA:

ag = R, 15 = 0,5R/3.
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Bripaskenus R, u 1, 4epes a,:

a, _a, 180°
—180°’ r, = ctg .

n
2sin 2 n

R, =

n

B uacTtHOCTH, Oid paguyca R okpyKHOCTHU, OIIMCaH-
HOIT OKO0JIO IPaBUJILHOI'0 TPEYroJbHUKA, KBaapaTa, Ipa-
BUJILHOTO II€CTUYTOJbLHUKA:

:a3\/§ R:a4\/§ R
3’ 2’

IJIS PAIUYCOB OKPYKHOCTEMH, BIIMCAHHBIX B IIPABUJIb-
HBIA TPEYTrOJbHUK, KBAAPAT, IPABUILHBINA III€CTUYTOJIb-
HUK (amodeM sTHUX (UTYD):

a3\/§ ay " a6\/§
6 2

R = ag;

rg =

Bripaskenus P, u S, uepes Rn:

P, =na, =2nR, sin 180 ;
n
S, :lnaﬁ tg 180 5
n
S, = lnRﬁ sin 860
2 n
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BprcheHI/Ie bn (CTOpOHBI IIPaBUJIBHOI'O OIIMCAHHOT'O

n-yroibHUKA) deped a, U R:

BI:Ipa}KeHI/Ie Ao (CTOpOHBI IIPaBHUJIBHOI'O BIIMCaHHO-

ro 2n-yroJpHUKA) depesd a, u R (dbopmyrna yaBoeHUA):

15. Yrasl ¥ mMpoONMOPIMOHAJIbHBIE OTPE3KH B Kpyre

ITeuTpansusbiii yron AOB usmepsierca ayroi AB, Ha
KOTOpYIO OH omupaercsa (puc. 333).

Brucanubiit yroa AM B nsmepsieTcs IOJIOBUHOM IyTru
AB, Ha KoTOpyI0 OH onupaeTcd (puc. 333).
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Puc. 333

Yroan KMA Me:xay KacaTeJbHOHM M XOPJAOM u3Meps-
eTcs IMOJOBUHOM nyru AnM, nexalreil BHYTPU SAHHOTO
yriaa (puc. 334).

Yron AMC, obpasoBaHHBIH AByMs xopaamu AB u CD,
mmepecekaroniuMcs B Touke M BHYTPHU Kpyra, UsMepsieTcs

K

Puc. 334

581



OCHOBHBIE ®OPMVYJIbL

monycymmoii nyr AC u DB, nexalux BHYTPU JaHHOI'O
yrja M BepTHUKAJIbHOTO ¢ HUM (puc. 335).

B

Puc. 335
M
D
B
A
Puc. 336
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Yron AM B, o6pa3oBaHHLII ABYyMA ceKyiumu MA u
MB, npoBeieHHBIMHU 13 TOUKU M BHe Kpyra, uaMepseT-
cd moaypasuocThio 1yr AB u CD, nekaliux BHYTPU JaH-
Horo yria (puc. 336).

Ecau nse xopasi AB u CD mepecekaioTcs B Touke M
(puc. 335), To MpousBeeHNe OTPE3KOB OHOM XOPALI PAaB-
HO IIPOM3BEJEHUIO OTPE3KOB APYTroil XOPIbI:

AM -MB=CM -MD.

KBagpaT KacaTeJbHON paBeH IIPOU3BEIEHUIO CEKY-
el Ha ee BHEIIHIO YacThb (puc. 337):

MC-MB = MK?.

Puc. 337
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16. /InuHa OKPY:KHOCTH.
IInomaap Kpyra u ero gacrei

Ob6o3nayvenus (puc. 338):

R — paauyc OKpPY:KHOCTH, KPyra;

D — IuaMerp;

C — IJuHA OKPYKHOCTH;

| — nauHa nyru AMB OKpY:KHOCTH;

o, 00 — IeHTPaJbHBIA yroJ B I'paJllyCHOI, paguaH-
HOU Mepe;

S — IIoIanb Kpyra;

S .., — niomansb cekropa AOB;
oy — IJIOIIAZIL CETMEHTa AMB;

DopMyIBbI JIUHBI OKPYKHOCTHU:
C =2nR; C = nD.
DopMYJIBLI AJIUHBI YU OKPYKHOCTHU:
I = nRa°
360°

DopMyJIbl IJIOIIAAN KpyTa:

; I = Ro.

2 CR
S -nr% s Mg %

Kpyra Kpyra 4 > ~kpyra 2
(DOpMyJIBI IJIolmagu cexropa:
_ nR%0° . 1

= ;0 S = —Rzoc.
CeKT 3600 CeKT 2
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dDopmyJia IJIOIagN CEerMeHTa:

1 .
= —R2(oc —sin a)
cerm 2
(sTa ke Qopmyaa cupaBemauBa u Iis cermenTa ANB,
JIOIOIHAOIero cermenT AM B, 3aIlITPUXOBAHHEIN Ha PHUC.
338, mo moJiHOTO Kpyra).

N

Puc. 338

17. IIpsamoyroabHas GeKapTOBA M IOJSIpPHAs
CHCTeMBI KOOPAMHAT HA ILJIOCKOCTH

Paccroarne mexny gByms Touxkamum My(xy; y1) 1

My (x93 y2) ¢

MM,y = \/(x2 —x1)% + (Y3 —)>-
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KoopauHaThsl cepeIHMHBI OTpe3Ka C KOHIIAMU
My (x5 y1) 1 My (%35 Ya):
X = 0,5(.76'1 +x2)’ y= 055(y1 +y2)'
YpaBHeHUne npsaMoii B 0o0IeM BHe:

Ax+ By+C=0,

rge n = {A; B} — BeKTOp HOpPMAaJIU K IPAMOMH.
VpaBHeHHe IPAMOI ¢ 3aJaHHBIM YIJIOBEIM K03(pdu-
nueHToM k:

y=Fkx+b.
VYpaBHEHUE IPAMOIL, IPOXOAAIIEH Uepes JaHHYIO TOU-

Ky M (xo; Yp) ¥ uMelomedl 3aJaHHBIA yIJIOBOH KO3(D-
duiuenr k:

Y—Yo = k(x—xp).
YpaBHeHUE IPAMOIL, IPOXOAAIIEH Uepe3 ABe JaHHLIe

rouku My (x1; Y1) u My (x5 Ys):

Y- _ *x— %
Yya -1 X2—x

VYpasuenne okpysxuocTu ¢ mearpom O (0; 0) u pa-
nuycom R:

% +y? = R%
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VYpasueuune oxkpy:xHOocTH ¢ HeuTpoMm C (a; b) u pagu-
ycom R:

(x—a)® +(y-b)? = R%

HaXO}R,Z[eHI/Ie AE€KapTOBBIX KOOPpAMHAT TOYKHN

M (x; y) TO ee U3BECTHBIM IOJIAPHBIM KOOpDAMHATAM
r, o (puc. 339):

X =rcosQ, y =rsinq.

YA
M
Yy r
(P T
o x x
Puc. 339

HaxoxaeHre moasgpHBIX KoopAuHAT Touku M (r; ¢)
IO ee M3BECTHBIM JEKapTOBLIM KOOPAMHATAM X, Y

(puc. 339):
r=4 2 +y2,
COS(Pziz;, Sin@:&:#
r

x2_%y2 r x2_%y2
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18. IIpsamoyroasHasi JeKapToBa CHCTEMa
KOOPIMHAT B IIPOCTPAHCTBE

Paccroguue me:xnay naByms Touxamu M 1 (xl; Y 21)
u M, (x,5 Yy 2,):

M, M, = \/(x2 —x1)% + (Y2 —y1)? + (2 — 1)

ROOpJ_II/IHaTI:I cepeagnHBbl OTpe3Ka C KOHIIaMHu

My (x15 Y15 21) m My (x25 Y3 22) -

x=0,5(x; + x5 +x3), Yy =0,5(y; + Yz + Ys),

z2=0,5(z1 +29 + 23).
OO0I11iee ypaBHEHME ILJIOCKOCTH:
Ax+By+Cz+ D=0,
rge n = {A; B; C} — BeKTOp HOpMAaJi K ILIOCKOCTH.
YpaBHeHUe ILIOCKOCTH, IIPOXOIAIEl uepes 3aJaHHYI0
Touky M (x¢; Y5 29) U IepPUIeHIUKYIAPHON BEKTOPY
n ={A; B; C}:
A(x—x9)+B({y—yg)+C(z—2p)= 0.
VYpaBHeHHE NJIOCKOCTHU, IIPOXOAAIIeH uepes Tpu
3ajaHHble TOUKM Mq (x1; Y15 21), Mo (x9; yag; 29) 1

Mg (x3; y3; 23):
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X—X1 Y-Yy1 2—2
X9 —X1 Yo — Y1 29 —21|=0.
X3 —X1 Y3~ Y1 23 —21

Vpasuenue cpepsl ¢ nearpom C(a; b; ¢) u paguy-
com R:

(x-a)? +(@y-b)?>+(z-c)? =R%

19. BexkTopsl M omepanmuy HaJ HUMU

KoopauuaTel BekTOpa ¢ HadaioM A (xq; Y15 21) 4

KOHIIOM B (X9; Yg; 29) :

AB ={x3 —x15 Y2 — Y15 22 — 21}
HOuuna Bextopa a{X;Y; Z}:
@l =Vx?+v?+ 2%
PaBenctso BEKTOPOB a{Xy; Y15 Z4} u
b{Xs; Yo3 Zo}:
X, = Xo3 Yy = Yo3 Zy = Zo.
Cymma BexropoB a {Xq; Yq; Z;} u 5{X2; Yo Zo):

a_+l;:{X1 +X2; Y1+Y2; Z]_ +Z2}.
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B napasnenorpamme ABCD, MOCTPOEHHOM HA BEKTO-
pax @ u b (puc. 340), tmaroHajab E, BBIXOMSAINAA U3

uX OOIero Hauaja, paBHa cymMMme a +b, a auaroHaJb

DB paBHa pasHoCcTH a —b.

Q|

>
o

Puc. 340

CpoiicTBa omepanuu CJIOKEHUsS BEKTOPOB:
1°. a +b =b +a (mepeMeCcTUTENbHBIN 3aKOH).
20, (@+b)+c=a+ (b +c) (coueTaTeqbHBIN 3aKO0H).

IIpoussenenue BekTopa a{X; Y; Z} Ha unciao A :

a{X; Y; Z) = b{AX; AY; AZ)}.

CsoiicTBa olepanuy YMHOMEHHNSA BEKTOPa Ha 4YMC-
JIO:

1% (Ap)a = A (ua) (coueraTenbHBIN 3aKOH).

20, (A+pa =Aa +pa (pacupeneJUTeNbLHBINA 3aK0H
II0 OTHONICHUIO K YMCJIOBOMY MHOMKUTEJIO).

590



T'eomeTpus

3% A(a+b)=ra+Ab (pacupenennTeabHBIA 3aKOH
II0 OTHOIIIEHUIO K BEKTOPHOMY MHOXXUTEJIO).

ITpusHak KonnuHeapHocTu BeKTOpoB a{Xy; Yi; Z¢)
u I;{X2; Y2; Z2}:

XN _nh 4

Xy Yy Zy

ITpusunak KoMIIaHApPHOCTH BeKTOpoB a{X;; Yi; Z;},

b{Xy; Yo; Zo) u ¢ {Xg; Ys; Z3):

Paznoxxenne BekTopa d IO TPeM HEKOMILIAHAPHLIM
BeKTOpaM a, b u ¢ :

d = aa +pb +yc.

OHpe,Z[eJIeHI/Ie CRaAJIAPHOI'O IIPpOM3BEeJE€HNsA BEKTOPOB

a{Xy; Yi; Z1) u b{Xy; Yo5 Zo):

a_l; :X1X2 +Y1Y2 "rZ]_ Z2.

591



OCHOBHBIE ®OPMVYJIbL

(I’OpMy.IIa AJI BBIUYMCJIEHUA CKaJAPHOI'O IIPOMU3BELe-

HUS BeKTOPOB a u b :
e _—
ab = |a”b‘cos(a, b).
dopmyJia IJd BLIUNCIEHUS KOCHHYCA yrila MeMXKIy

BeKTOpamMu a u b :

cos(a/\b)— ab .
al ]

CsolicTBa cKajgApHOro mpousseneHus (a, b, c —

JII00bI€ BEKTOPbI, A — JI1000€ YHCJI0):
1°. @@ >0, npuuem a2 >0, ecam a # 0.

b a (mepemecTHUTENLHBLIN 3aKOH).

b=
3°. (a +b)C¢=ac+ be (pacupesenTe bHbI 3aKO0H).
4%, (A (7)17 = X(a_g) (coueTaTeNbHBIN 3aKOH).
VcaoBue TNepHeHJUKYJISAPHOCTH BEKTODOB
a{Xy; Yi5 21} m b {Xp; Yo; Z5}
ab=X,Xy+Y Yy +Z; Zy = 0.

OmpeneneHre BEKTOPHOI'O IIPOU3BEIEHUS BEKTOPOB
@ U b: 9T0 TAKOI BEKTOD ¢ = a x b, UTO:

1) |E| = |a_| ‘b‘sin(p (m1MHA BEKTOpa ¢ UYMCIEHHO PaB-
Ha IJIOIIAAY MapaJjjesorpaMMa, IMOCTPOEHHOTO Ha BeK-

Topax @ u b);
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2) HampaBJIeHNe BEKTOpA ¢ IePHeHIUKYJISPHO ILIOC-
KOCTH, B KOTODOIl JIe?KAT BEKTOPbL & ¥ b ;

3) mOBOPOT OT @ K b HA HANMEHBIIWi yroJ BUIEH
U3 KOHIIA BEKTOpa ¢ IIPOUCXOISIIAM IIPOTUB YaCOBOMH
crpenku (puc. 341).

(I’OpMy.Ha AJId BBIUYMCJIEHUSA BEKTOPHOI'O IIpOM3Bee-

HUSA BEKTOPOB a {Xl; Y;; Zl} u E{XZ; Y,; Z2}:

i j k
a_xl; = X]_ Y]_ Z]_ .
Xo Yy Zy

BekTopHbBIe IPOU3BEAEHUSI OPTOB KOOPAMHATHBIX
oceii:
ixj=k, jxk=1i, kR xi=j;

ixi:jxj:I;xl;:E).
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CsolicTBa BeKTOpHOro mpoussemenus (a,b, ¢ —

J100bIe BEKTOPHI, A — JII000€ YHCI0):

1°. a xb = -b xa, T. e. Ipu IepeMeHe MECT COMHO-
JKUTeJIell BEeKTOPHOE MPOU3BeIeHNre MEeHAeT 3HAK.

20, (@+b)xc=axc+bxc (pacupesenuTebHbIH
3aKOH).

3% (L@)xb =A(a xb) (coueTaTenbHEIH 3aKOH).

OnpeesieHre CMENIAHHOTO IPOU3BENEHUA BEKTOPOB
a,b,c:
abc=a(xc)=(@xb)ec.
@opmysa 1A BBHIUMACIEHUA CMELIAHHOTO IIPOU3Be-
geHua BekTopoB a{Xy; Yy; Zy), b{Xg; Yo; Zo} m
c{Xg; Y3; Z3j:

CpolicTBa CMeIIaHHOTO Ipou3BeaeHus ( a, b ,c,d —
JII00bIe BEKTOPBI, A — J000e UmcJIo):
1°. abc =bca =cab = —(bac) = —(cba) = —(ach),

T. €. CMEIIIaHHOe IIpOM3BeJeHNe He MEHAETCA IIPU KPY-
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TOBOI IIepeCTaHOBKEe COMHOMKHUTEJIel 1 MeHseT 3HAK IIpu
IIepeCTaHOBKEe IBYX COMHOKUTEJIEeH.

2. (@+b)cd=acd+bcd (pacmpenenuTenbHbBIH
3aKOH).

30, (La)bec =r(abc) (coueTaTebLHLIN 3aKOH OTHO-

CHUTEJIbHO CKaJIAPHOI'O MHO}RI/ITGJIH) .

20. IIpusma ¥ TPOU3BOJHHBIN

nmapaJjuiesenumnes
Ob6o3nHayveHus:
| — 0oxoBOe pedbpo;
h — BBICOTA;
P — mepuMeTp OCHOBAHWUS;
S — ILIoIIAAb OCHOBAHUA;
- IMepuMeTp MePHeHIUKYJISPHOTO CeUueHUs
AOBOCODO;
cou mJjomiagb MepHeHIUKYJISAPHOTO CeYeHUuSd
AOBOCODO;
Sgox — IIOMIANb GOKOBOH MOBEPXHOCTH;
vV — obmem.

O0beM IpoOUM3BOJILHOIN Mpu3Mbl (puc. 342):
V=S8ShV = S ol

BokoBas MOBEPXHOCTh IPOU3BOJBHOM MPU3MBI
(puc. 342):

Sgox= Poeul

ceu ”
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BokoBas moBepXHOCTh MPAMOU npusmbl (puc. 343):
S6OI< = Ph.

Te ke popMyJIbI CIIPABEAJUBLI U IJIA IPOU3BOJILHO-
ro mapaJjuiejenumuena.

Puc. 343
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O0bem IIapaJjujaesienuniena, IIOCTPOEeHHOI'0 Ha BEKTO-

pax a, b, ¢ (puc. 344), paBeH aOCOJIOTHON BeJIUYNHE
CMEIIIaHHOI0 IIPOU3BENeHUS dTUX BEKTOPOB.

1

Sl

Q|

Puc. 344

21. IIpamMoyroJbpHbBIN NapaJijieenuiesn

Ob6o3nayvenus (puc. 345):

a, b,c — usMepeHusa mnapasiesenuiena;
d — ero guaroHajb;
O6wem:

V = abc.
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T
\
4 \
vd
\
\
\
larainininie At et
s N \
b / \\ \
’ o \
/, AN \\
// \\\\
1 N
a
Puc. 345

ILnomans OOKOBOM ITOBEPXHOCTHM:
S,,. = Ph.

60!
CBa3sb MeXAy AuaroHaJibIo IlapaJjijaesieniniiena mu ero
NU3MEepEeHUuAMMU:

d? =a® + %+ 2.

22. Ry6 (a — pebpo)

Oowem:

V =ad.

CBaA3b Mexay pedpoM M AUATOHAJIBIO:

d:a\/g.
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Puc. 346

23. ITupamuga

O0beM mpou3BONLHON mupamMupnbl (puc. 346):

v :lSh,
3

rjae S — mJonaab OCHOBAHUA, I — BBICOTA IUPAMUILI.
O0beM IuUpaMHUALI, IIOCTPOEHHOM HaA BEKTOpax

a, b, c (puc. 346), paBeH OAHOM ITecToii abCOJIOT-
HOM BEJIMYMHLI CMEIIaHHOI'0 IPOU3BEJeHNUA dTUX BEK-
TOPOB.

BokoBasg TMOBEPXHOCTh NPABUJIBHON NIUPAMUABI
(puc. 347):

S

roe P — mepuMeTp OCHOBaHUS, M — amodema mupa-
MUIBI.

Gox = Pm’
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Puc. 347

Eciu Bce GOKOBBIE T'PAaHU MUPAMUABLI MU MPU3IMBI
00pasyioT CO CTOPOHAMY OCHOBAHUS pPaBHbIE IBYI'DAaH-
HbIe yrasl @ (puc. 347), To

S

S. = .
cos ¢

6ok

24. YceueHHasa mMUpaMuaa

O6beM TPOM3BOJBHON yCEeUEHHOM MUPaMUILI
(puc. 348):

%4 :éh(gl +S2 +\[SIS2 ),

rme h — BBICOTA HMUpaMugbl, S; U Sy — IIOIALU
OCHOBAHUI.
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Puc. 348

BokoBas moBepxXHOCTh IPABUJIBHON yCEUEHHON ITH-
pamuzs! (puc. 349):

S T 0,5(P1 +P2)m,

60!

rge m — anodema, P, u P — IepuMeTpHl OCHOBa-
HUN.

-—-——-

Puc. 349
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25. IInauugp
Ob6o3nayvenus (puc. 350):
R — pajuyc OCHOBAHWI;
h — BBICOTA;
S, — TIomanb G0KOBOI IIOBEPXHOCTH;
vV — obmem.
Oo6bem:

V = nR%h.

Boxkosaa IIOBEPXHOCTH:

S,,. = 2nRh.

60!

— -

Puc. 350
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26. Konyc
Ob6o3nayvenus (puc. 351):
R — paauyc OCHOBaHUS;
h — BBICOTA;

| — oOpasymolasi;

S,,. — MIomanb GOKOBOH MOBEPXHOCTH;
V — obmem.
Oo6bem:
1
V = =nR2h.
3

Boxkosasa IIOBEPXHOCTH:

S. = nRI.

6ok

Puc. 351
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27. YceueHHBIII KOHYC

Ob6o3nayvenus (puc. 352):
Ry u Ry — paauychl OCHOBaHUIi;
h — BBICOTA;

| — obpasyiorras;

S,,, — TIomanb G0KOBOI IIOBEPXHOCTH;
VvV — o0beM.
Ob6bem:

V= énh (R + RZ + RiRy).

Boxkosasa IIOBEPXHOCTH:

S = TC(R]_ +R2)l.

6ok

Puc. 352

o~
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28. Ilap, chepa

Ob6o3nayvenus (puc. 353):
R — paguyc 1mapa, cepsl;
V — ob6meM IIapa.

S — maomans cdepsl.

O6meM IIapa:

v -4 R3.
3
Ilmomans chepsr:
S = 4nR2.
Puc. 353
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29. IllapoBoii cerMeHT
Ob6o3nayvenus (puc. 354):
R — paguyc 1miapa, cheps;

h = FM — BwIcoTa IIapoBoro cermenra AFB,;
V. ...— 00beM IIapoBOro CerMeHTa;
vory — ILIOIIAL TIOBEPXHOCTH CHEPUUIECKOTO Cer-
MeHTa.

O0beM IIapOBOrO CerMeHTAa:

v, = énhz(?,R — h).

ILnomians moBepxHOCTU chepUUECKOr0 CerMeHTa:

S, = 2nRh.

KB

NS

Puc. 354
606



T'eomeTpus

30. IllapoBoii cekTop U HMIAPOBOM CJIOI
Ob6o3nayvenus (puc. 355):
R — pagwuyc mapa, cepsl;

h =FM — BBICOTA COOTBETCTBYIOII[EI'O CEI'MEHTA;
o, — YroJl MeXIy OChbio M o0pasyioleii KoOHyca;
H = MN — BBICOTA IIIapPOBOTO CJIOH;

v

oes— 00BEM maposoro cexropa OAB;

inoq — TLIOIIANIH IOBEPXHOCTH IIIAPOBOT'O CJIOA, 3aK-
JIOUEHHOTO MexXay maockoctamu AMB u DNC.
O0BbeM IIapoOBOro CEeKTopa:

= E th;
CeKT 3
T L SR

CeKT 3
HJIOH_IaI[B IIOBEPXHOCTHU IIIApOBOI'O CJIOA:

S =2nRH.

CJIosa

Puc. 355



OCHOBHBIE OBO3HAYEHHS

e ~ 2,71828 — ocuoBaHIe HATYPAJIbHBIX JIOTAPU(MOB

nT~3,14159 — OTHOIlIeHNe AJUHBLI OKPYKHOCTH K
IraMeTpy

a=b — a paBHO b

a#b — a He paBHO b

a~b — a npubiu:KeHHO PaBHO b

a<b — a meusIne b

a>b — a 6oibIiie b

a <b — a MeHbIIIe UJIX PAaBHO b

a >b — a 6GoJbllle UJIKX PABHO b

ae€ A — a IPpUHANJIEKUT MHOMKECTBY A

a¢ A — g He IPUHALJICKUT MHOXKECTBY A

B c A — B aBisgercsa IOSMHOMeECTBOM A

AUB — o6penunenne MHOXKeCTB A u B

AN B - nmepeceueHue MHOKecTB A u B

) — mycToe MHOXKECTBO

N —MHOKeCTBO HATYPAJIbHBIX UMCEJ

Z — MHOJKECTBO IeJIBIX UKCE

@ — MHOYKEeCTBO PAIMOHAJBHBIX UMCEJ

I — MHOXXeCTBO WPPAIMOHAJBHBIX YKCE]

R — MHO’KeCTBO JeNCTBUTEJIbHBIX UUCEJ, YNCIOBAT
npsaMas

C — MHOKECTBO KOMILJIEKCHBIX UMCEeJ

D (a, b) — HamboabInuil OOIITUII HeIUTEIb YNCENT 4
ubdb

K (a, b) — HauMenbIiee 00IIlee KpaTHOe UKCea a U b

n:a — HaTypajabHOe UHCJO I JeJUTCA Ha HATyPaIb-
HOe 4ncjo a 6e3 ocraTka
% — IIPOIEHT
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OcHoBHBIE 0003HAUEHUS

M (x) — Touxka M Ha KOOPAMHATHOI IIPSIMOM mMeeT
KOOpAUHATY X

M (x; y) — Tourka M B mpsMOYTOJBHOMN AEKapTOBOM
cucTeMe KOOpPAMHAT Ha ILJIOCKOCTH MMeeT abciiumecy X u
OpAUHATY Y

M (x; y; 2) — Touka M B NPAMOYTOJHLHOU AEKapTO-
BOIl cucTeMe KOOPAMHAT B IIPOCTPAHCTBE MMeeT abcIiuc-
Cy X, ODAWHATY J U aUILIUKATy 2

M(r;p) — Touka M B IOJAPHOM CHCTeME€ KOOPAH-
HAT MMeeT IOJISAPHBIA Paguyc r U HOJAPHBINA yroa ¢

[a,b] — orpesok

(a,b) — unTepBan

[a,b), (b,a] — mosynHTEDPBAIBI
[a,+ ®©), (o, b] — ayun

(a,+ o), (—og —b) — OTKpPBITHIE JyUHU

(—©, + 0) — uncygoBasg NpAMas

|a| — MOAyJb (a0COIOTHASA BEINYNHA) NeHCTBUTE I b-
HOTO YuCJa a

[a] — memasa yacTh umcia a

{a} — mpobGHas yacTb uymucia a

a"™ — n-s cremeHb uucia a

n o

Ja — KODeHb n-ii CTelleHu U3 Uucjia a

z=(a;b) =a+bi — anrebpanmueckas popmMa KOMII-
JIEKCHOTO YHCJa 2

i, roe i2 = —1, — MHUMAad eJUHULA

Rez — peilicTBuUTeNbHASA YaCTh KOMILIEKCKOTO UWIC-
Jaa z

Imz — MHMMasg YacTh KOMILJIEKCHOTO YUCJA 2

|z| =7 — MOAYJb KOMILIEKCHOI'O YHCJA 2
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OcHoBHBIE 0003HAUEHUSA

argz =@, rge —n < @ < T, — IJIaBHOE 3HAUYEHUE ap-
ryMeHTa KOMIIJIEKCHOI'O UHCcia 2

Z = g — bi — YUCJO, COUPSKEHHOE C KOMILJIEKCHBIM
YUCJIOM 2

log, x, rme a <0, a # 1, — morapudm IOJIOKUTEIb-
HOTO YKCJIa X II0 OCHOBAHUIO a

lg x — mecaTuunslil Jorapudm umciIa X

In x — HATYpaJbHBIN JiorapudM UuciIa X

sinx — cuHyC X

COSX — KOCHHYC X

tg x — maHreHc x

610

ctg x — KoraHTreHC X

arcsin x — apKcuHYC X
arccos X — apKKOCUHYC X
arctg x — apKTaHreHc x
arcctg X — apKKOTaHIeHC X

f]_(x) = g]_(x)’

fa(x) = ga(x)
[£1(x) = g1(x),
| o (x) = g5(x)

ar
a21
a11

a21

asi

cucTeMa ypaBHEHU

— COBOKYIIHOCTh YpaBHEHUI

aia
— OIIpeneJjinTeJib BTOPOI'O IIOpAAKAa
22
a12 a13
Q292 Q23| _ ompemesnuTEeNb TPETHETO MOPAAKA
aza ass



OcHoBHBIE 0003HAUEHUS

n! — garTopual, IPou3BeIeHNEe II0CAeI0BaTEeIbHBIX
HaTypaJIbHBIX 4YMCeJI OT 1 Ao n

A,’f , rme k < n, — pasmelenus 0e3 IOBTOPEHUH U3
n 9JIEMEHTOB II0 k 5JI€MeHTOB

A”f — pasMeIleHus C IIOBTOPEHUAMU U3 N dJIeMEeH-
TOB IO k 3JIEMEHTOB

P, — mepecTaHOBKM 0e3 MOBTOPEHUN U3 N dJIeMEH-
TOB

ﬁ(kl, ky,..., k,) — IEPECTAHOBKHU C IIOBTOPEHUS-

MU, cogepxaliiue kl 9JIEMEHTOB IIepBOIro Tuiia, k2 aJIe-
MEHTOB BTOPOI'O THUIIA, ..., kn J9JIEMEHTOB 71n-I'0 THIIa

(B +ky +...+k, =n)

C,If, rae k< n, — coueranusa 0e3 MOBTOPEHUN U3 1
5JIEMEHTOB II0 k 3JIeMEeHTOB

C,’f — coUueTaHusA C IOBTOPEHUAMU U3 I 3JIEMEHTOB
1o k 5JeMeHTOB

(a,) = a1,a9,...,a,,... — TIOCIEIOBATEIbHOCTD

- 01,09,...,8,,... — apuMeTHUECKaa IpPOTrpeccus

— by,b9,...,b,,... — reomerpuuecKas Iporpeccus

lim f(x)=b, f(x) > b Ipu x - a — Tpenen GyH-
XxX—a

knuu f(x) paBeH b, ecau X CTPEMUTCA K a
Ax, Ay — IpupalneHne aprymeHra, IpupalneHne
PyHKIUN
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OcHoBHBIE 0003HAUEHUSA

y',f(x) — 3HaueHMe NIIPOU3BOJHOH (GYHKIUHU
y =f(x) B Touke X

y",f"(x) — sHadeHme BTOPOil IPOUBBOJHON (DYHK-
nuu y = f(x) B TOUKe X

dy — puddepernuan pysrimuu y = f(x)

Y,ous> Yuumr MaX [ (x), min f (x) — maubossinee, HAY-
[a,b] [a,b]

MeHbIIIee 3HAUYeHUS (PYyHKIUU Ha oTpeske [a,b]

b

J.f(x) dx — wHTerpan @yurnuu f(x) ot a no b
a

A — Toukra A

a, AB — npamasda a, npamas AB
o, ABC — IJIOCKOCTB O, ILa0ocKocTh ABC

|| — smax mapammenbHOCTH, HampuMep al| b, all «,

all p
1 — 3HaK MepHeHAWKYJIAPHOCTH, HAampumep alb,
ala, alP

/ — 3Hak yria, Hanpumep £ ABC, Z(a, b)
U — 3HAaK Ayru, Hanpumep UAB, U Pn@Q

orn

» s — Tpagyc, MWHYTa, CeKyHIa, HaIpuMep
57°15'40"

A ABC — tpeyroasaux ABC

~ — 3HakK nojobusa, Hanpumep A ABC ~ A A;BiC;

a, AB — BekTop a, BekTop AB

2

|¢7

E‘ — MOZYJIb BEeKTOpa |LT, MOJyJIb BEKTOpa ‘E‘
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OcHoBHBIE 0003HAUEHUS

a ={X;Y; Z} — KoopauHaTbl BEKTOpa g pPAaBHBI

X;Y; Z
%S _

(a,b) — yromx MexIy BeKTopaMu a u b

a-b, (a, b ) — CKaJlfapHOe IIPoU3BeleHIe BEKTOPOB
aub

axb, [a, b ] — BeKTOpHOe IIpou3BeJeHNe BEKTOPOB
aub

ab c, (a, b , ) — CMelllaHHOe IIPOU3BeJleHNe BEeKTO-
poB a, buc



IPEJIMETHBIN YKA3ATEJb

A

AGcosioTHasa BenuunHa duciaa 42
Aob6cmucca 34, 35

Anrebpanueckoe momoanenue 239, 240
Avnauryga xoaebanus 180
Arnodema mpaBUJILHOTO MHOIOYroJabHUKA 448
— MpaBUJIbHOI mupamMuabl 509

— — — yceueHHoit 513

Anniaukara 35

Apryment 120

— BcIoMoraTeJabHBIN 218

— KOMILTIeKCHOro uucja 62
Apkxocunyc 163, 166

Apxxoraurenc 165, 166

Apxcunyc 162, 165

Apxkranrenc 164, 166

Acumnrora BeprukanbHasa 301

— ropusoHTaJbHAA 296
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IIpegmerHbIli yKasaTeab

b

Buccekrpuca tpeyroasrauka 392, 393
— yria 368
Bousioit Kpyr mapa 527

BexTop 454

— eIUHUYHEBIN 455

— HyJieBo# 455

BexTopsl KoinHeapubie 464

— KoMILTaHapHble 465

— IepneHIUKYJIApPHbIe (OPTOroHAJIbHBIE) 458
— paBHBIE 457

Bepinnua KoHmuecKoi mosepxuoctu 520
— MHororpanHuika 498

— MHOroyroJbHuKa 371

— mapaboasr 174

— nupamugsl 508

— yraa 365

— — TpexrpanHoro 494

BsaumHOe paciosioskeHne JBYX OKpy KHocTeir 432, 433
— — — mIockocTeit 488

— — — npameix 133, 134, 480

— — IpAMOH U OKpyxHOCTH 429

— — — — maockoctu 483

Buecenne MHOMKHUTESA IIOJ 3HAK KOPHS 97
Buemruasa yacTh cekyirei 441
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IIpegmerHbIili yKasaTeab

BosBeneHue B cTeneHb KOMILJIEKCHOro uucjaa 65, 540
— — — obeux uacTeil HepaBeucTBa 263
————— ypaBHenus 183

— — — paIuoHAJLHOMN apodu 93

Brigenenne moaHoro Kpagpara 172, 173, 542
BoiHeceHre MHOMKUTENA U3-II0J 3HAKA KOpHA 96
— — ob1ero 3a cCKooxku 76

Bripaskenue anreépanudeckoe 68

— — npobHoe 68

— — uppanuoHajabHoe 69

— — panuoHagbHOe 68

— — 1eJioe 68

— conpskenroe 100

— TpaHcHeuaeHTHoe 100

— Tpuronomerpuueckoe 106

— uncjoBoe 6

Bricora Komyca 521

— — yceueHnHoro 524, 525

— mapaJiaenorpamma 413

— nupamuasl 509

— — yceueHnHoit 513

— mpusmbl 502

— rpanenun 417

— TpeyroJbHuKa 396

— muiauHapa 516

— IapoBoro cermenra 527

— — cJyoa 527

Brruncienue mpegesioB mociaenoBaTenbHocTeir 292
— — ¢yuruui B Touxke 302, 303

— — —nopu x —> o 298
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IIpegmerHbIli yKasaTeab

Breruuraemoe 6

Breruuranue apobeil mecATUUYHBIX 23
— — OOBIKHOBEHHBIX 18

— — panuoHaJbHBIX 91

— KOMILIEKCHBIX umces 57

r

T'eoMeTpuUecKMii CMBICJ Ipefesia IIOCIeI0BATEIbHOC-
™ 291

— — — QyHKIUU Ipu x —> o 296

— — mpousBoaHOi 317

— — ¢opmyasl Jlarpamxa 319, 320
Teomerpuueckoe MecTo Touexk 374
T'unep6osa 136, 521

T'unmorenysa 391

T'panyc 368

T'panp GokoBas mupamMugbl 508

— — mpusMmsl 502

— MHororpanHuka 498

— yrya aByrpanaoro 493

— — TpexrpanHoro 494

T'padur rapmoruueckoro xouaedbauusa 181
— MPOHOPIMOHAJbHOCTH obpaTHOi 136
— — mpamoii 132

— YpaBHEHHSA C ABYMs IIepeMeHHbIMU 224
— ¢pyuxuuu 123, 124

— — KBagpaTuuHoi 173

— — nuuHeliHo# 133

— — Jgorapudmuyeckoi 151
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IIpegmerHbIili yKasaTeab

— — HeuerHoi1 126

— — obparuoit 149

— — mokKasaTeibHOH’ 145, 146
— — mocroaHHO 123, 130

— — uyeTHOM 126

— —y =[x] 144
— —y={x} 144
— — y =] 127

Tpapuru QpyHKIMIE 00paTHBIX TPUTOHOMeTPpUUYecKux 162,
164

— — creneHHbIx 136—138, 140—143

— — TpuronomMerpuueckux 158—161

I'paduuecKkoe pellleHre HEPABEHCTBA C IBYMS IIepPeMeH-
HBIMHU 265

— — — — ojHOM nmepemenHoii 246, 252, 253

— — cucTeMbl ypaBHeHuii 234

— — ypaBHEHUS ¢ OJHOM mepemenuoi 219

i

HelicTBuTeNIbHAS YAaCTh KOMILIEKCHOI'O yucjaa 58
Henenue nqpobeil mecaTuuHbIX 24, 25

— — OOBIKHOBEHHBIX 19

— — palnuoHAJILHBEIX 92

— KOMILJIEKCHEIX uucea 57, 58, 64, 540

— MHorouyieHoB 80—84

— cocrarkoMm 7, 80, 542

— «yraom» 7, 81

Henxumoe 6, 7, 80
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IIpegmerHbIli yKasaTeab

Henaurens 6, 7, 80

— obmuii 9

— — HauboabInuii 9

HecaTtuunoe OpubIM:KeHNe YKcaa Mo U30BITKY 54
— — — — HeJocTaTKy 54

Huaronanb MHOTOTpanHUKa 498

— MHOroyroJbHHKa 371

— ompegeauTeda riaasaasa 230

— — mob6ouHas 230

— mpusmbl 502

Huametp okpy:xHOCTH 430

— cdepsl 526

HuckpumuaauT 185

Hudpdepennuan 321

HuddepeHiinaibuoe ypaBHeHNe BTOPOro mopsaaka 354
— — rapMOHHYECKHUX KoJaebaHuii 358

— — IepBoro mnopanaxa 353

— — IIOKasaTeJbHOro pocra 356

— — — yO6bIBaHuA 356

Hudpdepennupoanue 309

— npoussegenud 310, 311, 555

— caoxkHOI pyurmuu 313, 555

— cymmel 310, 555

— yactHoro 311, 555

I nuna 6ucceKTpuchkl Tpeyroabuuka 393, 394, 561
— BekTopa 454, 455, 589

— BBICOTHI TpeyrojabuukKa 396, 562

— Oyru oOKpy:xHOCTU 444, 584

— MeAuAaHBI TpeyroabHukKa 395, 562

— okpyskHOCTHU 443, 584
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IIpegmerHbIili yKasaTeab

Honmexasap 500

IokasaTenbCcTBO HepaBeHCTB 266—270
HomycTuMble 3HAUEHUA IIEePEeMEHHOH 69
Hpobuas uacts uucaa 15, 46

Hpobn mecaruuHas 21

— — OeckoneuHas 26

— — — mepuoguyeckas 27

— — — — cwmemranHasa 27

— — — — uywmcraa 27

— HemnpaBuJbHadg 14

— HecokpaTtuMmasa 16

— oObIKHOBeHHasA 13

— mpaBuabHaa 14

— panuoHanbHas 86, 87

3

3aJaHue IIOCJIeLOBaATeIbLHOCTY aHAJIUTHYecKoe 283
— — pexyppeHTHOe 284

— — caoBecHoe 284

— (yHKIUN amajgutTudyeckoe 121

— — rpaduueckoe 123, 124

— — TabauuHoe 122

3ajauy Ha reoMeTpuyecKue mocrpoenusa 384—389
— — OTBICKaHNe HaMOOJILIINX WM HaWMEHBIINX 3Ha-
yeHni Beanund 331—333

— — cocraBJyieHne ypaBHeunuii 199—202

3aK0H mepeMecTUTeJ bHEIN caoxkenus 6, 44, 460, 535
— — ymMHOMeHud 6, 44,469, 535, 592
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IIpegmerHbIli yKasaTeab

— pacipeneInTe/JbHLIN YMHOMKEHNA OTHOCUTEIBHO CJIO-
sxenud 6, 44, 462, 469, 474, 476, 535, 590—592, 594, 595
— coueTaTeJbHBIN caoxxeHuda 6, 44, 460, 535, 590

— yMHOMeHus 6, 44, 462, 469, 474, 476, 535, 590, 592,
594, 595

3aMeuaTeJbHbIE TOUKU TpeyroJbHnKa 398

3BeHo Jomanoit 370, 371

3HaK BKJIOUeHUA 38

— uHTerpaa 342

— HepaBeHCTBa HecTpororo 39

— — cTrpororo 39

— obbenuHeHus 38

— mepeceueHusa 38

— IpuGIMIKEHHOTO paBeHCcTBa 52

— mOpuHagaexKHOCTH 37

3HaKU TPUTOHOMETPUUECKUX (PYHKIUH I10 YEeTBEPTIM
155

3HaMeHaTeJb reoOMeTpPUUYecKoi nporpeccun 287

— npobu 14

— 00Iui OOBIKHOBEHHEBIX Apobeit 16

— — — — HauMeHbInuii 16

— — paIUuOHAJLHBIX Apobeii 89

3HaueHre apryMeHTa rjasHoe 62

— OyKBBI 13

— BBIpasKeHHusa ajrebpamueckoro 70

— — uywncJygosBoro 6

— IIPOM3BOAHON PYyHKIMKU B Touke 307

— ¢yurmun 120

— — Hawumbosbliee 328

— — HauMeHblee 328
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IIpegmerHbIili yKasaTeab

— ymceJa IpudanKenHoe 53

3HaueHNUsA BRIPAXKEHUH cooTBeTcTBeHHBIE 70

— TPUTOHOMETPUYECKHX (PYHKIMI HEKOTOPBIX YIJIOB
154, 546

n

Wsb6asnenue or uppanuonaaboctu 100

WsBieuenne KOPHA n-ii CTEIIEHU 13 KOMILIEKCHOTO UMC-
1a 65, 66, 540

WNsmepeHus npAMOyroJbHOro mapasienenunena 506
HUxrocasap 500

Wurerpan 342, 344, 557

Wurepsan 40, 41

WccnenoBaHue cucTeMbl IBYX (Tpex) JUHEHHBIX ypaBHe-
Huii ¢ nBymsa (Tpems) nepemenubivMu 230, 231, 240, 241

K

KacarensHasa K rpapury pyHxmuu 318
— — OKpyKkHOCTH 429

— ILJIOCKOCTBL KoHyca 521

— — muauHapa 517

— — mapa 526

Karer 391

Ksagpaur 34

Ksagpar 416, 573, 574

Ksagparusiii Tpexunies 79
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IIpegmerHbIli yKasaTeab

KommnexcHbIl HYJIb 57

Konnueckue ceuenus 521

Konyc 520, 521

— Kpyrosoi 521

— — mpawmoit 521, 603

— yceueHHBIN 524, 604
Kounenrpuueckue oKpyxuocTtu 432
Koopaunara Touku Ha npsamoii 29
Koopaunaruas yersepTh 34
Koopaunarsr BekTopa 454, 589

— TOYKHU HOJIAPHEIE 35

— — IPAMOYrOJIbHBIE JEKAPTOBBI B IIPOCTPAHCTBE 35
— — — — Ha IJIocKocTHu 34
Kopeus apupmernuecknii 48, 537

— KBagpaTHbI 48

— mHorousena 80

— HEYeTHOH CTeleHHU W3 OTPUIlaTeJbHOro umciaa 50
— IIOCTOPOHHMUM JJys ypaBHeHus 190
— ypaBHeHnusa 182

Kocunye 153

Koraureunc 154

Kospdumment ogmounena 72

— moxobus 409, 410

— mpomnopiuoHaJgbHocT 131

— — obparuoit 134

— yrJyoBoii 132, 361

Kosppumentsr maorounena 79

— pasjaosKeHus BeKTopa 466

— ypaBuenus 183, 184, 224
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IIpegmerHbIili yKasaTeab

Kparzoe 6

— obiee 10

— — Haumenblree 10
KpuBas saaxos 257, 258
Kpyr 429

Ky06 500, 507, 598

JIuuusa meuarpos 432, 433
Jlorapupm 101—103, 545
— pecaruuHbiil 104

— HaTypaJbHBIN 152
Jlorapupmuposanmne 103
Jlomamas 370

— BBINYKJasg 373

— samMKHyTasa 371

— obwemyemas 373

— obbemiomasa 373
JIyu, 40, 41, 359

— OTKpBITHIH 40, 41

M

Maxcumym 324

ManTtuceca gecatuunoro Jiorapudma 105
Menuaua 395

Mepa yria rpagycuasa 154, 155, 367—370
— — pagmanHada 154, 155, 369, 370
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IIpegmerHbIli yKasaTeab

Meron BBeleHUsI BCIIOMOTaTeJbHOro aprymenra 218
— — HOBOI1 nepemennoi 196—198, 202, 204, 205, 212,
213, 228

— BO3BegeHusd B creneHb 202, 255

— T"aycca 237, 328

— rpaduueckuit 219, 234, 246, 252, 253, 264—266
— JI0Kas3aTeJIbCTBAa OT IPOTHUBHOIo 269

— Jgorapudgmuposauuda 207

— OIleHKM 3HaKa pasHoctu 266

— monacTaHoBKU 226

— IPOMEXYTKOB 258

— pasJjoxkeHus Ha MHOxKuUTeau 195, 198, 210

— cuHTeTUYecKuit 268

— cJyoxxenus 227

— ypaBHUBaAHUA JOrapuPMUPyeMbIX BbIpasKeHUi 205
— — moxkasareinein 204

— (yHKIMOHANBHBIN 220, 221

Munumym 324

Munyra 368

Muumasa eguuuia 58

— YacTh KOMILJIEKCHOIO umcjaa 58

Muororpanuux 498

— BBINYKJBIH 498

— mpaBuJbHBIA 499

Muoroyroasuuk 371

— BBRINYKJBIH 371, 576, 577

— npaBuabHBIN 447, 448, 577—580

Muorounen 73

— n-i crenesu 79

— cummMmeTrpuueckuii 233
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IIpegmerHbIili yKasaTeab

MuoroujieHbI OCHOBHBIE CUMMeTpuyeckue 233
Muo:xkecTBo 3HaueHuit pyukmuu 120
— mycToe 38

— ypceJ OeHACTBUTEJIBHBEIX 37

— — HWppalUoOHAIBHBIX 37

— — KOMILIEKCHBIX 37

— — HaTypaJbHBIX 37

— — paluoHAJbHBEIX 37

— — 1meJasIx 37

Muoxureau 6

— JIOIOoJHHuTeJIbHLIe 17, 89

Moaysis BeKTOpa 454

— ypcja geiicreuresbHoro 42, 536
— — KoMmILIeKcHoro 59, 539

H

Haxnaonnasa 378, 379, 484

Hanpasienue orpunareabuoe 30

— moJo:kuTeabHoe 30

Hanpasasroniasa IMOBEPpXHOCTU KOoHHUYecKoir 520
— — IWIMHApPUYecKoi 516

Hauamno koopaunat 33, 34

HauanpHas dasa xKosnebanusa 180

HepasencTBo BTOpOIi crenenu 250, 252, 253

— nBoiiHoe 39

— JnpobHo-n1uHeiHoe 250

— uppanuoHaabHoe 263
— Komu 266, 267, 551
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IIpegmerHbIli yKasaTeab

— JnHelHOe 247, 248

— Jsorapudmuueckoe 261

— omopHoe 268

— mokasaTreabHoe 260

— pammoHanbHoe 257, 258

— ¢ IByMsA IepeMeHHbIMU 265
— — OJHOM mepeMeHHON 245
—, copepaKkalee moayau 254, 255
— TpeyroabHuka 268, 390, 551, 561
— TpUroHOMeTpuueckKoe 264

— ywucJyaosoe 39, 40

Hopmans x miaockoctu 363

— — mpamoit 360

0)

O6sacTh AONYCTUMBIX 3HAUeHUIT ypaBHeHus 192
— oIpefeJeHnsa aJredpanyecKoro BeIpakeHus 69
— — ypaBueHnusa 192

— — ¢yarmuu 120

OGpasyroiasa IMOBEPXHOCTU KoHHUYecKoir 520

— — IWINHApPHUYecKoi 516

O0befuHeHNe MHOMKEeCTB 38

O6bwem kKouyca 522, 603

— — yceueHHoro 525, 604

— Ky0a 507, 598

— ImapaJulesIenuIe/a, IOCTPOEHHOTO Ha BEKTOPaxX @, b
u c 476, 597

— — mpamoyroasHoro 507, 597

b
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IIpegmerHbIili yKasaTeab

— nupamuas: 509, 510, 599

— — yceueHHO# 513, 600

— mpusmsel 503, 595

— Teja Bpamienus 351, 352, 559

— — C M3BECTHOM ILIOIIAAbIO IOIIEPEeUHOoro ceueHns 351,
559

— nuauHaapa 517, 518, 602

— mrapa 527, 605

— ImapoBoro cermenra 528, 606

— — cekTopa 528, 607

Opuousen 71, 72

OpHousieHsl MOLOOHEIE 73

OkpecTHOCTS TOUKM 291

OxpyxuOoCTh 428

— BHEIIIHe BIIMCAHHASA IJA TpeyroJbHuka 392
—, BIIICAHHASA B TPEYroJbHUK 392

— exuuuuHaa 153

—, OIIMCAHHAA OKOJIO TPeyroJabHuKa 398
Oxrasap 500

OnpenenanTtenasb Broporo mopsaaxa 230, 543
— TpeThero nmopanka 230, 543

Opaunara 34, 35

Opt 455

OproreuTp 397

OcBobosxgenne or sHaMmenarens 191
OcuHoBaHne Kouyca 521

— Jsorapudma 101

— HakJoHHOI 379

— mnepueHAuKyJIapa 378, 484

— nupamugsl 508
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IIpegmerHbIli yKasaTeab

— paBHOOeApPeHHOro TpeyroabHuKa 390
— cremnenu 9, 46

OcHoBaHusa mnapaJjiaeaorpamma 413
— mpusmbl 502

— rpanenun 417

— yCeueHHOro Kouyca 524

— yceueHHO¥ mupamMuiabl 513
OcratoK 7, 81

Ocs abciuce 33, 34

— anmiaukar 34

— nelicrBuTenabHada 61

— muMag 61

— opauHar 33, 34

— moaApHasa 35

— cuMmMeTrpuu napabosnsr 174

— — ¢urypsr 377

— muiauHapa 517

Orpesoxk 40, 41, 359

ITapa6Goaa 125, 170, 521

— KyOuueckasa 137

ITapannenenunen 505, 595, 597

— mnpamoit 505

— npaMoyroabHbIi 506, 597, 598
ITapannenorpamm 413, 570—572
ITapanienbHOCTS ABYX IJIOCKOcTeilr 488, 490
— — npambeix 380—382, 480, 491
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IIpegmerHbIili yKasaTeab

— IpAMOH M IIocKocTu 483

ITapannenbHblii mepeHoc rpapuxa 171, 172
ITapamerp 221

ITapa umcen 33

ITepBooGpasuas 338, 556

IIpsmas 3HAKOB y uieHOB Apobu 87, 88
Ilepemennas 13

— gaBucumas 120

— MHTerpupoBaHHasa 342

— uezaBucumas 120

Ilepeceuenue MHOMKecCcTB 38

IlepecramoBru 273

— 0e3 moBTOpeHuuii 274

— ¢ noBTOpeHuAMHu 274

ITepuon 6eCKOHEUHOI JeCATUYHON MePUOAUYEeCKOi Jpoou
27

— ¢yaRIUN 128

— — ocHOBHOI1 128

Ilepnenaukynap K miockoctu 484

— — npawmoii 378, 480, 481

— 00U ABYX CKPEIUBAIOIUXCA NPAMBIX 481
— cepenuHHLI 374, 379, 380
IlepneH UK yIAPHOCTE ABYX BeKTOPOB 458, 469, 592
ITupamuga 508, 509, 598—600

—, BIICAHHAA B KOHyC 523

—, OIMCaHHAA OKOJIO KoHyca 523

— mnpasuiabHag 509, 599

— yceuenHaa 513

— — mpaBuiabHag 513
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IIpegmerHbIli yKasaTeab

ITnockocrs 359, 362, 363

— auamerpanbHas 527

— KoopauHaTHad 33, 34

— uywucygoBas 33

ILnomaas OOKOBOM mMOBepXHOCTH KOHyca 522, 603

— — — — yceueHHoro 525, 604

— — — nupaMuasl (IpU3MbI), OOKOBBIE I'PAHM KOTOPOM
00pa3yioT CO CTOPOHAMM OCHOBAHUSA PaBHbIE NBYIPAH-
Hble yriasl 510, 600

— — — — upasuabHOK 510, 599

————— yceuenHoi 513, 601

— — — npusmsl 504, 594, 595

— — — nuaueapa 518, 602

— kBazapara 420, 574

— Kpyra 444, 445, 584

— MHOTOYT'OJIbHHKA, B KOTOPBI MOYKXHO BINCAThH OKPYK-
HOCTB 453, 577

— — mpaBuUIbHOrO 452

— mapaJienorpamma 421—423, 571, 572

— ILJIOCKOM ¢uryps 347, 5568

— moBepxHOCTH chepuueckoro cermenra 529, 606

— — 1mraposoro caosa 529, 607

— npamoyroabuuka 420, 572

— pomba 421, 573

— cermenra 446, 585

— cekTopa 445, 584

— ctepsr 528, 605

— rpanenuu 425, 575

— — KpusoJauHeiinoit 347, 5568

— rpeyroabuuka 405—407, 563—565
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IIpegmerHbIili yKasaTeab

— — npasuabHoro 409, 567

— — npamoyroasHoro 408, 566

— ueThIpexyroJbuuka 425, 568

— — , B KOTOPO¥ MOJKHO BIIMCATEL OKPYXHOCTL 427, 570
— — , OKOJIO KOTOPOTO MOKHO OIKCATH OKPYKHOCTh
427, 569

IToBepxHOCTEL KOHMYecKas 520

— HuInHApHUYecKasa 516

— 1mapoBas 526

ITorpemuocTs abcoaoTHAA 53

— oTHOcuTeJbHasA 53

ITogmuOXecTBO 38

ITomob6ue 409, 410

IToxkasarenb Kopua 48

— cremnesu 9, 46

ITonyunrepsai 40, 41

ITonykpyr 430

ITonymiockoceTs 363

ITonynpamas (ayu) 359

ITomioc 35

ITonspubIH paguyc 35

— yroJa 35

ITopanox apudMeTnuecKUX AeHCTBUH 7
— uncia 47

ITociemoBaTenpHOCTL YncaoBasag 283

— — Bo3pacrTarInas 284

— — mMoHoToHHas 284

— — mocrosuHHas 285

— — cxogamasaca 291

— — yoObIBaromiaa 284



IIpegmerHbIli yKasaTeab

ITocTpoenne rpadura KBagpaTuuyuHoi pyuxmmu 174—176
IToreunnuposanue 104

IIpaBuia BeIUMCIeHUA NHTETrpaioB 345, 558

— — mepBoobpasHbIx 340, 557

— JOeHcTBUM HAL IeHCTBUTEJLHBIMHU umnciaMu 44

— nmuddepennuposanusa 310, 311, 313

— mpepeabHoro mepexoma 301

— mOpuBemeHusa Apobell K HamMeHbIIIEMY OOIIeMy 3Ha-
menaresno 17, 18, 89, 90

IIpaBuio ucciaegoBanus PYHKIIMU Ha dKcTpemMyM 326
— OTBICKAHUS HaAMUOOJIBIIIEro O0Iero AeauTeas 9

— — UM HaWMMEHbIIIero 3HaUeHUI HelpepuIBHON (GyH-
KIMKU Ha oTpe3ke 329

— — HaumMeHbIero obirero Kparuoro 10

— — IIPOUW3BOMHOI HEMOCPEACTBEHHO IO ee OoIpemeJie-
Huio 307, 308

— napaJjaeaorpamma 458, 459

— Tpeyrojbuuka 459

— TpeyroJbHuKoB 239

IIpaBuanHble MHOrorpanuunku 499—501

IIpemen mHTerpupoBaHUA BepXHUMN 342

— — HmWXKHUHA 342

— 1mocJemosareabHocT 291

— ¢yaEIUHN B Touxke 300

— —1upu x —> o 296, 297

IIpencraBiieHre OOBIKHOBEHHOU OPOOU B BUIE MECATUU-
Hol1 21, 22

IIpeoGpasoBanusa apudpmernuecKux KopHei 96, 97

— BBIpaXKeHUH uppanuonaJabaerx 99, 100

— — panuoHaJbHBEIX 94, 95
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IIpegmerHbIili yKasaTeab

— — , comepaxarux jJorapupmer 101—104

— — , — oOpaTHble TPUTOHOMETPUUYECKUEe (PYHKIIMN
118,119

— — TpuronomMmerpuuecknx 106—118

— rpadukos 168, 169, 171, 172,177, 178
IIpuBenenue npobeill K HaMMEHBIIIEMY OOIEeMy 3HaMe-
Hartesro 16—18, 89, 90

— OOJOOHBLIX YJIEHOB 73

IIpusma 502, 503, 595

— , BIIHCAHHadA B nuauuap 518

— HakJoHHaA 502

— , OIIMCAHHAasA OKOJIO IUJInHApa 518

— mnpaBujabHadg 503

— npamasg 502

IIpusHaK KoJLIMHEeapHOCTH BeKTopoB 464, 591

— KOMILIaHaPHOCTH BEKTOpPoB 465, 591

— IapajaeJbHOCTU ABYX ILJIOCKocTeil 488

— — OpAMOH M IIocKocTu 483

— MNepHeHINuKYIAPHOCTH ABYX BEKTOpoB 469, 592
— — — miockocteit 493

— — OpaMoii u miaockoctu 484

— MoJ00MsI MHOT'OYTOJBHUKOB 373

— paBeHCTBAa MHOT'OYTOJbHUKOB 373

IIpusuaku geammoctu 11, 12

— HapaJLIeJbHOCTH ABYX IPAMBIX 381, 382

— momobus TpeyroabEukos 410, 411

— paBeHCTBa TPEYTroJbHUKOB 399

— — — npamoyroJabubix 400, 401

IIpupamienue aprymenra 305

— ¢dyurmuu 305

634



IIpegmerHbIli yKasaTeab

IIporpeccus apudpmeruueckas 285, 286, 553
— reoMmeTpuueckas 287, 288, 554
IIpoeknusa HakaouHoui 379, 484
IIpousBenenue BeKTopa Ha umcygo 460, 461, 590
— BeKTopHOe 471—474, 592—594

— OJHOUYJIEHOB 72

— cransapHoe 467—469, 591, 592

— cmeranuoe 475, 476, 594, 595

— uypncen 6

— — KOMILIEKCHBIX 57

IIpoussoguas 307, 554

— BTOpasg 315

IIpousBogHbIe mpomopuuu 45
IIponopuuoHanbHOCTL obpaTHas 134

— mpamasa 131

IIpomopmus 45

IIpoment 25

IIpamasa 359, 360

— KoopauHaTHas 29

— yucJyoBada 32, 41

IIpamoyronsauk 414, 572

IIpssMble B3aMMHO IIepHeHAUKYJIAPHEIE 368
— mapaJjuienbHble 133, 134, 360, 380, 480
— nepecekarornueca 133, 360, 480

— ckpemuBaromniuecsa 480

|

PasHocuinnHBIe HepaBeHcTBa 245
— cucTeMbl ypaBHeHui 226
— ypaBuenusa 182, 183, 223

635



IIpegmerHbIili yKasaTeab

Pasurnle BekTOpsI 457, 589

— npobu 15

— KOMILJIEeKCHBIe uncjaa 57, 539

Paguau 369

Pagunyc nmoaspHbIi 35

— IPaBUJILHOIO MHOTOYIoOJbHUKA 448

— OKpyKHOCTU 428

— cdepsl 526

Pasiosxenne BeKTOpa II0 TPEM HEKOMILIAHAPHBIM BeK-
Topam 466, 591

— Ha MHOXKHUTEJN ABydiIeHa x" — a” 85

— — — KBajpaTHOTo TpexujieHa 84, 542

— — — MHoOroujeHa 76, 198

— — — HATypaJbHOIO yucja 8

— OIpemeNuTeN]sI IO 3JeMEeHTaM CTPOKHU HJIM CTOJI0IA
240, 543

Pasmemenus 272

— 0e3 moBTOpeHnuii 272

— ¢ noBTOpeHuAMT 272

PasuoctHOe oTHOIIenue 308

PasnocTs apudgmernueckoii mporpeccuu 285

— BeKTOpOoB 461, 462, 590

— uncen 6

— — KOMILJIeKCHBIX 57

Paccrosiume Mex Iy CKpeluBaOIUMUCA IpaMeiMu 481
— OT TOYKU [0 IIIocKocTH 484

— — — — nupamoit 378

Pacrsakenne rpapuxa 168, 169, 177

Pebpo 6oxoBoe mupamMmugbl 508

— — mpusmsl 502
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IIpegmerHbIli yKasaTeab

— MHororpanHuika 498

— yryaa aByrpanHoro 493

— — TpexrpanHoro 494

Pemrenne nudpdepeHnaIbHOro ypapHenusa 354
— HepaBeHCTBAa C ABYM:A IepeMeHHbIMU 265
— — — ofHOII mepeMeHHOH 245

— cHucTeMbI HepaBeHCTB 248

— — ypasuenuii 225, 236

— COBOKYIHOCTU HepaBeHCTB 249

— YpaBHEHHSA C ABYM: IIepeMeHHbIMU 223
— — — opHOIT mepeMeHHOM 182

Pom06 414, 415, 572, 573

C

CBoOi#iCcTBO OCHOBHOE JPOo0M OOLIKHOBEHHOM 15
— — — panuoHaJbHOMN 87

— — — mepsBoobpasHoii 338

— TPaH3UTUBHOCTU HepaBeHcTB 39, 535

— XapaKTepucTHUYecKoe IapaJjiengorpamma 413
— — mporpeccun apudpmerrdeckoin 286, 553
— — — reomeTrpuueckoi 288, 554

Cerment 430

CexTop 430

Cexynaaa 368

Cexymrasa 429

Ceuenne npuaMbl guarosaJjbHoe 502

— — mepHneHAUKyJasapHOe 502

— KoHyca oceBoe 521
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IIpegmerHbIili yKasaTeab

— IUJInHApPa oceBoe 517

Coxarue rpadura 168, 169, 177

CummMmeTpuuHoOe npeobpasoBanue rpapuxa 169, 178
CuMMeTpHUsi OTHOCUTENLHO mpsaMoii (oceas) 376, 377
— — rouku (ueHTpaabHasa) 375, 376

Cunyc 153

CucreMa KoopAMHAT IOJsApHas 35, 36

— — IPAMOYroJbHAfA IeKapToBa B IIPOCTpaHcTBe 34,
35

— — — — Ha ILJIOCKocTHu 33, 34

— HepaBeHCTB 248, 265

— ypaBuennii 188, 225, 235

CkopocTh MraoBenHasa 314

— cpenuas 308

Cnaraembie 6

Crnencreue ypaBHeunusa 190

CrnoxxkeHue BeKTOpoB 458—460

— npo0eii gqecaATUUHBIX 22

— — OOBLIKHOBEHHBIX 18

— — panuonagbHBIX 90, 91

— KOMILIeKCHBIX uucea 57

COBOKYIIHOCTh HepaBeHCTB 249

— ypaBHeuuii 188

Coxpaieaue apobeii 0ObIKHOBEHHEIX 16

— — palnuoHAJBLHBIX 88

Coueranusa 275

— 0e3 moBTOpeHuii 275

— ¢ moBTOpeHuAMH 275

Crocob rpynnupoBku 77, 78
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IIpegmerHbIli yKasaTeab

Cpenuee apudmerunueckoe 266

— reomeTrpuueckoe 266

Cpenuasa guHusa Tpamenuu 418

— — TpeyrojbHuKka 396

CrangapTHBIH BuA MHOTOuWIeHa 73, 79, 80
— — opHougeHa 72

— — MOJIOMKUTeJbHOro yncaa 47, 539
Cremens 9, 46

— mHorousena 80

— opHoujeHa 72

— C IoKasareJyieM OelCTBUTEeJILHEIM 55, 56, 538
— — — apobubeIM 50, 537, 538

— — — HuppanUOoHAJLHEIM 55, 538

— — — HarypajJbHbIM 46, 537

— — — HyJaeBuIM 47, 538

— — — OTPHUIATEJLHBIM IeJabiM 47

— — — pamuoHaJIbHBEIM b1, 52, 538
Cropona gomanoii 370, 371

— MHOroyroJbHuKa 371

Cropoubl 60KOBBIE ImapaJiensorpamma 413
— — paBHOOeIpPeHHOro TpeyrojbHuka 390
— — rpanemun 417

— yraa 365

CyMmMa OeCKOHEUHOM reoMeTpuuecKoii mporpeccuu 294
— BeKTOpOB 458, 589, 590

— mHTerpajbHaa 341, 557

— uncen 6

— — KOMILJIEKCHBIX 57

Cdepa 526, 605

Cxema I'opuepa 82, 83, 542

— mocTpoenus rpapura Gyuxnuu 335
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IIpegmerHbIili yKasaTeab

— pelleHusa 3aJady HA OTBICKAHNE HAMOOJBIINX WJINA
HaMMEHBIINX 3HaueHuil 331
— — — c nomoIbio ypasuenuii 200

T

Tabsuuiia mepBoodbpasueix 339, 556

— npoussoausix 309, 554, 555

Taurenc 154

Tesa Bpamjenus 533

Teno 365

Teopema Besy 83, 542

— Buera 187, 541

— xocunycos 403, 404, 563

— Jlarpan:xa 319

— 0 CYIIeCTBOBAHUY HAMOOJIBIIIEr0 X HAMMEHbIIIero 3Ha-
yeHnN QyHKIUN 328

— — — obparuoit pyuxnuu 148

— — Tpex meplneHIuKyIapax 485

— ITudaropa 402, 566

— ITTonemes 438, 439, 568

— cunycos 404, 563

— @Pajeca 382

— Oitnepa 499

TeopeMbl 0 BO3pacTaHUM M yObIBAHUM (PYHKIUHA 322
— — BIIMCAHHBLIX U ONHCAHHBLIX YETHIPEXYTOJbHUKAX
438, 440

— — pequmocTu umcesa 11, 12
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IIpegmerHbIli yKasaTeab

— — nuddepeHIUPOBAHNN CYMMBI, IIPOM3BEAEHUS U
yacTtHoro 310, 311

— — IapaJlIeJIbHBIX U HEePHeHAUKYIAPHBIX MPAMBIX 1
miIockoctax 381, 382, 483—485, 488, 493

— — IIPOMOPIMOHAJLHBIX OTPEe3Kax B Kpyre 441, 442
— — mpomopruax 45

— — paBHOCHJIBHOCTH HepaBeHCTB 245, 246, 255, 263
— — — cucreMm ypaBHenuii 226

— — — ypaBHenuii 183

— — COOTHOIIIEHUAX MEXKAY 3JIeMEHTAMHU TPEYroJbHU-
Ka 391—393, 395—398, 404

—————— npamoyroasHoro 402, 403

— 00 omepanuax Hang npegenamu 292, 298

— — yIJIaxX ¢ BePIINHON Ha OKPYXKHOCTH, BHE U BHYTPU
Kpyra 433, 435—437

— — — — IapajIeJbHBIMU U IEePIeHIUKYJIIPHBIMUI
croponamu 382, 383

— — sKcTpemyMax 325, 326

Terpasap 509

— mpaBuJbHBINE 499

ToxxaecTBeHHOE IIpeobpa3oBaHMe BbIpaskeHusa 71

— PAaBeHCTBO BhIpakeHui 71

Tosxxgectso 71

Touka 359

— Kpurnueckasa 325

— wHavaJybHasg 153

— , CUMMETPHUYHASA OTHOCUTEJbHO IMpAMoi 376

— , — — Touku 375

— dKcTpemyma 324

Tpanenusa 417, 574, 575

— KpuBoJauHeiinasa 347

641



IIpegmerHbIili yKasaTeab

— npamMoyroJbHaa 417, 418

— paBHOOOUHAaA (paBHOOOKAas, paBHOOeaperHas) 418, 575,
576

Tpeyroasuuk 391, 560—565

— OCTPOYTroJbHBIN 391

— ITackana 278

— upamoyroabHbei 391, 565, 566

— pasBuoGenpenubiii 390

— paBHOCTOpOHHUI (IpaBuabHbIN) 390, 566, 567

— TymoyroJbHbI# 391

y

Yriasl BepTuKaJbHEIe 367

— BHEIIHMEe HakpecT Jexaiue 381
— — ogHocTopoHHUE 381

— BHYTpeHHNEe HakpecT Jexxkariue 381
— — ogHocTopoHHUE 381

— [IOIIOJIHUTEJbHBIE 367

— cMmexHbIe 367

— cooTBeTcTBeHHbIe 381

Yrox 365

— BHENIHUH MHOTOyroJibHuKa 371

— — TpeyroasuHuka 391

— BHYTPEHHHUII MHOTOyroJbHUKa 371
— BIHCaHHBIA 433

— IByTpaHHBII 492

— — 1pu 00KOBOM pebpe mupamugbl 509
— — — ocHoBaHuUM nupamMugsl 509
— — TpexrpanHoro yriaa 494
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IIpegmerHbIli yKasaTeab

— Mexx 1y BekTopamu 458, 468

— — OpPAMOH U ILJIOCKOCTBIO 487

— — cKpemuBaomuMucsa npambeiMu 480
— MHOrorpauubiii 497

— — BBINYKJBIH 497

— HyJieBo# 366

— ocCTphIi 368

— IUIOCKU# (JIMHeNHBIH) AByrpanHoro yriaa 493
— — TpexrpanHoro yriaa 494

— 1moJHBIH 366

— mpamoi 368

— pasBepHYTHIN 366

— TpexrpaHubiii 494

— Tynoi 368

— IeHTpaJbHBINA 368

VYmeubniaemoe 6

VYMHOxKeHre BekTopa Ha umncao 460—462
— Jnpobeii gJecATHUYHBIX 23

— — OOBIKHOBeHHBIX 18, 19

— — panuoHaJbHBEIX 91, 92

— KOMILJIEKCHEBIX uncea 57, 63, 64, 540
— OJHOUYJIEHOB 72

YuusepcanbHas moicTaHoBka 216
YpaBHeHune 6uxBagpatHoe 197

— npobuoe 194

— uppanuonagbaoe 202

— KacaTeJbHOH K rpaury 318, 555

— KBajgpatHoe 184

— — HemnosHoe 186

— — HempusBeneHHoe 184
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IIpegmerHbIili yKasaTeab

— — npusegeHHoe 184

— JuHeWHOe ¢ ABYyMsA IepeMeHHbIMUu 223

— — — oxHOM nepemenHoi 183, 184

— Jsorapudpmuueckoe 205

— n-1 cremnenn 197, 198

— okpysxuocTu 431, 586, 587

— IIJTIOCKOCTH B obIieM Buzie 363, 588

— — , IPOXOAAIIEl uepes TaHHYIO TOUKY U IePIeH/I1-
KYJISApHOH 3amanHoMy BeKTOpy 364, 588

— — , — — Tpu AaHHbIe Touku 364, 588, 589

— mokasateabHoe 204

— MoKasaTejbHOo-jJorapudmuueckoe 207

— mupamoii B obmieMm Buge 360, 586

— — , IIPOXOAAIIEeH Yepes JaHHYI0 TOUKY U MMEIOIIei
3aJaHHBIA yriioBoii Koaddunuent 361, 586

— — , — — [IBe JaHHBIE TOUYKU 362, 586

— — C 3aJaHHBIM YIVIOBBIM Koadduinuenrtom 132, 361,
586

— panuoHaabuHoe 194

— ¢ IByMsA IepeMeHHbIMU 223

— — onaHOI nepeMmenHoi 182

— — mapameTrpom 221

— — IepeMeHHOM B 3mamenatesae 191

— , comepoxariee moayau 189

— coepsr 456, 589

— TPUTOHOMETPHUYECKOe ogHOoposHoe 214

— — npocreiimree 207—210, 550, 551

— — , pelllaemMoe C IMOMOIIbI0 YHUBEPCAIBHOM IIOZCTA-
HOBKU 216

— 1eJioe 194
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IIpegmerHbIli yKasaTeab

YcaoBue HauaabHOE 355

— MepIeHIuKYIAPHOCTH BeKTopoB 469, 592
— mocTosHCcTBa PYyHKIUKU 333

— BKcTpeMyMa mocraTtouHoe 326

— — Heobxopumoe 325

D
daxropuan 273
durypa 365
— , CUMMETPHUYHAsA OTHOCUTEJbHO IMpAMoi 377
— , — — Touku 376

dusnueckre IPUIOKEHNA NHTerpasa 353

— — mpous3BogHON 322

dusnueckuii CMbICI IPOoU3BogHON 314, 315

— — — BTOpPOIt 315
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